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Real World Computing 

• Turing - importance of computer interaction

• New computational paradigms (Grid etc)

• Experimental/ analog computing

• Modelling non-linear natural phenomena

• Key role of imitation in AI



An Improbable Story . . .
• You are having trouble with a math 

problem, and go to your dept. for help

• You knock on Prof.  A’s door 

• Unfortunately Prof.  A has taken early 
retirement - he will never again be at work

• You wait forever . . .

• Your math problem remains unsolved . . . 

The real world?
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Back in the real world
• You knock on Prof.  A’s door 

• Getting no answer, you try Prof. B (at lunch)

• You then move on to Prof. C, who is in her 
office . . . 

• Always helpful and knowledgeable, she gives 
you the information you need, and you 
complete your project . . . 
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★ Compute using an oracle - i.e., call 
deterministically on values of a total 
function

★ Compute using emergent (or enumerated) 
information - i.e., call non-deterministically 
on values of a partial function

Get two different models of relative computability :
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Enumeration reducibilityiv COMPUTABILITY THEORY

Here is a picture:
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By now you should be happy to work with the intuitive notion — but it is
always important to have a precise formal definition in reserve. One was first
provided by Friedberg and Rogers back in 1959.

For this we will need a computable coding 〈n, D〉 of pairs n, D with n ∈
and D a finite subset of — and we can get this, for instance, by computably
listing all finite sets D0, D1, . . . using some coding/Gödel numbering, and then
setting 〈n, Di〉 = 〈n, i〉.

Then:

DEFINITION 0.1.4 (1) An enumeration operator (or e-operator)
Ψ is a c.e. set — where for any A ⊆

n ∈ ΨA
i ⇐⇒ defn (∃ a finite D ⊆ A)[〈n, D〉 ∈ Ψ].

So ΨA = {n | 〈n, D〉 ∈ Ψ for some finite D ⊆ A}.
(2) We say B is enumeration reducible (or e-reducible) to A —

written B ≤e A — if B = ΨA for some enumeration operator Ψ.

If we rewrite Wi = Ψi we immediately get a corresponding listing {Ψi}i∈
of the e-operators — along with computable approximations {Ψi,s}i,s∈ with
all the usual properties.

Notice that we have started using index i in place of e for obvious reasons.
And renaming Wi avoids our confusing ΨA

i with WA
i — closely linked but not

the same object. We do have:
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The link with 
NT-reducibility

Nondeterminism, Enumerations and Polynomial Bounds v

EXAMPLE 0.1.5 Show that if B ≤e A then B is A-c.e.

SOLUTION Say B = ΨA — then

n ∈ B ⇐⇒ n ∈ ΨA

⇐⇒ (∃ a finite D ⊆ A)[〈n, D〉 ∈ Ψ]
⇐⇒ (∃s, i)[Di ⊆ A & 〈n, Di〉 ∈ Ψs].

So B ∈ ΣA
1 by the relativised Post’s Theorem.

But:

EXERCISE 0.1.6 Show that if X ≤e A c.e. then X is c.e.
Deduce that although K is c.e. in K, we do not have K ≤e K.

EXERCISE 0.1.7 Show that X is c.e. if and only if X ≤e K.
Deduce that if we define Ui = ΨK

i , then {Ui}i≥0 is a standard listing of all
c.e. sets.

For the exact relationship between enumeration reducibility and “com-
putably enumerable in”, you will have to wait until later — see Selman’s
Theorem at the end of this section. Just notice for now that ≤e is another
positive reducibility — remember from Remark ?? that ≤m was our first one
— so the reduction X ≤e K cannot depend on information about K.

What is important here is how we reconcile Approaches I and II to extending
Turing reducibility. At the moment the two approaches seem to be talking
about different things. Let us change that. It is easy to see that enumeration
reducibility gives us a natural notion of relative computability between partial
functions. And it is this notion that turns out to be just the same as ≤NT .

THEOREM 0.1.8
Let f, g be partial functions. Then

f ≤NT g ⇐⇒ Graph(f) ≤e Graph(g).

PROOF (sketch) (⇒) Let T be a nondeterministic Turing machine com-
puting f from g. Here is an algorithm for enumerating an e-operator Ψ:

Nondeterminism, Enumerations and Polynomial Bounds iii

(2) Is this intuition borne out? For the classical case — where we do not
care about how much time our computations take — the answer is known.
Here is our analysis:

Assume we are given an oracle for g. We can lay out all possible computa-
tions from a given input relative to g on a computation tree. Each time we
guess, the tree branches into alternative computations — it is a bit like how
alternative histories arise in quantum theory!

If there are no guesses, the tree has just one completely determined g-
computable branch. And we can even arrive at this situation if the tree
itself is g-computable — that is, each computational step in the tree can be
completed immediately without any uncertainty about whether an oracle for
g answers. We just systematically travel round the computation tree in a
completely determined g-computable way, looking for a terminating branch
from which to read off our output. Any such branch gives the correct answer.
If there is a terminating computation, we do eventually find it. The search is
not very efficient maybe, but here we do not care.

When do we get this g-computable computation tree? We certainly do if
there are no questions to the oracle! So:

f is nondeterministically computable ⇐⇒ f is computable.

And the same happens if we do have an oracle, but it always replies.

If g is total, we have f ≤NT g ⇐⇒ f ≤T g.

So in these cases we get nothing new by guessing. The situation is very
different if there are oracles for partial functions involved, as we shall see
later. And if we start caring about efficiency of computations, we get the
famous unsolved problem we alluded to earlier.

APPROACH II — Enumeration reducibility (≤e)

Intuitively:

We want B ≤e A to mean we can computably enumerate the members of
B from an enumeration of the members of A — where this enumeration of
B does not depend on the order in which A is enumerated.

We have in mind the real world where we make scientific calculations ac-
cording to the available data, but where the eventual answers we get do not
depend on the order of discovery of these data.

7



Nondeterminism, Enumerations and Polynomial Bounds vii

COROLLARY 0.1.11
If f and g are total,

Graph(f) ≤e Graph(g) ⇐⇒ f ≤T g.

PROOF By Theorem 0.1.8 we have f ≤NT g ⇐⇒ Graph(f) ≤e Graph(g)
— and in (2) of Remarks 0.1.3 we noted that if g is total, then f ≤NT g ⇐⇒
f ≤T g.

I will leave you to prove a couple of basic properties of e-reducibility, which
should not be unexpected.

EXERCISE 0.1.12 Show that ≤e is (a) reflexive and (b) transitive.

It would be nice to leave you to prove the next fact too — which we promised
earlier — but you will probably need some help:

THEOREM 0.1.13 (Selman’s Theorem, 1971)
For any A, B ⊆

A ≤e B ⇐⇒ ∀X [ B c.e. in X ⇒ A c.e. in X ].

PROOF (sketch) The left-to-right implication I will leave to you.
Conversely, assume that A &≤e B. We will construct a C = ∪s≥0Cs such

that B is c.e. in C but A is not c.e. in C.
We satisfy “B c.e. in C” by imposing an overall requirement

∃〈x, y〉 ∈ C ⇐⇒ x ∈ B (0.1)

for each x ≥ 0. Call a finite D ⊇ Cs admissible if it satisfies Equation (0.1)
with D in place of C, but with the right-to-left half of Equation (0.1) restricted
to x ≤ s (so that the admissible D’s can be enumerated from an enumeration
of B and a finite amount of information about B).

We satisfy A &= WC
s (at stage s+1) by looking for some admissible D ⊇ Cs

with x ∈ WD
s −A. If D exists, choose Cs+1 = D giving A &= WC

s . Otherwise,
either x ∈ A − WD

s for some x, all admissible D (so A &= WC
s again), or

∀x (x ∈ A ⇐⇒ ∃ an admissible D such that x ∈ WD
s ),

giving A ≤e B, a contradiction.
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Nondeterminism, Enumerations and Polynomial Bounds xix

0.3 The Enumeration Degrees and the Natural Embed-
ding of the Turing Degrees

Since — by Exercise 0.1.12 — ≤e is reflexive and transitive, we can use it
to define a degree structure. In fact, there are two such degree structures in
the literature, one on sets, the other on partial functions.

DEFINITION 0.3.1 Let A, B ⊆ .
(1) Define A ≡e B ⇐⇒ defn A ≤e B & B ≤e A.
The enumeration degree — or e-degree, written dege(A) — of A is

dege(A) = defn {X | X ≡e A}.

We define dege(A) ≤dege(B) ⇐⇒ defn A ≤e B.
We write DDDe = defn the set of all e-degrees with the ordering ≤.
(2) The partial degree of a partial function f is

deg(f) = defn {g | Graph(f) ≡e Graph(g)}
= {g | f ≡NT g} (by Theorem 0.1.8).

We write PPP = the set of all partial degrees, with ordering ≤ defined by
deg(f) ≤deg(g) ⇐⇒ defn Graph(f) ≤e Graph(g) ⇐⇒ f ≤NT g.

(3) We say that an e-degree ae is total if there is a total function f with
Graph(f) ∈ ae.

We write TOT = the set of total e-degrees.

EXERCISE 0.3.2 Show that ≤ on DDDe — and hence on PPP also — is a
well-defined partial ordering.

REMARK 0.3.3 For total functions, the definition of deg(f) agrees with
that via ≡T — since for f, g total Corollary 0.1.11 gives

f ≡T g ⇐⇒ Graph(f) ≡e Graph(g)

The following theorem now confirms the naturalness of all these degree
structures. It says that the partial degrees and the e-degrees are just the
same structures, as are the Turing degrees and the total e-degrees — and that
the Turing degrees form a substructure of DDDe.
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The Natural Embedding

Nondeterminism, Enumerations and Polynomial Bounds xxi

The picture we are starting to build up of the noncomputable universe will
be a complex one, but one which keeps on revealing underlying form and
coherence in unexpected and captivating ways.

We have extended “computability in the real world” — that is, computabil-
ity relative to context — in different ways: on the one hand introducing e-
reducibility as a natural alternative to the oracle model, and on the other
allowing nondeterministic computation. And now we see the structures corre-
sponding to these approaches converging in a very satisfying and informative
way:

TOT
∼= DDD

PPP
∼= DDDe

Having extended DDD, our new structures still have many of the basic proper-
ties we found earlier. Obviously part (iv) of Theorem ?? and DDD ∼= TOT ⊆ DDDe

tell us that DDDe is uncountable. Also:

EXERCISE 0.3.5 Let a ∈ DDDe. Show that
(i) a is countably infinite, and
(ii) DDDe(≤ a) is countable.

EXERCISE 0.3.6 Show that DDDe has a least degree 0e consisting of all c.e.
sets.

EXERCISE 0.3.7 Show that PPP has a least degree 0 consisting of all p.c.
functions.
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Extending the Jump 
Operator

xxiv COMPUTABILITY THEORY

GENERAL QUESTIONS

(1) In Exercise 0.3.13 we defined 0′
e = dege(K) = ι(0′) > 0e. Can we

generalise this to get a jump operator on the e-degrees which agrees with
the natural embedding of the Turing jump?

(2) We also found that familiar information content — such as a co-c.e.
or d.c.e. set — made an e-degree total. Can we find a nice information
theoretic characterisation of the total e-degrees?

(3) What about structure? Is DDDe = TOT or ∼= DDD? How do we extend
the methods of Section ?? to DDDe?

(4) What more can we say about the important local structure DDDe(≤ 0′
e)?

How does it relate to the arithmetical hierarchy?

Well, this is a very big topic. But we can get some interesting and attractive
results which will not get us into too much deep water.

The easiest question to answer is the one on the jump. We cannot take the
e-jump to be the e-degree of A′, since we already saw from Example 0.3.12
and Exercise 0.3.13 that we can have A ≡e A′ — this happens for instance if
A ∈ Π1. A′′ does not suffer from this problem. But since A′′ uses negative
information about A, it is not e-invariant — that is, we can have A ≡e B but
A′′ %≡e B′′. So dege(A′′) would not be well defined as a jump on e-degrees.
Here is a good definition:

DEFINITION 0.3.16 Let KA = {x | x ∈ ΨA
x }.

Then the e-jump of a set A is JA
e = defn A ⊕ KA. And the jump of an

e-degree a = dege(A) is defined to be a′ = dege(A ⊕ KA) = dege(JA
e ).

We iterate the jump in the usual way to obtain the nth jump a(n) of a.

EXERCISE 0.3.17 Show that if A ≤e B, then JA
e ≤e JB

e .

Deduce that (i) The e-jump is well defined — that is, if A ≡e B then
JA

e ≡e JB
e .

(ii) The e-jump is order-preserving — that is, if a ≤ b in the e-degrees,
then a′ ≤ b′.

Also, the e-jump does jump:

EXERCISE 0.3.18 Given an e-degree a, show that a < a′.

Nondeterminism, Enumerations and Polynomial Bounds xxv

[Hint: To show that KA !≤e A, assume that KA = ΨA
i for some i ∈ , and

get a contradiction.]

Here is the really essential property of the e-jump:

PROPOSITION 0.3.19
The e-jump agrees with the natural embedding of the Turing jump — that

is, for each A ⊆ we have ι(deg(A′)) = dege(Je(χA)).

PROOF We need to show that Je(χA) ≡e χA′ .

(1) Prove Je(χA) ≤e χA′

Since A,A, KχA are c.e. in A, we have A,A, KχA ≤m A′. So

χA ≤e A′ ≤e χA′ .

Also KχA ≤m A′ gives KχA ≤e A′ ≤e χA′ .
So Je(χA) = χA ⊕ KχA ≤e χA′ .

(2) Prove χA′ ≤e Je(χA)

Since A′ is c.e. in A we have A′ ≤e χA, by Exercise 0.1.14.
To get A′ ≤e KχA we first need:

LEMMA 0.3.20
KχA is ΣA

1 -complete.

PROOF If we can show that KχA is creative relative to A, then the result
follows from the relativised form of Theorem 0.1.14.

The argument turns out to be not much different from that for proving K
creative in the proof of Theorem ??.

It is straightforward to write KχA in ΣA
1 form.

Taking our cue from the proof of Theorem ??, we take the A-creative func-
tion for KχA to be the identity function f : x '→ x.

Let {UA
i }i≥0 be the standard listing of the A-c.e. sets we get from relativis-

ing Exercise 0.1.7.
Assume UA

i ⊆ KχA . Then i !∈ UA
i , since otherwise we would have i ∈

KχA ∩ UA
i , a contradiction. So f(i) = i ∈ KχA − UA

i , as required.
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Local information 
content

xxx COMPUTABILITY THEORY

metical hierarchy to 0e,0′
e,0′′

e , . . . ,0(n)
e , . . . ? Is there an e-version of Post’s

Theorem? Here it is:

THEOREM 0.4.3
For each A ⊆ , n ≥ 0 we have dege(A) ≤ 0(n)

e ⇐⇒ A ∈ Σn+1.

PROOF The most important case is n = 1, telling us that:

DDDe(≤ 0′
e) = the set of all Σ2 e-degrees

I will just prove this special case — leaving you to fill in some messy details
of the full inductive step.

(⇒) Say dege(A) ≤ 0′
e, so that A ≤e K. Let A = ΨK

i . Then

x ∈ A ⇐⇒ x ∈ ΨK
i

⇐⇒ (∃s∗)(∀s > s∗) [ x ∈ ΨK
i [s] ] ∈ Σ2.

(⇐) If A ∈ Σ2, then it is c.e. in K — and so, by the usual argument, is c.e.
in, and hence ≤e, K ⊕ K ∈ 0′

e.

You should now be able to prove:

EXERCISE 0.4.4 Show that there is a non-total e-degree < 0′
e.

[Hint: Verify that there is an oracle from 0′ which enables you to carry out
the construction of the quasi-minimal A in Theorem 0.4.2.]

0.5 The Medvedev Lattice

The enumeration degrees in their turn can be viewed as part of an even
more extensive structure.

Medvedev’s idea back in 1955 was that sometimes one is interested in more
than reducing some particular problem to some other one. Sometimes it made
more sense to see how a whole class of related problems might be reduced to
any representative of another class. His idea has become quite useful in recent
years, even to people who are interested in very basic issues concerning relative
computability.

15



Local forcing

lx COMPUTABILITY THEORY

In 1969 Peter Hinman looked at fragments of full forcing in arithmetic and
found some useful applications. And in 1977 Carl Jockusch gave us the user-
friendly version that we now use all the time.

Jockusch’s definition replaces arithmetical relations with sets of strings. I
will use our usual convention of suppressing the coding in computing relative
to strings. In this case it means we can use {Wi}i≥0 as a standard listing of
c.e. sets of strings, with all the usual properties.

DEFINITION 0.9.1 (1) We say A ⊆ is 1-generic if for every c.e.
set X of strings, either

(a) (∃τ ⊂ A) [ τ ∈ X ], or
(b) (∃τ ⊂ A)(∀σ ⊇ τ) [ σ '∈ X ].
We say A — and any τ ′ ⊇ such a τ — forces X. We write A X —

or τ ′ X — as appropriate.

(2) We say a is 1-generic if a contains a 1-generic A.

REMARK 0.9.2 In general we can define n-generic in the same way. We
just make the set X in the above definition Σn instead of Σ1.

Of course, the bigger the n in the definition, the more powerful the forcing
notion — but the less constructive the n-generic sets. It turns out that 1-
genericity is already powerful enough to capture all the Kleene–Post type
constructions we introduced in Chapter ??. And it does come with some
genuinely local generic sets.

Although the definition above looks a little different from Definition 0.7.1,
you will not be surprised by:

EXERCISE 0.9.3 Show that every generic set is n-generic, each n ≥ 1.
[Hint: For n = 1 show that for each c.e. X the class of sets A satisfying (a)
or (b) of Definition 0.9.1 is arithmetical and hence is forced by S — in the
right way! ]

If you find Definition 0.9.1 a little abstract, here is a picture to keep in
mind.

I have displayed the strings in a natural way on a tree (all my trees grow
upwards by the way). The boxed nodes correspond to strings which — in
this example — are in the c.e. set X we are trying to force. I have tried to
illustrate how a set A — corresponding to an infinite path through the tree —
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can avoid being 1-generic. To do this it must avoid strings satisfying clause
(a) of Definition 0.9.1, but without ever giving up (a) as an option, and ending
in clause (b).

∅

10

∈X00 01 10 ∈X 11

∈X000 001

∈X

∈X

∈X

avoiding being
1-generic

possible τ
satisfying (b)

possible τ
satisfying (a)

A

This next basic result corresponding to Feferman’s Theorem 0.7.2 gives us
a bound on the 1-generic set.

THEOREM 0.9.4 (The Existence Theorem for 1-Generic Sets)
There exists a 1-generic set A ≤T ∅′.

PROOF We construct strings σ0 ⊂ σ1 ⊂ . . . ⊂ A =
⋃

i≥0

σi so that for each

i ≥ 0 we have σi+1 Wi.
The idea is that at stage i+1 of the construction σi+1 grabs a string in Wi

if it possibly can — and if it cannot it blames σi for already having satisfied
clause (b) of the definition of forcing Wi.

17
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A simple example
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want to build a set with that property — here is one I made earlier, it is called
a 1-generic set.” The only tricky part is to find the right c.e. set X to force
to get the property wanted.

EXAMPLE 0.9.6 Show that if A is 1-generic then A is not computable.

SOLUTION Define X = {σ | ϕi and σ disagree on some argument y}.
Then

σ ∈ X ⇐⇒ (∃s, y)[ y < |σ | & ϕi,s(y) ↓&= σ(y)
︸ ︷︷ ︸

computable relation

],

so X ∈ Σ1 and so is c.e.
This means that if A is 1-generic A X. So by Definition 0.9.1 there is a

τ ⊂ A such that τ X.
Case (a). τ ∈ X — then τ(y) &= ϕi(y) some y < |τ | . So A &= ϕi since

τ ⊂ A.
Case (b). For all σ ⊃ τ we have σ &∈ X. But then we cannot have

ϕ( |τ | ) ↓, since otherwise

σ = τ!(1 ···−ϕi( |τ | )) ∈ X.

So ϕ is not total and so cannot be the characteristic function of A.

We can prove a lot more. Just to illustrate the power of the technique, let
us reframe and extend the proof of Theorem ?? using the forcing method.

THEOREM 0.9.7
If a is 1-generic, then there exist incomparable degrees a0,a1 < a such that
a0 ∪ a1 = a.

PROOF We first need to decide how we will use a single 1-generic set
A ∈ a to give us two sets A0 and A1 such that A0 &≤T A1 and A1 &≤T A0.

What we do is take A0 = {x | 2x ∈ A}, A1 = {x | 2x + 1 ∈ A} — that is,
A = A0 ⊕ A1.
Notation: Given σ ∈ 2<ω, we can write σ = σ0 ⊕ σ1, where σ0(x) = σ(2x)
for 2x < |σ | , and σ1(x) = σ(2x + 1) for 2x + 1 < |σ | .

A look at the proof of Theorem ?? should make some sense of the choice of

X = {σ | (∃x < |σ0 |)[ Φσ1
i (x) ↓&= σ0(x) ]}

        Show that no 1-generic A is computable.
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Forcing in the Turing and 
enumeration degrees

If a Turing degree a contains a 1-generic set 
we say a is 1-generic

      If an enumeration degree a contains a 1-generic 
set we say a is set 1-generic

20



Forcing partial functions
(mainly Case 1971, and Copestake 1988)

Forcing and Category lxix

EXERCISE 0.9.23 Show that if ae ∈ DDDe is set 1-generic, then ae is quasi-
minimal.

But when we say that an e-degree is plain 1-generic, we actually mean
something different. There is a notion of forcing specifically geared to partial
functions, first used by John Case. It is most conveniently defined first for
the partial degrees. The first adjustment we need to make is to the kind of
strings we force with, and the inclusion relation between them.

DEFINITION 0.9.24 (1) A partial string σ is a finite sequence of
symbols from ∪ {↑}. We write S∗ = ( ∪ {↑})<ω for the set of all partial
strings.

(2) We say τ ∈ S∗ functionally extends σ — written σ⊆⊆⊆τ — if

∀x < |σ | [τ(x) = σ(x) ∨ σ(x) =↑ ].

The intended interpretation of τ(x) = ↑ is of course τ(x) ↑. In particular,
we identify a function f ∈ {1, ↑}ω with the semicharacteristic function we get
by making f(x) ↑ for each x ∈ f−1(↑). We also notice that the definition of
σ⊆⊆⊆τ is in keeping with the usual definition of f ⊆ g between partial functions.
For consistency, we define the domain Dom(τ) of τ to be the set of x < |τ |
for which τ(x) '= ↑.

Most of what follows is due to Kate Copestake from 1988.

DEFINITION 0.9.25 A partial function ψ ∈ ( ∪ {↑})ω is 1-generic if
for every c.e. set X ⊆ S∗, either

(a) (∃σ⊂⊂⊂ψ) [ σ ∈ X ], or
(b) (∃σ⊂⊂⊂ψ)(∀τ ∈ S∗) [ σ⊆⊆⊆τ ⇒ τ '∈ X ].
A partial degree, or e-degree, a is 1-generic if there is a 1-generic ψ ∈ a.

Much of the basic development goes as expected.

EXERCISE 0.9.26 Show that there exists a 1-generic ψ of e-degree ≤ 0′
e.

Such a 1-generic ψ is not total, of course.

EXERCISE 0.9.27 Show that every 1-generic e-degree is quasi-minimal.
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Does set 1-generic = 
generic for e-degrees?

lxx COMPUTABILITY THEORY

[Hint: Ask the 1-generic ψ to force the c.e. sets of partial strings of the form

Xi = {σ ∈ S∗ | (∃x, y1 #= y2) [ 〈x, y1〉, 〈x, y2〉 ∈ Ψσ
i ] },

with the intention of forcing Ψψ
i to not be the coded graph of a function (by

making Ψψ
i not single-valued).]

Here is something a little new.

EXERCISE 0.9.28 Show that if the partial function ψ is 1-generic, then
it has no p.c. extension.
[Hint: Ask ψ to force each set Xi ⊆ S∗ given by

τ ∈ X ⇐⇒ (∃x < |τ |) [ ϕi(x) ↓#= τ(x) ]. ]

Again, we can get a notion of n-generic by just replacing the c.e. set X in
Definition 0.9.25 by an X ∈ Σn. And we can prove similar properties:

EXERCISE 0.9.29 Show that if ψ is n-generic then Graph(ψ) does not
contain an infinite Σn subset.

Deduce that there is no (n + 1)-generic e-degree below 0(n)
e .

[Hint: Use Theorem 0.4.3.]

By now you are asking why we bother with two different notions of gener-
icity for the e-degrees — although they look different, they surely lead to the
same set of e-degrees? Well, that is the surprising thing — 1-generic e-degrees
are never set 1-generic. This follows from the next three exercises. I have put
them in ascending order of difficulty.

EXERCISE 0.9.30 Show that if ψ is 1-generic then Dom(ψ) <e ψ.

[Hint: To show ψ #= ΨDom(ψ)
i for any i, ask ψ to force each Xi ⊆ S∗ given by

τ ∈ Xi ⇐⇒ (∃x < |τ | , y) [ τ(x) #= y & 〈x, y〉 ∈ ΨDom(τ)
i ]. ]

EXERCISE 0.9.31 Show that if A is a 1-generic set and ψ <e A, then ψ
has a p.c. extension and so is not 1-generic.
[Hint: Ask A to force the set Xi of binary strings given by

τ ∈ Xi ⇐⇒ (∃x, y, z) [ 〈x, y〉, 〈x, z〉 ∈ Ψτ+

i & y #= z ]. ]

First notice

So - no 1-generic function can be p.c.               

lxx COMPUTABILITY THEORY

[Hint: Ask the 1-generic ψ to force the c.e. sets of partial strings of the form

Xi = {σ ∈ S∗ | (∃x, y1 #= y2) [ 〈x, y1〉, 〈x, y2〉 ∈ Ψσ
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with the intention of forcing Ψψ
i to not be the coded graph of a function (by
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i not single-valued).]
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EXERCISE 0.9.29 Show that if ψ is n-generic then Graph(ψ) does not
contain an infinite Σn subset.

Deduce that there is no (n + 1)-generic e-degree below 0(n)
e .

[Hint: Use Theorem 0.4.3.]

By now you are asking why we bother with two different notions of gener-
icity for the e-degrees — although they look different, they surely lead to the
same set of e-degrees? Well, that is the surprising thing — 1-generic e-degrees
are never set 1-generic. This follows from the next three exercises. I have put
them in ascending order of difficulty.

EXERCISE 0.9.30 Show that if ψ is 1-generic then Dom(ψ) <e ψ.

[Hint: To show ψ #= ΨDom(ψ)
i for any i, ask ψ to force each Xi ⊆ S∗ given by

τ ∈ Xi ⇐⇒ (∃x < |τ | , y) [ τ(x) #= y & 〈x, y〉 ∈ ΨDom(τ)
i ]. ]

EXERCISE 0.9.31 Show that if A is a 1-generic set and ψ <e A, then ψ
has a p.c. extension and so is not 1-generic.
[Hint: Ask A to force the set Xi of binary strings given by

τ ∈ Xi ⇐⇒ (∃x, y, z) [ 〈x, y〉, 〈x, z〉 ∈ Ψτ+

i & y #= z ]. ]

In fact  . . . 
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Also 
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EXERCISE 0.9.32 Show that A is an n-generic set ⇐⇒ A = Dom(ψ)
for some n-generic function ψ.
[Hint: (⇐) Assume A does not force some Σn set X ∈ 2ω, and show ψ does
not force X̂ = {τ ∈ S∗ | Dom(τ) ∈ X}, where Dom(τ) = χDom(τ) |τ | .

(⇒) Given A n-generic, build ψ as the union of partial strings ψi forcing
the ith Σn set of partial strings, with A = Dom(ψ). ]

The following corollary summarises what we have proved:

COROLLARY 0.9.33 (Copestake,1988)
Every 1-generic e-degree a bounds a set 1-generic b < a, where no c ≤ b

is 1-generic.

PROOF Say we have ψ ∈ a which is 1-generic.
By Exercise 0.9.30 we have a b = dege(Dom(ψ)) < a — and by Exercise

0.9.32 b is set 1-generic.
Now if c ≤ b, c cannot be 1-generic by Exercise 0.9.31.

EXERCISE 0.9.34 Show that the set of total e-degrees is meager.
[Hint: Show that TOT is arithmetical and contains no e-degree of a generic
set.]

 And  
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EXERCISE 0.9.32 Show that A is an n-generic set ⇐⇒ A = Dom(ψ)
for some n-generic function ψ.
[Hint: (⇐) Assume A does not force some Σn set X ∈ 2ω, and show ψ does
not force X̂ = {τ ∈ S∗ | Dom(τ) ∈ X}, where Dom(τ) = χDom(τ) |τ | .

(⇒) Given A n-generic, build ψ as the union of partial strings ψi forcing
the ith Σn set of partial strings, with A = Dom(ψ). ]

The following corollary summarises what we have proved:

COROLLARY 0.9.33 (Copestake,1988)
Every 1-generic e-degree a bounds a set 1-generic b < a, where no c ≤ b

is 1-generic.

PROOF Say we have ψ ∈ a which is 1-generic.
By Exercise 0.9.30 we have a b = dege(Dom(ψ)) < a — and by Exercise

0.9.32 b is set 1-generic.
Now if c ≤ b, c cannot be 1-generic by Exercise 0.9.31.

EXERCISE 0.9.34 Show that the set of total e-degrees is meager.
[Hint: Show that TOT is arithmetical and contains no e-degree of a generic
set.]

So . . .  set 1-generic e-degrees are never generic! 
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Copestake’s basics
17

Corresponding to Definition 4.2 we have the parallel definitions of n -generic set
(as in [Jo80] or [Le83]) and set n -generic e-degree.

Theorem 4.5 (Copestake [Cope88]).
(1) There exists an n -generic e-degree below 0(n) for each n ≥ 1 .
(2) There is no (n + 1) -generic e-degree below 0(n) , any n ≥ 1 .
(3) Every 1 -generic e-degree is quasi-minimal.
(4) Every 2 -generic e-degree bounds a minimal pair of e-degrees.
(5) If a is a 1 -generic e-degree then every r.e. partial ordering can be embedded

below a (in the 1 -generic degrees below a).
(All results holding with ‘set n -generic’ in place of ‘n -generic’).

Proof. (1) follows from an examination of the standard existence proof for generic func-
tions.

For (2), follow the proof of Theorem 4.3, part (1), in showing that if ϕ is n -generic
then graph(ϕ) contains no infinite Σn subset, and graph(ϕ) contains no infinite single-
valued Σn subset. Then the result follows since ϕ ≤e φ(n) ⇒ ϕ ∈ Σn+1 .

An examination of the proof of Theorem 3.3 shows that a 1-generic set suffices to
replicate the finite extension argument required, which gives (3).

For (4), we need only notice that the set R of strings in the proof of Theorem 4.3,
part (5), is Σ2 .

Finally, considering Theorem 4.3, part (6), we see that the proof can be adapted
to show that if ϕ is n -generic then the recursive decomposition {ϕi}i∈ω gives an e-
independent set of n -generic functions. Then (5) follows using the case n = 1 with the
Kleene-Post embedding argument mentioned previously. %&

In contrast to part (4) of Theorem 4.5, Copestake [Copeta2] shows, using an infinite
injury priority construction, that there is a 1-generic e-degree below 000′ which bounds
no minimal pair of e-degrees. Jockusch has observed that the direct construction of a
minimal pair dege(A), dege(B) is actually more easily achieved when one of the sets
A or B is given (so every non-zero e-degree is cappable, despite, as we shall see below,
the non-existence of minimal e-degrees). The Jockusch technique occurs in the proof of
the Exact Pair Theorem below.

Structural results obtained by the methods of Theorem 4.5 fairly easily relativise to
DDDe(≥ d) , any given d . This is not possible in general (unlike for the Turing degrees),
as the e-reducibility of D ∈ d to the sets constructed must be independent of the
particular construction used. See Rozinas [Roz78a] for details of the relativisation of
the minimal pair construction, and [MC85] for further results using these techniques,
such as (∀b)(∀d)[d < b ⇒ (∃a > d)a ∩ b = d] and a correct proof of the:

Exact Pair Theorem 4.6 (Case [Ca71]). Given a countable ideal {b0,b1, . . .} of
e-degrees, there exist degrees a and b such that:

(i) For every n , bn < a,b , and
(ii) If d ≤ a,b then for some n , d ≤ bn .

Proof. Similar to Spector’s proof [Sp56] for the Turing degrees. Let Bn ∈ bn for each
n and define B by 〈k, n〉 ∈ B ⇔ k ∈ Bn , each n, k . In the same way we ensure

        And all results hold with ‘set 1-generic’ in place 
of ‘1-generic’
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Comparing 1-generic 
Turing and e-degrees
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Surprisingly, one can get a converse to this theorem — A is 1-generic if and
only if A forces its jump.

We now discover how far 0′ is from being 1-generic:

COROLLARY 0.9.18
Every 1-generic a is generalised low.

In particular, all the 1-generic degrees ≤ 0′ are low.

PROOF If A ∈ a is 1-generic, then Theorem 0.9.17 tells us A forces its
jump — in which case Lemma 0.9.16 makes a generalised low.

Now say a ≤ 0′. Then a′ = a ∪ 0′ = 0′, so a is low.

This corollary suggests that the structure of DDD(≤ 0′) is very rich, even at
the level of the low degrees.

EXERCISE 0.9.19 Show that no degree ≥ 0′ can be 1-generic.

What can we do with 2-generic sets that we cannot do with 1-generic sets?
Quite a lot it turns out. I will give just one example.

THEOREM 0.9.20
If a is 2-generic, there is a minimal pair a0,a1 < a.

PROOF Let A = A0 ⊕ A1 where A ∈ a is 2-generic.
Since A is also 1-generic, of course, we have by the proof of Theorem 0.9.7

that A0, A1 are Turing incomparable, so not computable. We just need to
show A0, A1 satisfies the additional requirements:

Ri : If ΦA0
i = ΘA1

i then ΦA0
i is computable,

where {Φi, Θi}i≥0 is a standard list of all pairs of p.c. functionals.
Here is the cleverly designed set we need A to force:

Xi = {σ | (∃x) [ Φσ0
i (x) ↓(= Θσ1

i (x) ↓ ] }
= {σ | (∃x)(∀s) [ Φσ0

i,s(x) ↓(= Θσ1
i,s(x) ↓ ] }.

Clearly Xi ∈ Σ2, so A Xi. So there is some least σ ⊂ A with σ Xi.

Case I. σ ∈ Xi.

For the Turing case 

But (C, Li, Sorbi and Yang/ Copestake)

there exists a set 1-generic e-degree which bounds no 
minimal pair . . . and hence is not low.
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Questions
      Characterise the jumps of the (set) 1-generic e-
degrees below 0’

      Are e-degrees of 1-generic sets (below 0’) 
closed downwards?

      Are the e-degrees of 1-generic sets (below 0’) 
definable?
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Thank you!


