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ABSTRACT. We discuss the relationship between discontinuity and de-
finability in the Turing degrees, with particular reference to degree in-
variant solutions to Post’s Problem. Proofs of new results concerning
definability in lower cones are outlined.

1. Introduction

The work of Godel [1931], [1934], Turing [1936], Church [1936] and
others in the 1930’s showed that in mathematics many basic decision
problems can be reduced to those for particular noncomputable, com-
putably enumerable (c.e.) sets. However (see for example Myhill [1955])
particular examples tend to lie in 0’ (the Turing degree of first-order
Peano arithmetic and of the halting problem for Turing machines). So it
was natural to ask whether there are other c.e. degrees > 0 (the degree
of the computable sets).
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1.1 Post’s PROBLEM [1944]. Does there exist a property P of (indices)
of c.e. sets such that

ecP=0<p W, <p0?

(See Soare [1987] or Odifreddi [1989] for basic terminology and notation.)

An affirmative answer to this question was independently provided
by Friedberg [1957] and Mucnik [1956]. But the property P was not
of the form originally envisaged by Post, P(e) saying “e is the index
corresponding to a particular finite-injury priority construction”. So the
question arises as to how natural a property we can expect P to be.
That is, given that the Friedberg-Mucnik theorem shows the existence
of intermediate c.e. degrees, does there exist a description of such a class
of degrees which invests them with more than a pathological significance?

One may distinguish three current criteria for describing P to be
‘natural’:

(a) P might be of the form “e is the index of a particular naturally

occuring c.e. set”. That is, P might show some naturally oc-

curing class of sets in mathematics to have members of intermediate c.e.
degree.

There are some striking results in this direction. Feferman [1957]
showed that every c.e. degree contains a formal system (which, by
Shoenfield [1958], can be chosen to be essentially undecidable), and even
(Hanf [1965]) contains a finitely axiomatisable first-order theory. Every
consistently axiomatisable theory has a model of degree < 0" (Shoen-
field [1960]). Matijasevic [1970] et al, in solving Hilbert’s tenth problem,
showed that every c.e. set is diophantine.

(b) The description P may in itself may be particularly simple or
natural in form (that is, a P in the spirit of Post’s original
question).

The first such example is due to Marchenkov [1976], followed by other
increasingly convincing solutions to Post’s problem in its original form.
Most conclusive is the Harrington-Soare [1991] description of such a P
in the theory of the lattice of c.e. sets.
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Finally, extending criterion (b) to include descriptions of P framed
within the language of computability theory itself:

(c) P may be recursion theoretically robust.

There are two closely related open questions with claims to provide
such a property P.

1.2 QUESTION (SACKS [1967]). Is there a degree invariant solution to
Post’s problem? That is, is there an index e such that for any A, B C w
we have

A<y WA <p A
and

A=r B= WA= W5?

1.3 QUESTION (SLAMAN, see Sacks [1985]). Is there an intermediate
c.e. a which is definable (in the language of the theory of C)?

A positive solution to Sacks’ longstanding question would be provided
by any relativisable construction of a definable intermediate c.e. a. Of
course, there are definitions of a outside the theory of C which would
suffice for 1.2.

Sacks’ question is not just of interest to computability theorists, but
is closely connected to two very general conjectures in set theory (see
Slaman [ta]).

Let F be the class of all degree invariant functions from 2“ to 2%,
with the ordering <j,; given by:

f<umge 3X)VY 2r X)[f(Y) <rg(Y)].
(That is, f <pr g if f <p g a.e.)

1.4 MARTIN’S CONJECTURE. Assume AD. Then

(a) If f Z2pr id then f is constant a.e.
(b) On those elements of F which are >, id, <j; is a quasi-
wellordering with successor equal to the Turing jump.
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We say that a Borel equivalence relation U on Polish spaces, with
countable equivalence classes, is universal if and only if for every other
such equivalence relation FE there is a Borel function f such that for all
x and y

r~pys f(x)~v fy)

1.5 KECHRIS’'S CONJECTURE. =7 is universal.

Slaman and Steel [1988] have shown that arithmetic equivalence is
universal. Roughly speaking, Martin’s conjecture says that (assuming
AD) the only nontrivial, definable, degree invariant operators are the
known jump operators and their iterates. It implies the failure Kechris’s
conjecture and (in particular) a negative answer to Sack’s question.

We note that for a given index e, any counterexample A, B to 1.2
may have to be quite complicated.

1.6 THEOREM (SLAMAN AND STEEL, unpublished). There is an index
e such that for any A, B € AY we have

A<p WA <p A
and
A=r B=WA = Wr

Also, Lachlan [1975a] showed that there is no index e as in ques-
tion 1.2 for which the Turing reductions between WA and W2 can be
obtained uniformly from those for the reductions between A and B.

Any discussion of definability of computably enumerable Turing
degrees is incomplete without some mention of the notion of bi-
interpretability. The Bi-Interpretability Conjecture for C (due to Har-
rington and Slaman) posits the existence of a kind of pseudo-isomorphism
between w (the standard model of first-order arithmetic) and C, suffi-
cient to invest C with some familiar properties of w (such as rigidity,
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definability of arithmetically describable sets — in particular, of all indi-
vidual members of the domain). Roughly speaking, a bi-interpretation
between w and C consists of:

(1) A coding of w into C (involving specifying a collection of c.e.
degrees, and relations on those degrees which represent addition
and multiplication),

(2) A mapping of each = € C to an index e for a representative W,
of x, and

(3) A uniform definition in C of the relationship between any x and
the code of the index e for the representative W, of x.

The best result in this direction so far is:

1.7 THEOREM (HARRINGTON AND SLAMAN). Th(C) =1_1 the first-
order theory of w (and so € 0+) ),

Unfortunately, a proof of bi-interpretability would not necessarily
solve question 1.3 so as to give a degree invariant solution to Post’s
problem. The definition of any intermediate c.e. degree x would just
describe (degree theoretically) the index e for W, € x, and requiring
this to give us a relativisable definition of an intermediate c.e. degree
effectively returns us to the original question.

2. Continuity in C

A first step in the search for a natural definition of a singleton in C
must be to consider questions of the form:

e Is there a definable P C C — {0,0'} with a least or greatest
member? Or even:
e Is there such a P with minimal or maximal elements?

In doing this one must take account of known continuity properties
of C.

Let F(xz,y) be a formula in the language £ for (C,<,U,N,0,0’).
The strongest such continuity notion (see Harrington and Soare [ta]) is:

2.1 DEFINITION. If a,b € C, we say F(x,y) holds in a neighbourhood
of a,b if there exist c.e. degrees agp,a;,bg,b; with a € (ag,a;) and
b € (bg,b;) such that F(x,y) holds for all c.e. x € (ap,a;) and

y € (b07b1> .
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Then:

2.2 THEOREM (HARRINGTON-SOARE). Let F(x,y) be any open formula
of L with two variables, such that F(a,b) holds for c.e. degrees a # b.
Then F(x,y) holds in a neighbourhood of a,b.

PROOF. This reduces to considering four basic cases:

1) If F(x,y) says that 0 < x <y < 0, then the required intervals
(ag,a1), (bg,by) are easily got via the Sacks [1964] Density
Theorem.

2) F(x,y) says that x,y form a minimal pair (with x Uy < 0’

by the Lachlan [1966] Nondiamond Theorem). Then the result

follows using the Harrington-Soare [ta] ‘continuity of capping’ theorem
to get ai, b; and Sacks Density to get ag, bg.

3) F(x,y) says that x,y form a splitting of 0’. This is the dual
of case 2, here using the ‘continuity of cupping’ result of Ambos-
Spies, Lachlan and Soare [ta].

4) F(x,y) says x |y with xUy # 0’ and xNy # 0. In this case,

one gets ag, by by applying the Robinson [1971] Low Splitting
Theorem to a and b over some low d > 0, incorporating avoidance of
the appropriate lower cone below a or b. And then get a;,b; by the
Robinson [1971] extension of Sacks Density applied to intervals (a,aUb)
and (b,aUDb), avoiding the respective upper cone above by or ag. [

Athough this general continuity result cannot be extended to open
formulas with more than two variables, or to formulas with quantifiers,
further examples of continuity include (1) (Seetapun [ta]) the continuity
of Lachlan [1979] nonbounding, and (2) (arising from recent work of
Cooper, Lachlan, Seetapun, Slaman and Yi) the continuity of Harrington
nonsplitting base.

Weaker notions of continuity (framed in terms of limits) provide fur-
ther limitations on such definable properties P. One of the longest-
standing continuity problems, that concerning the existence of major
subdegrees (see Harrington and Soare [ta]) for intermediate c.e. degrees,
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asks about lower continuity of ¢(a,z), where a is a parameter and
pla,x) & Vy(aUy =0 <xUy =0").

Definability relative to other structures looks more promising in that
there are known nontrivial discontinuity properties. For instance den-
sity fails in both the d.r.e. degrees Do (Cooper-Harrington-Lachlan-
Lempp-Soare [1991]) and in the enumeration degrees (see Cooper [1990)]
or Calhoun-Slaman [ta]). See Arslanov [ta] for results relating to defin-
ability of c.e. degrees in Ds.

3. Discontinuity and definability

Initial segment results (see Lerman [1983]) provided the technical
background to early definability results such as those (over D’) of
Jockusch and Simpson [1976], and:

3.1 THEOREM (SIMPSON [1977]). The degree of Th(D ) (= the first-
order theory of D) = the degree of Th(N ) (the theory of second-order
arithmetic).

These have largely been superseded by the technically simpler ad hoc
coding techniques of Nerode and Shore [1980], [1980a], and more recently
of Slaman and Woodin [1986] (see also Slaman [1991]), giving rise to an
impressive body of definability results for D and other degree structures.
Examples in addition to Theorem 1.7 above are given by:

3.2 THEOREM.

(1) (SLAMAN-WOODIN [ta]) 0" is definable in D.

(2) (SHORE [1988]) Highy, , Low, is definable in D(< Q') for each
n>3.

(3) (SLAMAN, private communication) High,, , Low,, are definable in
C for n > 2,3 (respectively).

Improvements on these results seem to require discontinuity derived
from the sort of local degree theory involving higher priority, in partic-
ular Lachlan [1975] and Harrington nonsplitting and ()" -priority. For
example, splitting and relative nonsplitting techniques in D(< 0’) and
the pseudo-jump machinery of Jockusch and Shore [1984] yield:
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3.3 THEOREM (COOPER [tal], [1994]). There is a set P of degrees
definable in D which has greatest element 0'. Moreover, we can obtain
pP=C.

Slaman and Woodin [1986] coding had previously led to the defin-
ability of C in D(< 0’) from a finite number of parameters. The discon-
tinuity here arises in showing the definability of uniformly low sets R, S
of c.e. degrees which (by Welch [1981]) pairwise generate C. R, say, is
defined by constructing a,b < 0’ such that

x € R < x is a minimal solution of x # (xUa) N (xUDb).

The above results seem close to the limits of what is possible with
currently known techniques. Definability is dependent upon structural
discontinuity, concerning which there are a number of intractible ques-
tions, which may turn out to be crucial.

4. Discontinuity in cones

Despite Theorem 2.2 above, the following discontinuity result is ob-
tainable via an ingenious application of distributivity (Lachlan [1972])
of Dyt (the upper semi-lattice of c.e. wtt-degrees).

4.1 THEOREM (STOB [1983]). There is a lower cone C(< a) in which
continuity of cupping fails.

PrRoOF. Construct a minimal pair ag,a; of c.e. degrees whose join is
contiguous (i.e. consists of just one wtt-degree).

To see that splitting of agUa; is discontinuous at ag,a;, let Ag, A1 €
ag, a; respectively, and say B € b with bUa; = agUay. Then Ay <y
Ag® A1 <yt BOA; (since bUa; is contiguous). Then by distributivity
we have AO —wtt BO @ AlO; say, with BO Switt B AlO Swtt Al But
Ao <wit Ag, A1 = Aip computable. So Ag =wie Bo <wir B, giving
ag S b. [

Although contiguous degrees are necessarily lows, it can be shown
that degrees a with discontinuous splittings are widely distributed in C
(see Cooper and Yi [ta]). For example, there exist such degrees a which
are high.
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For upper cones of C there are some remarkable recent results.

We say that a branches uniquely in C if and only if there exist c.e.
bg,b; > a for which
(i) bo | b,
(11) b() N b1 = a, and
(111) Chlcp =a= (3] < 1)[Cj < bo&cl_j < b1] .

A particular case of a more general result is:

4.2 THEOREM (AMBOS-SPIES, SHORE [ta]. There is a c.e. a which
branches uniquely in C .

PROOF. A combination of Lachlan [1966] branching and Fejer [1983]
nonbranching. [J

It follows from the proof (Shore, private communication) that the
constructed branchings bg, by of a are already individually definable in
C(>a).

One can also define a notion of unique splitting in intervals of C. The
following combines Sacks [1963] splitting with Harrington nonsplitting
to extend a recent result of Leonhardi [1994].

4.3 THEOREM (COLES [ta]). There is a c.e. a above which 0" splits
uniquely in C.

5. Definability in lower cones of C

The following gives a special significance to definability in lower cones

of C.

5.1 THEOREM (AMBOS-SPIES, private communication). Ewvery lower
cone C(< a) (a#0)is an automorphism base for C.

PrROOF. Let a > 0, and let f be a nontrivial automorphism of C (with
a = f(a), otherwise there is nothing to prove). Find a ¢ € PS such that
c | a, f(c) and c has the ‘downward separation property’ (that is, for all
distinct dg,d; | ¢, C(< do,c) # C(< dg,d;1)). Then C(< a,c) # C(<
a, f(c)) =C(< f(a), f(c)). Since f is an automorphism there is some
d €C(< a,c) with d # f(d) e C(< f(a), f(c)). O
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5.2 COROLLARY. If there is a definable a > 0 for which C(< a) is rigid,
then D s rigid.

PROOF. By Slaman and Woodin [ta], if C is rigid so is D. Similarly,
the definability and rigidity of C(< a) gives the rigidity of C, and hence
of D. [

A first step, both towards finding a rigid C(< a) and a definable
b € C, is to find a definable b in some lower cone C(< a).

5.3 DEFINITION. b is a nonsplitting base in C(< a) if and only if b < a
and for all cUd =a either cUb=a ordUb = a.

5.4 THEOREM. There is a lower cone C(< c¢) containing a least non-
splitting base a (so a is definable in C(< c) ).

(We note that ¢ # 0° by an unpublished result of Lachlan, Seetapun
and Soare.)

PrOOF. We give a module for a typical batch of requirements. Let
(W, Uy, Uy) and (O, @, =, @0, @1, U) be typical entries in respective
standard lists of all triples of c.e. sets and 6-tuples of p.c. functionals.
We construct c.e. sets A, C', Bow.e, Bi,we and p.c. functionals A,

Qw,e, Towe, Tiwe, Lnewe, I'ewe, Ayzg, Ayz e satisfying
an overall requirement A = AY and all requirements of the form:

Swe: W=0Y=C= QBO weBiwe , Biwo = wa,@ texteachi < 1,
(A requirement saying: If w < ¢ prepare a splitting ¢ = bg U by)
Pioawe: C= pWBiwe — A = Fz@W@? (1 <1),

(If a £ w then wUDbg, wU Dby is a nontrivial splitting of c)

0, CTEM ~o = C=A""A vo=A"A
U’E’@ ' & UO — @6;' &Ul — 9? a‘—‘vA 7‘—‘76’

(Allow no nontrivial splittings of ¢ above a)

qui O#\I/A
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The atomic strategies:

(a) For Swe: We arrange all © -expansionary stages (that is, those
stages at which the observed length of agreement /(W,0¢) of
W and ©F attains a new maximum) to be Qg -expansionary stages.

Following a C-change (at z say) we rectify Qwe (that is, redefine
ng(j’(;v’e’Bl’W’e(z) = C(z)) using a B; w,e | ww,e(z)-change, some i =0

or 1 (permitted via YT; w.e).

(b) For P, s we: All ®-expansionary stages are arranged to be

I'; » w e -expansionary stages. Associate with each candidate w

for membership of A an agitator a,,, and keep I'; & w.e honest as far as
possible by defining vy(w) > p(a,,). We respond to w \, A by prompting
a \, C and imposing a B; e -restraint (maintained until the next ®-
expansionary stage), using the consequent W | ¢(a,,)-change to rectify

I'iowe.

(c) For Q.- g: Application of the Lachlan [1975] nonsplitting
strategy. That is, we use A-changes (below A(x) say) and C-
restraints with the equations U; = ©¢ to ensure to ensure that S

(and /A\UE o ) is honest at . We rely on z \, C' producing a Uy | {(z)-
or Uy | {(x)-change. We use a Up-change to rectify A, _g. We re-

)=

spond to a Uj-change with an A [ A(z)-change to rectify A, - g, while
implementing the auxiliary /AXU = o -Strategy.
As usual, the /AXU’E’@ -strategy will only in fact arise in response

to unsuccessful attempts to satisfy a particular lower priority Ry -
requirement, in which case the A, 2 g-strategy is passed down to Ry -
requirements of even lower priority in synchronisation with the A, - 5-

activity in relation to the instigating Ry -requirement, and acts similarly
to the A, o g-strategy except in so far as it is assured (by astute choice of

AU’E’@ -uses) of KU’E’@ -rectifying Uj-changes. Harrington honestifica-
tion (to retain the proper relationship between =- and A, - -, Ay = g-
uses) is avoided through controls on Uy, U; via the equations Uy = (:)g ,
U, = 6¢.
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(d) For Ry: A standard Friedberg-Mucénik strategy suffices.

There is a main conflict between these strategies which we address in
the module below. In order to satisfy Ry, we may need to enumerate
some z into C', while imposing an A [ ¢(x)-restraint. But this may:

(i) lead to an A [ A(z)-change on behalf of Q;; = g as a result of an
instance of A,
for Ry ), and

(ii) force a B;we-change for Swe which damages honesty in
Pi,<I>,W,®- Then

(iii) the A-change from (i) cannot be recorded by I'; ¢ we due to
loss of honesty in (ii).

& -strategy failure (so injuring the A-restraint

—_
—
—

Basic module for Ry below the A - g-strategy for Q- 5 op-
erating below Sy e and P; s w,e

Assume infinitely many ©-, ®- and Z=-expansionary stages, or-
ganised in such a way that all Z-expansionary stages are ©- and
® -expansionary stages, and assume the module to only act at =-
expansionary stages.

(1) Choose a T'; o w,e -rectification level w for Ry .
(2) Choose a @ -agitator a,, > w, and define d(w) > a,, .

(3) Wait for ¢(ay) |. Then restrain B;we | ¢(ay) and C |
Y(p(ay)) (both at Ry ), and define A = F%7W’@ up to ay

with y(w) > ¢(ay).
(4) Choose a A, ¢ g -threshold t,, > ¢(a,,) with AY2 (t,) 1 and

U,E,©
wait for ZV0:U1(t,,) |.

(5) Define A" (ty) = C(tw) with &(t,) < A(tw) and A9 (A(ty)) T
Restrain C | U;(£(ty)), each i < 1, at Ry .
(6) Choose a potential witness x > t,, (so w(x) > p(ay)) for Ry .

(7) Wait for 4 (z) |.
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(8) Define C(x) # ¥4(x) and restrain A | ¥(z). Then ask: Is
A(tw) > p(x)?

(a) If yes - Change By1_; | w(x) and proceed to (9)(b). Out-
come: Ry satisfied.

(b) No - Enumerate t,, into C and change Bi_; | w(ty).
Proceed to (9).

(9) Ask: Has Uy [ £(ty) changed?

(a) Yes - Use the Uy-change to rectify A,=g. Rw again
satisfied.

(b) No - Enumerate A(t,,) into A and a,, into C'. Proceed to
(10), while implementing the auxiliary AUE’@—strategy.

(10) Use the W | ¢(t,)-change to rectify I'; o, w,e0 and then return
to (1).

For further discussion of interactions along and off the true path see
Cooper [ta2]

6. Definability in D(< ac.e.)

Richer structure, often accessible via simpler techniques, is a fea-
ture of c.e. topped lower cones of Ay degrees. There is an expectation
that definability in such lower cones may be correspondingly more ap-
proachable, and that there may be an eventual dividend in the form of
definability of c.e. singletons in D(< 0').

Bounding 1-generic degrees with non-zero c.e. a’s (see Odifreddi
[ta], Jockusch [1980]) gives the rich basic structure for D(< ac.e.) (e.g.,
embeddings, minimal pairs, non-c.e. elements, not a lattice, etc) origi-
nally discovered by Sacks [1963] and Yates [1970]. The development of
full-approximation tree constructions (Yates [1970] and Cooper [1973])
resulted in very strong initial segment embedding results for D(< ac.e.).
Building on the Yates [1970] embedding of a minimal degree in any non-
trivial c.e. topped lower cone, the most comprehensive such result is:



14 S. BARRY COOPER

6.1 THEOREM (LERMAN [1983]). Every (' -presentable upper semi-
lattice (with least element) is embeddable as an initial segment of D(<

ace) (a#£0).

(If a < 0’ then D(< a) is a® < 0™ presentable, so there is still
considerable scope for improvement here. One should note however that
any lattice embeddable as an initial segment of D(< a) must be X9-
presentable.)

Shore [1981] converts the structure provided by theorem 6.1 into de-
finability.

6.2 THEOREM (SHORE [1981]). The theory of D(<ac.e.) (a#0) =
the theory of first-order Peano arithmetic (so has degree 0) ). (But if
D(< a) =D(L0) then a® =0W) )

The most promising source of structure in the search for natural
definitions of c.e. singletons in some D(0,ac.e.) is:

6.3 CONJECTURE (EPSTEIN [1979]). Every c.e. b € D(0,ac.e.) has a
minimal complement m < a.

Epstein [1981] confirmed the conjecture for a high c.e., while See-
tapun and Slaman [ta] have constructed a minimal complement for any
b € D(0,0) (so extending the Posner [1981] Complementation Theo-
rem). But for the general case, Cooper and Epstein [1987] pointed to a
more interesting situation:

e If b < a is low, then one can find a minimal m < a with m | b.
But there exists a D(< ac.e.) in which complementation fails
(where by Cooper [1986], a can be chosen to be high).

In fact:

e (Slaman, private communication) There exists a D(< ac.e.) in
which no b € D(0,a) is complemented.

e (Cooper [1989],Slaman and Steel [1988]) There exists a D(<
ac.e.) in which cupping of some c.e. b fails. (For an interesting
alternative proof of this see Downey [1987].) And:

e (Cooper [1986]) There exists a D(< ac.e.) in which capping of
some b fails.
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The above result of Cooper/ Slaman and Steel is the key to another,
technically simpler, lower cone definition of a c.e. singleton.

6.4 THEOREM. There exist c.e. degrees 0 < a < c such that a 1is
definable as the greatest degree in (0,c) not cuppable to ¢ in D(< c).

ProOOF. Let W and (O, ®, =, V) be typical entries in respective stan-
dard lists of all c.e. sets and quadruples of p.c. functionals. We construct
c.e. sets A, C, Bs and p.c. functionals 2, I'e ¢, Az, Az, Tz satis-
fying an overall requirement A = Q¢ and all requirements of the form:

Poaw: C=0(A 0% = A=Tgq(dY),
QW: A#W7

(Two typical requirements asking that a be noncuppable in D(< c)

Sz: C = As(EY Bz) with Bz = Af,
Rzg: C#£U¥B=vEC =74

(A pair of requirements asking that a be the largest such degree.)

Basic module for Pg ¢ above Oy on the true path

(1) Choose an agitator a for Pe ¢, Qw .

(2) Wait for £(C,0(A,®%)) > a and restrain A | ¥(a) and C |
p(V(a)).

(3) Choose a witness x for Quw with w(x) > a, x > 9(a), and
TFo.0(®%,2) T — Define T'g.0(®%,2) = A(x) with y(z) > J(a).

(4) Wait for x realised (i.e., z € W).
(5) Enumerate x into A and a into C (so rectifying 2 at x).

(6) Use the ®° | 9(a)-change to rectify I'g ¢ at z.
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Module for Rz ¢ with Sz

(1) Choose a witness y for Rz ¢ with A=(2¢, Bz) 1.
(2) Wait for 2 | M(y) | and restrain it.
(3) Wait for y realised (i.e., £(C,¥B=) > y).

(4) Change C(y) and Bz(A(y)) (where 6(A(y)) > y), defining
§(A(y)) > €(M\(y)) whenever subsequently Z¢(A\(y)) |. Restrain
B= T ¥(y) at all values # \(y).

(5) At each subsequent stage ask: Is Az(2Y, Bz) |=07

(a) Yes— Define B=(A(y)) = 1 and initiate an additional cycle
of activity via (1).
(

(b) No — Define B=(\(y)) = 0 whenever Z¢ | A(y) | with
6(A(y)) > E(A(y)) -
Infinitary outcome: We return to (1) infinitely often. In which case
we apply the Modulus Lemma to obtain =€ recursive.

Combining the strategies for the different groups of require-
ments

The main problem is that the activity of Oy disrupts the application
of the Modulus Lemma in the infinitary outcome for Rz ¢ . However, all
these C-injuries are A-related, so we are able to use these A-changes
for rectification of T= with eventual outcome Z¢ = T4. Again, for a
more detailed discussion see Cooper [ta2]. [
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