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Exercise sheet 8

Problem 1 (Equality in the Cheng comparison theorem). Let (M, g) be a complete Riemannian
manifold of dimension n such that

Ricci(X,X) > (n− 1)κ |X|2 for any vector field X,

where κ ∈ R. Let λκ(r) be a zero Dirichlet eigenvalue of a ball of radius r in the simply connected
space Snκ of constant curvature κ. Show that for a metric ball B(p, r) the relation

λ∗(B(p, r)) = λκ(r),

where λ∗ is the fundamental tone, is equivalent to B(p, r) being isometric to a ball of radius r in Snκ.

Problem 2. Let (M, g) be a complete non-compact Riemannian manifold. Suppose that for some
p ∈M the zero Dirichlet eigenvalues λ0(Br(p)) are bounded away from zero, i.e.

λ0(Br(p)) > ε > 0 for any r > 0.

Show that for any γ > 0

lim sup r−γVol(Br(p)) = +∞ as r → +∞.

Problem 3 (Bochner identities). Let (M, g) be a Riemannian manifold and X be a vector field such
that the linear operator S : Y 7→ ∇YX is symmetric on each tangent space TpM , p ∈ M . Show that
the function f(p) = (1/2) |X(p)|2g satisfies the following identities:

(i) grad f = ∇XX;

(ii) ∇(grad f) = R(X, ·)X +∇XS + S2, where R is the Riemann curvature tensor;

(iii) ∆f = |∇X|2 + 〈X, grad(divX)〉+ Ricci(X,X), where Ricci stands for the Ricci tensor on M .

Problem 4 (Lichnerowicz-Obata). Let (M, g) be a complete Riemannian manifold of dimension n
such that

Ricci(X,X) > (n− 1)κ |X|2 for any vector field X,

where κ > 0. Show that the first non-zero eigenvalue λ1(M) satisfies the inequality λ1(M) > nκ.
Besides, the equality is achieved if and only if M is isometric to the sphere Snκ of constant curvature κ.

Hint: Use the result of the previous exercise with X = gradu, where u is an eigenfunction for λ1(M).
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