enericity and
‘enumeration reducibility




Real World Computing

® T[uring - importance of computer interaction

® New computational paradigms (Grid etc)
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An Improbable Story ...

® You are having trouble with a math
problem, and go to your dept. for help

® You knock on Prof. A’s door

® Unfortunately Prof. A has taken early
retirement - he will never again be at work

® You wait forever ...

® Your math problem remains unsolved ...



Back in the real world

You knock on Prof. A’s door
Getting no answer, you try Prof. B (at lunch)

You then move on to Prof. C, who is in her
office ...

Always helpful and knowledgeable, she gives
you the information you need, and you
complete your project...



Get two different models of relative computability :

* Compute using an oracle - i.e., call
determlnlstlcally on values of a total
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Enumeration reducibility

: ><ﬂoutput .\algorlthm |

™,

cB c A

enumerated in

in some order
any order

® nc V! — 4o (3 afinite D C A)[(n, D) € U].




The link with
N I-reducibility

It g is total, we have f <y 9 <= f <7 g.

THEOREM
Let f, g be partial functions. Then

f <yr 9 < Graph(f) <. Graph(g).




THEOREM (Selman’s Theorem, 1971)
For any A, B C NN

‘ A<, B < VX[Bce. in X = Ace. in X].

PROOF (sketch) The left-to-right implication I will leave to you.

Conversely, assume that A £, B. We will construct a C' = Us>oC5 such
that B is c.e. in C but A is not c.e. in C.
We satisty “B c.e. in C” by imposing an overall requirement

Hx,y) e C < x€B (0.1)

for each « > 0. Call a finite D O C admissible if it satisfies Equation (0.1)
with D in place of C', but with the right-to-left half of Equation (0.1) restricted
to z < s (so that the admissible D’s can be enumerated from an enumeration
of B and a finite amount of information about B).

We satisfy A # W (at stage s+ 1) by looking for some admissible D D C,
with x € WP — A. If D exists, choose Csy1 = D giving A # WC. Otherwise,
either z € A — WP for some x, all admissible D (so A # WS again), or

Vz (r € A <= 3 an admissible D such that = € W),

giving A <. B, a contradiction.




‘DeﬁneAEeB <— getmn A <. B& B <, A.

The enumeration degree — or e-degree, written deg.(A) — of A is

dege(A) =gem {X | X = A}.

We define deg.(A) <dege(B) <= qetn A <¢ B.
We write Do = getn the set of all e-degrees with the ordering <.




‘ The partial degree of a partial function f is

deg(f) =dem {g | Graph(f) =, Graph(g)}
={9|f=nT 9}

We write P = the set of all partial degrees, with ordering < defined by
deg(f) <deg(g) <= detn Graph(f) <. Graph(g) <= f <yr g




‘ We say that an e-degree a. is total if there is a total function f with
Graph(f) € a..

We write TOT = the set of total e-degrees.




The Natural Embedding




Extending the Jump
Operator

Let Ky = {x |z € U},

Then the e-jump of a set A is J& = gemm A D FA._And the jump of an
e-degree a = deg,(A) is defined to be a’ = deg.(A ® K 4) = deg.(J?).

We iterate the jump in the usual way to obtain the n*™ jump a™ of a.




Extending the Jump
Operator

Let Ky = {x |z € U},

Then the e-jump of a set A is J& = gemm A D FA._And the jump of an
e-degree a = deg,(A) is defined to be a’ = deg.(A ® K 4) = deg.(J?).

We iterate the jump in the usual way to obtain the n*™ jump a™ of a.

PROPOSITION
The e-jump agrees with the natural embedding of the Turing jump — that
is, for each A C N we have L(deg(A/)) — dege(Je (XA>)'




| ocal information
content

THEOREM
For each A CIN,n >0 we have deg.(A) < Oén) = A€V, .

‘ The most important case is n = 1, telling us that:

D.(<0)) = the set of all Xy e-degrees




Local forcing

DEFINITION ® v say A C N is 1-generic if for every c.e.
set X of strings, either

() (IrCA)[TeX], or
(b) (IrCA)(NVoD7)|lo¢ X].

We say A — and any 7" O such a 7 — forces X. We write AIF X —
or 7 IF X — as appropriate.




avoiding being
) -‘-’/’\\ .
e —_ 1-generic

possible T possible T
satisfying (a) satisfying (b)




n-generics are easy to
build using an oracle

THEOREM (The Existence Theorem for 1-Generic Sets)
There exists a 1-generic set A <, .

PROOF We construct strings og Co; C ... C A= U o; so that for each
i>0
1 > 0 we have 0,41 IF W,.
The idea is that at stage ¢ + 1 of the construction ;11 grabs a string in W

if it possibly can — and if it cannot it blames o; for already having satisfied
clause (b) of the definition of forcing W;.




A simple example

SOLUTION Define X = {0 | ¢; and o disagree on some argument y}.
Then

o€ X <— (Hs,y)[y< 0| & @i s(y) | F# U(HZL

~~

computable relation

so X € >4 and so is c.e.
This means that if A is 1-generic A |F X. So by Definition 0.9.1 there is a
T C A such that 7 IF X.

Case (a). 7 € X — then 7(y) # ¢;(y) some y < |7|. So A # ; since
T C A.

Case (b). For all o D 7 we have ¢ ¢ X. But then we cannot have
o(|7]) |, since otherwise

o=1"(1=pi(|7])) € X.

So ¢ is not total and so cannot be the characteristic function of A.




Forcing in the Turing and
enumeration degrees

If a Turing degree @ contains a |-generic set
we say < is |-generic

If an enumeration degree = contains a |-generic
set we say  is set |-generic

20



Forcing partial functions
(mainly Case 1971,and Copestake |1988)

» A partial string o is a finite sequence of
symbols from NU{1}. We write S* = (NU{1})<¥ for the set of all partial
strings.

DEFINITION A partial function ¢ € (NU{T})* is 1-generic if

for every c.e. set X C S*, either
(a) (3oCy)|oe X], or
(b) (FoCy)(VT € S*)[cCT=7¢ X|.

A partial degree, or e-degree, a is 1-generic if there is a 1-generic 1 € a.

21



Does set |-generic =
generic for e-degrees!

First notice if the partial function 1 is 1-generic, then

it has no p.c. extension.

‘ Ask 1) to force each set X; C S* given by

reX < (Fr<|7|)[wilz) |#7(x)].

So - no |-generic function can be p.c.

In fact ...

if Y is n-generic then Graph(y) does not
contain an infinite Y., subset.

there is no (n + 1)-generic e-degree below o™,




if ¥ is 1-generic then Dom() <. 1.
‘ To show 1) # \Il?om(w) for any 7, ask 1 to force each X; C §* given by

reX, <= Gu<|r],y) (@) £y & (x,y) € W]

» if A is a I-generic set and ¥ <, A, then 1

has a p.c. extension and so is not 1-generic.
‘ Ask A to force the set X; of binary strings given by

Te X, < (Ar,y,2)[{(x,y),{x,z) € \I!f &y # 2]
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A is an n-generic set <= A = Dom(v))

for some n-generic function 1.

@® (<) Assume A does not force some X, set X € 2, and show 1 does
not force X = {r € S* | Dom(7) € X}, where Dom(7) = X Dom(r) | [T
(=) Given A n-generic, build v as the union of partial strings v; forcing
the i*® 3, set of partial strings, with A = Dom()).

So ... set |-generic e-degrees are generic!

COROLLARY » (Copestake,1988)

Every 1-generic e-degree a bounds a set 1-generic b < a, where noc < b
15 1-generic.




Copestake’s basics

below a (in the 1-generic degrees below a ).

And all results hold with ‘set |-generic’ in place
of ‘| -generic’

25



Comparing |-generic
Turing and e-degrees

For the Turing case

Ewvery 1-generic a 1s generalised low.

In particular, all the 1-generic degrees < 0’ are low.

But (C, Li, Sorbi and Yang/ Copestake)

there exists a set |-generic e-degree which bounds no
minimal pair ...and hence is not low.
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Questions

@ Characterise the jumps of the (set) |-generic e-
degrees below 0’







