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Problem 1. Let (M, g) be a complete Riemannian manifold, and Br(p) be a metric ball of radius r.
Show that:

(i) the function Volg(Br(p)) is continuous for all r > 0, and is differentiable for almost all r > 0;

(ii) for all r > 0 the quantity lim supε→0+ ε
−1(Volg(Br+ε(p))−Volg(Br(p))) is not greater than the

value of the lower area function at (r, p);

(iii) more generally, the function Volg(Br(p)) is locally Lipschitz: for any R > 0 there exists a constant
CR > 0 such that

|Volg(Bt(p))−Volg(Bs(p))| 6 CR |t− s| for any t, s ∈ [0, R].

Problem 2. Let (Mn, g) be a complete non-compact Riemannian manifold whose Ricci curvature is
non-negative.

(i) Show that the limit

αM = lim
r→+∞

Volg(Br(p))

rn
> 0

exists and does not depend on a point p ∈M .

(ii) Deduce from (i) that Volg(Br(p)) > αMr
n for any p ∈Mn and any r > 0.

(iii) Show that αM 6 ωn, where ωn is the volume of a unit ball in the Euclidean space Rn.

(iv) Show that αM = ωn if and only if Mn is isometric to Rn.

Problem 3. Let (M, g) be a complete Riemannian manifold whose Ricci curvature is non-negative.
Show that there exists a constant N that depends on the dimension of M only such that any metric
ball of radius r can be covered by N balls of radius r/2.

Problem 4. Let (Mn, g) be a compete Riemannian manifold.

(i) Recall that a unit speed geodesic γ : [0,+∞) → Mn is called the ray, if d(γ(t), γ(s)) = |t− s|
for any t, s > 0. Show that if M is non-compact, then for any p ∈ M there exists a ray γ such
that γ(0) = p.

(ii) Using (i), prove the following Calabi-Yau theorem. Suppose that (Mn, g) is non-compact and its
Ricci curvature is non-negative. Then for any p ∈ M there exists a constant C(p, n) > 0 such
that

Volg(Br(p)) > C(p, n)r for any r > 2.
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