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Exercise sheet 12

Problem 1. Let (M,J, g) be a Kähler manifold.

(i) Prove that the following identities hold:

ddc + dcd = dδc + δcd = δδc + δcδ = δdc + dcδ = 0,

where δ is the adjoint operator to d, and δc is the adjoint operator to the twisted exterior
derivative dc.

(ii) Show that the Laplacian on functions has the form

∆f = −2gī
∂2f

∂zi∂z̄
,

where we assume the summation convention over the repeated indices.

(iii) Show that −2ni∂∂̄f ∧ ωn−1 = ∆f · ωn, where ω is the Kähler form of g.

Problem 2. Let (M,J, g) be a closed Kähler manifold of constant scalar curvature, and let ω be the
Kähler form of g. Show that if 2πc1(M,J) = λ[ω], then g is an Einstein metric.

Remark: Use the part (iii) of the exercise above together with Exercise 1 on Sheet 11.

Problem 3. Recall that a real (1, 1)-form ϕ on a complex manifold (M,J) is called positive if the
symmetric tensor ϕ(·, J ·) is positive definite. A holomorphic line bundle over M is called positive if
there exists a Hermitian structure on L such that iΩ, where Ω is the Gauss curvature form of the
Chern connection, is positive. Show that a holomorphic line bundle over a closed Kähler manifold M
is positive if and only if its first Chern class can be represented by a positive form.

Problem 4. The purpose of this exercise is to prove the following version of the uniformisation
theorem for Kähler-Einstein metrics: the universal cover of a closed Kähler-Einstein manifold M is
holomorphically isometric to the model space Pn(c) of constant holomorphic sectional curvature (which
is either CPn, Cn, or Bn equipped with an appropriate metric) if and only if(

2
n+ 1

n
c2(M)− c1(M)2

)
∪ [ω]n−2 = 0, (∗)

where ω is the Kähler form of a metric under consideration, and n is the complex dimension of M .

(i) Let α and β be two real (1, 1)-forms on a Kähler manifold (M,J, g). Show that

n(n− 1)α ∧ β ∧ ωn−2 = [(trω α)(trω β)− 〈α, β〉]ωn,

where ω is the Kähler form of g and trω α = 〈α, ω〉.

(ii) Using (i), deduce that if Ω is the curvature form on a Kähler manifold (M,J, g), then

n(n− 1)trace(Ω ∧ Ω) ∧ ωn−2 =
(
|Ricci|2 − |Rm|2

)
ωn,

where |Ric|2 = 〈ρ, ρ〉 is the squared norm of the Ricci form, and |Rm|2 is the squared norm of
the full curvature tensor.



(iii) Specialising the considerations to the case when the metric is Kähler-Einstein, ρ = λω, show that
the previous relation can be re-written in the form

n(n− 1)trace(Ω ∧ Ω) ∧ ωn−2 =

(∣∣Rm0
∣∣2 − λ2

n+ 1

)
ωn,

where Rm0 = Rm−Rmc, and Rmc is the curvature tensor of a metric of constant holomorphic
sectional curvature 2λ/(n+ 1).

(iv) Assuming that M is closed and the metric is Kähler-Einstein, show that(
2
n+ 1

n
c2(M)− c1(M)2

)
∪ [ω]n−2 > 0,

and the equality is achieved if and only if g has constant holomorphic sectional curvature.

(v) Using the uniformisation theorem for spaces of constant holomorphic sectional curvature, show
that the universal cover of a closed Kähler-Einstein manifold (M,J, g) is holomorphically isome-
tric to the model space Pn(c) with c = 2λ/(n+ 1), where λ is the Einstein constant, if and only
if relation (∗) holds.
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