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Referat

In der vorliegenden Arbeit werden bestimmte Klassen von Zuständen in der

Quantenfeldtheorie auf gekrümmten Raumzeiten untersucht. Im ersten Teil der

Arbeit wird die Quantisierung freier Felder auf global hyperbolischen Raumzeiten

wiederholt und die dabei auftretenden Probleme aufgezeigt. Die Formulierung ist

unabhängig von der Raumzeitdimension gewählt. Im weiteren wird der Begriff

des lokal analytischen Zustandes für das freie Klein-Gordon Feld auf reell ana-

lytischen Raumzeiten eingeführt und gezeigt, daß diese Zustände sich ähnlich

verhalten wie das Vakuum in relativistischen Quantenfeldtheorien im Minkow-

skiraum. Insbesondere haben solche Zustände die Reeh-Schlieder Eigenschaft, die

einen der zentralen Aspekte dieser Arbeit darstellt. Es wird bewiesen, daß auch

gewisse passive Zustände für freie Felder auf stationären Raumzeiten die Reeh-

Schlieder Eigenschaft besitzen. Im letzten Teil der Arbeit wird der sogenannte

Röhrensatz von Borchers behandelt, der Aufschlüsse über die lokale Struktur rela-

tivistischer Quantenfeldtheorien im Minkowskiraum erlaubt. Es wird für das freie

Klein-Gordon Feld gezeigt, daß unter bestimmten Voraussetzungen ein Analogon

dieses Satzes für gekrümmte Raumzeiten gilt.
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Chapter 1

Introduction

The unification of the general theory of relativity and quantum field theory is one

of the great unresolved problems in theoretical physics. While the general theory

of relativity describes cosmological phenomena very well, quantum field theory

was extremely successful in describing particle physics with high accuracy. At

length scales of the order of the Planck length (lp ∼= 10−35m) it is expected that

both formalisms break down and that a theory of quantum gravity is needed to

describe physics. For larger length scales it should be sufficient to use the semi-

classical approximation of quantum gravity, i.e. to investigate quantum fields on

curved spacetimes, such that the semi-classical Einstein equations

Gik = −κTik,

are fulfilled. Here Gik is the Einstein tensor, κ is the coupling constant and Tik
is the expectation value of the energy momentum tensor of the quantum field.

One difficulty that appears here is that the energy momentum tensor is not an

a priori well defined object in quantum field theory since it contains pointwise

products of field operators. Its expectation value has to be renormalized in some

sense. This can indeed be done for a class of states (see [Wal77]), the result is

unique only up to certain terms however. Therefore, a state does not uniquely

determine the right hand side of the semi-classical Einstein equation.

The semi-classical approximation of quantum gravity turned out to have a

more interesting structure than one might expect. For example, it led Hawking

([Haw75]) to the remarkable discovery that black holes emit thermal radiation

with an inverse temperature that is proportional to its mass (see also [FH90]).

For details and further phenomena we would like to refer the reader to [BD82,

Ful89, Wal94] and references therein.

The canonical quantization of free field theories consists of the construction of

3



4 Introduction

field operators that satisfy either the canonical commutation relations (CCR) or

the canonical anticommutation relations (CAR). The field operators are thought

of as operator valued distributions acting on some Hilbert space. For free fields on

Minkowski spacetime this construction is done by a so called frequency splitting.

Let us look at this from the more abstract point of view of algebraic quantum

field theory ([Haa92]). The CCR in exponentiated form or the CAR each give

rise to an abstract C∗-algebra F with an action of the Poincare group by algebra

automorphisms. The local structure of the theory is encoded in the local field

algebras F(O) ⊂ F generated by fields which are localized in an open spacetime

region O. We need to find a canonical representation of F on some Hilbert space.

Since the phase space of the free classical field theory is infinite dimensional there

are many inequivalent representations of F . There are preferred representations

however, the so called vacuum representations. For a state over F which is

invariant under the Poincare group the GNS construction yields a representation

of F on a Hilbert space H with a cyclic vector Ω and a representation of the

Poincare group on H. A vacuum representation is such a representation with the

further property that the joint spectrum of the generators of the translation group

is contained in the forward lightcone. The latter requirement simply encodes that

the energy is positive in every inertial system. The state induced by the vector

Ω is called the vacuum state. For many free fields there is only one vacuum

representation and the method of frequency splitting is an explicit construction

of this representation.

In curved spacetime the field algebra F can be constructed in the same way as

this is done in Minkowski spacetime. In general there is no spacetime symmetry

group however and hence no notion of energy. Consequently, we can not distin-

guish a vacuum state or a vacuum representation. Both the vacuum state and the

preferred representation defined by it play a fundamental role in the treatment

of quantum field theory on Minkowski spacetime. It is therefore natural to ask

which states over F on a general spacetime are vacuum-like in the sense that

they have similar properties as the vacuum state in the flat case.

A property of the vacuum state of a quantum field theory on Minkowski

spacetime is the so called Reeh-Schlieder property, i.e. that the vacuum vector is

cyclic for the field algebras F(O) associated to non-void open regions O ([RS61]).

What is the physical content of this property? Let A be the C∗-subalgebra of

observables in F . Then A(O) := F(O) ∩ A is the net of local observables, i.e.

A(O) is the set of observables that can be measured in the spacetime region O.

The minimal physical requirements for such a net are

1. Isotony: O1 ⊂ O2 implies that A(O1) ⊂ A(O2).
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2. Einstein Causality: [A(O1),A(O2)] = {0} for spacelike separated regions

O1 and O2.

3. Covariance: There is an action of the spacetime symmetry group G on A
such that qA(O) = A(qO) for all q ∈ G.

We restrict our considerations to the vacuum sector, i.e. we consider the repre-

sentation of A on the Hilbert space H0 := AΩ. Then the Reeh-Schlieder property

implies that A(O)Ω is dense in H0 for each non-void open set, i.e. any physical

state in the vacuum sector can be approximated up to arbitrary accuracy by

states which can be created from the vacuum by operations localized in a fixed

spacetime region O. This is due to long range correlations that naturally appear

in relativistic theories with positive energy, and has recently also attracted the

interest of philosophers ([Hal01]). Another implication is the existence of vacuum

fluctuations. Clearly, if O is a spacetime region with non-void causal complement

O⊥ the commutant of A(O) contains A(O⊥). Therefore, the vacuum vector Ω

is cyclic for the commutant of A(O) and hence, it is separating for A(O), i.e.

aΩ = 0 and a ∈ A(O) imply a = 0. The fluctuation of the vacuum expectation

value is therefore always nonzero for localized observables.

The Reeh-Schlieder property is however not only important for understanding

the physical nature of quantum field theory but it also turned out to be a useful

tool in the mathematical investigation of quantum field theory. It for example

provides the starting point for the use of the Tomita-Takesaki modular theory

([Tak70, Tom67]) within quantum field theory which led to a tremendous impact

(see [Bor00] for a recent review). We refer the reader to [BDFS00, GLRV00, SV,

SV96] for applications of modular theory in quantum field theory over curved

spacetimes. In Minkowski spacetime the Reeh-Schlieder theorem was also used in

the scattering theory for massless particles ([Buc77, Buc75]), and at some stages

in the development of the superselection theory of charges ([DHR69, DHR71]).

One of the main motivations of this work was to investigate whether vacuum-

like states in quantum field theory on curved spacetimes have the Reeh-Schlieder

property. This question was addressed in [Ver93] with the result that the natural

ground state for the Klein-Gordon field on an ultrastatic spacetime has the Reeh-

Schlieder property. The proof rests on an antilocality property of the square

root of the Laplace operator. The same can be done for the Dirac field on an

ultrastatic spacetime using the weak unique continuation properties for semi-

bounded restrictions of Dirac type operators which were found in [Bär00] and

further improved in [BS01]. We will give considerable generalizations of these

results in this work.
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Another interesting property of the vacuum representation of quantum field

theory on Minkowski spacetime is the so called timelike tube property, which

was discovered by Borchers ([Bor61]) and further generalized by Araki ([Ara63]).

Namely, the local field algebra of a tubular neighbourhood of a timelike line-

segment contains the local field algebra of the double cone associated with the

endpoints of this line-segment. Again, one may ask if this is true for free fields

on curved spacetimes and we will give a rather general answer.

This thesis is organized as follows. In chapter 2 we introduce the basic notions

necessary to formulate quantum field theory on a curved spacetime. We will also

repeat the most important results on evolution equations on globally hyperbolic

spacetimes. In chapter 3 we recall the algebraic construction of free quantum

fields and chapter 4 gives some notions of distinguished states for quantum fields

on curved spacetimes. In chapter 5 we show some basic properties of Hilbert

space valued distributions and their wavefront sets and apply this calculus to the

scalar field on a globally hyperbolic spacetime. We introduce the notion of local

analyticity of a quasifree state for quantum fields on real analytic spacetimes.

Our first result is that locally analytic states have the Reeh-Schlieder property.

Moreover, we show that KMS- or ground states on real analytic stationary space-

times are in fact locally analytic. The results of this chapter were obtained in a

joint work with Dr. R. Verch and Prof. Dr. M. Wollenberg which is in prepara-

tion ([SVW]). In chapter 6 we show that an analog of the timelike tube property

holds for the Klein-Gordon and the Dirac field on stationary spacetimes in the

GNS-representation of a quasifree ground- or KMS-state. We also show that as a

consequence such states have the Reeh-Schlieder property. These results are spe-

cial cases of our more general statements in [Str00b]. Note that the above applies

to the Hartle-Hawking state for the scalar field on the Schwarzschild spacetime.

Specializing to the Klein-Gordon field we considerably generalize in chapter 7

this timelike tube theorem to spacetimes with a metric locally analytic in the

time. This chapter is based on the author’s publication [Str00a]. The appendices

are short introductions to the basic mathematical formalisms and results used

throughout the thesis.



Chapter 2

Evolution equations on

spacetimes

In this chapter we introduce the basic notions needed to construct free quan-

tum fields on curved spacetimes. The canonical quantization of free fields on

Minkowski spacetime relies heavily on the existence of fundamental solutions

to the evolution equation, or in the time-zero formalism, on the existence of a

Cauchy surface. We therefore restrict our considerations to the so called globally

hyperbolic spacetimes. These are spacetimes which admit a Cauchy surface. On a

globally hyperbolic spacetime the existence of retarded and advanced fundamen-

tal solutions to evolution equations like the Dirac or the Klein-Gordon equation

are guaranteed.

2.1 Spacetimes

Let M be a smooth n-dimensional manifold which is second countable and Haus-

dorff and suppose that n ≥ 2. A Lorentzian metric g on M is a smooth sec-

tion in the bundle T ∗M ⊗ T ∗M , such that for all x ∈ M the bilinear form

gx on TxM × TxM has signature (+,−, . . . ,−). The pair (M, g) is called a

Lorentzian manifold. A vector ξ ∈ TM is called timelike (spacelike, lightlike) if

g(ξ, ξ) > 0, (< 0,= 0). Let I be an open subset of R. A curve γ : I → M is

called timelike (spacelike, lightlike) if g(γ̇, γ̇) > 0, (< 0,= 0). A curve γ is called

causal if g(γ̇, γ̇) ≥ 0.

The tangent-bundle TM of a Lorentzian manifold can be split into an orthog-

onal direct sum TM = F1 ⊕ F2, where g is positive definite on F1 and negative

definite on F2. In case the bundle TM (F1, F2) is orientable the manifold is

called orientable (time-orientable, space-orientable). See [O’N83] or [Bau81] for

7
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S

time−orientation

D (S)

D (S)
−

+

Figure 2.1 D+(S) and D−(S) for a hypersurface S

elementary properties of Lorentzian manifolds.

Definition 2.1. We say that (M, g) is a spacetime, if it is a smooth connected

oriented time-oriented Lorentzian manifold which is second countable and Haus-

dorff.

In the following we assume that (M, g) is a spacetime. Let TM = F1⊕F2 be

a splitting into an oriented timelike bundle F1 and an oriented spacelike bundle

F2. Clearly, F1 is generated by a single timelike vector field ξ which we choose

positively oriented. A causal (= timelike or lightlike) vector v ∈ TxM will be

called future directed if g(ξx, v) > 0 and past directed if g(ξx, v) < 0. A causal

curve will be called future (past) directed if its tangent vectors are future (past)

directed.

For a subset S ⊂ M we define the chronological future (past) I±(S) of S to

be the set of points in M that can be reached by future (past) directed timelike

curves emanating from S. The subset J±(S) is defined to be the set of points

which are met by future (past) directed causal curves emanating from S.

A future (past) endpoint of a future (past) directed causal curve γ is a point

p ∈ M such that γ enters and remains in every open neighbourhood of p. γ is

called future (past) inextendible if it has no future (past) endpoint. We define

the future (past) domain of dependence D±(S) of a subset S ⊂ M as the set of

points p in M such that every past (future) inextendible causal curve through

p intersects S (see Figure 2.1). The domain of dependence D(S) is the union

D+(S) ∪ D−(S) (see [Ger70] for a review). The causal complement O⊥ of an

open set O is the set of points which cannot be reached by causal curves from O.

The causal completion of O is O⊥⊥. A set S is called achronal if every timelike

curve intersects S in at most one point. A spacelike hypersurface C is called
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Cauchy surface if it is achronal and D(C) = M , i.e. each inextendible causal

curve intersects with C exactly once. In case there exists a Cauchy surface the

manifold M is said to be globally hyperbolic. An open subset O ⊂ M is said to

be globally hyperbolic if (O, g|O) is globally hyperbolic as a spacetime in its own

right. Note that for an achronal set S the open set int(D(S)) (if non-empty) is

globally hyperbolic.

2.2 Fibre metrics and Hermitian structures on

vector bundles

Let (M, g) be a spacetime and let E be a real or complex vector bundle over

M. We denote by Γ(E) the space of smooth sections and by Γ0(E) the space

of compactly supported smooth sections of E. For a differential operator P :

Γ(E)→ Γ(E) we define the formal adjoint P ∗ of P to be the unique differential

operator P ∗ : Γ(E∗)→ Γ(E∗) such that∫
M

〈f(x), Pg(x)〉wg(x) =

∫
M

〈P ∗f(x), g(x)〉wg(x), (2.1)

for all f ∈ Γ0(E∗), g ∈ Γ0(E),

where wg :=
√
|g|dx1∧ . . .∧dxn is the pseudo-Riemannian volume form and 〈·, ·〉

is the dual pairing on the fibres. A fibre metric on E is a section in E∗ ⊗ E∗

such the induced bilinear form (·, ·)x on the fibres Ex of E is symmetric and non-

degenerate for all x. Given a fibre metric there is a natural isomorphism of vector

bundles T : E → E∗, such that vT (w) = (v, w)x for all x ∈ M and v, w ∈ Ex.

The inverse of this map will be denoted by the same symbol, i.e. (vT )T = v.

The formal adjoint P ∗ of P therefore defines a differential operator P T acting on

sections of E by P Tf := (P ∗fT )T . We say that P is formally selfadjoint with

respect to the fibre metric if P T = P .

If E is a complex vector bundle there is another important structure. We

denote by E the complex conjugate bundle of E, i.e. as a fibre bundle E = E but

the fibres are endowed with the complex conjugate linear vector space structure.

Note that the identity map E → E is antilinear on the fibres and therefore not

an isomorphism of vector bundles. As sets Γ(E) and Γ(E) coincide. A Hermitian

structure on E is a section h in E
∗ ⊗E∗ such that the induced sesquilinear form

(·, ·)x on the fibres Ex defined by (v, w)x := h(x)(v, w), v, w ∈ Ex is a Hermitian

inner product, i.e. (·, ·)x is non-degenerate and (v, w)x = (w, v)x (but we do not

require the inner product to be positive definite). A vector bundle endowed with
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a Hermitian structure is called a Hermitian vector bundle. Suppose that E is

a Hermitian vector bundle. Then there is a natural identification of E∗ with

E. This identification gives rise to an antilinear isomorphism of vector bundles
+ : E → E∗ such that v+(w) = (v, w)x for all x ∈ M and v, w ∈ Ex. We denote

the inverse of + by the same symbol, i.e. (v+)+ = v. The formal adjoint P ∗

of a differential operator defines by P+f := (P ∗f+)+ a differential operator P+

acting on sections of E.

The operator P is called formally selfadjoint with respect to the Hermitian

structure if P+ = P .

For a Hermitian vector bundle E the space of compactly supported sections

Γ0(E) is an inner product space with inner product given by

(v, w) :=

∫
M

(v(x), w(x))xwg(x). (2.2)

Clearly, a differential operator is formally selfadjoint if and only if (Pv, w) =

(v, Pw) for all v, w ∈ Γ0(E).

2.3 Spin structures and spinors

Let (M, g) be an n-dimensional spacetime. Then the bundle of time-oriented

oriented orthonormal frames FM ⊂ TM is an SO(n, 1)+ principal bundle. A

spin structure on a spacetime (M, g) is a Spin(n, 1)+-principal bundle SM over

M together with a smooth covering η from SM onto the bundle FM of oriented

orthonormal frames, such that the following diagram is commutative.

SM × Spin(n, 1)+ r1−−−→ SM
p1−−−→ Mnyη×λ yη ∥∥∥

FM × SO(n, 1)+ r2−−−→ FM
p2−−−→ Mn

(2.3)

Here λ denotes the covering map Spin(n, 1)+ → SO(n, 1)+ and the maps r1,2 and

p1,2 are the right actions of the structure groups on the principal bundles and the

bundle projections, respectively. The spinor bundle DM associated with a spin

structure is the associated bundle SM ×π ∆n,1, where π denotes the representa-

tion of Spin(n, 1)+ on ∆n,1 (see Appendix D, [Bau81] and [LM89]). The spinor

module ∆n,1 carries a natural non-degenerate indefinite inner product which is

Spin(n, 1)+-invariant (see Appendix D) and therefore defines a Hermitian struc-

ture on the bundle DM . In the following we view DM as a Hermitian vector

bundle. Sections of DM are called spinors and sections of the dual bundle D∗M



2.4 Fundamental solutions to evolution equations 11

are called cospinors. The antilinear map + which identifies DM with D∗M is

called the Dirac conjugation.

Let ∇ : Γ(DM)→ Γ(DM ⊗ Λ1) be the Levi-Civita connection on the spinor

bundle. The Dirac operator /∇ is defined by γ ◦∇, where γ denotes the action of

covector fields on sections of the spinor bundle by Clifford multiplication. It was

shown in [Bau81] (see also [Bau]) that i/∇ is formally selfadjoint with respect to

the Hermitian inner product.

If M is a 4-dimensional globally hyperbolic spacetime then there always exists

a trivial spin structure. The argument that guarantees this is as follows. Since

M is 4-dimensional and globally hyperbolic it is topologically a product of an

oriented 3-manifold and the real line R. It is well known (see e.g. [Ste]) that

orientable 3-manifolds are parallelizable, and as a consequence so isM . Therefore,

FM is trivial, i.e. FM = M × SO(3, 1)+. Let λ be the two fold covering

map Spin(3, 1)+ = SL2(C) → SO(3, 1)+. The SL2(C)-principal bundle SM =

M × SL2(C) together with the covering map η := id× λ : SM → FM defines a

trivial spin structure on M .

2.4 Fundamental solutions to evolution equa-

tions

Let (M, g) be a smooth Lorentzian manifold and suppose that E is a vector bundle

over M . If P is a second order differential operator acting on sections of E the

principal symbol σP is an End(E)-valued function on the cotangent bundle. If σP
is of the form σP (ξ) = −g(ξ, ξ)idE we say that P has metric principal part (in the

literature also called normally hyperbolic). We say that a first order differential

operator D acting on sections of E is of Dirac type if D2 has metric principal

part. We investigate in this chapter the existence of fundamental solutions for

such operators.

Definition 2.2. Let M be a spacetime and let E be a vector bundle over M .

Suppose that P : Γ(E) → Γ(E) is a differential operator. We say that a distri-

bution F± ∈ D′(M,E � E∗) is a retarded/advanced fundamental solution for P ,

if

1. F± has a regular smooth kernel in the sense of Schwarz, i.e. the maps

F±. : Γ0(E)→ D′(M,E) and F±/ : Γ0(E∗)→ D′(M,E∗) defined by

(F±. (f))(g) = F±(g, f), (2.4)

(F±/ (f))(g) = F±(f, g) (2.5)
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have range in Γ(E) and Γ(E∗) respectively.

2. PF±. = id on Γ0(E), or equivalently F±(P ∗f, g) =
∫
M
〈f(x), g(x)〉wg(x),

3. supp(F±. f) ⊂ J±(supp(f)) ∀f ∈ Γ0(E).

Here E1 � E2 denotes the outer tensor product of the vector bundles E1 and

E2 (this is a vector bundle over M ×M with fibre E1 ⊗ E2). Due to the well

posedness and uniqueness of the Cauchy problem the existence of advanced and

retarded fundamental solutions is guaranteed for operators with metric principal

parts on globally hyperbolic manifolds. This is due to a more general theorem by

Leray on hyperbolic systems (see [Ler55], §111 and [CBDM82], ch. VI). On causal

domains (i.e. locally) the fundamental solutions can be constructed explicitly (see

e.g. [Gün88] and the references therein or [Fri75]). For the construction of global

solutions from local ones see [Ler55] and [CB68]. We would also like to refer the

reader to [Dim80] for an explicit treatment of the Klein-Gordon operator on a

4-dimensional globally hyperbolic spacetime. The general result is the following.

Theorem 2.3. Let M be an n-dimensional globally hyperbolic spacetime and let

E be a vector bundle over M . Suppose that P : Γ(E) → Γ(E) is a differential

operator of second order with metric principal part. Then there exist unique

advanced and retarded fundamental solutions F+ and F− for P . If P ∗ : Γ(E∗)→
Γ(E∗) denotes the formal adjoint of P and F ∗± are its (unique) advanced and

retarded fundamental solutions then F ∗±(f, g) = F∓(g, f).

Suppose now that P : Γ(E) → Γ(E) is a Dirac type operator. Then P 2 has

unique advanced and retarded fundamental solutions, which we denote by G±.

We define the distributions F± ∈ D′(M,E � E∗) by F±(f, g) := G±(P ∗f, g). It

is then easy to check that the F± are fundamental solutions for P . The following

holds.

Theorem 2.4. Let M be an n-dimensional globally hyperbolic spacetime and let

E be a vector bundle over M . Suppose that P : Γ(E) → Γ(E) is a first order

differential operator of Dirac type. Then there exist unique advanced and retarded

fundamental solutions F+ and F− for P . If P ∗ : Γ(E∗) → Γ(E∗) denotes the

formal adjoint of P and F ∗± are its (unique) advanced and retarded fundamental

solutions then F ∗±(f, g) = F∓(g, f).

Suppose that P : Γ(E)→ Γ(E) is formally selfadjoint with respect to a fibre

metric and let the assumption of theorem 2.3 or 2.4 be fulfilled. Then we have

for the fundamental solutions F± ∈ D′(M,E � E∗)

F±(f, g) = F∓(gT , fT ). (2.6)
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If E is a complex Hermitian vector bundle and P is formally selfadjoint then

we have under the assumptions of theorem 2.3 or 2.4

F±(f, g) = F∓(g+, f+). (2.7)

If P : Γ(E) → Γ(E) is a hyperbolic differential operator acting on the sec-

tions of some vector bundle over a spacetime and there are unique retarded

and advanced fundamental solutions F± for P then the commutator distribu-

tion F ∈ D′(M,E � E∗) is defined by F := F+ − F−. This distribution plays

a special role in the construction of quantum fields. Like F+ and F− it induces

a map F. : Γ0(E) → Γ(E) by f → F+
. (f) − F−. (f) and clearly F. maps any

f ∈ Γ0(E) to a smooth solution of the evolution equation Pu = 0. We can

distinguish two important cases.

1. P is formally selfadjoint with respect to some fibre metric. This implies that

the commutator distribution is antisymmetric, i.e. F (f, g) = −F (gT , fT ).

2. P is formally selfadjoint with respect to a Hermitian structure. In this case

F defines an inner product (·, ·)F on Γ0(E) by (f, g)F := iF (f+, g).

2.4.1 The Klein-Gordon equation

Let (M, g) be a globally hyperbolic spacetime and let E be the trivial bundle

M ×R. Then the Klein-Gordon operator P := �g +m2 for positive mass m has

metric principal part and is formally selfadjoint with respect to the canonical fibre

metric, defined by (v, w)x := v·w for v, w ∈ Ex = R. Therefore, there exist unique

retarded and advanced fundamental solutions F± for P and the commutator

distribution F = F+ − F− is antisymmetric. Hence, ∆(f, g) := F (fT , g) defines

an antisymmetric bilinear form on C∞0 (M,R) which projects to a symplectic form

on C∞0 (M,R)/ ker(F.). The resulting symplectic vector space is the phase space

of the Klein-Gordon field. The operator F. : C∞0 (M,R)→ C∞(M,R) maps onto

the space of smooth solutions to the Klein-Gordon equation (�g + m2)φ = 0

which have compactly supported restriction to a given Cauchy surface.

2.4.2 The Dirac equation

Let (M, g) be an n-dimensional globally hyperbolic spacetime with a spin struc-

ture (SM, η). Let DM be the spinor bundle and denote by /∇ the Dirac operator.

Then /∇ is of Dirac type and i/∇ is formally selfadjoint with respect to the Her-

mitian structure on DM . Let + be the Dirac conjugation. Since the complex
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conjugate bundle DM is, as a fibre bundle, identical to DM , the Dirac operator /∇
can be viewed as a differential operator which acts on the sections of DM . Iden-

tifying DM with D∗M using the Dirac conjugation, we get an operator acting on

cospinors. We denote this operator by the same symbol /∇, i.e. /∇(f+) = /∇(f)+.

The Dirac equation for mass m ≥ 0 is

(−i/∇+m)u = 0, u ∈ Γ(DM) , (2.8)

for spinors and

(i/∇+m)u = 0, u ∈ Γ(D∗M) , (2.9)

for cospinors. Introducing the differential operator

/D := (−i/∇+m)⊕ (i/∇+m), (2.10)

which acts on sections of the bundle E := DM ⊕ D∗M we can write the Dirac

equation for spinors and cospinors in the form

/Du = 0, u ∈ Γ(E). (2.11)

We define a Hermitian structure on E by

(u1 ⊕ v1, u2 ⊕ v2)x := (u1, u2)x + (v+
2 , v

+
1 )x, (2.12)

for all u1, u2 ∈ Ex and v1, v2 ∈ E∗x and x ∈ M . The differential operator /D is

formally selfadjoint with respect to this Hermitian structure. We also define a

conjugation K on the fibres Ex by K(u ⊕ v) := v+ ⊕ u+. The conjugation acts

canonically on the space of sections of E and leaves by construction the space of

solutions to the equation (2.11) invariant.

The operator /D has unique retarded and advanced fundamental solutions

F±, since i · /D is of Dirac type. By the above the commutator distribution

F := F+ − F− defines a Hermitian inner product (·, ·)F on Γ0(E) by

(f, g)F := −iF (f+, g), (2.13)

which projects to a positive definite scalar product on Γ0(E)/ ker(F.). The fact

that (f, f)F ≥ 0 was shown in [Dim82] for a 4-dimensional globally hyperbolic

spacetime with trivial spin structure. With the obvious modifications the same

proof applies to our more general case. The resulting pre-Hilbert space can be

understood as the phase space of the Dirac field.



Chapter 3

The construction of free fields

Free fields are constructed from free classical field theories by canonical quantiza-

tion. This procedure consists of two steps. The first step is purely algebraic. The

field algebra is constructed from the classical phase space using either CCR- or

CAR-algebras. One obtains a net of local C∗-algebras. As we will see below one

can carry out this step in the case of globally hyperbolic manifolds in the same

way as for Minkowski space. The second step needs a choice of a representation

of the field algebra. In Minkowski spacetime the representation is uniquely deter-

mined by the requirement that it is a positive energy representation. In curved

spacetimes however there is no such preferred representation. In this chapter we

deal with the first step, i.e. the construction of a field algebra for free fields over

globally hyperbolic spacetimes.

3.1 The Dirac field

In the case of a 4-dimensional globally hyperbolic spacetime with trivial spin

structure the field algebra of the free Dirac field on curved spacetimes was first

constructed in [Dim82]. We suppose here that the n-dimensional globally hyper-

bolic spacetime (M, g) is endowed with a spin structure (SM, η) (see section 2.3).

The existence of such a spin structure is automatically guaranteed in the generic

case n = 4 (see the end of section 2.3). Let DM be the spinor bundle and D∗M

be its dual bundle. In the previous chapter we wrote the Dirac equation in the

form

/Du = 0, (3.1)

/D := (−i/∇+m)⊕ (i/∇+m), (3.2)

15
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for a section u in the bundle E = DM ⊕ D∗M . We showed that there exist

unique retarded and advanced fundamental solutions F±, which give rise to the

commutator distribution F . Let Γ and (·, ·)F as before.

The field algebra F of the Dirac field is the C∗-algebra with unit generated

by symbols B(v) with v ∈ Γ0(E) and the relations

v → B(v) is complex linear, (3.3)

B(v)∗ = B(Kv), (3.4)

{B(v1), B(v2)} = B(v1)B(v2) +B(v2)B(v1) = (Kv1, v2)F , (3.5)

B(/Dv) = 0. (3.6)

Note that the positive indefinite inner product 〈·, ·〉F turns Γ0(E)/ker(F.) into a

pre-Hilbert space, whose completion we denote by H. Moreover, K leaves ker(F.)

invariant and therefore defines a conjugation KH on H. One easily checks that F
is just the (self-dual) CAR-algebra CAR(H,KH) (see [Ara71]). F has a natural

Z2-grading. The even/odd parts are spanned by those products B(v1) . . . B(vk)

with an even/odd number of generators.

Denote by G0 the connected component of the identity in the group of isome-

tries of M . The pushforward of vector fields gives an action of G0 on TM which

restricts to an action on the frame bundle FM . Hence, also the universal covering

group G of G0 acts canonically on M and on FM . Since G is simply connected

this action lifts uniquely to an action on SM and consequently we get an action

on the bundles DM , D∗M , and E. It is not difficult to see that

q(/Df) = /D(qf), (3.7)

q(F.f) = F.(qf), (3.8)

qKf = Kqf, (3.9)

(qf1, qf2)F = (f1, f2)F , (3.10)

for all q ∈ G and f, f1, f2 ∈ Γ0(E). In particular the relations (3.3-3.6) are

invariant under the action of G on the symbols B(f) by qB(f) = B(qf). Hence,

we obtain a representation τ of G on F by ∗-automorphisms. This representation

can be shown to be strongly continuous.

For each relatively compact subsetO ⊂M we define the local algebra F(O) ⊂
F to be the closed unital ∗-subalgebra generated by the symbols B(f) with

f ∈ Γ0(E) with supp(f) ⊂ O. It is not difficult to check the following properties

of the net O → F(O):

1. Isotony: O1 ⊂ O2 implies F(O1) ⊂ F(O2).
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2. Causality: if O1 ⊂ O⊥2 , then {F(O1),F(O2)} = {0},

3. Covariance: τ(q)F(O) = F(qO) ∀q ∈ G.

Here {·, ·} denotes the graded commutator, which is equal to the commutator

if one of the arguments is even and coincides with the anti-commutator if both

arguments are odd. Moreover, F is the quasilocal algebra of the net O → F(O)

(see [BR96], proposition 5.2.6).

We would like to show how the usual notation in physics for the Dirac field

is related to this construction. We define the maps Ψ : Γ0(DM) → F and

Ψ+ : Γ0(D∗M)→ F by

Ψ(f) := B(f ⊕ 0), (3.11)

Ψ+(f) := B(0⊕ f). (3.12)

Clearly, the Ψ(f) and Ψ+(f) generate the field algebra and they satisfy the

relations

{Ψ(f),Ψ(g)} = 0, {Ψ+(f),Ψ+(g)} = 0, (3.13)

{Ψ+(f),Ψ(g)} = −iS(f, g), (3.14)

Ψ(f)∗ = Ψ+(f+), (3.15)

Ψ((−i/∇+m)f) = 0, (3.16)

Ψ+((i/∇+m)g) = 0, (3.17)

where {·, ·} is the anticommutator and S ∈ D′(M,DM �D∗M) is the difference

of the retarded and advanced fundamental solutions for the operator −i/∇+m on

DM .

The above relations are the commutation relations that are usually used for

the quantization of the Dirac field.

3.2 The Klein-Gordon field

The algebraic construction of the real scalar field was first carried out in [Dim80].

The construction of the Klein-Gordon field starts with the Klein-Gordon operator

for mass m ≥ 0:

P := �g +m2. (3.18)

This operator acts on the real-valued smooth functions with compact support

C∞0 (M,R). As in the previous chapter we denote by F± its fundamental solutions
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and F the associated commutator distribution. Remember that F is antisymmet-

ric. Defining W := C∞0 (M,R)/ker(F.) with quotient map η, the bilinear form

σ(η(f1), η(f2)) := F (fT1 , f2) on W is symplectic. (W , σ) is the classical phase

space of the Klein-Gordon field. The field algebra F of the Klein-Gordon field is

the C∗-algebra generated by symbols W (f) with f ∈ C∞0 (M,R) and relations

W (−f) = W (f)∗, (3.19)

W (f1)W (f2) = e−iF (fT1 ,f2)/2W (f1 + f2), (3.20)

W (Pf) = W (0) = 1. (3.21)

It is not difficult to show that ker(F.) = Ran(P ) holds on C∞0 (M,R) and therefore

W (f + g) = W (f) for all g ∈ ker(F.). Hence, F coincides with the CCR-algebra

CCR(W , σ) (see [Kay93, KW91, BR96]) and it makes sense to write W (v) for

v ∈ W . We define for each relatively compact open subset O ⊂M the local field

algebra F(O) ⊂ F to be the closed ∗-subalgebra generated by the symbols W (f)

with supp(f) ⊂ O.

Let G be the group of isometries of (M, g) and denote by G0 the connected

component of the identity in G. We have a canonical linear action of G0 on

C∞0 (M,R) which commutes with P and therefore leaves ker(F.) and σ invariant.

Hence, τ(q)W (f) := W (qf) for all q ∈ G0 defines a representation τ of G0 on F
by ∗-automorphisms. The net O → F(O) has the following properties:

1. Isotony: O1 ⊂ O2 implies F(O1) ⊂ F(O2).

2. Causality: if O1 ⊂ O⊥2 , then [F(O1),F(O2)] = {0}.

3. Covariance: τ(q)F(O) = F(qO) ∀q ∈ G0.

Moreover, F is the quasilocal algebra of the net O → F(O) (see [BR96], propo-

sition 5.2.10).

Unlike the fermionic case the representation τ fails to be strongly continuous

whenever it is nontrivial. We therefore need to pass to certain representations of

the field algebra to obtain a net of von Neumann algebras on which τ extends to a

σ-weakly-continuous representation. In order to avoid complications we specialize

to the so called quasifree states. Assume we are given a positive definite real scalar

product µ on W . Suppose that µ dominates the symplectic form σ, i.e. satisfies

the estimate

|σ(v1, v2)|2 ≤ 4µ(v1, v1)µ(v2, v2) v1, v2 ∈ W . (3.22)
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In this case the linear functional ω : F → C, defined by

ω(W (v)) := e−µ(v,v)/2 v ∈ W , (3.23)

is a state (see [Kay93, KW91, BR96]). The states over F which can be realized

in this way are called quasifree states. A quasifree state ω induced by a scalar

product µ gives rise to a one particle structure (proposition 3.1 in [KW91]), that

is a map K :W → H to some complex Hilbert space H, such that

1. the complexified range of K, (i.e. KW + iKW), is dense in H,

2. 〈Kv1, Kv2〉 = µ(v1, v2) + i
2
σ(v1, v2).

This structure is unique up to equivalence. A one particle structure (K,H) for

a quasifree state allows one to construct the GNS-triple (π,H,Ω) explicitly (see

[KW91, Kay93, BR96]). Namely, one takes H to be the bosonic Fock space over

H with Fock vacuum Ω, and defines a for each f ∈ C∞0 (M,R) an operator Φ(f)

by

φ(f) := â∗(K[f ]) + â(K[f ]), (3.24)

where [f ] denotes the equivalence class of f in W and â∗(·) and â(·) are the

usual creation and annihilation operators. The domain of a(·), a∗(·) and φ(·) is

the finite particle subspace D0 ⊂ H. It is well known that φ(f) is essentially

selfadjoint and the representation of F on H is π(W (f)) = exp(iφ(f)).

The most interesting case is when the scalar product µ viewed as a linear form

on C∞0 (M,R) ⊗ C∞0 (M,R) is continuous and invariant under the action of G0.

In this case it turns out that τ lifts to a σ-weakly-continuous representation of

G0 on the von Neumann algebra π(F)′′, which can be implemented by a strongly

continuous representation U of G0 on H. The net O → R(O) := π(F(O))′′ is

isotonous, causal and covariant. In this case one can define an operator valued

distribution Φ(·) by

Φ(f + ig) := φ(f) + iφ(g), (3.25)

which satisfies the following properties

1. f → Φ(f) is complex linear,

2. Φ(f)∗|D0 = Φ(f),

3. Φ((�g +m2)f) = 0,
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4. [Φ(f1),Φ(f2)] = iF (fT1 , f2) · I|D0 ,

5. U(q)Φ(f)U(q)−1 = Φ(qf), for all f ∈ C∞0 (M) and q ∈ G0.

The Wightman k-point functions ωk ∈ D′(M × . . .×M︸ ︷︷ ︸
k−times

) are defined by

ωn(f1, . . . , fn) := 〈Ω,Φ(f1) · · ·Φ(fn)Ω〉. (3.26)

For real valued f and g the 2-point function is given by

ω2(f, g) = µ(f, g) +
i

2
F (fT , g). (3.27)

We see that i
2
F is the antisymmetric part of ω2 and that the quasifree state is

completely determined by ω2. The following will be needed for later consider-

ations and can be immediately derived from the properties of the CCR algebra

(see e.g. [AY82, BR96, RS75]).

Proposition 3.1. Let F be the field algebra of the Klein-Gordon field and let W
be as above. Let ω be a quasifree state over F which is given by the real scalar

product µ on W and let (π,H,Ω) be its GNS-triple. Suppose that W1 is a µ-

dense subspace of W. Then the von Neumann algebra generated by π(B(v)) with

v ∈ W1 coincides with π(F)′′.
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Vacuum like states

We saw in the last chapter that it is possible to construct the local field algebras

of free fields on globally hyperbolic spacetimes in the same way as on Minkowski

space. The question is now which states over the field algebra are physical and

which states are vacuum-like in the sense that they have similar properties as the

vacuum in Minkowski space theories. A distinguished case are quantum fields

on stationary spacetimes. These are spacetimes which admit a one parameter

group of isometries with timelike orbits. States which are passive with respect

to these time translations are certainly good candidates for vacuum-like states.

In the first section of this chapter we repeat the notions of KMS- or ground

states for quantum fields on stationary spacetimes. For general globally hyper-

bolic spacetimes a very important distinguished class of states are the so called

Hadamard states. We recall the basic notions and facts about Hadamard states

in the second section of this chapter. We only mention that on special spacetimes

there are other distinguished states, e.g. the so called adiabatic vacuum states on

Robertson-Walker spacetimes which have interesting features (see e.g. [LR90]).

Yet another concept of distinguishing states, the principle of geometric modular

action, can be found in [BDFS00, Sum96, BMS01]. We restrict our considerations

to the above two cases however.

4.1 KMS- or ground states in the stationary

case

A stationary spacetime (M, g, ht) consists of a spacetime (M, g) and a one param-

eter group ht of isometries, smooth in t, with timelike orbits. Denote by G0 the

connected component of the unit element in the group of isometries of (M, g) and

21
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let G be its universal covering group. Since ht is a group of isometries it defines

a group homomorphism R→ G0 which lifts uniquely to a group homomorphism

R → G. Hence, in case we have a covariant net of field algebras O → F(O) we

canonically get a one parameter group of automorphisms τt which acts covari-

antly, i.e. τtF(O) = F(htO). It is now natural to distinguish states which are

KMS- or ground states ([HHW67]) with respect to τt.

Definition 4.1. Let A be a W ∗-algebra and let αt be a σ-weakly-continuous one-

parameter group of ∗-automorphisms of A. An αt invariant normal state ω is

called ground state with respect to αt if the generator of the strongly continuous

unitary group U(t) implementing αt on the GNS-Hilbert space is positive.

Definition 4.2. Let A and αt be as above. A normal state ω is called KMS-state

with inverse temperature β > 0 with respect to αt if for any pair A,B ∈ A there

exists a complex function FA,B which is analytic in the strip

Dβ := {z ∈ C; 0 < Im(z) < β}

and bounded and continuous on Dβ, such that

FA,B(t) = ω(Aαt(B)),

FA,B(t+ iβ) = ω(αt(B)A) .

We will apply this definition to quantum fields on stationary spacetimes

Definition 4.3. Let (M, g, ht) be a stationary spacetime and let O → F(O) be a

covariant net of field algebras. Let τt be the group of time translations. Assume

that ω is a state over F . Denote by (π,H,Ω) its GNS-triple. Then ω is called

ground/KMS-state with respect to τt if the following conditions are satisfied.

• ω is invariant under τt.

• the one-parameter group U(t) on H which is defined by U(t)Ω = Ω and

U(t)aU(−t) = τt(a) ∀a ∈ F is strongly continuous.

• the unique normal extension of ω to the von Neumann algebra π(F)′′ is a

ground/KMS state with respect to the group U(t) · U(−t).

Note that U(t) · U(−t) is the unique σ-continuous extension of τ .

In the case of the Dirac field U(t) is always strongly continuous since even τ

is strongly continuous, and the existence of ground states is always guaranteed

([Ara71]). Moreover, there exists a unique quasifree KMS-state with inverse
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temperature β > 0 (see [BR96, Ara71]). In the case of the Klein-Gordon field the

construction of continuous quasifree ground and KMS-states seems problematic

in general. See e.g. [Kay78] for conditions that allow the construction of a

continuous quasifree ground state for the Klein-Gordon quantum field on a 4-

dimensional stationary spacetime.

4.2 The microlocal spectrum condition

For simplicity we restrict our considerations to the case of the Klein-Gordon field

on a globally hyperbolic spacetime (M, g). Let O → F(O) be the corresponding

net of field algebras. A quasifree state for the Klein-Gordon field is given by

its 2-point function ω2(·, ·). A distinguished class of quasifree states are the so

called Hadamard states (see e.g. [Ful89, KW91, Wal94]). They are thought

of as the appropriate counterpart of the vacuum in Minkowski space and are

characterized by their short distance behaviour. The investigation of such states

is partially motivated by the result of Wald ([Wal77]) that the expectation value

of the energy moment tensor T ik with respect to a Hadamard state can be made

sense of. This is a very important feature of Hadamard states, since it is this

expectation value that appears in the Einstein equations in the semi-classical

theory of gravity coupled to the Klein-Gordon field. We will not give the original

definition of Hadamard states here, since such states can as well be characterized

by the wavefront set of their 2-point function. This was shown by Radzikowski

([Rad, Rad96]) and relies heavily on the work of Duistermaat and Hörmander

([Hör71, DH72]) on Fourier integral operators. We first would like to note that

the wavefront set of the commutator distribution F is given by

WF(F ) = {((x1,−k1), (x2, k2)) ; (x1, k1) ∼ (x2, k2) (4.1)

and k2
1 = k2

2 = 0},

where (x1, k1) ∼ (x2, k2) means that there is a lightlike geodesic γ connecting x1

and x2 such that k1 is coparallel to the tangent vector of the curve at x1 and k2

is the parallel transport of k1 from x1 to x2. Radzikowski’s result is used in the

following definition.

Definition 4.4. We say that a quasifree state ω satisfies the microlocal spectrum

condition (is a Hadamard state) if its 2-point function ω2 is a distribution and

its wavefront set is given by

WF(ω2) = {((x1,−k1), (x2, k2)) ∈WF(F ); (k2)0 > 0}. (4.2)
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The microlocal characterization of Hadamard states has meanwhile lead to a

rich theory. In fact, it turned out that quasifree Hadamard states allow for a con-

struction of Wick polynomials of field operators ([BFK96, BF97b, HW01]) and

a perturbative construction of interacting fields on curved spacetimes ([BF97a,

BF00]). It was shown by Verch ([Ver94]) that such states are locally quasiequiva-

lent and therefore (at least locally) distinguish one representation. A passive state

for a free quantum field theory on a stationary spacetime is always a Hadamard

state (see [FNWNy] and [SV00] for the statement in its full generality). The

microlocal spectrum condition can also be formulated almost without change for

arbitrary free quantum fields. Radzikowski’s result is known to hold also in these

cases ([SV01]). Adiabatic vacuum states satisfy a microlocal spectrum condition

with the wavefront set replaced by an appropriate Sobolev-wavefront set as shown

in [JS01].



Chapter 5

The microlocal spectrum

condition and local analyticity of

states

We saw in the previous chapter that Hadamard states for the Klein-Gordon field

on some globally hyperbolic spacetime can be characterized by the wavefront

set of their 2-point function. We show in this chapter that microlocal analysis

of Hilbert space valued distributions may be used to give an even simpler form

of the microlocal spectrum condition. Namely, a quasifree state is a Hadamard

state if and only if the wavefront set of the Hilbert space valued distribution

Φ(·)Ω consists only of future directed covectors.

We say that a spacetime (M, g) is real analytic, if M has the structure of a real

analytic manifold and the metric is an analytic section in T ∗M ⊗ T ∗M . In this

case we may switch to microlocal analysis in the analytic category. Motivated

by the above we call a quasifree state locally analytic if the analytic wavefront

set of the Hilbert space valued distribution Φ(·)Ω consists only of future directed

causal covectors. It turns out that locally analytic states are exactly those states

which satisfy the microlocal spectrum condition with WF replaced by WFA. To

make such a replacement was already suggested in [BF00] and used in [HW01].

We will show in this chapter that locally analytic quasifree states of the Klein-

Gordon field on an analytic globally hyperbolic spacetime have automatically

the Reeh-Schlieder property. We also prove that in case a stationary globally

hyperbolic spacetime is analytic any quasifree ground or KMS-state with respect

to the group of canonical time translations is locally analytic.

25



26 The microlocal spectrum condition and local analyticity of states

5.1 Microlocal analysis for Hilbert space valued

distributions

Assume we are given a Hilbert space H and a smooth manifold M . The space

D′(M,H) of H valued distributions is defined to be the set of all weakly contin-

uous linear maps

C∞0 (M)→ H.

Note that due to the nuclearity of C∞0 (M) these maps are automatically strongly

continuous. If X ⊂ Rn is an open subset a linear map ψ : C∞0 (X) → H is in

D′(X,H) if and only if for each compact subset K ⊂ X there are constants C > 0

and α ∈ N0 such that

‖ψ(f)‖ < C
∑
|k|≤α

sup
x
|(∂kf)(x)|, (5.1)

for all f ∈ C∞0 (K). If α can be chosen independently of K, then we say that ψ

is of order α and write ψ ∈ D′α(X,H). The set of ψ ∈ D′(X,H) with compact

support in X will be denoted by E ′(X,H). If ψ has compact support then one

can easily extend ψ to a linear map C∞(X) → H and we have for all compact

sets K which contain supp(ψ)

‖ψ(f)‖ < C
∑
|k|≤α

sup
x∈K
|(∂kf)(x)|, ∀f ∈ C∞(X), (5.2)

for some C > 0, α ∈ N0. Conversely, if there exists a compact set K such that

for a given linear map ψ : C∞(X) → H the inequality (5.2) holds for some

C and α, then ψ is a distribution with support in K. Therefore, E ′(X,H) is

the set of strongly continuous maps C∞(X) → H. If a subset L of E ′(X,H) is

bounded then (5.2) holds for all ψ ∈ L and f ∈ C∞(X) with constants C and α

independent of ψ. We define E ′α(X,H) := E ′(X,H) ∩ D′α(X,H) and obviously

E ′(X,H) =
⋃
α E ′α(X,H).

If ψ ∈ E ′(Rn,H) one may define the Fourier transform ψ̂ in the same way as

this is done for ordinary distributions. Namely, the Fourier transform ψ̂ is the H
valued function on Rn given by ψ̂(k) := ψ(e−ik·).

Definition 5.1. Let X be open in Rn and let ψ be in D′(X,H). Then a point

(x, k) ∈ X×(Rn\{0}) is called regular directed for ψ if the following holds: There

exists a function f ∈ C∞0 (X) with f(x) = 1 and an open conic neighbourhood Γ

of k such that for each N ∈ N there exists a constant CN with

sup
λ∈Γ

(1 + |λ|)N‖f̂ψ(λ)‖ < CN . (5.3)
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The set of regular directed points is open. Its complement in X × (Rn\{0}) is

called the wavefront set WF(ψ) of ψ.

The following proposition shows that microlocal analysis of Hilbert space

valued distributions is analogous to the case of ordinary distributions.

Proposition 5.2. Let X be open in Rn and let ψ ∈ D′(X,H) be a Hilbert space

valued distribution.

1. If (5.3) holds for f ∈ C∞0 (X) then it also holds with f replaced by gf for

any g ∈ C∞(X).

2. If ψ has compact support then ψ̂ is polynomially bounded in the norm, i.e.

there is a constant C and an integer M , such that

‖ψ̂(k)‖ < C(1 + |k|)M . (5.4)

If moreover a subset L ∈ E ′(X,H) is bounded then (5.4) holds for all ψ ∈ L
with C and M independent of ψ.

3. If WF(ψ) is empty then ψ is smooth in the norm.

4. If we define the distribution w ∈ D′(X×X) by w(f, g) = 〈ψ(f), ψ(g)〉, then

(x, k) ∈WF(ψ)⇔ ((x,−k), (x, k)) ∈WF(w), (5.5)

and moreover, if (x, k) /∈WF(ψ), then

((x,−k), (x1, k1)) /∈WF(w) and ((x1, k1), (x, k)) /∈WF(w), (5.6)

for arbitrary (x1, k1) ∈ X × Rn.

5. Under change of coordinates WF(ψ) transforms as a subset of the cotangent

bundle. Hence, WF(φ) may be defined for distributions φ ∈ D′(M,H), for

a smooth manifold M and WF(φ) ⊂ T ∗M\0. Here T ∗M\0 is the cotangent

bundle with zero section removed.

Proof. The first statement is proved in the same manner as for ordinary distri-

butions (cf. [Hör90], Lemma 8.1.1). The inequality (5.2) immediately gives the

second statement if we set f(x) = e−ikx. To see that the third statement holds we

first note that WF(ψ) = ∅ implies that for each point x ∈ X there is a positive

function with f(x) = 1 such that ‖f̂ψ‖ ∈ S(Rn). The same arguments as in the

classical case show that fψ can be represented by the inverse Fourier transform
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of f̂ψ, which is a smooth function, i.e. all derivatives in the norm sense exist

and are given by Dα(fψ)(x) = 2π
̂

((−ik)αf̂ψ(k)(−x). The fifth statement is a

simple consequence of the fourth and it remains to show 4. Assume first that

(x,−k, x, k) is regular directed for w. Then there is a function f1 ∈ C∞0 (X ×X),

such that the f̂1w decays rapidly in a conic neighbourhood of (x,−k, x, k). Be-

cause of 1 we may choose f1 to be of the form f ⊗ f , where f ∈ C∞0 (X) is a

positive function. Since

‖f̂ψ(k)‖2 = ̂((f ⊗ f)w)(−k, k), (5.7)

(x, k) is regular directed for ψ. Suppose conversely we knew that (x, k) is regular

directed for ψ. By the Cauchy inequality we have

|( ̂(f ⊗ g)w)(k1, k2)| ≤ ‖ψ(f(·)eik1·)‖ · ‖ψ(g(·)e−ik2·)‖. (5.8)

By assumption there is a g ∈ C∞0 (X) with g(x) = 1, such that in a conic neigh-

bourhood of k the second factor is rapidly decreasing. Since the other is poly-

nomially bounded for any f ∈ C∞0 (X), (x1, k1, x, k) is a regular directed point

for w for any (x1, k1). In the same way one shows that (x,−k, x1, k1) is regular

directed. This concludes the proof.

The fourth statement in the above proposition allows one to take over many

results known for ordinary distributions.

Proposition 5.3. If P : C∞(M) → C∞(M) is a differential operator and ψ ∈
D′(M,H) such that ψ ◦ P ∗ = 0, where P ∗ is the formal adjoint of P , then

WF(ψ) ⊂ char(P ).

Here char(P ) is the characteristic set of P , i.e. the set of points (x, k) in T ∗M\0
on which the principal symbol σP of P vanishes.

Proof. We define w as in Proposition 5.2. Note that ((x,−k), (x, k)) is in the

characteristic set of the operator P := L ⊗ L if and only if (x, k) is in the

characteristic set of L. Moreover, Pw = 0. The result follows now from the

fourth statement in Proposition 5.2.

One may also define the analytic wavefront set of a Hilbert space valued

distribution. We follow the definition in [Hör90] (Def. 8.4.3).

Definition 5.4. Let X be an open subset of Rn and ψ ∈ D′(X,H). We denote

by WFA(ψ) the complement in X × (Rn\{0}) of the set of points (x0, k0) such
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that there is a neighbourhood U ⊂ X of x0 , a conic neighbourhood Γ of k0 and

a bounded sequence ψN of distributions with compact support which is equal to ψ

in U , such that there exists a constant C with

‖|k|N ψ̂N(k)‖ ≤ C(C(N + 1))N , (5.9)

for all k ∈ Γ.

The bounded sequence ψN can always be chosen to be the product fNψ, where

fN is a sequence of smooth functions. One has

Lemma 5.5. Let ψ ∈ D′(X,H), K a compact subset of X, and let F be a closed

cone in Rn such that WFA(ψ) ∩ (K × F ) = ∅. If fN ∈ C∞0 (K) and for all α

|Dα+βfN | ≤ Cα(Cα(N + 1))|β|, |β| ≤ N = 1, 2, . . . , (5.10)

then fNψ is a bounded sequence and we have

‖|k|N ψ̂N(k)‖ ≤ C(C(N + 1))N , (5.11)

for all k ∈ F . Moreover, if x is a point in the interior of K, there always exists a

neighbourhood U of x and a sequence of functions fN such that (5.10) is satisfied

and fN = 1 on U .

Proof. The proof of this statement is the same as for ordinary distributions (see

[Hör90], Lemma 8.4.4).

Proposition 5.6. Let X be an open set in Rn and let ψ ∈ D′(X,H) be a Hilbert

space valued distribution.

1. If WFA(ψ) is empty then ψ is strongly real analytic.

2. If we define the distribution w ∈ D′(X×X) by w(f, g) = 〈ψ(f), ψ(g)〉, then

(x, k) ∈WFA(ψ)⇔ ((x,−k), (x, k)) ∈WFA(w), (5.12)

and moreover, if (x, k) /∈WFA(ψ), then

((x,−k), (x1, k1)) /∈WFA(w) and ((x1, k1), (x, k)) /∈WFA(w), (5.13)

for arbitrary (x1, k1) ∈ X × Rn.

3. Under analytic change of coordinates WFA(ψ) transforms as a subset of

the cotangent bundle. Hence, WFA(φ) may be defined for distributions φ ∈
D′(M,H), for a smooth real analytic manifold M and WFA(φ) ⊂ T ∗M\0.
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Proof. We start with 2. Assume that (x,−k, x, k) /∈ WFA(w). We choose a

sequence of functions fN in C∞0 (X) which satisfies the inequality (5.10) and

which is equal to 1 in a neighbourhood of x. Then the sequence gN := fN ⊗fN ∈
C∞0 (X ×X) also satisfies an inequality of the form (5.10), and hence

|(−k1, k1)|N |(̂gNw)(−k1, k1)| ≤ C(C(N + 1))N , (5.14)

for some constant C > 0 and all k1 in a conic neighbourhood of k. We have

‖f̂Nψ(k1)‖2 = (̂gNw)(−k1, k1), (5.15)

and a short estimate shows that for all k1 in a conic neighbourhood of k we have

‖|k1|N (̂fNψ)(k1)‖ ≤ C̃(C̃(N + 1))N , (5.16)

for some constant C̃. Therefore, (x, k) /∈ WFA(ψ). Suppose conversely that

(x1, k1) /∈WFA(ψ). Hence, there is a sequence ψN bounded in E ′(X,H) equal to ψ

in a neighbourhood of x1, such that the inequality (5.9) holds in a conic neighbour-

hood of k1. Choose another function g which is equal to 1 in a neighbourhood of

a point x2. Then the distribution wN defined by wN(h1, h2) := 〈ψ(g ·h1), ψN(h2)〉
is bounded in E ′(X × X). Moreover, an application of the Cauchy inequality

shows that

|ŵN(k2, k)| ≤ ‖ψ(geik2·)‖ · ‖ψN(e−ik·)‖. (5.17)

The first factor is bounded by CM(1+|k2|)M for some M ∈ N and a short estimate

shows that for all k2 there is a conic neighbourhood Γ of (k2, k1) and a C > 0

with

|ŵN+M(k′2, k)| ≤ C

(
C
N + 1

|(k′2, k)|

)N
, (5.18)

for all (k′2, k) ∈ Γ. Since wN is equal to w in a neighbourhood of (x2, x1), we get

((x2, k2), (x1, k1)) /∈WFA(w).

In the same way one shows that

((x1,−k1), (x2, k2)) /∈WFA(w).

Statement 3 is an immediate consequence of 2 since the analytic wavefront set

of an ordinary distribution transforms as a subset of the cotangent bundle. The

first statement can be shown in the same way as for ordinary distributions (see

[Hör90], Theorem 8.4.5). This concludes the proof.
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Proposition 5.7. If P : C∞(M) → C∞(M) is a differential operator with real

analytic coefficients on a real analytic manifold M and ψ ∈ D′(M,H) such that

ψ ◦ P ∗ = 0, where P ∗ is the formal adjoint of P , then

WFA(ψ) ⊂ char(P ),

where char(P ) is the characteristic set of P .

Proof. The same as the proof of Proposition 5.3.

Theorem 5.8. Let X ⊂ Rn be an open subset and assume ψ ∈ D′(X,H). As-

sume that there is a smooth H-valued function G : I ×X → H, with I = (0, ε),

such that

• limt→0G(t, ·) = ψ in the sense of distributions,

• (∂tG)(t, x1, . . . , xn) = i(∂x1G)(t, x1, . . . , xn).

Then WFA(ψ) ⊂ {(x1, . . . , xn)× (y1, . . . , yn) ∈ X × Rn\{0}; y1 ≥ 0}.

Proof. The proof is in most parts identical to that of Theorem 8.4.8 in [Hör90].

Since the statement is local we can assume without loss of generality that X =

X1× . . .×Xn. First note that for each given g ∈ C∞0 (X2× . . .×Xn) the function

H(x+ iy) :=

∫
X2×...×Xn

G(y, x, y2, . . . , yn)g(y2, . . . , yn)dy2 · · · dyn (5.19)

is defined on the stripX1+iI and is holomorphic. Moreover, it has a distributional

boundary value ψ(· ⊗ g) which we assume to be of order m. Theorem 3.1.14 in

[Hör90] can be generalized with the same proof to the vector valued situation and

we have

‖H(x+ iy)‖ ≤ C ′y−m−1 (5.20)

if (x, y) ∈ X̃1 × I/2 and clo(X̃1) ⊂ X1. Since the statement of the theorem is

local we can always replace X1 by X̃1 and I by I/2 and we can therefore assume

without loss of generality that the bound (5.20) holds in X1 × I.

From Stokes integral formula one gets for y, Y ∈ R+ and N ∈ N such that

y+Y < ε/2 the following formula (compare 3.1.19 in [Hör90]) for any φ̃ ∈ C∞0 (X)

with φ̃ = φ⊗ g: ∫
X

φ̃(x)G(y,x)dx =

∫
X1

Θ(x, Y )H(x+ iy + iY )dx (5.21)

+(N + 1)

∫
X1

dx

∫
0<t<1

dt H(x+ itY + iy)(∂Nφ)(x)
(iY )N

N !
tN ,
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where

Θ(x, y) :=
N∑
j=0

∂jφ(x)(iy)j/j! . (5.22)

Because of the bound (5.20) the integrand under the double integral in (5.21) is

uniformly bounded by an integrable function if N > (m + 1) and the first term

even converges uniformly as y → 0. Therefore, we have for N > (m+ 1)

ψ(φ̃) =

∫
X1

Θ(x, Y )H(x+ iY )dx (5.23)

+(N + 1)

∫
X1

dx

∫
0<t<1

dt H(x+ itY )(∂Nφ)(x)
(iY )N

N !
tN .

Now let x′ = (x′1, . . . , x
′
n) be a point in X and let φν be a sequence of functions

on X1 which are all equal to 1 in a common neighbourhood of x′1 such that

|∂αφν | ≤ (C1(ν + 1))α, α ≤ ν + 1. (5.24)

Assume that g is equal to 1 in a neighbourhood of (x′2, . . . , x
′
n). With

Θν(x, y) :=
ν∑
j=0

∂jφν(x)(iy)j/j! (5.25)

we get from (5.23) for ν > (m+ 1)

̂(φν ⊗ g)ψ(k) =

∫
X

G(Y,x)Θν(x1, Y )g(x2, . . . , xn)e−i(x+iY,k)dx (5.26)

+(ν + 1)

∫
X

dx

∫
0<t<1

dt G(tY,x)e−i(x+itY,k)

·(∂νφν)(x1)g(x2, . . . , xn)
(iY )ν

ν!
tν .

Here we used the notations x = (x1, . . . , xn) and Y = (Y, 0, . . . , 0). With C2 =

2eC1Y we have |Θν(x, Y )| ≤ Cν+1
2 and because of the bound (5.20) we get

‖ ̂(φν ⊗ g)ψ(k)‖ ≤ Cν+1
3 (e(Y,k) + (ν −m− 1)!(−Y, k)m−ν), (Y, k) < 0. (5.27)

We define ψν := (φm+ν ⊗ g)ψ and if (Y, k) < −c|k| for a fixed c, we obtain for

some C4

‖ψ̂ν(k)‖ ≤ Cν+1
4 ν!|k|−ν , (5.28)

since e−c|k| ≤ ν!(c|k|)−ν . If we chose φν bounded in C∞0 , then ψν is bounded in

E ′(X,H). We have shown that

WFA(ψ) ⊂ X × {k, (Y, k) ≥ 0}.
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An immediate corollary of this theorem is

Corollary 5.9. Let X ⊂ Rn be an open subset. Suppose that V is an open

convex proper cone in Rn\{0}. Denote by V ◦ the dual cone. If ψ ∈ D′(X,H) is

the boundary value of a function G which is analytic in X ×V ◦, then WFA(ψ) ⊂
X × V .

5.2 Locally analytic states

As indicated at the beginning of this chapter the microlocal spectrum condition

can be simplified using microlocal analysis of Hilbert space valued distributions.

Our first result is the following.

Theorem 5.10. Assume that Φ(·) is the field operator of the Klein Gordon field

in the GNS representation on the Hilbert space H which is induced by some

quasifree state ω. Assume that the 2-point function ω2 is a distribution. De-

note by ψ ∈ D′(M,H) the distribution ψ(·) = Φ(·)Ω. Then ω is a Hadamard

state if and only if WF(ψ) ⊂ V+, where V+ is the set of elements (x, k) ∈ T ∗M
with (k)0 > 0 and g(k, k) ≥ 0. In this case one even has WF(ψ) = N+, where

N+ is the set of future directed nonzero null-covectors.

Proof. If ω is a Hadamard state then 4 in Proposition 5.2 implies immediately

that WF(ψ) = N+ ⊂ V+. Conversely, suppose that WF(ψ) ⊂ V+. Since ψ

solves the Klein-Gordon equation WF(ψ) ⊂ N+. By (4) in Proposition 5.2 we

have ((x1, k1), (x2, k2)) /∈ WF(ω2) if (x2, k2) /∈ N+ or if (x1,−k1) /∈ N+. De-

fine the distribution ω̃2 by ω̃2(f, g) := ω2(g, f). In the same way one concludes

that ((x1, k1), (x2, k2)) /∈ WF(ω2) if (x2,−k2) /∈ N+ or if (x1, k1) /∈ N+. Hence,

WF(ω2) ∩WF(ω̃2) is empty and therefore WF(ω2 − ω̃2) = WF(ω2) ∪WF(ω̃2) =

WF(F ).

For analytic manifolds one may require the following, which we call condition

of local analyticity

Definition 5.11. We say that a quasifree state ω for the Klein-Gordon field on

a real analytic manifold satisfies the condition of local analyticity if its 2-point

function is a distribution and if with the above notations WFA(ψ) ⊂ V+. In this

case we say that the state is locally analytic.

Remark 5.12. In the same way as in the proof of the above theorem one shows

that a state ω satisfies the condition of local analyticity if its 2-point function is a

distribution and if it satisfies the microlocal spectrum condition with WF replaced

by WFA.
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The following theorem shows that for the class of stationary analytic manifolds

the physically meaningful passive states are locally analytic.

Theorem 5.13. Let (M, g, ht) be a globally hyperbolic stationary spacetime and

suppose that ω is a quasifree KMS- or ground state for the Klein-Gordon field

such that the 2-point function ω2 is a distribution. Then ω satisfies the microlocal

spectrum condition. If moreover M is real analytic, then ω is locally analytic.

Proof. Since ω is invariant there exists a strongly continuous one-parameter group

U(t) = eitH on H, such that U(t)ψ(·) = ψ(ht·). Moreover, since the state is either

a β-KMS state or a ground state (β =∞) the vectors ψ(f) are in the domain of

e−
β
2
H = U(iβ/2) for all f ∈ C∞0 (M). Therefore, we may define the distribution

G ∈ D′((0, β)×M,H) by G(t, x) = U(it)ψ(x). We use a local coordinate system

(x0, . . . , xn−1) such that the vector field ∂x0 generates locally the flow ht. Then

G satisfies the system of equations

(∂2
t + ∂2

x0
)G = 0 (5.29)

(id⊗ P )G = 0. (5.30)

This system is elliptic and therefore G is indeed a smooth function satisfying

the conditions of Theorem 5.8. It follows that WFA(ψ) is a subset of the set

{(x, k) ∈ T ∗M ; k(∂x0(x)) > 0} in this coordinate system. Since ψ solves the

Klein-Gordon equation WF(ψ) is confined to the forward light cone. For analytic

spacetimes one has the same for WFA(ψ).

Whereas it is not clear at all whether quasifree Hadamard states have the

Reeh-Schlieder property this can by shown for locally analytic states.

Theorem 5.14. Let (M, g) be a real analytic globally hyperbolic spacetime and

suppose that ω is a quasifree state over the field algebra F of the Klein-Gordon

field which is locally analytic. Then ω has the Reeh-Schlieder property, i.e. if

(π,H,Ω) is the GNS-triple of ω then π(F(O))Ω is dense in H for each non-void

open set O ⊂M .

Proof. Since the state is quasifree it suffices to show that ψ(C∞0 (O)) is dense in

the 1-particle Hilbert space H1 = ψ(C∞0 (M)). Assume that v ∈ H1 such that

〈v, ψ(f)〉 = 0 for all f ∈ C∞0 (O). This means that the distribution 〈v, ψ(·)〉
vanishes in O. Moreover, by local analyticity we have WFA(〈v, ψ(·)〉) ⊂ V+. By

theorem 8.5.6 in [Hör90] such distributions can be uniquely continued through any

analytic hypersurface. Hence, 〈v, ψ(·)〉 = 0 in C∞0 (M) and therefore v = 0.



Chapter 6

The Reeh-Schlieder property and

a timelike tube property in the

stationary case

Suppose that O → F(O) is the net of field algebras of the Dirac field or the

Klein-Gordon field on a stationary spacetime (M, g, ht). We will show in this

chapter the so called timelike tube property of the field algebras. By a timelike

tube we mean the orbit of an open non-void subset O ⊂M (see Figure 6.1) of the

spacetime under the 1-parameter group ht. Assume that ω is a quasifree ground

or KMS-state with respect to the group of time-translations induced by ht. In

the GNS-representation of F induced by the state ω we can pass to the net of

local von Neumann algebras. We will show in this chapter that the local von

Neumann algebras R(hRO) associated with such a timelike tube coincides with

the global von Neumann algebra R = R(M). For the field algebra of the Dirac

field this holds even for the C∗-algebras and independent of the state ω.

O

h  (O)
R

timelike Flow

Figure 6.1 The timelike tube hRO
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We saw in the last chapter that locally analytic states have the Reeh-Schlieder

property and that ground or KMS-states with respect to the group of time-

translations induced by ht are locally analytic. It will turn out here that due to

timelike tube property we can drop the assumption of analyticity of the metric, i.e.

Reeh-Schlieder property holds for KMS- or ground states on arbitrary stationary

spacetimes.

6.1 A density theorem for timelike tubes

This section is dedicated to a rather technical result on Hilbert space valued

distributions on stationary spacetimes that satisfy certain differential equations.

Theorem 6.1. Let (M, g, ht) be a stationary spacetime and E a smooth complex

vector bundle with bundle projection p. Suppose that there is an action αt of R
on E such that αt ◦ p = p ◦ ht and such that αt|Ex : Ex → Ehtx is linear for all

x ∈M and t ∈ R, i.e. E is an R-equivariant vector bundle. Assume furthermore

that u : Γ0(E) → H is a continuous linear map to some complex Hilbert space

such that there is a strongly continuous unitary 1-parameter group Ut on H with

Utu(f) = u(htf), t ∈ R, f ∈ Γ0(E). If P : Γ(E) → Γ(E) is a second order

differential operator with metric principal part and u(P ·) = 0 then

{u(αtf); supp(f) ⊂ O, t ∈ R}
= {u(f); supp(f) ⊂ hRO} (6.1)

is dense in {u(f); f ∈ Γ0(E)} whenever O ⊂M is open and non-void.

Proof. We can assume without loss of generality that u : Γ0(E) → H is onto,

since we can replace H with the closure of the image of u. We introduce the

following notations:

V := {u(f); supp(f) ∈ hRO}⊥, (6.2)

pV . . . orthogonal projection onto V, (6.3)

N := Ran(pV ◦ u). (6.4)

We need to show that V = {0}. V is clearly a Ut-invariant subspace and N
is dense in V . Identifying N with Γ0(E)/ker(pV ◦ u) we can endow it with the

locally convex quotient topology. Since Γ0(E) is nuclear and pV ◦u is continuous,

N is a nuclear space (see [Mau68, Pie65, Jar81] and Appendix C), and clearly

the inclusion map N → V is continuous. It follows that (N , V,N ∗) is a Gelfand

triple. We denote the selfadjoint generator of the group Ut|V by A. Clearly,
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N ⊂ D(A) and A restricts to a continuous operator Â : N → N . Moreover, N is

invariant under the action of Ut|V . As a consequence Â is essentially selfadjoint.

We conclude that Â is a selfadjoint operator on the Gelfand triple. Hence, there

exists a complete set S ⊂ N ∗ of generalized eigenvectors for Â (see [GW64], Sect.

II.3 in [Mau68], and Appendix C), i.e. for each v ∈ S there is a number λv ∈ R
such that

v(Aφ) = λvv(φ), (6.5)

and moreover v(φ) = 0 for all φ ∈ N implies that φ = 0. We choose a generalized

eigenvector v ∈ N ∗ with eigenvalue λv. Then

ψ(·) := v(pV ◦ u(·)) (6.6)

defines a distribution in D′(M,E∗), such that

ψ|O = 0, (6.7)

ψ(Lξf) = −iλvψ(f), (6.8)

ψ(P ·) = 0, (6.9)

where ξ is the timelike Killing vector field induced by ht and Lξ the Lie derivative

on Γ0(E) defined by Lξf = limt→0
α−tf−f

t
.

For each point p ∈ M there is an open contractible neighbourhood U and

a chart mapping U to Rn which we can choose to be of the form constructed

in lemma 6.2 with coordinates (x0, . . . , xn−1). Suppose that E has typical fibre

Cm. We choose a set of m linearly independent local sections sj. Hence, in the

local coordinate system we can express a local section f : U → E as f =
∑

j f
jsj,

where f j are smooth functions on U . In local coordinates the Lie derivative reads

Lξf = ∂
∂x0
f j +f jLξsj. Locally we can also write ψ =

∑
j ψ

jsj, where ψj ∈ D′(U)

are distributions. Expressing the above properties in local coordinates we obtain

a system of equations

ψj = 0 on O ∩ U , (6.10)

∂

∂x0

ψj =
∑
l

Ajl(x)ψl, (6.11)

n−1∑
i,k=0

gik
∂2

∂xi∂xk
ψj =

∑
l

Bjlψl, (6.12)

where the Ajl are smooth functions and the Bjl are differential operators of first

order. Note that the gik do not depend on x0 any more. We use now equation
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(6.11) to write equation (6.12) in the form(
∂2

∂x2
0

−
n−1∑
α,β=1

gαβ
∂2

∂xα∂xβ

)
ψj =

∑
l

Djlψl, (6.13)

where Djl are differential operators of first order. Since we chose the coordinate

system such that the matrix −gαβ, α, β = 1, . . . , n− 1 is strictly positive this is

an elliptic differential equation. Hence, by elliptic regularity, the ψj are smooth

(see e.g.[Hör90, Den82]). Moreover, the second order part is diagonal, since the

left hand side of (6.13) does not mix the components. By a classical result of

Aronszajn ([Aro57]) and Cordes ([Cor56])(see especially Remark 3)1 this implies

that ψj = 0 whenever ψj vanishes on an open non-void subset of U . Therefore,

ψ = 0 in each such chart in which ψ vanishes in an open non-void set, in particular

in each such chart intersecting with hRO. Since M is connected this implies ψ = 0

on M . This conclusion holds for all generalized eigenvectors v, and since the set of

generalized eigenvectors is complete we have V = 0. This concludes the proof.

Lemma 6.2. Let (M, g, ht) be a stationary spacetime and denote by ξ the timelike

Killing vector field induced by ht. Then for each point p ∈M there exists a local

coordinate system which maps p 3 U → O ⊂ Rn with coordinates (x0, . . . , xn−1)

such that

• The Killing vector field ξ expressed in the local coordinate system is ξ = ∂
∂x0

.

• Let gik be the components of the metric tensor expressed in local coordinates.

Then the (n − 1) × (n − 1)-matrix −gαβ(x), α, β = 1, . . . , n − 1 is strictly

positive for each point x ∈ O.

Proof. One can always choose a neighbourhood U1 of p and a chart φ mapping

U → Rn with local coordinates (x0, . . . , xn−1), such that ξ = ∂
∂x0

and such that

the metric tensor is diagonal in the point p, i.e.

−gik(φ(p)) = diagn(g(ξ, ξ),−1, . . . ,−1). (6.14)

The matrix −gαβ(φ(p)), α, β = 1, . . . , n − 1 is then strictly positive. Since the

matrix-valued function −gαβ is continuous, there exists a neighbourhood U of p

such that −gαβ is strictly positive on O := φ(U).

1For a detailed treatment see Sect. 17.1 of [Hör85] and the references therein
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6.2 Application to quantum field theory

As a consequence of the above one gets a result similar to the timelike tube

theorem ([Bor61]) in Minkowski spacetime.

Theorem 6.3. Let (M, g, ht) be a stationary spacetime. Let {F(O)} be the net

of field algebras of the Dirac field or the Klein-Gordon field. One has

1. For the Dirac field: F(hRO) = F for each non-void open set O ⊂M .

2. For the Klein-Gordon field: Let ω be a quasifree state over F such that

the 2-point function ω2 is a distribution. Denote the corresponding GNS-

triple by (π,H,Ω). Assume that ω is invariant under the automorphism

group τt induced by ht. Then, if R(O) := π(F(O))′′ is the corresponding

net of von Neumann algebras, we have R(hRO) = R = π(F)′′ for each

non-void open set O ⊂M .

Proof. Suppose that O → F(O) is the net of field algebras of the Dirac field.

Let E = DM ⊕ D∗M and let F. : Γ0(E) → Γ(E) be as defined as in section

3.1. We saw that Γ0(E)/ ker(F.) is a complex pre-Hilbert space, whose closure

we denote by H. The quotient map u : Γ0(E) → Γ0(E)/ ker(F.) is a continuous

map Γ0(E) → H with dense range. Let G0 be the connected component of the

isometry group of (M, g) and denote by G its universal covering group. Then

hR is a group homomorphism R → G0 which lifts uniquely to a homomorphism

R→ G. Since E is a G-vector bundle there is a natural action αt of R on E which

satisfies the conditions in theorem 6.1. The field algebra was F = CAR(H,Γ) and

the local algebras are F(O) = CAR(H(O),Γ|H(O)), where H(O) is the closure

of {u(f); supp(f) ∈ O} in H. By theorem 6.1 H(hRO) = H and therefore

F(hRO) = F for each non-void open set O ⊂M .

Suppose now that O → F(O) is the net of field algebras of the Klein-Gordon

field. LetW , σ and W (v) be as in section 3.2. Then F(O) is generated by symbols

W (f) with supp(f) ⊂ O. Let u : C∞0 (M,R) → C∞0 (M,R)/ ker(F.) = W be the

quotient map. Assume that the invariant quasifree state ω is defined by the real

scalar product µ onW . Since we assumed that ω2 is a distribution u is continuous

as a map from C∞0 (M,R) to the real pre-Hilbert space W . We complexify W to

a complex pre-Hilbert space WC with complex scalar product defined by

µC(v1 + iv2, w1 + iw2) := (6.15)

µ(v1, w1) + µ(v2, w2) + i(µ(v1, w2)− µ(v2, w1)).

Clearly, uC(f + ig) := u(f) + iu(g) defines a continuous map from C∞0 (M) to the

complex pre-Hilbert space WC. Note that by construction µC is onto. The space
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ker(F.) is invariant under the action of ht on C∞0 (M,R) and therefore there is

a unique 1-parameter group Ũt acting on W by symplectomorphisms such that

u ◦ ht = Ũt ◦ u. Since we assumed that the state ω is invariant under the action

of ht the group Ũt leaves the scalar product µ invariant. We define a unitary

1-parameter group Ut on the pre-Hilbert space WC by Ut(v + iw) := Ũtv + iŨtw.

Clearly, uC ◦ht = Ut ◦uC and moreover uC(Pf) = 0, where P is the Klein-Gordon

operator. Hence, all the conditions of theorem 6.1 are fulfilled an we conclude

that the subspace

{uC(f); f ∈ C∞0 (M), supp(f) ∈ hRO}

is dense in WC whenever O is open and non-void. Therefore, the subspace

{u(f); f ∈ C∞0 (M,R), supp(f) ∈ hRO}

is µ-dense in W and by proposition 3.1 this implies that π(F(hRO))′′ = π(F)′′

for all open and non-void O ⊂M .

The above timelike tube-theorem implies the Reeh-Schlieder property.

Theorem 6.4. Let (M, g, ht) be a stationary spacetime. Let {F(O)} be the net

of local field algebras of the Klein-Gordon field or the Dirac field. Let ω be a state

over the field algebra F . For the Klein-Gordon field we assume furthermore that

ω is quasifree and that the 2-point function ω2 is a distribution. If ω is a ground-

or KMS-state with respect to the automorphism group τt induced by the Killing

flow ht, then ω has the Reeh-Schlieder property, i.e. if (π,H,Ω) is the GNS-triple

of ω then π(F(O))Ω is dense in H for each non-void open set O ⊂M .

We postpone the proof for a moment. Let O ⊂ M be a non-void relatively

compact open set and B(O) ⊂ F(O) the ∗-subalgebra consisting of those elements

a ∈ F(O) for which there exists a neighbourhood I ⊂ R of 0, such that τI(a) ⊂
F(O). Let O1 ⊂M be another non-void open set such that O1 ⊂ O. We clearly

have the inclusions

F(O1) ⊂ B(O) ⊂ F(O) . (6.16)

We denote the strongly continuous unitary group, implementing τt on the GNS-

Hilbert space, by Ũ(t). One has

Lemma 6.5. Let E := πω(B(O))Ωω. Then E is invariant under the action of

Ũ(t), i.e. Ũ(R)E ⊂ E.
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Proof. Let ψ ∈ E⊥. For each a ∈ πω(B(O)) we then have at least for some open

neighbourhood I ⊂ R of 0

f(t) := 〈ψ, Ũ(t)aΩω〉 = 0 ∀t ∈ I .

Since ω is a KMS-state (β > 0) or a ground-state (β =∞), f(t) is the boundary

value of a function F (z) which is analytic on the strip

Dβ/2 = {z ∈ C; 0 < Im(z) < β/2}

and bounded and continuous on Dβ/2. By the Schwartz reflection principle f(t)

vanishes on the whole real axis. Therefore, 〈Ũ(t)ψ, aΩω〉 = 0 for all t ∈ R. Hence,

E⊥ is invariant under the action of Ũ(t).

We are now able to give the proof of theorem 6.4:

Proof. With the above notations we denote by R the von Neumann algebra∨
t∈R Ũ(t)π(F(O1))Ũ(t)∗. Lemma 6.5 implies that E is invariant under the action

of R, i.e. RE ⊂ E . By theorem 6.3 R = π(F)′′. Hence, Ω is cyclic for R and

therefore E = H. By the inclusions (6.16) we have E ⊂ π(F(O))Ω and therefore

Ω is cyclic for π(F(O)).



Chapter 7

The local structure of the

Klein-Gordon field

For Wightman-fields in Minkowski spacetime it is known that the field algebra

of a timelike tube is equal to the field algebra of the causal completion of this

tube ([Bor61]). This may be derived (see [Ara63]) from a mean value theorem by

Asgeirsson ([Asg36, Asg48]) and one of its consequences, namely that a solution

to the wave equation vanishing in such a tube, vanishes in the causal comple-

tion of this tube (see [CH62]). As far as more general spacetimes are concerned

we saw in chapter 6 that a similar result holds for the Klein-Gordon and the

Dirac field on stationary spacetimes. Namely, the field algebra associated with a

non-void open set which is invariant under the time translation is equal to the

quasilocal algebra. The question arises whether such a result holds for more gen-

eral spacetimes. As we will see this question is strongly related to the timelike

Cauchy problem for second order hyperbolic partial differential equations. In

the case of analytic coefficients on an analytic manifold Holmgren’s uniqueness

theorem (see e.g. [Hör90]) states that there is unique continuation of solutions

across any non-characteristic hypersurface. Relaxing however the condition of

analyticity, counterexamples show that the Cauchy problem for timelike surfaces

is ill posed in the general case of partial differential equations with smooth coeffi-

cients (see e.g. [Hör75, Ali84] and references therein). Even for the wave operator

� = ∂2

∂t2
−∆ in Minkowski spacetime it is known (see [AB95]) that there exists

a smooth function u such that there is a solution φ to the equation

�φ+ uφ = 0

which has support equal to a half-space with timelike boundary. It was quite

recently shown by Tataru in [Tat95] and further generalized by Hörmander in

42
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[Hör97] (see also [RZ98]) that under partial analyticity assumptions one still

has unique continuation of solutions across non-characteristic surfaces. We give

some global consequences of these unique continuation results. After defining an

envelope of uniqueness E(O) of an open subset O of the spacetime we show that

a solution to a wave equation vanishing in O vanishes in E(O). This envelope

may be considerably larger than the original set and in particular in the case

of small open neighbourhoods of inextendible timelike curves the envelope may

coincide with the whole space. We investigate the consequences of these results

for the real scalar field on curved spacetimes and show that the field algebra

associated with the open set coincides with the field algebra associated with its

envelope. The class of spacetimes considered here includes a large variety of

physically relevant spacetimes, like cosmologically interesting Robertson-Walker

spacetimes. We give an example of how the algebras associated with timelike

curves can be explicitly given in curved spacetimes.

7.1 Causal structure of spacetimes

In the next two subsections we review the most important definitions and results

about the causal structure of spacetimes. Details can be found in [HE73], [O’N83]

and references therein. In the last two subsections we define what we mean by

the “envelope” of an open set. To do this we need to introduce the space of

timelike curve-segments endowed with an appropriate topology.

7.1.1 Space of timelike curve-segments

We define curve-segments to be maps from compact intervals in R into M which

are restrictions of curves defined on a larger interval. We say a curve-segment

is timelike if it is the restriction of a timelike curve. For two points p, q ∈ M

let C(p, q) the set of all smooth timelike curve-segments γ : [0, 1] → M with

γ(0) = p and γ(1) = q. These sets are commonly used to investigate properties

of globally hyperbolic spacetimes (see e.g. [CB68, HE73]). Curve-segments in

different parametrizations are identified. We introduce on C(p, q) a C1-topology

in the following way: First we endow M and TM with complete Riemannian

metrics. We parameterize all curve-segments proportionally to their arc-length

in the metric on M . The derivation of a curve-segment γ with respect to this

parameter gives a curve-segment γ̇ in TM . We now define a metric on C(p, q) in

the following way

d(γ1, γ2) = sup
t∈[0,1]

dist(γ̇1(t), γ̇2(t)), (7.1)
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where dist(x, y) denotes the Riemannian distance between the points x and y in

TM . One checks that the corresponding topology is independent of the Rieman-

nian metrics chosen on M and TM .

Given a smooth timelike curve-segment γ joining p and q we denote by C0(p, q, γ)

the connected component of γ in C(p, q). We define the two sets

I(p, q) :=
⋃

γ̃∈C(p,q)

γ̃((0, 1)), (7.2)

I0(p, q, γ) :=
⋃

γ̃∈C0(p,q,γ)

γ̃((0, 1)), (7.3)

i.e. the set of points which are met by the curves γ̃|(0,1) with γ̃ in C(p, q) or

C0(p, q, γ), respectively. One has the following properties

Proposition 7.1.

1. I(p, q) coincides with I+(q) ∩ I−(p) in case p is in the future of q.

2. I(p, q) and I0(p, q, γ) are open subsets of M .

3. I(p, q) and I0(p, q, γ) are invariant under conformal transformations of the

metric.

Sketch of Proof. The definitions of I(p, q) and I0(p, q, γ) depend only on the

causal structure of the spacetime. Therefore, the sets are invariant under confor-

mal transformations of the metric. The fact that I0(p, q, γ) and I(p, q) are open

follows from the causality properties of the tangent space and the properties of

the exponential map (see in particular [O’N83], Lemma 33). If p is in the fu-

ture of q and x ∈ I+(q) ∩ I−(p) then one can again use the exponential map

expx : TxM → O ⊂M to construct a smooth timelike curve through x joining p

and q. �
In Minkowski space I0(p, q, γ) and I(p, q) coincide, this need not be the case

however in general, even if one restricts the class of spacetimes to the globally

hyperbolic ones. A simple example is given by the 2-dimensional cylinder R×S1

with metric dt2 − dφ2. The curves γ1 and γ2 (see figure 7.1) cannot be deformed

continuously into one another and the set I0(p, q, γ1) (the shaded region) is dif-

ferent from I(p, q) since it does not contain γ2.

For later considerations we need the following lemma.

Lemma 7.2. Let M be an n-dimensional spacetime and p, q ∈ M . Given a

curve-segment γ ∈ C(p, q) there is an open neighbourhood O of γ([0, 1]) such that

the following holds
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Figure 7.1 Right and left edge are identified, I(p, q, γ1) 6= I(p, q)

• There is a surjective local diffeomorphism1 f : X ×Bn−1 → O, where Bn−1

is the open unit-ball in Rn−1 and X ⊂ R a finite open interval.

• for each point x ∈ Bn−1 the curve X →M, t→ f(t, x) is timelike.

If γ1 ∈ C(p, q) is sufficiently close to γ in the C1-topology we can choose O and

f in such a way that the curve X →M, t→ f(t, 0) is an extension of γ1.

Sketch of Proof. We extend the curve-segment γ to a timelike curve γ̃ : I → M ,

where I ⊂ R is an open interval containing [0, 1]. We choose another open

interval X in I which is relatively compact and still contains [0, 1]. Note that γ̃

is an immersion. This means that locally γ̃ is an embedding and we can form the

conormal bundle T ∗NI over I together with a natural immersion ζ from T ∗NI into

T ∗M . We use an arbitrary Riemannian metric on M to identify TM and T ∗M .

Then the exponential map defines a smooth map T ∗M ⊃ O0 → M , where O0 is

an open neighbourhood of the zero section. The map j = exp ◦ ζ is well defined

in a neighbourhood of the zero section in T ∗NI
∼= I × Rn−1. Moreover, it has full

rank at the zero section and the curve R ⊃ t → j(t, 0) is timelike. Hence, there

exists a neighbourhood O1 ⊂ T ∗NI of the zero section such that j|O1 is a local

diffeomorphism and such that for all points p ∈ O1 the push-forward j∗(∂t)(p) is

timelike if t is a coordinate for I. Since X ⊂ I is relatively compact in I there is an

ε > 0 such that the bundle of open balls in T ∗NX ⊂ T ∗NI with radius ε is contained

1We say a map f : M → N is a local diffeomorphism if for each point x ∈ M there is a
neighbourhood O 3 x such that f |O : O → f(O) is a diffeomorphism.



46 The local structure of the Klein-Gordon field

in O1 and is relatively compact in O1. Hence, j restricts to a map f from a set

of the form X × Bn−1 onto some open neighbourhood of γ([0, 1]). This map is

a local diffeomorphism and moreover, by relative compactness of X × Bn−1, the

Lorentzian length of the tangent vectors of the curves γx : t→ f(t, x) is uniformly

bounded from below by some δ > 0.

One shows that for a curve-segment α sufficiently close to γ̃|X there is a unique

curve-segment α̃ : X → 1
2
Bn−1, such that α = f ◦α̂, where α̂ is the curve-segment

X → X ×Bn−1, t→ (t, α̃). Given α̃ we can define a map

h : X ×Bn−1 → X ×Bn−1, (t, x)→ (t,
1

2
x+ α̃(t))

and it is clear that f1 := f ◦ h is an immersion. It is easy to check that the

differential df1|p depends continuously on the choice of α and the point p ∈
X×Bn−1. Remember that we had the length of the tangent vectors of the curves

γx uniformly bounded from below by a δ > 0. Therefore, for α sufficiently close

to γ̃|X , the curves γx,1 : t→ f1(t, x) are timelike for all x ∈ Bn−1. We can choose

α as an extension of γ1. One checks that the open set O := Im(f1) and the local

diffeomorphism f1 : X ×Bn−1 → O have all the desired properties. �

7.1.2 The envelope of an open set

Suppose now we are given an open subset O of M . We define the envelope E(O)

of O to be the smallest set containing O with the following properties:

1. If an open subset U ⊂ M is globally hyperbolic and S is a Cauchy surface

for U which is contained in E(O) then U ⊂ E(O).

2. For each timelike curve-segment γ ∈ C(p, q) such that γ([0, 1]) is contained

in E(O) the set I0(p, q, γ) is contained in E(O).

Our definition follows [TW97] and [Ara63], where such an envelope was defined

for open sets in Minkowski spacetime, instead of lines we use however arbitrary

timelike curves. Note that the envelope is well defined, since the intersection

of two sets with the listed properties has again these properties. One checks

that the causal completion O⊥⊥ always fulfills 1 and 2 and hence, E(O) ⊂ O⊥⊥.

Furthermore E(O) is open, since if a set satisfies 1 and 2 this is true for the

interior of this set as well.
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pf=0

Figure 7.2 Unique continuation through a hypersurface

7.2 The envelope of uniqueness and unique con-

tinuation

In this section (M, g) will be an n-dimensional spacetime.

Definition 7.3. We say a family of tensors (fi) is locally analytic in the time

if for each point p ∈ M there is an open neighbourhood O and a chart u : O →
U ⊂ Rn with coordinates (x0, x1, . . . , xn−1) mapping p to 0 such that

• in coordinates the local vector field ∂x0 is timelike.

• the components of the tensors fi in the coordinate basis viewed as functions

on U are analytic in x0 in a neighbourhood of 0. Hence, they are defined

on {(z, x) ∈ C× Rn−1; |z| < r, |x| < r} for some r > 0.

If H is a hypersurface defined as the zero set of a smooth local function

h : M ⊃ U → R we say there is unique continuation for a class of distributions

T across that hypersurface H if the following is true for each point x ∈ H: if

there is a neighbourhood O of x in U such that g ∈ T is zero in the open set

{y ∈ O;h(y) < 0} then x is not in the support of g (see Fig. 7.2). Specializing

the results in [Tat95] and in particular in [Hör97] (the theorem and the remark in

section 5) to the case of second order differential equation with metric principal

part, we get that as soon as the coefficients of such a differential equation are

locally analytic in the time there is unique continuation of distributional solutions

across any non-characteristic hypersurface. This result is local and we will study

now the global consequences.

The Klein-Gordon equation with mass m ≥ 0 is

(�g +m2)ψ = 0. (7.4)
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Figure 7.3 Geometrical idea underlying the proof of theorem 7.4

We treat a more general form of equation and show the following.

Theorem 7.4. Let ψ ∈ D′(M) be a solution to the wave equation

(�g + ak(x)∂k + V (x))ψ = 0,

where a is a smooth vector field and V a smooth potential. Assume that the family

of tensors (g, a, V ) is locally analytic in the time. If ψ vanishes in an open set

O, then it vanishes in the envelope E(O) of this set.

Proof. A distributional solution on a globally hyperbolic manifold U vanishing in

a neighbourhood of a Cauchy surface S vanishes in U . This is a general property of

hyperbolic wave equations (see e.g. [HE73, Fri75, Ler55]). We will show that if a

solution vanishes in a neighbourhood Ô of γ([0, 1]) for some γ ∈ C(p, q), p, q ∈M
then it vanishes in the set I0(p, q, γ). Let V be the open subset of C0(p, q, γ)

consisting of curves γ̃ such that supp(ψ) is disjoint from some open neighbourhood

of γ̃([0, 1]). We show that the boundary ∂V of V is empty. Thus V is open and

closed and therefore coincides with C0(p, q, γ). Suppose the boundary ∂V of V
were non-empty and let γ1 be a curve-segment in ∂V . This implies that there

is a point x ∈ supp(ψ) which is met by γ1 (see also figure 7.3). Since γ1 ∈ ∂V
there is a curve-segment γ2 ∈ V which is sufficiently close to γ1 so that we

can choose an open neighbourhood O1 of γ1([0, 1]) and a local diffeomorphism

f : R ⊃ X × Bn−1 → O1 with the properties listed in lemma 7.2, in particular

such that γ2([0, 1]) ⊂ f(X×{0}). We may even choose f and O1 such that f has

a continuous extension f to X ×Bn−1 with f(∂X×Bn−1) ⊂ Ô. Then there exists

an open ball Bn−1
r with radius 0 < r < 1 such that X×Bn−1

r ∩f−1(supp(ψ)) = ∅
and Y := Sr ∩ f−1(supp(ψ)) 6= ∅ with Sr := X × ∂Bn−1

r . We take a point
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y ∈ Y and a neighbourhood Õ of y such that f |Õ is a diffeomorphism onto

an open neighbourhood of f(y). Because f has the properties listed in lemma

7.2 (in particular the second property), the smooth hypersurface f(Sr ∩ Õ) is

timelike and hence non-characteristic. Therefore, there is unique continuation

for solutions across this surface. The solution ψ vanishes on f((X ×Bn−1
r ) ∩ Õ)

and by unique continuation the point f(y) cannot be in supp(ψ) which is a

contradiction. Hence, ∂V is empty.

Since the envelope E(O) is the smallest set containing O with the properties that

have now been shown for the complement of supp(ψ), it follows that ψ vanishes

on E(O).

In case the metric tensor is locally analytic in the time the Klein-Gordon equation

for mass m satisfies the assumptions of the above theorem.

Example 7.5. If (S, h) is a complete connected Riemannian manifold and f :

I → R+ is a smooth positive function on an interval I ⊂ R then the manifold

M := I × S with metric g := dt ⊗ dt − f(t)h is a globally hyperbolic spacetime.

In case S has constant curvature such spacetimes are called Robertson-Walker

spacetimes. If f is analytic the metric tensor is locally analytic in the time.

Examples are the Friedmann models (see e.g. [O’N83] for details).

7.3 The local structure of the Klein-Gordon field

Theorem 7.6. Let M be a globally hyperbolic spacetime with a metric which is

locally analytic in the time and let O → F(O) be the net of field algebras for the

Klein-Gordon field on M . Suppose that ω is a quasifree state over F such that

its 2-point function is a distribution and let π : F → L(H) be the corresponding

GNS-representation. Then for each open set O the von Neumann algebra R(O) =

π(F(O))′′ is equal to the von Neumann algebra R(E(O)) = π(F(E(O)))′′, i.e. the

local von Neumann algebras of an open set and its envelope coincide.

Proof. Let µ be the scalar product on W inducing the state ω. Remember that

W := C∞0 (M,R)/ker(F.) and denote by η the quotient map. By proposition 3.1

it is sufficient to show that η(C∞0 (O,R)) is µ-dense in η(C∞0 (E(O),R)). We show

that a µ-continuous linear form ψ̂ on W vanishing on η(C∞0 (O,R)) vanishes on

the set η(C∞0 (E(O),R)). Note that ψ := ψ̂(η(·)) is a real-valued distribution in

D′ and a solution to the Klein-Gordon equation. By assumption ψ vanishes in O
and by theorem 7.4 it vanishes in E(O). Hence, the theorem is proved.
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Remark 7.7. Of course the same conclusion holds on general spacetimes with

metric locally analytic in the time as soon as the field operator satisfies the Klein-

Gordon equation. Here we specialized to the case of a globally hyperbolic spacetime

since we gave the construction of the field only in this case.

Given a local net of von Neumann algebras O → R(O) on a spacetime M one

may define the local algebras associated to curves (see [Wol98]). For a curve

γ : I →M which is contained in a compact subset K ⊂M we define the algebra

of the curve to be the von Neumann algebra

R(γ) :=
⋂
O⊃γ(I)

R(O). (7.5)

An immediate consequence of our theorem is

Corollary 7.8. Let the assumptions of theorem 7.6 be fulfilled and let O → R(O)

be the corresponding net of von Neumann algebras. If γ : (0, 1)→M is a timelike

curve which can be continued to a curve segment γ̃ : [0, 1]→M with endpoints p

and q. Then the algebra R(γ) coincides with R(I0(p, q, γ̃)).

This shows that the algebra of a timelike curve coincides with the algebra of a

neighbourhood of this curve. This was conjectured in [Wol98], p.239 to hold for

globally hyperbolic spacetimes and our result may be seen as a partial positive

answer. Another application is

Example 7.9. If (S, h) is a complete connected Riemannian manifold the man-

ifold M := R× S with metric g := dt⊗ dt− h is a globally hyperbolic spacetime.

Such manifolds are called ultrastatic. If O ⊂ S is non-void, then one can show

that the envelope of the set R × O coincides with M . The same holds for any

metric that is conformally equivalent to g. If f is a positive function on M which

is locally analytic in t and (M, g̃) is the Lorentzian manifold with metric g̃ := f ·g
then the local von Neumann algebra R(R×O) of the Klein-Gordon field on (M, g̃)

coincides with R = R(M) whenever O is non-void.



Chapter 8

Outlook

We saw that many interesting properties of the vacuum can be proved for states

in quantum field theory on curved spacetimes. In this work we showed the Reeh-

Schlieder property of locally analytic quasifree states for free fields on analytic

spacetimes and for passive quasifree states for free fields on stationary spacetimes.

It would certainly be an interesting question whether or not general quasifree

Hadamard states have the Reeh-Schlieder property. This can not be shown with

the methods employed here, but we are not aware of any counterexamples ei-

ther. In our treatment of free quantum fields a crucial role is played by the

equations of motion the field operators satisfy, in particular the proofs of the

timelike tube theorems rely heavily on the theory of wave equations on curved

spacetimes. The fact that such equations are needed is due to the lack of a tran-

sitive symmetry group on general spacetimes. One could ask, whether there are

more general principles replacing translation covariance a quantum field theory

on curved spacetimes has to satisfy and which can also be applied to interacting

fields. There is hope that an appropriate microlocal version of covariance to-

gether with an analytic microlocal spectrum condition, like our condition of local

analyticity, could be a step towards Wightman axioms for quantum field theory

on curved spacetimes.

Our results on the local structure of the Klein-Gordon field on curved space-

times are rather strong and rely on very recent unique continuation results in the

theory of partial differential equations. One can hope however that even stronger

statements hold. For example one might think that theorem 7.6 holds when in

the definition of the envelope E(O) an open set I0(p, q) is replaced by I(p, q).

Moreover, we strongly suspect that our assumption that the metric is locally an-

alytic in the time can be dropped and theorem 7.6 holds for the Klein-Gordon

field on general globally hyperbolic spacetimes. For a proof of such statements
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further progress in the theory of partial differential equations seems necessary. In

our definition of the set I0(p, q) we used the C1-topology on the space of curve-

segments. It would certainly be more consistent with the literature to use the

C0-topology, unfortunately we were not able to show that the resulting sets are

the same as I0(p, q), this seems probable though. In this context we conjecture

that if the spacetime is globally hyperbolic the envelope E(O) of an open set O
coincides with the smallest globally hyperbolic submanifold that contains O.

As far as our condition of local analyticity for quasifree states is concerned the

most important question that remains open is whether such states always exist for

the Klein-Gordon field on general real analytic globally hyperbolic spacetimes.

The method of construction of Hadamard states as for example indicated in

[Wal94] is based on a deformation argument and the fact that the ground state on

an ultrastatic spacetime is a Hadamard state ([FSW78, KW91]). This argument

fails in the analytic situation.



Appendix A

Algebras of bounded operators

on a Hilbert space

We give here a short introduction to the theory of C∗- and W ∗-algebras. For

details and further results we refer the reader to [KR83] or [BR87].

A.1 C∗-algebras

Let A be an associative algebra over C which is also a Banach space with norm

‖ · ‖. Then A is called Banach algebra if

‖a · b‖ ≤ ‖a‖ · ‖b‖. (A.1)

If there is an antilinear involution ∗ : A → A, a → a∗ on the Banach algebra A
such that

(ab)∗ = b∗a∗, (A.2)

‖a∗a‖ = ‖a‖2, (A.3)

then A is called C∗-algebra. It turns out that there is no other norm on A such

that the above conditions are satisfied. In the following we suppose that A is a

C∗-algebra with unit I. An element a ∈ A is called positive if there is another

element b ∈ A with a = b∗b. A linear functional λ : A → C is said to be positive

if λ(a∗a) ≥ 0. A state over A is a continuous positive linear functional ω on

A such that ω(I) = 1. An element a is called selfadjoint if a = a∗, it is called

unitary if a∗a = aa∗ = 1. A projection is an element p ∈ A such that p = p∗ = p2.

The algebra L(H) is a C∗-algebra with the usual operator norm and a∗ being the

adjoint of a.
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A ∗-homomorphism β from A to a C∗-algebra B is an algebra homomor-

phism such that β(a)∗ = β(a∗) for all a ∈ A. If H is a Hilbert space then a

∗-representation on H is a ∗-homomorphism π : A → L(H). The representation

π is called faithful if ker(π) = {0}. There is always a faithful representation of

a C∗-algebra on some Hilbert space, hence C∗-algebras can always be thought of

as norm-closed ∗-algebras of bounded operators on some Hilbert space.

A state ω over A gives rise to a ∗-representation π on a Hilbert space H in the

following way. Note that (a, b) := ω(a∗b) is a sesquilinear form on A. One can

show that the subspace I := {a ∈ A; ω(a∗a) = 0} is a left ideal in A. Therefore,

there is a natural left action of A on A/I and the sesquilinear form on A projects

to a positive definite scalar product on A/I. We denote by H the completion of

A/I in the norm induced by the scalar product. The left action of A on A/I
extends continuously to a ∗-representation π : A → L(H). Note that the vector

Ω := I + I is cyclic, i.e. π(A)Ω is dense in H. The triple (π,H,Ω) is called

GNS-triple.

A.2 Von Neumann algebras and W ∗-algebras

LetH be a Hilbert space and L a subset of L(H). We denote by L′ the commutant

of L, i.e. the set of bounded operators that commute with all elements of L. We

write L′′ for (L′)′. Note that L′ is an algebra, and if L∗ = L then L′ is a ∗-algebra.

Apart from the norm topology there are a number of other important topolo-

gies on L(H) which are widely used in the theory of operator algebras. We list

here some of them.

• The strong topology is the topology induced by the family of seminorms

pψ(a) := ‖aψ‖, ψ ∈ H.

• The weak topology is induced by the family of seminorms

pφ,ψ(a) := |〈φ, aψ〉|, φ, ψ ∈ H.

• The σ-weak topology is induced by the seminorm

p{ψn},{φn}(a) :=
∑
n

|〈φn, aψn〉|,
∑
n

‖φn‖2 <∞,
∑
n

‖ψn‖2 <∞.

The σ-weak topology can also be introduced by means of the seminorms pT (a) :=

|Tr(aT )|, where T is a traceclass operator.
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A von Neumann algebra on a Hilbert space H is a ∗-subalgebra A of L(H)

such that A = A′′. It turns out that a unital ∗-subalgebra A ⊂ L(H) is a von

Neumann algebra if and only if A is closed in either the weak, the strong or the

σ-weak topology. Clearly, a von Neumann algebra is closed in the norm topology

and therefore a von Neumann algebra is also a C∗-algebra. The density theorem

of von Neumann even states that for any unital ∗-subalgebra A ⊂ L(H) the

closure of A in either the weak, the strong or the σ-weak topology coincides with

A′′.
A state over a von Neumann algebra is called normal if it is σ-weakly contin-

uous. The set of normal states coincides with the set of functionals of the form

a→ Tr(aT ), where T is a positive traceclass operator on H with Tr(T ) = 1.

A W ∗-algebra is a C∗-algebra that is ∗-isomorphic to some von Neumann

algebra. A unital C∗-algebra A is a W ∗-algebra if and only if there is a Banach

subspace A∗ of the topological dual A∗ of A such that A is the topological dual

of A∗, i.e. A = (A∗)∗. This gives an abstract characterization of W ∗-algebras.

A state over a W ∗-algebra A is then called normal if it is in the predual A∗.
Note that this notion coincides with the previous one if A is realized as a von

Neumann algebra on a Hilbert space.



Appendix B

Distributions and microlocal

analysis

B.1 Distributions on open subsets of Rn

Let X be an open subset of Rn and let C∞0 (X) be the space of smooth functions

X → C with compact support. We can view each element of C∞0 (X) as a function

in C∞0 (Rn) with support contained in X. For a fixed compact subset K ⊂ X we

denote by C∞0,K(X) the set of elements in C∞0 (X) with support in K. We endow

C∞0,K(X) with the locally convex topology induced by the seminorms

pα(f) := sup
x∈K
|(Dαf)(x)|, (B.1)

where α = (α1, . . . , αn) is a multi-index and Dα = ∂α1
1 · · · ∂αnn . With the obvious

inclusions C∞0,K ⊂ C∞0,K′ for K ⊂ K ′ we get an inductive system of topological

vector spaces with inductive limit C∞0 (X). We endow C∞0 (X) with the inductive

limit topology. It is well known that C∞0 (X) is complete in this topology. A

sequence fn in C∞0 (X) converges to f ∈ C∞0 (X) if and only if there is a compact

set K ⊂ X such that supp(fn) ⊂ K and fn → f in C∞0,K(X). In the literature

the space C∞0 (X) is sometimes denoted by D(X). The space of distributions

D′(X) is defined to be the dual space of C∞0 (X), i.e. the space of continuous

linear functionals C∞0 (X)→ C. A functional ψ is in D′(X) if and only if for each

compact subset K ⊂ X there are constants C > 0 and k ∈ N0 such that

|ψ(f)| < C
∑
|α|≤k

sup
x∈K
|(Dαf)(x)|, (B.2)

for all f ∈ C∞0,K(X). If k can be chosen independently of K, then we say that ψ

is of order k and write ψ ∈ D′k(X).
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The support supp(ψ) of a distribution in D′(X) is defined to be the smallest

closed subset Y ⊂ X such that ψ(f) = 0 for all f ∈ C∞0 (X) with supp(f)∩Y = ∅.
The set of ψ ∈ D′(X) with compact support in X will be denoted by E ′(X). If ψ

has compact support then one can easily extend ψ to a linear map C∞(X)→ C
and we have for all compact sets K which contain supp(ψ)

|ψ(f)| < C
∑
|α|≤k

sup
x∈K
|(Dαf)(x)|, ∀f ∈ C∞(X), (B.3)

for some C > 0, k ∈ N0. Conversely, if there exists a compact set K such that

for a given linear map ψ : C∞(X) → C the inequality (B.3) holds for some C

and k, then ψ is a distribution with support in K. Therefore, E ′(X) is the set

of continuous linear maps C∞(X) → C. If a subset L of E ′(X) is bounded then

(B.3) holds for all ψ ∈ L and f ∈ C∞(X) with constants C and k independent

of ψ. We define E ′k(X) := E ′(X) ∩ D′k(X) and obviously E ′(X) =
⋃
k E ′k(X).

We can view C∞0 (X) as a subspace of D′(X) since each f ∈ C∞0 (X) gives rise

to a distribution by f(g) :=
∫
X
fgdnx. The singular support singsupp(ψ) of a

distribution ψ ∈ D′(X) is the smallest closed subset Y ⊂ X, such that there is a

function f ∈ C∞(X\Y ) with ψ(g) =
∫
X
fgdnx for all g ∈ C∞0 (X\Y ).

The Fourier transform of a compactly supported distribution ψ ∈ E ′(X) is

the smooth function ψ̂(k) := ψ(e−ikx) on Rn. Note that by B.3 ψ̂ is polynomially

bounded. Moreover, ψ can be represented by a smooth function if and only if ψ̂

is rapidly decreasing, i.e.

sup
k∈Rn
|(1 + |k|N)ψ̂(k)| <∞, (B.4)

for all N ∈ N. This implies that ψ̂ is in the Schwarz space S(Rn).

Definition B.1. Let ψ be in D′(X). Then a point (x, k) ∈ X ×Rn\{0} is called

regular directed for ψ if the following holds: There exists a function f ∈ C∞0 (X)

with f(x) = 1 and an open conic neighbourhood Γ of k such that for each N ∈ N
there exists a constant CN such that

sup
λ∈Γ

(1 + |λ|)N |f̂ψ(λ)| < CN . (B.5)

The set of regular directed points is open. Its complement in X×Rn\{0} is called

the wavefront set WF(ψ) of ψ.

Clearly, WF(ψ) is a closed subset of X × Rn\{0}. The wavefront set tells us

in which direction a distribution is singular. It is a refinement of the singular

support of a distribution since

singsupp(ψ) = {x ∈ X; (x, k) ∈WF(ψ) for some k}. (B.6)
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We will see that the notion of wavefront set can be generalized to distributions

on manifolds.

The subset D′(X,R) of D′(X) is defined to be the set of real valued distribu-

tions, i.e. the set of φ ∈ D′(X) such that φ(f) = φ(f). We endow D′(X,R) with

the relative topology. The space of real valued distributions is clearly the dual

space of the set of real valued smooth functions with compact support.

B.2 The wavefront set with respect to CL

Let L = (Lk)k∈N0 be an increasing sequence of positive numbers such that L0 = 1

and

k ≤ Lk, Lk+1 ≤ CLk, (B.7)

for some constant C. For an open set X ⊂ Rn the class of functions CL is defined

to be the set of all u ∈ C∞(X) such that for every compact set K ⊂ X there is

a constant CK with

|Dαu(x)| ≤ CK(CKL|α|)
|α|, (B.8)

for all x ∈ K and all multi-indices α. It is known that CL is a subalgebra of

C∞ which is closed under differentiation. If Lk = k + 1 then CL is the space

of real analytic functions on X. Moreover, if f : X → Y is an analytic map to

Y ⊂ Rn then the composition of a function u ∈ CL(Y ) with f is in CL(X). If

Lk = (k + 1)a, a > 1 the class CL is called Gevrey class of order a. The singular

support singsuppL(u) of u ∈ D′(X) is defined to be the smallest closed subset of

X such that u is in CL on the complement. If Lk = k+ 1 we write singsuppA(u)

for singsuppL(u).

Definition B.2. Let X ⊂ Rn be open and let u ∈ D′(X). The wavefront set

WFL(u) of u with respect to CL is defined to be the complement in X× (Rn\{0})
of the set of points (x0, k0) such that there is a neighbourhood U ⊂ X of x0, a

conic neighbourhood Γ of k0 and a bounded sequence uN ∈ E ′(X) which is equal

to u in U with

|ûN(k)| ≤ C(CLN |k|−1)N , N ∈ N, (B.9)

for all k ∈ Γ and a fixed constant C.

If Lk = k + 1, we write WFA(u) for WFL(u). The set WFA(u) is called the

analytic wavefront set. The notion of the wavefront set WFL is a refinement of

the notion of singsuppL in the sense that

singsuppL(u) = {x ∈ X; (x, k) ∈WFL(u) for some k}. (B.10)
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B.3 Distributions on manifolds

Suppose that M is a smooth manifold which is second countable and Hausdorff.

Suppose furthermore that M is orientable and let w be a distinguished volume

form. If M is a semi-Riemannian manifold with metric tensor g, then w =√
|det(g)|dx1 ∧ . . . ∧ dxn is a natural choice of such a volume form. Let K be

either R or C and let E be a K-vector bundle over M with bundle projection

p : E → M and typical fibre Km. We denote by Γ(E) the space of smooth

sections of E and by Γ0(E) the compactly supported smooth sections.

Definition B.3. Let E be a K-vector bundle with typical fibre Km. A bundle

chart Φ = (U , φ, sj) consists of an open subset U ⊂ M , a diffeomorphism φ :

U → O ⊂ Rn and a family sj of m linearly independent local sections U → E.

If f ∈ Γ(E) then there are unique functions f j ∈ C∞(O,K) such that f(x) =∑
j f

j(φ(x))sj(x). We define ∗Φf ∈ C∞(O,Km) by (∗Φf)j := f j.

For a compact subset K ⊂M let Γ0,K(E) be the set of sections with support

in K. Let Φi = (Ui, φi, sji ) be a finite family of bundle charts, such that Ui is a

cover of K. As above we denote by f ji the components of ∗Φif . Then

pα(f) :=
∑
i,j

sup
x∈φi(Ui)

|(Dαf ji )(x)| (B.11)

defines a family of seminorms pα on Γ0,K(E) and the topology induced by this

set of seminorms is independent of the chosen family of bundle charts. We think

of Γ0,K(E) as a topological vector space with the above defined topology. Again

the set of compact subsets K ⊂ M is directed and we define the topology on

Γ0(E) to be the inductive limit topology. A sequence of compactly supported

sections fi converges to f ∈ Γ0(E) if there exists a compact set K ⊂ M such

that supp(fi) ⊂ K and fi → f in Γ0,K(E).

The set of distributions D′(M,E∗) with values in the dual bundle E∗ of E is

defined to be the dual space of Γ0(E). Using the volume form w the space Γ(E∗)

is a natural subspace of D′(M,E∗), since each f ∈ Γ(E∗) gives rise to a linear

functional on Γ0(E) by f(g) :=
∫
M
〈f(x), g(x)〉w, where 〈·, ·〉 is the dual pairing

on the fibres. The singular support of a distribution in D′(M,E∗) is defined in

the same way as this is done for C-valued distributions on open subsets of Rn.

Let Φ = (U , φ, sj) be a bundle chart. Then each Km-valued compactly sup-

ported function g ∈ C∞0 (O,Km) on O := φ(U) defines a section Φ∗g ∈ Γ0(E)

by Φ∗g(x) :=
∑

j g
j(φ(x))sj(x) on U and Φ∗g(x) = 0 on the complement of U .

Therefore, each linear functional ψ on Γ0(E) defines a linear functional ∗Φψ on
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C∞0 (O,Km) by ∗Φψ(g) := ψ(Φ∗g). The components of ∗Φψ will be denoted by

(∗Φψ)j. It turns out that a linear functional ψ is in D′(M,E∗) if and only if for

each bundle chart Φ the functionals (∗Φψ)j are distributions in D′(O,K).

For each bundle chart Φ := (U , φ, sj) and each bundle valued distribution

D′(E∗) we define the wavefront set WFΦ(f) ⊂ φ(U)× Rn\{0} of f with respect

to Φ by WFΦ(f) := ∪jWF ((∗Φf)j). It turns out that under change of bundle

charts WFΦ(f) transforms as a subset of the cotangent bundle. Therefore, we

can define WF(f) ⊂ T ∗M\0 globally. There T ∗M\0 is the cotangent bundle with

zero section removed.

Definition B.4. The wavefront set WF(f) ⊂ T ∗M\0 of a distribution f in

D′(M,E∗) is the unique set such that (φ−1)∗WF(f) = WFΦ(f) for each bundle

chart Φ = (U , φ, sj). Here (φ−1)∗ : T ∗M |U → φ(U) × Rn is the pullback of

covectors under the map φ−1 : φ(U)→ U .

The notion of the wavefront set does not distinguish between the singularities

in different components. For example if E = M ×C2 and the first component u1

of a distribution u ∈ D′(M,E∗) is smooth then WF(u) will coincide with WF(u2).

The notion of the polarization set WFpol(u) is a further refinement of the notion

of wavefront set which takes this into account. We will not go further into this

however.

If M is a real analytic manifold and E is an analytic vector bundle then one

can define WFL(u) for u ∈ D′(M,E∗) in the same way as WF(u), since under

analytic change of bundle charts WFL(u) transforms like a subset of the cotangent

bundle.

The space of distributionsD′(M) is the space of distributionsD′(M,E∗) where

E is the trivial bundle E = E∗ = M × C.

B.4 The wavefront set of solutions to differen-

tial equations

IF E is a vector bundle over a manifold M and P : Γ(E)→ Γ(E) is a differential

operator, the characteristic set char(P ) is defined to be the set of points (x, k) ∈
T ∗M\0 where the principal symbol σP is not invertible. If f ∈ D′(M,E) then

we have

WF(f) ⊂ char(P ) ∪WF(Pf). (B.12)
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A similar result holds if E is a real analytic vector bundle over a real analytic

manifold M . If P : Γ(E) → Γ(E) is a differential operator with analytic coeffi-

cients then

WFA(f) ⊂ char(P ) ∪WFA(Pf). (B.13)

In particular if P is elliptic and Pf is smooth then f is smooth.
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Nuclear spaces and Gelfand

triples

C.1 Properties of nuclear spaces

Let E1 and E2 be Banach spaces and denote by E∗1 and E∗2 the dual spaces.

Definition C.1. A linear map A : E1 → E2 is called nuclear if it is of the form

Aφ =
∞∑
i=1

ei(φ)fi, (C.1)

where ei ∈ E∗1 , fi ∈ E2 and
∑∞

i=1 ‖ei‖‖fi‖ <∞.

From the definition it follows that a nuclear map is continuous. One can

extend this definition to arbitrary locally convex topological vector spaces.

Definition C.2. Let F1 and F2 be locally convex topological vector spaces. Then

a linear map A : F1 → F2 is called nuclear if there exist Banach spaces E1 and

E2, a nuclear map B : E1 → E2, and continuous operators C : F1 → E1 and

D : E2 → F2 such that A = D ◦B ◦ C.

In case F2 is a Banach space the following result is known

Theorem C.3. A map A : E → F from a locally convex topological vector space

E to a Banach space F is nuclear if and only if it is of the form

Aφ =
∞∑
i=1

ei(φ)fi, ei ∈ E∗, fi ∈ F, (C.2)

and if there exists a seminorm p on E such that
∑∞

i=1 ‖ei‖−p‖fi‖ < ∞ where

‖ei‖−p = supp(φ)≤1 |ei(φ)|.
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Definition C.4. A locally convex topological vector space E is called nuclear, if

any continuous map A : E → F into an arbitrary Banach space F is nuclear.

The fundamental results by Grothendieck are

Theorem C.5. Nuclear spaces have the following properties.

1. E is nuclear if and only if its completion is.

2. Any subspace of a nuclear space is nuclear.

3. The quotient E/E0 of a nuclear space E by a closed subspace E0 is nuclear.

4. The inductive limit of a countable sequence of nuclear spaces is nuclear.

5. The dual space of a nuclear Frechet space is nuclear.

6. The projective limit of a family of nuclear spaces is nuclear.

Examples of nuclear spaces are C∞0 (X) and C∞(X) for an open set X ∈ Rn,

but also the space Γ0(M,E), if E is a complex vector bundle over a smooth

manifold M which is second countable and Hausdorff. Furthermore, the Schwartz

spaces S(Rn), i.e. the completion of C∞0 (Rn) in the topology induced by the

seminorms pk,α(f) = supx∈Rn |(1 + |x|k)Dαf(x)|, are nuclear.

C.2 Gelfand triples

Let H be a Hilbert space and suppose that N ⊂ H is a subspace of H which is

endowed with a topology which is stronger than the norm topology of H. If N is

norm dense then H is naturally a subspace of the topological dual N ∗ of N . If

N is norm dense in H and N is nuclear, the triple (N ,H,N ∗) is called a Gelfand

triple. Note that all inclusions N ⊂ H ⊂ N ∗ are dense.

A selfadjoint operator on a Gelfand triple is a continuous map A : N → N ,

such that A is essentially selfadjoint as an operator on H with domain N . A

subset S ⊂ N ∗ is called complete if v(φ) = 0 for an element φ ∈ N and all v ∈ S
implies that φ = 0. If A is a selfadjoint operator on a Gelfand triple (N ,H,N ∗)
then we say that v ∈ N ∗ is a generalized eigenvector with eigenvalue λ ∈ C if

v(Aφ) = λv(φ), ∀φ ∈ N . (C.3)

Theorem C.6. Let A be a selfadjoint operator on a Gelfand triple (N ,H,N ∗).

Then there exists a complete set S of generalized eigenvectors for A. For v ∈ S
we denote by λv the corresponding eigenvalue. Then the set S can be chosen such

that {λv; v ∈ S} is dense in the spectrum of the closure of A.



Appendix D

Clifford algebras and the spinor

modules

Let qn,k be the quadratic form qn,k(x) = x2
1 + . . . + x2

k − x2
k+1 − . . . − x2

n on Rn.

The Clifford algebra Cln,k is the real algebra generated by the symbols c(x) with

x ∈ Rn and the relations

x→ c(x) is linear, (D.1)

c(x)2 = qn,k(x)1. (D.2)

Let Clcn,k be the complexification of Cln,k endowed with the antilinear involution +

defined by c(v)+ = (−1)k+1c(v). For n even the algebra Clcn,k is isomorphic to the

matrix algebra MatC(2
n
2 ), for n odd it is isomorphic to MatC(2[n

2
])⊕MatC(2[n

2
]).

Let σ1, σ2, σ3 be the Pauli matrices and define

τ(j) =

{
1 for j ≤ k

i for j > k.

For n even we define the isomorphism Φn,k : Clcn,k → MatC(2
n
2 ) by

Φn,k(c(x2j+1)) := τ(2j + 1). σ3 ⊗ . . .⊗ σ3︸ ︷︷ ︸
j−times

⊗σ1 ⊗ 1⊗ . . .⊗ 1,

Φn,k(c(x2j)) := τ(2j). σ3 ⊗ . . .⊗ σ3︸ ︷︷ ︸
(j−1)−times

⊗σ2 ⊗ 1⊗ . . .⊗ 1.

Whereas for odd n = 2m+ 1 we define Φn,k : Clcn,k → MatC(2[n
2

])⊕MatC(2[n
2

]) by

Φn,k(c(xj)) :=

{
Φ2m,k(c(xj))⊕ Φ2m,k(c(xj)) for 1 ≤ j ≤ 2m,

τ(j){(σ3 ⊗ . . .⊗ σ3)⊕ (−σ3 ⊗ . . .⊗ σ3)} for j = 2m+ 1.
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For even n the isomorphism Φn,k gives an irreducible representation of Clcn,k

on ∆n,k := C2
n
2 , whereas for n odd we obtain an irreducible representation on

∆n,k := C2[n2 ]

by restricting Φn,k to the first component. The restrictions of

these representations to the group Spin(n, k) ⊂ Cln,k are the well known spinor

representations on ∆n,k. In the following we write γ(v) for the image of c(v) under

this representation. There is a natural non-degenerate indefinite inner product

on the modules ∆n,k given by

(u, v) = i
k(k−1)

2 〈γ(x1) · · · γ(xk)u, v〉C2
[n2 ] . (D.3)

This indefinite inner product is invariant under the action of the group Spin(n, k)+

which is the double covering group of SO(n, k)+. Furthermore, the adjoint

Φn,k(a)+ of Φn,k(a) with respect to the inner product is given by Φn,k(a
+) for

a ∈ Clcn,k. Up to a factor the inner product is uniquely determined by these

properties.
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