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1. The seven bridges of Königsberg

Königsberg (now Kaliningrad, Russia) was and old city in Prussia. This city is divided by the Pregal
river in four territories all connected by seven bridges. In the XV century, people in Königsberg used
to go out and walk around the city, and with the time they created the following puzzle:

Is it possible to walk through the city crossing all the bridges, but using each bridge once and only
once?

Figure 1. The city of Königsberg with its 7 bridges.

This problem remain unsolved for two hundred years, and it was only until 1736 that a solution with
an elegant explanation was found by the great mathematician Leonhard Euler (Basel 1707 - Saint
Petersburg 1783). With his solution, Euler created a a branch of mathematics that is now known as
graph theory.
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A graph is a collection of points (called vertices) that are possibly connected by some lines (called
edges).

Since Euler, graph theory have developed in unexpected ways, and now is used to study large
networks. For example, we can use graphs to study connections between different cities, flights
between different countries, preferences in shoping, etc. For a very large example, we can consider
the graph of Facebook, whose set of vertices is made of ALL users (about 2.9 billion people nowadays)
and whose edges are given by the friendship relation: two users are connected if they are facebook-
friends. A representation of this graph is this one:

Figure 2. Representation of the Facebook graph.

To visualize the problem of the bridges of Königsberg, Euler represented each piece of land with
vertex, and we draw an edge between two vertices if the landmasses they represent are connected by
a bridge. So, we obtain the following diagram:

If we think of edges as something one might travel along from one vertex to the next, we can talk
about a path as being a sequence of edges that one can travel along where we are not allowed to back
tracking on an used edge. So, the problem can be translated as follows: Is there a path traveling
around the graph that uses every edge exactly once?. Similarly, is it possible to draw the shape of the
graph without lifting your pencil and without retracing any line?

2



2. Euler paths and circuits

An Eulerian path in a graph is a path that tours the graph using each edge exactly once. In addition,
if the path starts and ends in the same vertex, we call it an Eulerian circuit.

• Let us start with some initial examples. Can you draw these shapes without lifting your pencil
and without retracing any line. If not, can you explain why?
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Some more challenging examples:

The degree of a vertex is the number of edges that are adjacent to it. We say that a vertex has odd
degree if its degree is an odd number, and we say it has an even degree if its degree is even.

• Which of the vertices in the previous graphs have even degree, and which of them have odd degree?
• Does this provide any new information?

4



The solution to the problem of the seven bridges proposed by Euler was inspired in focusing on what
happens in each vertex, rather than thinking about the path. If we fix a vertex A, we have two
options: either the path starts in A, or it starts in some other vertex. Also, fixing a vertex A, either
it has odd degree, or it has even degree.

For example:
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AIf A has degree 4 (even):
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AIf A has degree 5 (odd):

• Can you complete the table answering where the path ends?

• The path ends in A

• The paths ends in other vertex

The path starts in A The path does not start in A

A has odd degree

A has even degree
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Theorem: [Euler, 1736]
Let G be a connected graph. Then G has an eulerian path if and only if the number of vertices that have
odd degree is either 0 or 2.

Moreover, if it has exactly two vertices of odd degree, the eulerian path must start in one of these
vertices, and end in the other one.

Recall the graph given by the original problem of the Königsberg bridges:

• What can you say about the vertices of this graph? Does this graph has an eulerian path?

• Draw a graph here with many vertices, but satisfying the conditions of the Theorem of Euler. Can
you provide an eulerian path for the graph designed by your partner?
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3. Solution of a student’s challenge:

starts here

(degree 5)

ends here

(degree 5)

My solution came at the end by breaking apart some cycles and smaller graphs that where easier to
solve. In your graph I saw the following repeating patterns:

Left-lower corner and
right-upper corner.

Four of these around
the center.

Left-upper corner and
right-lower corner.

After noticing these patterns my solution goes
as follows:

(1) Complete the green cycle, and the cyan
cycle. Move to point (2) through the blue
edge.

(2) Complete the magenta cycle. Move to
point (3) through the blue edge.

(3) Complete the cyan cycle and move to
point (4) through the blue edges.

(4) Complete the magenta cycle. Move to
point (5) through the blue edge.

(5) Complete the cyan cycle. Move to point
(6) through the blue edge.

(6) Complete the green cycle, and finish the
path.

1

2

3

4

5

6

starts here

(degree 5)

ends here

(degree 5)
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A graph is a collection of points (called vertices) that are possibly connected by some lines (called
edges).

Graph theory was created by Leonhard Euler (Basel 1707 - Saint Petersburg 1783), and since its
creation it has developed in unexpected ways. Nowadays, graph theory is used to study large net-
works. For example, we can use graphs to study connections between different cities, flights between
different countries, preferences in shoping, etc. For a very large example, we can consider the graph of
Facebook, whose set of vertices is made of ALL users (about 2.9 billion people nowadays) and whose
edges are given by the friendship relation: two users are connected if they are facebook-friends. A
representation of this graph is this one:

Figure 1. Representation of the Facebook graph.

When we draw a graph in the plane, it divides
the plane in different regions. For example, the
following graph has 4 vertices, 7 edges and 5 re-
gions.

V = 4, E = 7, R = 5
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• Euler discovered something very special about calculating V −E +R. Can you find out what did
he notice?
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My graph:

− + =

V E R

My graph:

− + =

V E R
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• How about this graph? Does it satisfy the formula V −E +R = 2?

− + =

V E R

This graph as two separate components. We can connect the two components by an edge (or several
edges) and try again.

− + =

V E R

Any other edges you want to add?

− + =

V E R

A graph is connected if we can travel from any vertex to any other vertex using the edges of the
graph.

• What about the following graph? Does it satisfy the formula V −E +R = 2?

− + =

V E R

In this graph, we have two edges that cross. We can fix that in two different ways:

By moving an edge

− + =

V E R

By adding a vertex

− + =

V E R

A graph is said to be planar if the edges of the graph do not cross.
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Theorem 1 (Euler’s formula for planar graphs). For every connected planar graph, then V −E+R = 2.

To understand why this is true, we can understand first by studying trees: a graph is called a tree
if it is connected and it does not contain any cycles.

• Which of the previous examples are trees?

Trees are important because the number of vertices, is precisely one more than the number of edges:
V = E + 1.

⇒

Also, since there are no closed regions, there is only outside region. Therefore,

V − E +R = (E + 1)
! "# $

V

−E + 1 = E −E + 1 + 1 = 0 + 2 = 2.

On the other hand, every time we close a cycle, we separate a region into two different regions. So,
every time we add one more edge, one more region appears.
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