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Spectral Geometry

Exercise sheet 9

Problem 1. Let (M, g) be a Riemannian manifold, and f : M → R be a C1-smooth function that
does not have critical points on a compact subdomain Ω ⊆M . Show that for any absolutely integrable
function φ : Ω→ R the following relation holds

∫
Ω

φ(x) |∇f(x)| dVolg(x) =

+∞∫
−∞

dt

∫
f−1(t)∩Ω

φ(t, y)dAt(y),

where dVolg is the volume element of g, and dAt is the volume element of the induced Riemannian
metric on the hypersurface f−1(t).

Hint: Consider the case when f is a linear function.

Problem 2. Let (M, g) be a complete Riemannian manifold whose sectional curvature is bounded
above by (−a2), where a 6= 0. Recall that the Cheeger constant h(Ω) of a subdomain Ω ⊆M is defined
as the infimum Area(∂D)/Vol(D) over all compact subdomains D ⊆ Ω with a smooth boundary. Show
that for any subdomain Ω ⊂M the inequality h(Ω) > (n− 1)a holds.

Problem 3. Let (M, g) be a complete Riemannian manifold. Recall that it is said to have the expo-
nential volume growth with the exponent α if

α = lim sup
r→+∞

lnVol(B(p, r))

r
> 0

for some p ∈M .

(i) Show that the value α above does not depend on a point p ∈M .

(ii) Show that the Cheeger constant h(M), see Problem 2, is not greater than α.

Problem 4. Let Σ be an n-dimensional Riemannian manifold isometrically embedded into R` by
means of r : Σ → R` such that ∆r = 0. (Such manifolds are called minimal.) Show that for any
compact subdomain Ω ⊂ Σ ∩ B`(R) the following inequality holds

λ∗(Ω) >
n

4R2
.

In particular, if Σ is complete and contained in B`(R) for some R > 0, then λ∗(Ω) > ε∗ > 0 for all
compact subdomains Ω ⊂ Σ.
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