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Complex Geometry

Exercise sheet 11

Problem 1. Let (M,J) be a complex manifold. Show that for a Kähler metric g its scalar curvature
Sg satisfies the relation Sgωn = 2n · ρ∧ωn−1, where ω is the Kähler form and ρ is the Ricci form of g.
When M is closed, conclude that the integral

∫
M SgdVol depends only on the cohomology class of the

Kähler form and the first Chern class c1(M,J).

Problem 2. Let (M,J, g) be a Kähler manifold of constant holomorphic sectional curvature c.

(i) Show that all sectional curvatures of M take values in the interval between c/4 and c.

(ii) Let Zi be a local orthonormal holomorphic frame, g(Zi, Z̄j) = δij , and (φi) be a dual frame.
Show that the curvature form (Ωj

i ) satisfies the relation

Ωi
j =

c

2
(φi ∧ φ̄j − iδijω),

where ω is the Kähler form of g.

Problem 3. Let (M,J, g) be a closed Kähler manifold of constant holomorphic sectional curvature c.
Show that the kth Chern class ck(M,J) is represented by the form(

n+ 1

k

)( c

4π
ω
)k
,

where n is the complex dimension of M and ω is the Kähler form.

Problem 4. Let f(z0, . . . , zn) be a homogeneous polynomial of degree d on Cn+1 such that 0 ∈ C is
its regular value on Cn+1\{0}. Denote by M ⊂ CPn the hypersurface obtained as the image of the
level set {f(z) = 0 : z ∈ Cn+1\{0}} under the natural projection Cn+1\{0} → CPn. Show that the
first Chern class c1(M) satisfies the relation

c1(M) = (n+ 1− d)
[ ω

2π

]
,

where ω is a restriction of the Fubini-Study form to M .
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