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Abstract. This is an expository article that aims at explaining the basic mathematical
principles behind the models used to understand the dynamics of pandemics. I have
written it mostly for my students in a class about sequences and series, but it may also
be interesting for a wider audience.

Exponential growth is not something that the human mind can grasp immediately on
an intuitive level. In our thinking we are used to linear processes. “Given twice the time I
can do twice the work” is a typical example. If my productivity was exponential and I were
to double the number of pages I wrote every day I would very quickly run out hard-drive
space. In fact, within three months I would run out of hard-drive on the planet, and soon
I would exceed the capacity of the entire universe. On a mathematical level this is very
easy to understand and is all about large numbers such as 2N . Yet, our intuition fails us,
in particular when it comes to the far end of exponential growth.

It is not that we do not face exponential growth in nature: it is usually associated to
explosion and catastrophes. The point is we never see it for long. Explosions usually
run out very quickly out of explosives and then die. So all these processes in nature that
initially start with exponential growth slow down at some point. The rough dynamics
of these processes is often described by simple mathematics: Iterations and differential
equations. They are therefore accessible to a first year mathematics of physics student.
One of the motivations for this short article is to describe the mathematical equations and
principles that govern processes such as disease dynamics. These principles are however
not exclusively applicable to diseases, but can also be used to describe other processes in
nature. I recently saw an online article in the Washington Post ([WP]) that contained
animations showing the spread of a disease in a small community. The movies shown there
could as well have been about the dynamics of chemical reactions.

I will start below explaining first how exponential growth comes about and then move
on to more complex phenomena that appear once immunity enters the game. This article
should be readable without for students without any knowledge of differential calculus. In
this case simply skip over the calculus sections. If you would like to use the models below
please do so at your own risk. They were programmed solely for the purposes of illustration
and my contain typos (although I did my best to avoid them).

Date: March 21, 2020.
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https://www.washingtonpost.com/graphics/2020/world/corona-simulator/
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1. The basic reproduction number r0 and exponential growth

Let us start with patient 0 who contracted a virus in a way that I would like to leave
to the fantasy of the reader1. This patient, let’s say, will recover from the disease but is
infectious for a week, during which he passes on the virus to three more people. These
three people will then go on to infect three further people each in a week, thus we are
ending up with 3 × 3 = 9 infected after two weeks. After n many weeks we therefore
have 3n many people who have been infected. In this example 3 is the basic reproduction
number. It is the number of people that the virus is passed on to, on average, in each
cycle. Since people behave in different ways, for example some wash their hands more
often than others, this number, denoted by r0, is an average and therefore does not have
to be an integer. In the current COVID-19 outbreak this number seems to be between 1.4
and 3.9. It is strongly depending on measures taken to contain the disease. Once people
are more aware and practise social distancing this number becomes lower. If we take the
approach that you have a number x0 of infected people at time n = 0 and then move on
in integer time steps you will have xn = (r0)

nx0 infected people after n iterations. This
assumes that every single patient recovers in the time interval considered. This leads to
exponential increase when r0 > 1, to exponential decrease of r0 < 1 and the numbers don’t
change over time if r0 = 1.

This description of disease spreading is very rudimentary and has a lot of shortcomings,
but it describes the dynamics of an outbreak surprisingly well. The COVID-19 outbreak in
the UK up to March 17, 2020 is a good example with numbers quite well documented and
the numbers of cases growing roughly by 20%-30% per day. If we assume that individuals
are infectious on average for about 5 days and then self-isolate an r0 factor of about 2.5 is
consistent with a growth rate of about 20% per day.

1.1. Using calculus. It is quite common to use differential equations instead of discrete
models, in particular when the numbers get larger and the time-scale is not discrete. Using
differential equations does not add any understanding to the dynamics, but it enables us
to use calculus to express things in terms of elementary functions. Assuming that in every
small time step dt the increase dN(t) in the number of infected people is proportional to
the number of infected people N(t) we obtain the differential equation and an initial value
problem

dN

dt
= aN(t) − bN(t), N(0) = N0.

Its solution is N(t) = N(0)e(a−b)t. Here the constant a describes how many people are
being infected per unit of time by every single spreader and the constant b describes the
number of people recovering. If a > b we have exponential increase and if a < b we have
exponential decrease. If the mean infectious period is τ then the basic reproduction number
in this model would be r0 = e(a−b)τ .

Especially for more complex models it is common to use calculus instead of simple
iterations. Some of the basic principles of this very calculus as well as early ideas of the

1Inspiration may be found in various movies on the subject
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theory of gravity where actually discovered when Newton was forced to work at his home
in Woolsthorpe Manor during the outbreak of the bubonic plague of 1665-1666 that lead
to a lock-down of Cambridge university.

1.2. Shortcomings. The first and most obvious shortcoming of the above description is
that exponential increase is somewhat inconsistent with a finite population. Our formula
assumes there is an infinite reservoir of people that can be infected. This is of course not
true. Once everyone is infected there is nobody left! Here is a list of other shortcomings.

• The uniform time and uniform time-steps assume the disease is the same for every-
one. However, there may be asymptomatic carriers of the virus and there may also
be people who are naturally immune.

• The model allows reinfections. This is not realistic. Usually there is a period of
immunity after being sick.

• The model assumes a homogeneous population where the disease spreads uniformly,
i.e. is not localised in one area. There is no spatial aspect.

• Usually there is an incubation period, a time-period for people to be infectious, and
then a time when they are not. This model does not take that into account.

• Every disease has a certain mortality associated to it. This is not taken into account
here.

I will discuss improvements that address some of these shortcomings below.

2. Herd immunity

In the early phases of a disease the model of exponential increase is quite accurate
as the case numbers are low and there are no interactions between infected people. For
example two infected people cannot infect each other, but the mathematical description
above does not take this into account. This time we would like to take into account that
people recovered from the disease remain immune for a certain amount of time. Instead
of numbers of people let us talk instead of a percentage of the population. Therefore we
introduce the variable x which is the number of infected or immune people divided by
the population number. If we assume that we have life-long immunity x would describe
the fraction of the population that has been infected in the past or is naturally immune.
Thus, x = 1 means the entire population is immune, and x = 0.2 means 20% are immune.
Working as above in a discrete model assumes we have a basic re-production number r0
in each time-step. Each infected person will then try to infect r0 others, for example by
sneezing at them. However, with probability x the receiving end of the sneeze is immune.
On average only (1 − x)r0 new infections will arise per sick individual, with an effective
reproduction rate of (1 − x)r0. This means the smaller 1 − x the smaller the effective
reproduction rate. If (1 − x)r0 < 1 we have exponential decrease and the virus cannot
spread. Assuming an r0 of 2.5 we need (1 − x) < 1

2.5
for this to happen. This requires

x > 0.6. In other words once 60% of the herd is immune we have exponential decay and
the disease eventually dies out. For measles the basic reproduction number is around 15.
In that case we need 94% of the population immune (vaccinated!) to prevent an outbreak.

https://www.nationaltrust.org.uk/woolsthorpe-manor/features/year-of-wonders
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2.1. Using calculus. Let x(t) be fraction of immune or infected people in the population
at time t. We now also need the fraction of the population y(t) that is either infected or
immune, i.e. that has been infected in the past. As in our exponential growth model we
have the rate of recoveries described by the constant b. We have the system of ordinary
differential equations

dx(t)

dt
= a(1 − y(t))x(t) − bx(t),

dy(t)

dt
= a(1 − y(t))x(t).

The second equation has a term −bx(t) missing since we assume immunity for lifetime.
The initial conditions are x(0) = x0, starting with a certain percentage of infected pop-
ulation. We would then use y(0) = x(0) or y(0) = x(0) + α, where α is the percentage
of the population that is immune by birth. One can also change the second equation and
assume that immunity is lost after some time. We are dealing here with a non-linear sys-
tem. Whereas we might be able to find an analytic solution there is no problem running
this on any laptop. A couple of lines in python with a = 0.2, b = 0.1 and initial conditions
y(0) = x(0) = 0.001, which amounts to a start with 0.1% of the population infected and
immune. I attach the code in the Appendix A so that anybody who wishes can tweak the
parameters or introduce new features.

One can see that a total of 80% of the population gets infected but this depends on the
parameters and on the initial conditions.

We note that the above is a variant of the so-called SIR model, which assumes a reservoir
of susceptible, infected, and recovered. The dynamics between them is described by a

Alexander



BASIC DISEASE DYNAMICS 5

non-linear system of differential equations very similar to the above. One can of course
arbitrarily extend this model by adding the cycle of life (births and deaths) etc. or by
adding a pool of exposed that are in incubation (SEIR model). The mathematical idea
behind all these models is the one described above. One assumes reservoirs for each group
(susceptiple, exposed, infected, recovered, etc.) then expresses the change rate in each of
them in terms of the others. This leads to a first order system of ordinary differential
equations.

There are several webpages available where simulations based on such models can be
run and parameters can be varied. I give two examples for very nice implementations.

• https://neherlab.org/covid19/
• http://gabgoh.github.io/COVID/index.html

3. The straightfoward attack: Iteration without calculus

Instead of using calculus as described above one can also just use iterative methods to
describe the dynamics of an epidemic. We will assume for this that the time-step is one
day. Since people normally sleep at night it makes sense to structure the flow of time that
way. In this section I would like to show how one can run a simulation based on simple
model assumptions. Let me first describe the model. I will try to be close to the COVID-19
outbreak but without overloading the model and trying to keep things as simple as possible.
However, I would like to make it clear that I am not trying to model realistic scenarios.
You will see below that the outcome and the duration of the outbreak is very sensitive to
the model parameters. Circumstances change and this is influenced by the behaviour of
the population. There are also a lot of uncertainties around this virus, for example the
duration for which one acquires immunity after recovery has not been established.
Please do therefore not use this for any predictions about the duration of the
outbreak or how bad it is going to be.

We will assume that xn is the fraction of the population that has become infected with
the virus on day n. There are various different scenarios we would like to take into account
in our model assumptions I will list below.

• We will assume that once infected a person becomes infectious after 1 day, sympto-
matic after 3 − 12 days with a mean of 7.5 days distributed roughly by a binomial
distribution. We will then assume that patients remain infectious for d = 6 days
i.e. after the onset of symptoms or N = 9 days after infection if they remain
asymptomatic.

• We will assume that there is a daily probability of ra to infect someone before
symptoms are present and rs after symptoms present. We will keep this variable,
but one possible choice is ra = 0.3 and rs = 0.1 This amounts to the individuals
self-isolating once symptomatic. There is also a case to be made for the opposite.
People with symptoms sneeze and cough and therefore spread the disease much
more easily. We will not introduce spreaders that are symptomatic and careless
since they have a similar effect as asymptomatic infected individuals.

https://neherlab.org/covid19/
http://gabgoh.github.io/COVID/index.html
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Let me explain the first model assumption a bit. If a person gets infected then at day k he
may develop symptoms. The probability for this will be defined by a binomial distribution
multiplied by ps = 0.9 so that 10% of the cases remain completely unsymptomatic for this
choice of ps. The table below lists the probabilities.

k pk
0, 1, 2 0.0
3, 12 0.00175781
4, 11 0.01582031
5, 10 0.06328125
6, 9 0.14765625
7, 8 0.221484375
> 12 0.0

Time to define our variables. At day n we take sn to be the fraction of infected with
symptoms, an the infected without symptoms, yn the immune or infected, i.e. those that
cannot be infected further. We start at time n = 0, day zero, with x0 = 0.0, a0 = y0 =
0.00001. Now we would like to know how many new infections xn appear on day n on
average. This is computed as follows.

xn = (1 − yn) (rs · sn + ra · an) .

Now it is time to update our an, sn and yn variables:

sn+1 =
N+d∑
k=0

qkxn−k,

an+1 =
N∑
k=0

q̃kxn−k,

yn+1 =
n∑
k=0

xn,

where qk is the probability to be symptomatic after k days and q̃k is the probability to be
asymptomatic after k days of infection. Hence,

qk =
∑

0≤j≤k−d

pj,

q̃k = 1 −
k∑
j=0

pj.

I have programmed this model in python (see Appendix B) and invite the interested
reader to change the parameters to see what effect this has.

Here is the simulation with the above parameters with different values for rs and ra.
For the values rs = 0.2 and ra = 0.3 the simulation peaks at day 80 when 27% of the
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population is symptomatic and finally about 95% of the population get infected. The
initial (exponential) growth rate with these parameters is about 20%.

Figure 1. Simulation with rs = 0.2 and ra = 0.3.

In stark contrast for the values rs = 0.15 and ra = 0.15 for example achieved by
social distancing measures the simulation peaks at day 170 when 8% of the population is
symptomatic and finally about 70% of the population get infected. The initial growth rate
with these parameters is about 10% per day.

Figure 2. Simulation with rs = 0.15 and ra = 0.15.
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Instead of solving an ordinary differential equation (ODE) one can use simple computer
algorithms solving iterative equations. This won’t change the dynamics much and in
practice it does not make a difference. In fact, numerical ODE-solvers break down the
time into smaller intervals and go discrete as well.

I would like to point out that I have assumed mortality to be zero throughout, noting
that a low mortality does not change the dynamics in an essential way.

4. Real world simulations involving population density, networking, and
school closures

While the above model already incorporates a lot of realistic features it does assume
a homogeneous distribution of the virus in the population. This is not realistic since
people interact with others closer to them more than with those that are further away.
This means that there will be clusters of infection that locally follow similar evolutions
with different parameters. One could try to model cities and clusters as new entities
following the above dynamical system and the try to iterate this and let it evolve in its
own right. In that case one would introduce a basic reproduction number for each cluster
(for example a city or a village) and run the simulation again. It is not clear to me
that this introduces a new principle and a new type of dynamics, but it would probably
simply lead to a renormalisation of the model parameters. I comment below in the next
paragraph that therefore model parameters should not be taken literally. Direct modelling
of these situations requires one to work on highly connected graphs, taking into account
population density and other factors. Experts are using such models to make predictions.
An example with this applied to the COVID-19 situation for March 17 2020 can be found
here ([F20]) (see also [H08]) and I would like to also refer to the references in this report
for the model descriptions. Another aspect is a psychological one that takes into account
behavioural changes in a society that slowly gets used to the presence of the disease and
moves on to other topic. I invite the reader to adapt the model above to incorporate this
aspect.

5. General remarks about models

Testing these models with different parameters shows how critically everything depends
on the correct set of parameters. Given how different individuals behave and how complex
life is it is a huge surprise how well the models above describe the actual dynamics of a
disease. They do that however only qualitatively and on average; the actual situation is
much more complex than that. For the reader with a physics background I would like
to stress the analogy with materials. Treating water as a homogeneous fluid with certain
properties is an excellent model when it comes to simple everyday hydrodynamical tasks
such as pouring water from one vessel to another and measuring the volume, or computing
the water pressure at a certain depth. We cannot conclude at all from this that water is
homogeneous, in particular microscopically. In fact we know it is not and on a microscopic
scale this assumption is very wrong. Water consists of many molecules that interact in a

https://www.imperial.ac.uk/media/imperial-college/medicine/sph/ide/gida-fellowships/Imperial-College-COVID19-NPI-modelling-16-03-2020.pdf
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very complicated manner. For example, the water molecule is an electric dipole and there
are therefore electric forces between them. Back to disease dynamics, I would like to give
an example of what one cannot conclude. The model assumptions sometimes take into
account interactions between individuals and neglect them if the contact was less than
a certain time, for example less than 10 minutes. Just because the model describes the
dynamics well does not mean one cannot get infected if one spends less than 10 minutes
with a contagious person. I have read and heard statements like this a couple of times at
the beginning of the outbreak and I think it is pretty obvious that this cannot be correct.
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Appendix A. The python programme used to solve the ODE

import numpy as np

from scipy.integrate import odeint

import matplotlib.pyplot as plt

# the a and b parameters

a=0.2

b=0.1

# simulation runs up to time

endt = 200.0

# function dz/dt

def fun(z,t,u):

x = z[0]

y = z[1]

dx = a*(1.0 - y)*x - b*x

dy = a*(1.0 - y)*x

dz = [dx,dy]

return dz

# initial condition

z0 = [0.001,0.001]

# number of time points

nn = 500

# time points

t = np.linspace(0.0,endt,nn)

# store solution

x = np.empty_like(t)

y = np.empty_like(t)

# initial conditions

x[0] = z0[0]

y[0] = z0[1]

# solve the ODE

for i in range(1,nn):
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# span for next time step

tinterval = [t[i-1],t[i]]

# solve for next step

z = odeint(fun,z0,tinterval,args=(1,))

# assemble in array

x[i] = z[1][0]

y[i] = z[1][1]

# next initial condition

z0 = z[1]

# plot solution

plt.plot(t,x,'b-',label='x(t)')

plt.plot(t,y,'r--',label='y(t)')

plt.ylabel('values')

plt.xlabel('time')

plt.show()

Appendix B. The python code for the iterative model

import matplotlib.pyplot as plt

import numpy as np

from scipy.special import binom

#duration of being infectious if asymptomatic

dur = 8

# duration of symptoms

sdur = 6

#possible start of symptoms

start = 3

# probability of developing symptoms

sp = 0.9

#initial values

a0 = 0.00001

x0 = 0.0

y0 = x0

# Simulation runs for N days

N = 250

# variable definitions is in the main text

ra = .15

rs = .15

# probability distribution to get show symptoms after k days of being infected

# change to adapt
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def p(k):

return sp*binom(dur-start,k-start)*((0.5)**(dur-start))

# probability to be asymptomatic after k days of being infected

def qa(k):

jtable = range(k+1)

qsum=[p(j) for j in jtable]

return 1. - np.sum(qsum)

# probability to be symptomatic or recovered after k days of being infected

def qi(k):

jtable = range(k+1)

qsum=[p(j) for j in jtable]

return np.sum(qsum)

# probability to be symptomatic after k days of being infected

def q(k):

if k > sdur:

return qi(k)-qi(k-sdur)

else:

return qi(k)

# list of days

nl = [0]

# list x

xl = [x0]

# list for a and s, r values

al = [a0]

sl = [0.]

yl = [y0]

n=0

while (n<N+1):

yl.append(sum(xl))

x = (1.0 - yl[n])*(rs*sl[n] + ra*al[n])

# how far we sum depends on how far we are in.

sterms = [ q(k)*xl[n-k] for k in range(min( sdur + dur + 1, n+1)) ]

s = np.sum(sterms)

# and for the a sum
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aterms = [qa(k)*xl[n-k] for k in range(min(dur + 1, n + 1))]

a = sum(aterms)

xl.append(x)

sl.append(s)

al.append(a)

n = n + 1

nl.append(n)

plt.subplot(3, 1, 1)

plt.plot(nl, xl, 'r.-')

plt.title('Result of simulation')

plt.ylabel('infections/d')

plt.subplot(3, 1, 2)

plt.plot(nl, sl, 'b.-')

plt.xlabel('time (s)')

plt.ylabel('symptomatic')

plt.subplot(3, 1, 3)

plt.plot(nl, yl, 'g.-')

plt.xlabel('time (d)')

plt.ylabel('total infected')

plt.show()
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