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1. Philipp Schlicht: Generic and virtual large cardinals

The study of some forms of generic large cardinals goes back to the 70’s with a
focus on precipitous ideals. In a nutshell, the elementary embeddings required for
a large cardinal are only required to exist in some generic extension.

The move to virtual large cardinals was probably in work of Gitman and Schindler
[?], where the key difference between the generics and the virtuals is that in the
virtual case we require that the target model is a subclass of the ground model.

Definition 1.1. A cardinal κ is called
• generically supercompact if for all λ, in some generic extension V [G], there

exists some π : V →M with κ = crit(π) and V [G] |= Mλ ⊆M .
• (Nielsen-S.) generically set-wise supercompact if for all λ, in some generic

extension V [G], there exists some π : HV
λ → M with κ = crit(π) and

V [G] |= Mλ ⊆M .
• virtually supercompact if for all λ, in some generic extension V [G], there

exists some π : V →M with κ = crit(π), M ⊆ V and V |= Mλ ⊆M .

Theorem 1.2 (Gitman-Schindler). Virtually supercompact ⇐⇒ virtually Magidor
supercompact ⇐⇒ remarkable.

It’s known that these cardinals can exist in L. The strength of the existence of
a generically supercompact cardinal is at least that of a measurable cardinal.

Question 1.3. Do generically set-wise supercompact cardinals have the same con-
sistency strength as remarkable cardinals?

One of our motivations to study generically set-wise supercompact cardinals
is to study indestructibility properties of the above notions. These cardinals are
interesting in this respect, since such a cardinal κ is always indestructible under
<κ-directed closed forcing.

2. Andrew Brooke-Taylor: Almost strong compactness

The following large cardinal axioms have arisen naturally in the study of acces-
sible categories and Shelah’s Abstract Elementary Classes (in model theory).

Definition 2.1. Let µ be a regular cardinal and κ a cardinal greater than or equal
to µ.

• κ is strongly compact if every κ-complete filter (on any set) can be extended
to a κ-complete ultrafilter.

• κ is µ-strongly compact if every κ-complete filter (on any set) can be ex-
tended to a µ-complete ultrafilter.
• κ is almost strongly compact if it is ν-strongly compact for every regular
ν < κ.

1



2 OPEN PROBLEMS STUK 3 LEEDS, 3 OCTOBER 2019

Note that there is a completely different meaning of µ-strongly compact used
by some authors when µ ≥ κ (although at least they all agree when µ = κ). The
µ-strongly compact cardinals considered here, for µ ≤ κ, have also been called Lµ,ω-
compact cardinals, because they give the compactness theorem for Lµ,ω analoguous
to that for first order logic.

Observe that if µ ≤ κ ≤ λ and κ is µ-strongly compact then λ is also µ-strongly
compact. Bagaria and Magidor exhibited a model in which the least ℵ1-strongly
compact is singular (although its cofinality is still a measurable cardinal).

Question 2.2. Can you separate almost strong compactness from strong compact-
ness in consistency strength?

In response to clumsy initial attempts at formulating the question, Asaf pointed
out that a singular limit of strongly compact cardinals is almost strongly compact
but not strongly compact; likewise, the successor of a strongly compact cardinal is
a regular almost strongly compact cardinal.
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