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Abstract

We discuss Morse inequalities for homotopic critical maps of the energy functional
with a potential term. For a generic potential this gives a lower bound on the number of
homotopic critical maps in terms of the Betti numbers of the moduli space of harmonic
maps. Other applications include sharp existence results for maps with prescribed ten-
sion field and pseudo-harmonic maps. Our hypotheses are that the domain and target
manifolds are closed and the latter has non-positive sectional curvature.
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1. Introduction

The purpose of this note is two-fold: first, we point out that Morse inequalities for harmonic
maps with potential hold – a direct consequence of the recent compactness results [11, 14]
and old results of Uhlenbeck [22], which seems to have been unnoticed until now. More
precisely, suppose thatM andM′ are closed Riemannian manifolds and the latter has non-
positive sectional curvature. Then for a generic potential the number of homotopic critical
mapsM → M′ of the energy functional with the corresponding potential term is finite and
is at least the sum of the Betti numbers of the moduli spaceHarm formed by harmonic
mappings within the same homotopy class. As an application we give a general version of
the Hopf-type rigidity principle for variational problems, see [2, 3], in the framework of
harmonic maps with potential.

Second, we apply the above to sharpen our previous results in [16], as well as the results
by Kappeler and Latschev [12], concerning the algebraic number of maps with prescribed
tension field. More precisely, Theorem 5 below implies that if the sectional curvature of
M′ is non-positive, then for a generic non-autonomous vector fieldf on M′ the number of
homotopic mapsu : M →M′ with the tension fieldf(x,u(x)), wherex∈M, is finite and their
algebraic number equals the Euler characteristic ofHarm. The important consequence of
this is the existence of maps with prescribed tension field whenχ(Harm) does not vanish.

As another application we discuss the existence of (so-called) pseudo-harmonic maps
within fixed homotopy classes. These are solutions of elliptic quasi-linear systems for
maps of manifolds, which, for example, include the Hermitian harmonic map equation,
introduced by Jost and Yau [10]. As is shown in [10] such maps do not always exist if
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the domain manifoldM is closed. Our approach gives a sharp existence result of pseudo-
harmonic maps in certain situations, thus, complementing the work by other authors, which
as a rule involves considerable analysis for the same purpose. We apply this to show an
existence of harmonic maps equivariant under certain actions of discrete groups by homo-
theties.

The present note complements the circle of results discussed in our collaborative
work [16] and can be regarded as an appendix to the latter paper. The author is grateful to
Sergei Kuksin for the comments on an earlier version of this note.

Conventions.Throughout the text smoothness meansC∞-smoothness unless there is an
explicit statement to the contrary. We also adopt the summation convention for the repeated
indices.

2. Morse inequalities for harmonic maps with potential

2.1. Notation and the main statement

Let (M,g) and (M′,g′) be closed Riemannian manifolds of dimensionsn andn′ respec-
tively. Their Riemannian metrics give rise to a natural metric on the jet bundleJ1(M,M′)
over the spaceM×M′; the latter induces a norm on linear operatorsTxM → TuM′, where
x∈ M, u∈ M′, which coincides with the Hilbert-Scmidt norm. For mapsu : M → M′ we
consider the energy functional

E(u) =
1
2

∫
M

‖du(x)‖2dVolg(x), x∈ M.

The Euler-Lagrange equation for this functional

−τ(u)(x) = 0, x∈ M,

is called theharmonic map equationand its solutions areharmonic mappings. In local
coordinates onM andM′ the operatorτ(u) has the form

τ
i(u) = ∆Mui +gαβ Γ′ i

jk
∂u j

∂xα

∂uk

∂xβ
,

wheregαβ andΓ′ i
jk denote the tensor inverse to the metric onM and the Cristoffel sym-

bols of the Levi-Civita connection∇′ on M′ respectively, and∆M is the Laplace-Beltrami
operator onM.1

For a given smooth functionV on the productM×M′, called the potential, consider the
energy functional with the potential term

EV(u) = E(u)+
∫

M
V(x,u(x))dVolg(x).

The corresponding Euler-Lagrange equation has the form

−τ(u)(x)+∇′V(x,u(x)) = 0, x∈ M, (1)

and its solutions are calledharmonic maps with potential; see [4, 7] and [19]. The lineari-
sation of the Euler-Lagrange operator with respect to the Levi-Civita connection∇′ yields

1There are different conventions for the choice of the sign of the Laplace-Beltrami operator. Due to our
definition this operator is non-positive.
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a second order linear elliptic differential operator on the pull-back bundleu∗TM′. It has
the form

J(u)+∇′2V(·,u), (2)

whereJ(u) is the Jacobi operator,

J(u)v =−traceg(∇′2v+R′(du,v)du), v is a section ofu∗TM′, (3)

and∇′2V(·,u) is regarded as an endomorphism ofTuM′, u∈ M′. In particular, the opera-
tor (2) is formally self-adjoint, its spectrum is real, and the number of its negative eigenval-
ues is finite. The latter is called the index of a critical point.

Now fix a homotopy class[v] of mappingsM → M′ and suppose thatM′ has non-
positive sectional curvature. Then due to the results of Schoen and Yau [20], the moduli
space of harmonic mappings within[v], in sequel denoted byHarm, is a compact connected
manifold (possibly with a Lipschitz boundary) which is smooth outside of its boundary. If,
in addition, the target manifoldM′ is real-analytic, then the manifoldHarm is closed. Re-
call that the moduli spaceHarm has the same homotopy type as the space of smooth map-
pings fromM to M′ in the homotopy class[v] endowed with the compact-open topology;
the harmonic map heat flow retracts the latter onto the former, see [6] and [21, Lem. 4.1].
Denote bybk the Betti numbers (with respect to any coefficient field) of the spaceHarm
and bymk(V) the number of harmonic maps with a potentialV homotopic tov whose index
is equal tok.

The general Morse theory [18] for variational problems requires the Palais-Smale con-
dition, which fails for the functionalEV when dimM > 1. Nevertheless, under the curvature
hypothesis onM′ the following statement holds.

Theorem 1. Suppose that a Riemannian manifold M′ has non-positive sectional curvature.
Then for a generic smooth potential V on the product M×M′ the number of the critical
maps of the functional EV within a given homotopy class[v] is finite and

mk(V)−mk−1(V)+ · · ·+(−1)km0(V) > bk−bk−1 + · · ·+(−1)kb0

for every integer k. In particular, there are at least bk critical maps of index k, mk(V) > bk,
and

∑(−1)kmk(V) = χ(Harm).

Such generic potentials form an open and dense set in the space of all smooth potentials.

This theorem can be viewed as a computation of the ‘Morse homology’ ofEV with a
generic potential via the homology of the degenerate set of critical maps ofE – the space
of harmonic maps. The remarkable point is that we do not require any hypotheses on
the structure of the critical setHarm (e.g., Morse-Bott non-degeneracy) whatsoever. The
explanation for this is that the curvature hypothesis of Theorem 1 already makes the space
Harmspecial – the latter is formed by absolute minimisers in a fixed homotopy class.

2.2. Appendix I: on the homology of Harm

First, note that under the above curvature hypothesis onM′ homotopically trivial harmonic
mappings are precisely constant mappings; the corresponding spaceHarm is diffeomorphic
to M′ and, hence, has the same homology asM′. In fact, the spaceHarm (and its homol-
ogy) for other homotopy classes can be described in many situations. Recall that due to
Hartman [9] the moduli spaceHarm is a point or a circle provided[v] 6= [pt] andM′ carries
a metric of negative sectional curvature. Further, we mention the following assertion.
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Lemma 2. Suppose that a Riemannian manifold M′ has non-positive sectional curvature.
Then the fundamental group of the space Harm, formed by harmonic mappings in[v], co-
incides with the centraliser of the image v∗(π1(M)) in π1(M′). Conversely, for any homo-
morphism v∗ : π1(M) → π1(M′) the centraliser of its image is the fundamental group of a
totally geodesic immersed submanifold (maybe with a boundary) in M′, which in particular
admits a metric of non-positive sectional curvature.

Proof. By [8, Lem. 2] the fundamental group of the space of continuous mappings ofM
to M′ homotopic tov (with the compact-open topology) is the centraliser ofv∗(π1(M))
in π1(M′). As is known this space has the same homotopy type as the space of smooth
mappings homotopic tov. The latter, by [21, Lem. 4.1], hasHarmas its strong deformation
retract. This proves the first statement.

The second statement follows from the properties ofHarm, see [20, Sect. 2], and the
fact that, sinceM′ is aK(π,1)-space, any homomorphismπ1(M) → π1(M′) is induced by
a smooth map fromM to M′.

As a consequence we have a purely algebraic way of computing the homology ofHarm.

Corollary 3. Suppose that a Riemannian manifold M′ has non-positve sectional curvature.
Then for any homotopy class[v] the homology of Harm coincide with the homology of the
centaliser of the image v∗(π1(M)) in π1(M′).

Proof. By the results in [20, Sect. 2], the moduli spaceHarm is geodesically locally con-
vex and has non-positive sectional curvature. Hence, the distance function (induced by the
Riemannian metric) makes it into a complete length space of non-positive curvature in the
sense of Alexandrov. By the version of the Cartan-Hadamard theorem [1, II.4.1], the mod-
uli spaceHarmhas a contractible universal cover; i.e. is aK(π,1)-space. The homology of
such a space coincide with the homology of its fundamental group. Now Lemma 2 implies
the statement.

2.3. Appendix II: on the Hopf-type rigidity

In the papers [2, 3] the Hopf-type rigidity for variational problems corresponding to the
functional EV has been studied. Loosely speaking, it states that in certain situations a
potentialV for which all critical maps ofEV are absolute minima has to be of a very
restrictive type. We describe a general related principle.

Suppose a potentialV∗ is such that all critical maps ofEV∗ in a given homotopy class are
stable. Then, in many situations it is rigid in the sense that for almost any its perturbation
V the new functionalEV picks up unstable critical maps. More precisely, we have the
following assertion.

Corollary 4. Suppose that a Riemannian manifold M′ has negative sectional curvature or
is real-analytic and has non-positive sectional curvature. Then for a given homotopy class
[v] of mappings from M to M′ the following alternative holds – either

• [v] has a unique harmonic representative; or

• the set formed by potentials V such that all critical maps of EV within [v] are sta-
ble belongs to the complement of an open and dense set in the space of all smooth
potentials.

For an arbitrary Riemannian manifold M′ of non-positive sectional curvature the trivial
homotopy class always satisfies the latter.
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Proof. Suppose that a given homotopy class[v] does not have a unique harmonic represen-
tative. Then due to [9, 20] the suppositions of the corollary imply that the moduli space
Harm is a closed connected manifold of dimension` > 0. By Theorem 1, for a generic
potentialV there are at leastb` critical maps of index̀ and none of them can be stable.
Since the rankb` of H`(Harm,Z2) equals 1, we are done.

3. Algebraic number of maps with prescribed tension field

Now we describe other direct consequences of Theorem 1. Consider the quasi-linearly
perturbed harmonic map equation

−τ(u)(x) = G(x,u(x)) ·du(x)+g(x,u(x)), x∈ M. (4)

Here the symbolG stands for a morphism of the vector bundlesJ1(M,M′) and(Π′)∗TM′,
whereΠ′ : M×M′ → M′ is a natural projection onto the Cartesian factor, andg is a non-
autonomous vector field onM′.

We adopt the framework in [16] and suppose that mapsu under consideration are
W2,s−1-smooth in the Sobolev sense, wheres is a sufficiently large integer (s> n/2+ 2),
and theG andg in the right-hand side areWp,s+1-smooth, wherep > n+ n′. By stan-
dard embedding theorems and elliptic regularity, any solution of equation (4) is, in fact,
Cs+1-smooth under these conditions. Theorem 1 implies the following assertion.

Theorem 5. Suppose that a Riemannian manifold M′ has non-positive sectional curvature.
Then for any homotopy class[v] of mappings from M to M′ there exists a constant C[v] > 0
such that for a generic right-hand side(G,g) such that

‖G(x,u)‖< C[v] for any x∈ M, u∈ M′, (5)

the number of solutions of equation(4) within the homotopy class[v] is finite and its alge-
braic number is equal to the Euler characteristic of Harm. Moreover, ifχ(Harm) is not
equal to zero, then for any right-hand side(G,g) which satisfies(5) there exists a solution
of equation(4) within a homotopy class[v].

Remark1. In inequality (5) the norm of the linear operatorG(x,u) : L (TxM,TuM′)→TuM′

is induced by the Riemannian metrics onM andM′. The constantC[v] is related to an opti-
mal constant in the isoperimetric-type inequality for theL2-widths of geodesic homotopies;
see [11, Th. 0.3].

For the case when the moduli space of harmonic mappings within a fixed homotopy
class is non-degenerate in the sense of Morse-Bott the statement of Theorem 5 is indepen-
dently treated in [16] and [12]. Thus, we see that the Morse-Bott condition is unnecessary.

When the linear partG vanishes, the solutions of equation (4) can be regarded as maps
with prescribed tension field; the latter coincides with the mean curvature vector if the
corresponding solution is a Riemannian immersion. Theorem 5 gives a formula for the
algebraic number of such maps within a fixed homotopy class.

The other important consequence of Theorem 5 is an existence of solutions of equa-
tion (4) in a fixed homotopy class for any admissable right-hand side provided that the
Euler characteristicχ(Harm) does not vanish. This is a topological condition – it does
not depend on metrics onM andM′. In applications a given homotopy class often con-
tains a unique harmonic map and the hypothesis onχ(Harm) is trivially satisfied. This, for
example, occurs when:
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• a target manifoldM′ is negatively curved and a given homotopy class does not con-
tain a map onto a closed geodesic, see [9];

• a target manifoldM′ is non-positively curved and a homotopy class does not contain
a mapv for which the pull-back bundlev∗TM′ has a non-trivial parallel section,
see [20].

In particular, in such homotopy classes there exists a map with a prescribed tension fieldf

without any assumption on a given vector fieldf whatsoever; compare this with the results
by Chen and Jost [5] for the corresponding Dirichlet problem. Note also that these con-
ditions are much stronger thanχ(Harm) 6= 0 and do not illustrate the complete statement.
Simple examples show that the latter is necessary.

The proofs of Theorems 1 and 5 appear in Sect. 5. First, we discuss some other appli-
cations.

4. Pseudo-harmonic mappings

In this section we describe a specific class of equations of the form (4), which are of ge-
ometric interest, and discuss the existence of their solutions; for other existence results as
well as geometric applications we refer to [17].

Let ∇† be an arbitrary linear connection on the domain manifoldM and∇′ be the Levi-
Civita connection of a fixed Riemannian metricg′ onM′. Consider the second fundamental
form D2u of a mapu, given by

D2u(X,Y) = ∇̃X(du)(Y).

AboveX andY are vector fields onM and∇̃ denotes the connection on the tensor product
T∗M⊗u∗TM′ induced by the connections∇† and∇′. Taking the trace with respect to a
Riemannian metricg onM we see that the correspondence

Maps(M,M′) 3 u 7−→ τ
†(u) = tracegD

2u∈ Sections(u∗TM′)

defines a second order elliptic differential operator, which differs fromτ(u) by a linear first
order term−du(traceg(∇†−∇)); here∇ is the Levi-Civita connection of the metricg. We
call solutions of the equationτ†(u) = 0 pseudo-harmonic mappings.

Now we explain the general ideology for introducing pseudo-harmonic maps. Suppose
connections∇† and∇′ preserve (or, more generally, are related to) given structures onM
andM′ respectively. Then we expect the morphisms of these structures be corresponding
pseudo-harmonic maps. For example, ifM andM′ are Riemannian manifolds and∇† = ∇
and ∇′ are their Levi-Civita connections then totally geodesic maps are, of course, har-
monic. Analogously, ifM and M′ are complex manifolds and∇† and ∇′ are complex
connections, then holomorphic and anti-holomorphic maps solve the Hermitian harmonic
map equation, introduced by Jost and Yau [10]. We discuss this equation in Example I in
more detail. First, we state a new existence result for general pseudo-harmonic maps.

Choosing a Riemannian metricg on M and its Levi-Civita connection∇ as a back-
ground connection, we regard the space of all linear connections onM as a vector space
with the pseudo-norm ∥∥∇†

∥∥
g =

√
n′max

x∈M

∣∣traceg(∇†−∇)
∣∣
g , (6)

wheren′ is the dimension ofM′.
The following statement is a direct consequence of Theorem 5.
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Corollary 6. Let (M,g) and(M′,g′) be closed Riemannian manifolds and suppose M′ has
non-positive sectional curvature. Suppose also that a given homotopy class[v] of mappings
M → M′ has a non-vanishing Euler characteristicχ(Harm). Then there exists a positive
constant C[v], which depends on the geometry of M and M′, and the homotopy class[v],
such that for any linear connection∇† on the domain M whose pseudo-norm(6) is less
than C[v] the equation−τ†(u) = 0 has a solution within[v].

Remark2. In [17], following the method of Jost and Yau [10], under the same curvature
hypothesis we show the existence of general pseudo-harmonic maps without any restriction
on a linear connection∇†, but under a stronger constraint on the homotopy class which, in
particular, implies the uniqueness of a harmonic representative.

Example I: Hermitian harmonic map equation [10].Suppose a domain manifoldM is en-
dowed with a complex structureJ and let∇† be a torsion-free connection which preserves
J. Denote also byg a Hermitian metric onM; by this we mean aJ-homogeneous Rieman-
nian metric. Letτ†(u) be an operator constructed in the way described above with respect
to the connection∇†. Direct calculations [15] show that(1/2)τ†(u) coincides with the
Hermitian harmonic map operator, studied in [10], which in local coordinates has the form

1
2

τ
†(u)i = ḡαβ̄

(
∂ 2ui

∂zα ∂zβ̄
+Γ′ i

jk
∂u j

∂zα

∂uk

∂zβ̄

)
.

Hereḡ is the corresponding Hermitian metric on the holomorphic tangent bundle ofM. In
particular,τ†(u) = 0 coincides with the harmonic map equation whenM is Kähler. More
precisely, straightforward calculations yield

τ
†(u)− τ(u) =−du(J ·δJ), (7)

where the vector fieldδJ is given by the formula

δJ =−traceg(∇J);

the symbol∇ denotes the Levi-Civita connection of the Hermitian metricg. The difference
field J · δJ is is called theLee fieldof a Hermitian structure(g,J). From relation (7) we
also conclude that the Hermitian harmonic maps coincide with harmonic maps when the
domain manifoldM is co-symplectic (i.e. whenδJ vanishes).

WhenM′ has non-positive sectional curvature, Jost and Yau [10] showed an existence
of Hermitian harmonic maps in certain homotopy classes, which have unique harmonic
representatives. Corollary 6 translates into the following assertion.

Corollary 6 ′. Let (M,g) be a closed Hermitian manifold and(M′,g′) be a closed Rieman-
nian manifold of non-positive sectional curvature. Suppose that a given homotopy class[v]
has a non-vanishing Euler characteristic, i.e. non-vanishingχ(Harm). Then it contains a
Hermitian harmonic map provided the C0-norm of the Lee field,maxM |JδJ|g, is sufficiently
small.

Remark3. Due to an example in [10, Sect. 2] the hypothesis onχ(Harm) above is neces-
sary.

Example II: Weyl harmonic map equation [17].A Weyl structure on a conformal manifold
(M,c) is a torsion-free linear connection∇W preserving the conformal structurec. This im-
plies that for any Riemannian metricg∈ c there exists an 1-formΘ such that∇Wg= Θ⊗g.
Alternatively, one can define∇W by the following formula

∇W
X Y = ∇XY− 1

2
Θ(X)Y− 1

2
Θ(Y)X +

1
2

g(X,Y)Θ],
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whereΘ] is a vector field dual toΘ with respect tog and∇ is the Levi-Civita connection
of g. A Weyl structure is called closed (exact) if the formΘ is closed (exact); this prop-
erty does not depend on a metricg∈ c. Note also that an exact Weyl structure,Θ = dV,
coincides with the Levi-Civita connection of exp(−V)g. More generally, a closed Weyl
structure is locally the Levi-Civita connection of a compatible metric; it does not need to
be a global metric connection unlessM is simply connected.

Let us fix a Riemannian metricg ∈ c and consider the equation constructed as above
with respect to a Weyl connection and a metricg on the domainM,

τ
W(u)(x) = 0, x∈ M. (8)

Its solutions are calledWeyl harmonic maps. Clearly, the property of being a Weyl har-
monic map does not depend on a metricg ∈ c used to defineτW(u). Straightforward
calculations yield

τ
W(u)− τ(u) =−

(
n−2

2

)
du(Θ]).

In particular, in dimension 2 equation (8) coincides with the harmonic map equation. Fur-
ther, if Θ is exact,Θ = dV, then Weyl harmonic maps coincide with harmonic maps with
respect to the metric exp(−V)g on the domain. More generally, for a closed Weyl structure
solutions of (8) are locally harmonic maps with respect to a compatible metric onM and
do not need to be global harmonic maps. This means that solutions of (8) are harmonic
maps from the coveringM∗ (endowed with a compatible metric) such that the lifted form
Θ∗ becomes exact. The fundamental groupπ1(M) acts by deck transformations onM∗ and
these harmonic maps areπ1(M)-equivariant.

The Eells-Sampson existence theorem [6] for harmonic maps into manifolds of non-
positive sectional curvature shows that equation (8) has a solution within any homotopy
class provided dimM = 2 or Θ is exact. In the case whenΘ is not necessarily exact and
dimM > 2 we have the following existence theorem due to Corollary 6.

Corollary 6 ′′. Let (c,∇W) be a Weyl structure on a closed manifold M and(M′,g′) be
a closed Riemannian manifold of non-positive sectional curvature. Suppose that a given
non-trivial homotopy class[v] has a non-vanishing Euler characteristic, i.e. non-vanishing
χ(Harm). Then it contains a solution of equation(8) provided the norm

∣∣Θ]
∣∣
g, with respect

to some g∈ c, is sufficiently small.

Finally, mention that for closed Weyl structures this corollary implies the existence of
harmonic maps equivariant under actions of discrete groups by homotheties. In more detail,
let (M∗,g∗) be a Riemannian manifold, dimM > 2, endowed with a free, cocompact, and
proper discontinuous actions of a discrete groupΓ by homotheties,

γ
∗g∗ = Cγg∗, γ ∈ Γ.

This induces a homomorphism

ρ : Γ → R, γ 7→ − lnCγ ,

which, in turn, can be viewed as a cohomology class inH1(M∗/Γ,R). LetΘ be an 1-closed
form representing this class andΘ∗ be its lift toM∗. The latter form is exact,Θ∗ = dV, and
the potential functionV is ρ-equivariant;

V(γ ·x)−V(x) =
∫

γ·x

x
Θ∗ =− lnCγ ,
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where the integral does not depend on a path joining pointsγ ·x andx in M∗. This implies
that the metricg = exp(V)g∗ is Γ-invariant and, in particular, descends to the quotient
M∗/Γ.

Combining this construction with Corollaries 3 and 6′′ we arrive at the following state-
ment:

Let (M′,g′) be a closed Riemannian manifold of non-positive sectional curvature. Suppose
that a discrete groupΓ acts by homotheties on(M∗,g∗) in the described above fashion. Let
v∗ : Γ → π1(M′) be a homomorphism such that the centraliser of its image has a non-zero
Euler characteristic. Then the homomorphism v∗ is induced by aΓ-equivariant harmonic
map(M∗,g∗)→ (M′,g′) provided the norm

∣∣Θ]
∣∣
g is sufficiently small.

5. Proofs of Theorems 1 and 5

Consider the quasi-linearly perturbed harmonic map equation (4),

−τ(u)(x) = G(x,u(x)) ·du(x)+g(x,u(x)), x∈ M. (4)

As in Sect. 3 we suppose that the coefficients in its right-hand side, given by a morphismG

(coefficients of the linear part of a perturbation) and a vector fieldg (the semi-linear part),
areWp,s+1-smooth in the Sobolev sense, wherep > n+n′ ands> n/2+2. Solutionsu of
the equation are supposed to beW2,s−1-smooth.

Fix a homotopy class[v] of mappingsM → M′ and denote byM the space formed by
the triples(u,G,g) which satisfy equation (4), are of described smoothness, and such that
u belongs to the homotopy class[v]. Due to the standard embedding theorem and elliptic
regularity theory, the inclusion

M ⊂Cs+1(M,M′)×{Cs-smooth(G,g)}

holds and we suppose thatM is endowed with the corresponding induced topology. Denote
also byπ the projection

π : M →
{
Wp,s+1-smooth(G,g)

}
, (u,G,g) 7→ (G,g).

Thus, the spaceπ−1(G,g) is simply the moduli space of solutions in[v] of equation (4)
with the fixed right-hand side.

5.1. Background I (Compactness).

Recall that a continuous map between topological spaces is called proper if the preimage
of a compact set is compact. All our results are based on the following principal assertion
due to [11, 14].

Compactness theorem.Let M and M′ be closed Riemannian manifolds and suppose that
M′ has non-positive sectional curvature. Then for any homotopy class[v] of maps from M
to M′ there exists a constant C[v] > 0 such that for the domain

U = {(G,g) : ‖G(x,u)‖< C[v] for any x∈ M, u∈ M′}

the mapπ|
π−1(U) is proper.

The norm of the linear operatorG(x,u) : L (TxM,TuM′) → TuM′ in the theorem is
induced by the Riemannian metrics onM andM′.
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5.2. Background II (Transversality and the degree ofπ).

Now we linearise equation (4). First, for a mapu and a vector fieldv along it choose a
family of mapsut : M → M′, wheret ∈ (−ε,ε), such that

u0 = u and (∂ut/∂ t)|t=0 = v.

By the symbol∇′ we denote a Levi-Civita connection onM′ as well as its pull-back on the
bundleU∗TM′, whereU(t, ·) = ut(·). The linearised operatorL∗(u,G,g) acts on a vector
field v according to the formula

L∗(u,G,g)v = ∇′
∂

∂ t

∣∣∣∣
t=0

(−τ(ut)−G(·,ut) ·dut −g(·,ut)) .

Direct calculations show that this operator has the form

J(u)+{first order differential operator},

whereJ(u) is the Jacobi operator (3) and the second term depends on(G,g) and their
derivatives; for the details we refer to [13, 15]. In particular, the number of its real negative
eigenvalues (counting their multiplicities) is finite and called theindexof a point(u,G,g)
from the spaceM . We denote this integer by the symbol ind(u,G,g).

Definition. A solutionu of equation (4) is callednon-degenerateif the kernel of the oper-
atorL∗(u,G,g) is trivial. The pair(G,g) is calledregular if any solution of equation (4)
with the correspondingG andg in the right-hand side is non-degenerate.

Lemma 7. Under the hypotheses of Theorem 5, the set of regular pairs is of the second
category in the sense of Baire and, in particular, is dense in the space of all Wp,s+1-smooth
pairs (G,g). Moreover, the set of regular pairs inU, where the setU is from the compact-
ness theorem, is open.

For a proof we refer to [13, 15]. The idea is to show that the spaceM is aC2-smooth
Banach manifold and the projectionπ is aC2-smooth Fredholm map of zero index. The
regular pairs are identified with regular values ofπ and Lemma 7 follows from the Sard-
Smale theorem.

Now we apply the degree theory to the projectionπ. The following specific version
is due to [16], where similar results for quite general elliptic operators on mappings of
manifolds are discussed.

The degree theorem.Let M and M′ be closed Riemannian manifolds and let[v] be a
homotopy class of mappings from M to M′. LetU be an open subset in the space of Wp,s+1-
smooth pairs(G,g) such that the projectionπ|

π−1(U) is proper. Then(i) for any regular
pair (G,g) ∈ U the number of solutions of the corresponding equation(4) is finite and(ii)
their algebraic number

degπ|
π−1(U) = ∑

π−1(G,g)

(−1)ind(u,G,g), (9)

does not depend on(G,g) ∈ U. Moreover, if this number does not equal zero, then equa-
tion (4) has a solution for any pair(G,g) ∈ U.
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5.3. Harmonic maps with potential.

Now we consider solutions of equation (1), the Euler-Lagrange equation for the perturbed
energy functionalEV(u); see Sect. 2. In accordance with the lines above, such a solu-
tion (critical map ofEV ) is callednon-degenerateif the corresponding linearised operator
J(u)+∇′2V is non-degenerate. A potentialV is calledregular if all critical maps ofEV are
non-degenerate. Clearly, we have the relation

L∗(u,0,−∇′V) = J(u)+∇′2V(·,u), (10)

and, hence, the potentialV is regular if and only if the pair(0,−∇′V) is regular.
The following statement is an analogue of Lemma 7 for harmonic maps with potential;

the proof essentially follows the same idea and is outlined at the end of this section.

Lemma 8. Under the hypotheses of Theorem 1, the set of regular potentials is open and
dense in the space of smooth functions on the product M×M′.

Denote byHc the space formed byC2-smooth mappingsu : M → M′ which lie in a
fixed homotopy class[v] and such thatEV(u) < c. The proof of Theorem 1 is based on the
following statement, which is a reformulation of the result due to Uhlenbeck [22, Th. 3.3].

Uhlenbeck’s theorem. Let M and M′ be closed Riemannian manifolds and V be a smooth
function on their product. Suppose that M′ has non-positive sectional curvature. If a< b
are not critical values of EV on the spaceH∞ and all smooth critical maps u: M →M′ with
a< EV(u) < b are non-degenerate, then the spaceHa with handles adjoined corresponding
to these critical maps of EV , the dimensions of the handles correspond to indices of the
critical maps, is a deformation retract ofHb.

5.4. Proof of Theorem 1.

Recall that due to [21, Lem. 4.1] the curvature hypothesis implies that the spaceH∞ has
the subspaceHarm, formed by harmonic mappings, as its strong deformation retract; the
corresponding deformation is given by the heat flow. In particular, its homology coincide
with the homology ofHarm.

Now letV be a regular smooth potential. Then, by the combination of the compactness
theorem and the part(i) of the degree theorem, the number of critical maps ofEV homotopic
to v is finite. Choose a real numberc such thatEV(u) < c for any such a critical pointu.
Now, sinceEV is bounded from below, Uhlenbeck’s theorem says that the cell complex
formed by adjoined cells corresponding to the critical points ofEV (the dimensions of cells
correspond to the indices of the critical points) is a deformation retract of the spaceHc.
This implies the Morse inequalities for the number of critical points and the Betti numbers
of Hc; see [18]. Since there are no critical points inH∞\Hc, then passing to the limit as
c→ +∞ we see that the homology ofHc andH∞ coincide and, in particular, equal the
homology ofHarm. This proves the first statement of the theorem. The assertion on the set
of regular potentials is provided by Lemma 8.

5.5. Proof of Theorem 5.

For a proof of the theorem we have to show that degπ in the degree theorem is equal to the
Euler characteristic ofHarm. Note that harmonic maps with a potentialV can be regarded
as solutions of equation (4) with the right-hand side corresponding to the pair(0,−∇′V).
As was mentioned above a potentialV is regular if and only if this pair is regular. The
index ind(u,0,−∇′V) of any solutionu – the number of real negative eigenvalues of the
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operator (10) – coincides with the index of a harmonic map with potential as defined in
Sect. 2. Now letV be a regular potential, then the Morse inequalities in Theorem 1 imply
that the algebraic sum (9) is equal to the Euler characteristicχ(Harm). Thus, the statement
follows from the degree theorem.

5.6. Outline of the proof of Lemma 8

First, it is sufficient to prove that regularWp,s+2-smooth potentials are dense and open
in the space ofWp,s+2-smooth functions, wherep > n+ n′ and the integers > n/2+ 2
can be arbitrary large. We also suppose below that critical maps of the functionalEV are
W2,s−1-smooth.

Denote byM ? the space formed by the pairs(u,V), whereu is a critical map forEV

in a given homotopy class[v] andV is a potential function; both satisfy the smoothness
conditions above. Letπ? be a projection defined as the map

π
? : M ? →

{
Wp,s+2-smoothV

}
, (u,V) 7→V.

The proof of the statement on the density of regular potentials is based on identifying these
with regular values ofπ? and using the Sard-Smale theorem. For this one requires to show
that the spaceM ? is aC2-smooth Banach manifold and the projectionπ? is aC2-smooth
Fredholm map of zero index. By the standard implicit function theorem argument, see
e.g. [13, 15], the latter reduces to thetransversality claimbelow. The openness of regular
potentials follows then from the compactness theorem.

Recall that a fixed Riemanninan metric onM′ together with the volume form onM
define a naturalL2-scalar product on the space of sections ofu∗TM′, whereu : M → M′ is
an arbitrary map. We denote this scalar product by the brackets〈·, ·〉.

Transversality claim. Let u be a critical map for the functional EV and suppose that a
given W2,s−1-smooth vector fieldw along u is such that

(i)
〈
w,

(
J(u)+∇′2V(·,u)

)
v
〉

= 0 for any sectionv of the bundle u∗TM′,

(ii) 〈w,∇′U(·,u)〉= 0 for any Wp,s+2-smooth function U on the product M×M′.

Then the vector fieldw vanishes identically.

Sketch of the proof.The first condition implies thatw belongs to the kernel of operator (10)
and, hence, isC`-smooth, wherè > 0 depends on the integers. If the vector fieldw is non-
trivial, w 6= 0, then there exists a pointx0 ∈ M together with its neighbourhood in which
w does not have zeroes. Thus, for a proof of the claim it is sufficient for a given non-zero
vector fieldw to construct a smooth functionU such that the condition (ii) is violated. This
can be done explicitly in a neighbourhood of the pointx0. We refer to [23, p. 75-77] where
the construction is carried out in detail for the case when the dimension ofM equals 1.
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