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Abstract

We prove the Reeh-Schlieder property for the ground- and KMS-states
of the massive Dirac Quantum field on a static globally hyperbolic 4 dimen-
sional spacetime.
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1 Notations

We use as a standard representation of the Clifford algebra the Dirac matrices

γ0 =

(
12 0

0 −12

)

γi =

(
0 σi

−σi 0

)
i = 1, 2, 3

whereσi are the Pauli matrices.

If M is a smooth manifold andE a smooth vector bundle overM we use the
following notations
Γ(E) . . . space of smooth sections
Γ0(E) . . . space of compactly supported smooth sections

If M is a time-oriented oriented Lorentz manifold andO a subset ofM we use
J±(O) . . . set of points which can be reached by future/past directed causal
curves emanating fromO.
J(O) = J+(O) ∪ J−(O).
D±(O) . . . set of pointsp ∈ J±(O) such that every past/future inextendible
causal curve starting atp passes throughO.
D(O) = D+(O) ∪D−(O).
LetO be an open subset ofM :
O⊥ = Int(D(O)c) . . . causal complement ofO.

If H is a Hilbert space andE ⊂ L(H):
E ′ . . . commutant ofE , i.e. E ′ := {a ∈ L(H); [x, a] = 0 ∀x ∈ E}.
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2 Introduction

For the analysis of Quantum Field Theory (QFT) in curved spacetime it has turned
out that the framework of algebraic Quantum Field Theory (AQFT) is most suit-
able for analyzing the problems connected with the non-uniqueness of the quan-
tization of linear fields (see e.g. [Wal] and the references therein). The problem
reduces to finding appropriate representations of the field algebra, which can be
constructed straightforwardly on manifolds (see [Dim80, Dim82]). This is au-
tomatically obtained by specifying a vacuum state over the algebra. On static
spacetimes it is possible to distinguish such vacuum states as ground states with
respect to the canonical time translations.

In the Minkowski space theory the vacuum turns out to be cyclic for field alge-
bras associated to non-void open regions ([RS61]). This Reeh-Schlieder property
of the vacuum provides the starting point for the use of Tomitas and Takesakis
Modular theory in AQFT. By the lack of symmetry in general spacetimes it is not
clear whether physically reasonable vacuum states have this property as well. It
was shown in [Ver93] that the quasifree ground state of the massive scalar field
on an ultrastatic spacetime is of this kind. The proof makes use of an anti-locality
property of the square root of the Laplace operator. We show here, using a sim-
ilar method, that in the case of the free massive Dirac field on a static spacetime
any KMS or ground state with respect to the canonical time translation has the
Reeh-Schlieder property.

3 The free Dirac field on a manifold

Let M be a 4 dimensional connected oriented time-oriented Lorentz manifold
which admits a smooth Cauchy surface. It is known thatM possesses a trivial spin
structure, given by a Spin+(3, 1)-principal bundleSM and a two fold covering
mapSM → FM onto the bundleFM of oriented time-oriented frames. One can
construct now the Dirac bundleDM , which is associated toSM by the spinor
representation and is a natural module for the Clifford algebra bundle Cliff(TM )
(see [Bau] and [LM]). Furthermore the Levi-Civita connection onTM induces
a connection onDM with covariant derivative∇ : Γ(SM) → Γ(SM ⊗ T ∗M).
Given a vector fieldn we write as usual/n for the section in the Clifford algebra
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bundleγ(n), or in local coordinatesγini. We denote byD∗M the dual bundle
of DM . There exists an antilinear bijectionΓ(DM) → Γ(D∗M) : u → u+,
the Dirac conjugation, which in the standard representation in a local orthonormal
spin frame has the formu+ = uγ0, where the bar denotes complex conjugation
in the dual frame. We use the symbol+ also for the inverse map. Canonically
associated with the Dirac bundle there is the Dirac operator which in a frame
takes the form

/∇ = γi∇ei
.

The Dirac equation for massm > 0 is

(−i/∇+m)u = 0, u ∈ Γ(DM) . (1)

The proofs of the following facts can be found in [Dim82]. We state these
results here as propositions.

Proposition 3.1. Under the stated assumptions−i/∇+m onΓ(DM) has unique
fundamental solutionsS± : Γ0(DM) → Γ(DM), satisfying

(−i/∇+m)S± = S±(−i/∇+m) = id on Γ0(DM) ,

supp(S±f) ⊂ J±(supp(f)) .

We can define the operatorS := S+ − S−. There is also a positive answer to
the Cauchy problem. LetΣ be a smooth Cauchy surface and letDΣ the restriction
of the bundleSM to Σ with restriction mapρΣ.

Proposition 3.2. For eachu0 ∈ Γ0(DΣ) there exists a uniqueu ∈ Γ(DM) such
that

(−i/∇+m)u = 0, ρΣ(u) = u0 .

Furthermore supp(u) ⊂ J(supp(u0)).

We form the prehilbert spaceK := Γ0(DM)/ker(S) with inner product

〈[u1], [u2]〉K := −i
∫

M

(u+
1 , Su2)(x)dµ(x), (2)
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where(·, ·) denotes the dual pairing between the fibres ofDM andD∗M and
µ(x) the canonical (pseudo)-riemannian measure onM . [f ] denotes the equiv-
alence class containingf . Analogously we form the prehilbert spaceK+ :=

Γ0(D
∗M)/(ker(S))+ with inner product

〈[v1], [v2]〉K+ := 〈[v+
2 ], [v+

1 ]〉K . (3)

We note thatS mapsK onto the space of smooth solutions of the Dirac equation
whose support have compact intersection with any Cauchy surface. The con-
struction of the Dirac field starts with the Hilbert spaceH := K ⊕K+ and the
antiunitary involution

Γ : H → H, u⊕ v → v+ ⊕ u+ . (4)

The field algebraF is the (self-dual) CAR-algebra CAR(H,Γ). This is theC∗-
algebra with unit generated by symbolsB(g) with g ∈ H and relations

g → B(g) is complex linear, (5)

B(g)∗ = B(Γg), (6)

{B(g1), B(g2)} = B(g1)B(g2) +B(g2)B(g1) = 〈Γg1, g2〉 . (7)

For each relatively compact subsetO ⊂M we define the local algebraF(O) ⊂ F
to be the closed unital∗-subalgebra generated by the symbolsB([f ]) with f ∈
Γ0(DM) ⊕ Γ0(D

∗M) and supp(f) ⊂ O. It was shown in [Dim82] that the as-
signment

O → F(O)

defines a local, causal, covariant net of field algebras overM .

4 Static Spacetimes

In addition to the assumptions of the previous section we assume now thatM is
static, i.e. there exists a one-parameter groupαt of isometries ofM with time-
like orbits and a spacelike hypersurface which is orthogonal to the orbits. The
corresponding complete timelike Killing vector field will be denoted byξ. The
push-forward(αt)∗ : TM → TM induces an equivariant flow on theL↑0-principal
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bundleFM . SinceSM is a double cover ofFM , the flow onFM lifts uniquely
to a flow β̃t of the SL2(C)-principal bundleSM , which is again equivariant and
hence induces a flowβt on the Dirac-bundleDM . βt gives rise to a linear transfor-
mation group ofΓ(DM), which commutes with the Dirac operator (see [Dim82]).
Similarly +◦βt◦+ defines a linear transformation group ofΓ(DM∗). Both groups
leave ker(S) and ker(S)+ invariant and define linear transformation groups ofK
andK+, which preserve the scalar products (2) and (3) (see [Dim82]). This finally
gives a one-parameter group of unitary operatorsU(t) : H → H.

Proposition 4.1. The groupU(t) is strongly continuous and commutes with the
conjugationΓ. It therefore defines a strongly continuous groupτt of Bogoliubov
automorphisms ofF . Moreover we have covariance with respect to these group
actions, i.e.τtF(O) = F(αtO)

Proof. For one parameter groups weak continuity implies strong continuity. It is
clearly sufficient to show that the group is weakly continuous onK, viewed as a
subspace ofH, which is equivalent to

lim
t→0

〈U(t)v − v, u〉K = 0 ∀u, v ∈ K . (8)

Givenf, g ∈ Γ0(DM) we have

lim
t→0

〈U(t)[f ]− [f ], [g]〉K = −i lim
t→0

∫
M

h(x, t)dµ(x), (9)

where

h(x, t) := ((βtf − f)+, Sg)(x). (10)

We fix a finite intervalI = [−ε, ε] and find thatV := ∪t∈Iαt(supp(f)) is compact.
For eacht ∈ I we therefore have supp(h(·, t)) ⊂ V. This implies thath is
bounded as a function onM×I, and therefore there exists a functionh̃ ∈ L1(M),
such that|h(x, t)| ≤ |h̃(x)| ∀t ∈ I. Hence, we can perform the limit under
the integral, and sincelimt→0 h(x, t) = 0, weak continuity follows. The group
U(t) commutes by construction withΓ. It is now not difficult to check on the
generators that the corresponding group of Bogoliubov automorphisms is strongly
continuous. The covariance is clear by construction.
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We interpret the automorphism groupτt as the group of time-translations
canonically given on a static spacetime, and it seems physically reasonable to
investigate states which satisfy certain stability requirements with respect to this
automorphism group. We are thus interested in the following class of states.

Definition 4.2. LetA be aC∗-algebra with unit andτt be a strongly continuous
one parameter group of∗-automorphisms ofA. A τt invariant stateω is called
ground state with respect toτt, if the generator of the corresponding unitary group
Ũ(t) on the GNS Hilbert space is positive.

Definition 4.3. Let A and τt be as above. A stateω is called KMS state with
inverse temperatureβ > 0 with respect toτt, if for any pairA,B ∈ A there exists
a complex functionFA,B which is analytic in the strip

Dβ := {z ∈ C; 0 < Im(z) < β}

and bounded and continuous onDβ, such that

FA,B(t) = ω(Aτt(B))

FA,B(t+ iβ) = ω(τt(B)A) .

5 The Reeh-Schlieder property for ground and KMS
states

Definition 5.1. Let {F(O)} be a net of local field algebras indexed by the rela-
tively compact open sets of a manifoldM . Letω be a state over the field algebra
F , and(πω,Hω,Ωω) its GNS triple. We say thatω has the Reeh-Schlieder prop-
erty, if Ωω is cyclic for the von Neumann algebraπω(F(O))′′ for any non-void
open relatively compact setO.

We show in this section the following theorem:

Theorem 5.2. Let M be a connected orientable time-orientable static globally
hyperbolic 4 dimensional Lorentzian manifold. Let{F(O)} be the net of local
field algebras for the free Dirac field with massm > 0 and letω be a ground
or KMS state with respect to the automorphism groupτt, induced by the timelike
Killing flow. Thenω has the Reeh-Schlieder property.
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LetO ⊂ M be a nonvoid open relatively compact set. We denote byB(O) ⊂
F(O) the∗-subalgebra consisting of those elementsa ∈ F(O) for which there
exists a neighbourhoodI ⊂ R of 0, such thatτI(a) ⊂ F(O). LetO′ ⊂ M be
another nonvoid open set, such thatO′ ⊂ O. We clearly have the inclusions

F(O′) ⊂ B(O) ⊂ F(O) . (11)

We denote bỹU(t) the strongly continuous unitary group, implementingτt on the
GNS-Hilbert space. One has

Lemma 5.3. LetE := πω(B(O))Ωω = πω(B(O))′′Ωω. ThenE is invariant under
the action ofŨ(t), i.e. Ũ(R)E ⊂ E .

Proof. Let ψ ∈ E⊥. Then for eacha ∈ πω(B(O)) we have at least for some open
neighbourhoodI ⊂ R of 0:

f(t) := 〈ψ, Ũ(t)aΩω〉 = 0 ∀t ∈ I .

Sinceω is a KMS-state (β > 0) or a ground state (β = ∞), f(t) is the boundary
value of a functionF (z), which is analytic on the strip

Dβ/2 = {z ∈ C; 0 < Im(z) < β/2}

and bounded and continuous onDβ/2. By the Schwartz reflection principlef(t)

vanishes on the whole real axis. Therefore〈Ũ(t)ψ, aΩω〉 = 0 for all t ∈ R.
Hence,E⊥ is invariant under the action of̃U(t) and the lemma follows.

Lemma 5.4. LetH′ be the subspace ofH generated by the set

{[f ] ∈ H; f ∈ Γ0(DM)⊕ Γ0(D
∗M), supp(f) ⊂ αRO′},

and let
R := {πω(B(f)), f ∈ H′}′′ ⊂ πω(F)′′ .

ThenE is invariant under the action ofR, i.e.RE ⊂ E .

Proof. By the inclusion (11) and Lemma 5.3E is invariant under the action of∨
t∈R πω (τt(F(O′)))′′. Since the set{B([f ]); supp(f) ⊂ O′} generates the alge-

braF(O′) we haveR =
∨

t∈R πω (τt(F(O′)))′′.
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Our goal is now to show thatH′ is dense inH.
(H′)⊥ is clearlyU(t)-invariant and hence contains a dense set of analytic vectors
for U(t). Letφ be such an analytic vector. We take the two components ofφ1,2 of
φ such thatφ1 ∈ K andφ2 ∈ K+. We will show now thatφ1 = 0, and the proof
of φ2 = 0 will be analogous. Thinking ofK as a subspace ofH, we clearly have

〈U(it)φ1, [f ]〉 = 0 ∀t ∈ R, f ∈ Γ0(DM) with supp(f) ⊂ O′ , (12)

The bundleΓ0(DM) is trivial, and for each trivialization the map

Γ0(DM) → C, f → 〈φ1, [f ]〉 (13)

defines a distributioñψ ∈ D′(M) ⊗ C4. Let V be the closure of the open set
M \ supp(ψ̃). By equation (12) it is clear thatO′ ⊂ V. Hence, Int(V) is nonvoid.
We will show thatV is open, and thereforeV = M .

Since the Killing vector fieldξ is nowhere vanishing, for each pointp ∈ V
there is an open neighbourhoodU of p and a chartU → R4 with coordinates
(x0, x1, x2, x3), such thatξ = ∂

∂x0
. AsM is static we can choose the chart such

that the coefficients of the metric tensor are independent ofx0, andg0i = gi0 = 0

for i ∈ {1, 2, 3}. Without loss of generality we can assume that the chart mapsU
to a region of the formI × U ′, whereI = (−ε, ε) ⊂ R is an open interval, andU ′
is a bounded open connected subset ofR3. The chart locally trivialises the tangent
bundle, and we can choose an orthonormal time-oriented oriented frametk, such
that the Lie-DerivativesLξ(tk) vanish. It is not difficult to see that this implies the
existence of a local orthonormal spin frameei, with Lξ(ei) := limt→0

β−tei−ei

t
=

0. We use this frame to identify the sections ofΓ0(DM) which are supported in
U with C∞0 (I × U ′) ⊗ C4. If f ∈ C∞0 (I/2 × U ′) ⊗ C4 we have in our frame
βtf(x0, xi) = f(x0 − t, xi) for all t ∈ I/2.

Lemma 5.5. V ′ := (I × U ′) ∩ Int(V) contains an open set of the formI × U ,
whereU ⊂ U ′ is open and nonvoid.

Proof. V ′ is open and nonvoid. LetV ′′ ⊂ V ′ be another nonvoid open set, such
that α(−δ,δ)V ′′ ⊂ V ′ for someδ > 0. The functionFf (t) := 〈U(t)φ1, [f ]〉 is
entire analytic int and vanishes on(−δ, δ) if f ∈ Γ0(DM)) with supp(f) ⊂
V ′′. Therefore we getFf = 0 whenever supp(f) ⊂ V ′′, and as a consequence
αRV ′′ ⊂ Int(V). This already proves the lemma, since in our chartαt is just the
shift x0 → x0 + t.
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φ1 defines via the maps(
C∞0 (I/2× U ′)⊗ C4

)
⊗ C∞0 (I/2) → C,

f ⊗ g →
∫

R
〈U(it)φ1, [f ]〉 g(t)dt (14)(

C∞0 (I/2× U ′)⊗ C4
)
⊗ C∞0 (I/2) → C,

f ⊗ g →
∫

R
〈U(t)φ1, [f ]〉 g(t)dt (15)

distributionsψ, ψ̂ ∈ D′(I/2 × U ′ × I/2) ⊗ C4. For an arbitraryg ∈ C∞0 (I/2)

we define the distributionsψg, ψ̂g ∈ D′(I/2 × U ′) ⊗ C4 by smearing in the first
variable with g:

ψg := σ(ψ(g, ·, ·)) (16)

ψ̂g := σ(ψ̂(g, ·, ·)), (17)

whereσ is the flip identifyingD′(U ′ × I/2)⊗ C4 with D′(I/2× U ′)⊗ C4.

Lemma 5.6. ψg = 0.

Proof. The distribution〈φ1, [·]〉 ∈ D′(I/2 × U ′) ⊗ C4 is a distributional solution
to the Dirac equation, and by Lichnerowics formula a solution to the equation

(�S +m2 − 1/4R)h = 0, (18)

where�S is the spinor Laplace andR the scalar curvature. The mapU(t) shifts in
x0 direction, and it is easy to see that thereforeψ̂g solves this equation as well. We
note that all coefficients of the differential equation are independent ofx0, and the
principal part of the operator�S is diagonal with real coefficients. If we replace
in �S all derivatives ∂

∂x0
by−i ∂

∂x0
we obtain an elliptic second order differential

operator�eukl
S and clearlyψg solves the equation

(�eukl
S +m2 − 1/4R)h = 0. (19)

Hence,ψg is smooth (see e.g.[Ḧora, Den82]). Ifvi are the components ofψg we
can therefore write the equation in the form

Avi =
4∑

j=1

Bijvj i = 1, 2, 3, 4 , (20)
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such that A is an elliptic second order differential operator, andBij is a Matrix of
first order differential operators. It follows that thevi satisfy the inequalities

|Avi|2 ≤ N
4∑

l=1

(
3∑

k=0

| ∂vl

∂xk
|2 + |vl|2

)
(21)

on I/2× U ′ for some constantN ≥ 0. Furthermore, by lemma 5.5, thevi vanish
on the open nonvoid setI/2× U . Hence, by the result of [Aro57] (see especially
Remark 3)1 we getvi = 0 andψg = 0.

Sinceψg vanishes for allg ∈ C∞0 (I/2) it follows thatψ = 0 and therefore
I/2 × U ′ ⊂ Int(V). As a consequenceV is open andV = M . This completes
the proof thatφ1 = 0. With the same arguments we can showφ2 = 0 and hence
φ = 0. It follows that(H′)⊥ = {0} and we have shown

Lemma 5.7.H′ is dense inH.

Proof of theorem 5.2.SinceH′ is dense inH we get immediatelyR = πω(F)′′.
SinceΩω is cyclic forπω(F)′′ we haveE = Hω and with inclusion (11) we get

E ⊂ πω(F(OΣ))′′Ωω = Hω .

6 Conclusions and Outlook

The Reeh-Schlieder property may serve for further investigation of the Dirac field
on static spacetimes. Candidates for vacuum states on static spacetimes like the
Rindler spacetime and the external space of the black-hole solution are typically
KMS-states, and our theorem applies to these cases. It would also be desireable to
establish this property for classes of vacuum states on algebras associated to fields
with higher spin or massless fields. Since our proof makes use of certain properties
of the CAR algebra it is not clear to us yet whether an analogous statement holds
for the bosonic case.

1 For a detailed treatment see section 17.1 of [Hörb] and the references therein
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mannschen Mannigfaltigkeiten. Leipzig: Teubner (1981) 180p, in Ger-
man.

[Den82] N. Dencker. On the propagation of polarization sets for systems of real
principle type.J. Funct. Anal., 46:351–372, 1982.

[Dim80] J. Dimock. Algebras of local observables on a manifold.Commun.
Math. Phys., 77:219–228, 1980.

[Dim82] J. Dimock. Dirac quantum fields on a manifold.Trans. Am. Math. Soc.,
269:133–147, 1982.
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