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In a computation using auxiliary informational inputs one can think of the exter-
nal resource making itself available in different ways. One way is via an oracle as in
Turing reducibility, where information is supplied on demand without any time delay.
Alternatively the Scott graph model for lambda calculus suggests a situation where
new information, only some of it immediately related to the current computation, is
constantly being generated (or enumerated) over a period of time in an order which
is not under the control of the computer. For some purposes, such as in classifying
the relative computability of total functions without any time restrictions, it makes no
difference whether oracles or enumerations supply auxiliary informational inputs. But
this is not generally the case in situations involving partially accessible information or
time-bounds, where nondeterministic computations are involved. Clearly both models
of computation (based on oracles or enumerations) have wide validity, although much
more is known about the former via the rich and extensive theory of Turing computabil-
ity. The purpose of this article is to survey the existing literature related to the latter
with an emphasis on enumeration reducibility and its associated degree structure.

§1. Notions of relative computability for partial functions

In practice a function may have values which are difficult or even impossible to com-
pute according to natural criteria, in which case we are concerned with computability,
or perhaps relative computability, of partial functions.

There is an immediate extension to partial functions of the Turing notion of relative
computability in which unanswered questions to an oracle for a partial function results
in an infinite wait and hence in nontermination of the computation. Let ®;,7 € w,
be the partial recursive functional corresponding to the i** Turing machine in some
standard listing {Z;};cw (taking Turing machines to be defined as in Davis [Da58] as
consistent finite sets of quadruples), and let (-,+) be a standard coding of the pairs of
numbers onto the numbers. We define ®7(z) for ¢g a partial function as the output
obtained from Z; on input x with oracle graph(g) = {(x,y) | g(x) = y}, where during
the computation an applicable quadruple ¢;S;qrq; is interpreted as leading to internal
state ¢ if the number (m,n) coded on the tape is in graph(g), to ¢ if (m,n’) is in

Typeset by ApS-TEX



graph(g) for some n’ #n, and nowhere otherwise (the computation gets stuck waiting
for an undefined value of g).

DEFINITION 1.1 (Sasso [Sas71|, Skordev [Sk72]). We say that f is T -reducible to g
(written f <p g) iff f = ®? for some partial recursive functional ®;, i € w. We write

f=rgiff f<rg&g<rf.

=1 is easily seen to be an equivalence relation. We call the equivalence classes of
partial functions under =7 the T -degrees and write Dr for the set of all T-degrees
with the ordering < induced by <p. Dy is an upper semi-lattice (but by [Sas71]
not a lattice, using an adaptation of the Kleene/Post argument [KP54] for D) with
least element 07 = the set of all p.r. functions; and there is an immediate natural
embedding of the degrees of unsolvability D into D (onto T', the T-degrees of total
functions). Most of what is known about the structure of the T'-degrees is due to Sasso
and Casalegno. We give some of the more significant results:

Theorem 1.2 (Sasso [Sas71]). For any degree a € T there is a degree b minimal over
a.

The existence of minimal covers in T for total degrees implies of course the existence
of minimal T'-degrees. On the other hand Sasso also shows that 07 is the only total
T -degree with a strong minimal cover. All the known constructions of minimal covers,
minimal T -degrees and initial segments of D depend strongly on the distribution of
the a-semicharacteristic degrees for a € T .

DEFINITION 1.3. If A C w, the semicharacteristic function S for A is the function
whose value is 1 on A and undefined elsewhere. A semicharacteristic T -degree is one
containing a semicharacteristic function. We write § for the set of all semicharacteristic
degrees. b > a is a-semicharacteristic iff b =a U c for some c € S.

Theorem 1.4 (Casalegno [Cas85]). FEvery countable distributive lattice with a least
element can be isomorphically embedded as an initial segment of (semicharacteristic)
T -degrees.

Using the Exact Pair Theorem for the 7'-degrees and the main result of [NS80]
Casalegno is able to deduce that the first order theories of D and D are recursively
isomorphic. However:

Theorem 1.5 (Casalegno [Cas85]). (D, <) and (Dr,<) are not elementarily equiva-
lent.

To see this, we need only notice that

(1) All minimal T'-degrees are semicharacteristic,

(2) The join of two semicharacteristic degrees is semicharacteristic,
(3) No total degree other than O is semicharacteristic, and

(4) For each a € Dy there is a total b > a.

It follows that there is no upper cone in D of degrees which are the joins of two
minimal degrees, in contrast to the situation in D (see [Co72]). The main result for the
T -degrees below 07 is the following:
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Theorem 1.6 (Sasso [Sas73]). There is a co-r.e., nonrecursive A C w such that Sy
is of minimal T -degree.

As mentioned above, the construction is simpler than the Spector [Sp56] minimal
degree construction for the total degrees in that it suffices to make deg,(S4) minimal in
S (S is a nontrivial ideal in D7 ). This means in effect that the problem is reduced to
that of finding a minimal pc-degree (see the section on strong enumeration reducibilities
below for the definition of partial conjunctive reducibility).

The T'-degrees have not been extensively studied, and there are a number of out-
standing questions worth listing, mainly due to Sasso.

QUESTIONS 1.7.

(1) Since segments above a nontotal T'-degree a cannot in general be considered in
terms of segments of a-semicharacteristic degrees, does there exist a minimal
cover for a nontotal degree? Do all T'-degrees have minimal covers? Are there
minimal upper bounds for all countable ideals in D7 ? More generally, consider
questions of homogeneity.

(2) Characterise the jumps of the minimal 7'-degrees (cf. [Co73]).

(3) Which total degrees have minimal predecessors (and in particular do all total
degrees have minimal predecessors)?

(4) Examine the structure of the degrees of co-r.e. semicharacteristic functions.

(5) Are the total degrees definable in the structure of Dp? Is the jump definable
in Dy ? (cf. [Cotal])

Let {W;}icw, {Di}icw be, respectively, standard listings of the recursively enumer-
able sets and the finite sets of numbers. If D = D;, say, we write (z, D) for (x,i). A
more general reducibility between partial functions is obtained from:

DEFINITION 1.8 (Friedberg and Rogers [FR59]). We say that ¥ : 2¢¥ — 2¥ is an
enumeration operator (or e-operator) iff for some r.e. set W

U(B) = {z | 3D)[{z, D) € W&D C Bl},

each B C w. For any sets A, B define A is enumeration reducible to B (or A s
e-reducible to B, written A <. B) by

A <. B A=VY(B) for some e-operator V.



This definition formalises the notion of A being reducible to B if and only if there
is a procedure such that given any enumeration of the members of B the procedure
uniformly provides us with an enumeration of A. We notice that an e-operator can be
thought of as being the union of a r.e. set of T-operators.

Writing graph(f) = {(x,y) | f(z) =y}, etc, we can define for partial functions f,g

f <e g < graph(f) <. graph(g).

We tend to identify f and graph(f), for instance by writing W9 for the partial function
f (possibly not single-valued) for which graph(f) = ¥#2Ph(9)  The notion of relative
partial recursiveness of partial functions introduced by Kleene in [K152] as an extension
of the definition by means of systems of equations of the notion of relative recursiveness
of total functions is equivalent to <. between graphs of partial functions. As for <p
we have that <. is a transitive, reflexive reducibility, and yields a degree structure (the
enumeration or e-degrees, written D, ), with the induced ordering relation < under
which (see Rogers [Rog67]) D, is an upper semi-lattice with a least element ( 0. = the
set of all r.e. sets). Using the above definition of f <. g, we have a degree structure
for the partial functions.

DEFINITION 1.9 ( Myhill [My61], Rogers [Rog67]). The partial degree f of f is
{9]f <cg&g <. f}, where we write f < g < f <. g. We write P for the set of all
partial degrees with the ordering <.

(Sasso, for example in [Sas75], uses the term “partial degrees” interchangably for each of
the three main degree structures, D, D, and Dy restricted to the partial functions.)

There is an obvious isomorphism between the structure P of the partial degrees and
(D, <), which depends on the fact that every e-degree contains a single-valued set
(that is, a set A such that (m,n),(m,n’) € A=n=mn', each m,n,n’ € w). Since <,
and <p agree on the total functions, this gives a natural embedding (Myhill [My61])
of D into D., and onto the total e-degrees (that is those e-degrees containing a total
set A, meaning A = graph(f) for some total function f). If a is a Turing degree we
sometimes write a. for the corresponding total e-degree.

The distinction between <p and <., on the partial functions is best described in
terms of Turing machines. If we allow the possibility of inconsistent quadruples ¢;Sxqs ,
¢:Syqr, rqr #yq;, for a Turing machine Z, we obtain the notion of a nondeterministic
oracle machine. Z uses an oracle for a partial function g as before, but can nonde-
terministically pursue different computations, thought of as forming the branches of a
computation tree.

DEFINITION 1.10. We say that f is nondeterministically Turing computable from g
(written f <yr g) iff there is a nondeterministic oracle-machine Z with oracle g such
that

graph(f) = {(m,n) | on input n some computation branch

of Z with oracle g terminates with output m}.



Then:

Theorem 1.11 (Cooper, Sasso, and McEvoy [McE84]). For any partial functions f,g,
f<eg ifandonlyif f <nr 9.

To illustrate the difference between <7 and <., we notice (following Myhill [My61])
that if A is any nonrecursive set with characteristic function x4 then

XA Se Sypa but xa ZrSyuga-

This is because on the one hand xa <. S AwA Vvia the e-operator defined by
{((1,n),{(1,2n)}) | n € w} U{((0,n),{(1,2n+1)}) | n € w}, and on the other hand
XA <1 S,gz would imply that x4 <r 1 = the constant function which takes value 1
everywhere, giving x4 recursive.

Case [Ca7l] pointed out an interesting consequence of the proof of Feferman’s the-
orem in [Fe57] which says that every truth-table degree contains a first-order theory.
Since the truth-table reduction in the proof is a positive reduction it follows that every
e-degree contains a first-order theory. As a theory is axiomatisable if and only if it is
effectively enumerable (Craig [Cr53]), this means that the enumeration degrees can be
thought of as degrees of unaxiomatisability.

We examine the structure of the enumeration degrees in more detail below, but before
that consider a notion of relative computability between partial functions intermediate
between <7 and <..

DEFINITION 1.12 (Myhill and Shepherdson [MSh55], Rogers [Rog67]). Let P be the set
of all (single-valued) partial functions. We say that © : P — P is a (partial) recursive
operator iff there is an e-operator ¥ such that ©f = U/ for all f € P (such that ©7f |
or U/ € P, respectively).

Recursive operators are essentially equivalent to the completely computable or com-
pact functionals of partial functions defined by Davis in [Da58]. Following Sasso, we call
the corresponding reducibility weak Turing reducibility, and write f <y 7 ¢ if and only
if f = 09 for some recursive operator. See Rogers [Rog67], p.281, for a proof of the fact
(originally due to Myhill and Shepherdson) that <y is strictly stronger than <.. It
is easy to see that e and W'T' computations are distinguished by the way consistency
requirements are imposed on the different computational branches, the requirement be-
ing relative in the e case and absolute in the WT case. In the former we allow W9 as
long as WY is single-valued, whereas in the latter we must have ¥” single-valued for

all heP.

Many results concerning the e-degrees can be carried over to W' -degrees. For
instance, it will follow from Gutteridge’s theorem (below) that there are no minimal
WT-degrees (so neither Dy nor D, are elementarily equivalent to Dy or D). It
is an open question whether Dy, and D, are elementarily equivalent. As for the e-
degrees the undecidability of the first-order theory of the WT'-degrees is not yet known,
although in [He79a] Hebeisen states that the “almost all” theory of the WT -degrees is
decidable.

Little is known about the structure of the 7'- or W'T'-degrees within particular
e-degrees.



DEFINITION 1.13. Let <,, <,» be two reflexive, transitive reducibilities with <, C
<,». We say that an r'-degree a is r-contiguous iff a contains exactly one r-degree.

Rozinas [Roz74] showed that any nonzero W1 -contiguous e-degree is quasi-minimal
(that is, bounds no nonzero total degrees), and Hebeisen [He79b] demonstrated the
abundance of these W'T -contiguous degrees.

See [Sas75] for further information comparing <., <y and <p.

§2. The Scott graph model for lambda calculus and generalised enumeration
operators

In this section we give a brief account of how the enumeration operators can be
used to provide a countable version of the graph model for A-calculus. In so doing,
we offer further evidence that enumeration reducibility is the fundamental, general
concept of relative computability in as much as the nature of the computable universe
is intimately bound up with the set of enumeration operators. Most of this material
originally appeared in Scott [Sc75a] and [Sc75b] ([Sc75b] is a shorter version of [Sc75al).
See Odifreddi [Odta], Section I1.3, for a summary of the basic notions of the \-calculus
and McEvoy [McE84] for a fuller summary of details concerning the graph model.

One problem in finding a model for the (type-free) lambda calculus is that of giving
an interpretation of the term xz(z). It is not usually possible for a function to be applied
to itself as we think of a function as being an object of higher type than its arguments.
However, for an e-operator there is no difficulty: an e-operator operates on sets, but an
e-operator itself is essentially an r.e. set. The r.e. sets are closed under this definition
of application and so the class of computable sets will be the domain of the model. The
definition of application is that of evaluating an e-reduction: If x,y are variables in
the domain of the model then z(y) = {m | (3D)[(m, D) € x& D C y|}. A-abstraction
describes how we define an e-operator from an r.e. set Ax.7 = {(m, D) | m € 7[D/zx]}
where 7[D/x] denotes the value of the term 7 when every free occurrence of z is
replaced by D. We follow Odifreddi [Odta] in summarising the details of the formulation
of the model given by Scott.

The two-way correspondence between e-operators and r.e. sets is given by:

DEFINITION 2.1. If A is an r.e. set then W, is the enumeration operator defined by
it, i.e.

r € V4(B) & (Ju)({z,u) € A& D, C B).

If © is an enumeration operator then Gg is a canonical r.e. set defining it, i.e.

(x,u) € Gog & x € O(D,).



It is straightforward to verify that Wy, = ¥; and W, = © (that is, that the
e-operator corresponding to W; is ¥, , and that © is the e-operator defined by its cor-
responding canonical set). In later sections we will follow the usual convention of identi-
fying © and Geg. Under this identification any standard recursive sequence {W;7}; s>0
of finite approximations to the r.e. sets immediately yields such a sequence {V; s} s>0
for the e-operators.

We can now define a model of A-calculus, by associating to every term ¢ an r.e. set
[t]. If t has n free variables then [t] will be interpreted as an enumeration operator of
n set variables (defined by an r.e. expression positive in the set variables). The idea is
that closed terms correspond to elements and will be interpreted as r.e. sets, while terms
with free variables describe collection of elements, and receive uniform interpretations
by interpreting their variables.

DEFINITION 2.2 (Plotkin [P172], Scott [Sc7ha]). We associate to every variable z of
the language of A-calculus a variable X intended to range over r.e. sets. To every
A-term ¢ with free variables among x1, ..., x, we inductively associate an arithmetical
expression [t] in the variables Xi,..., X,:

(1) [2] =X,

(2) [t1-ta] = Ppyy([t2]),
(3) [Az.t] = Gax.g-

Intuitively, [¢] is interpreted as denoting the value of an e-operator of its set variables,
which range over r.e. sets. Thus [Az.t] is inductively interpreted as the function over
r.e. sets induced by the expression [t| with respect to the variable corresponding to
x. But formally the expression [t] denotes not a function but a set, and so e-operators
must be coded by their coded graphs.

It is again straightforward to check, by an induction on the definition of [t] (cf.
Plotkin [P172], Scott [Sc75a] or Odifreddi [Odta]), that this definition produces what it
is intended to:

Proposition 2.3. For any term t, [t] is well-defined as an enumeration operator of
its set variables. In particular, if t is closed then [t] is an r.e. set.

Looking more closely at the inductive step corresponding to part (3) of Definition
2.2, we have to show that if ¥ denotes the value of an e-operator of the variables
X, Y1,...,Y, then G)x ¢ denotes an e-operator of the variables Y7,...,Y,,. But

(x,u) € Gax.w & x € V(D).

By hypothesis, U(X) is an r.e. expression positive in X,Y7,...,Y,,, and it follows that
U (D,) is uniformly r.e. in w and positive in Y7,...,Y,, as required. A corollary of
this part of the proof is that one can iterate the process of taking the graph of an r.e.
expression. Thus any e-operator ¥ of n set variables can be written as the successive
composition of e-operators of one variable, in accordance with the interpretation of
functions of many variables in A-calculus.

We can now verify (again following Plotkin [P172] and Scott [Sc75a]) that the inter-
pretation defined above provides a model of A-calculus:



Proposition 2.4. The interpretation preserves (3 -equality, i.e.

i g to = [tl] = [tg].

Proof. The interpretation preserves applications of the (-rule, since

[(Az.t)a] = Pprp.q([a]) by definition of [ty - to]
= ®q, 1y ([al) by definition of [A\z.t]
= (AX.[t])([a]) because ¢, = ¥

= [t][X/[a]] by definition of AX.[t]
= [t[x/al] by induction on t.

Then, by induction on the number of reduction steps, the interpretation also preserves
(B -equality. O

We can now use essentially the above construction to describe the graph model
for lambda calculus in more generality. This entails identifying which properties of
e-operators are actually used in the above construction, and abstracting from this an
appropriate notion of generalised enumeration operator.

We first define the topological space Pw. For each finite D C w we define Up C 2%
by
UD:{AQ(U|D§A}.

The sets Up are closed under finite intersections, and U{Up | D € [w]<¥} = 2, and
hence these sets form a countable basis for a topology on 2“. Denoting this topological
space by Pw, it follows that the enumeration operators are the computable continuous
functions f : Pw — Pw, and they form the smallest class of functions which is large
enough to interpret the lambda calculus.

However, we are now interested in the class of all continuous functions f: Pw —
Pw, that is those defined by arbitrary sets A € 2% with A not necessarily r.e.

DEFINITION 2.5 (Case [Ca7l]). A set A € 2% defines a generalised enumeration
operator A : 2¥ — 2% iff for each B € 2¥, each m € w,

m € A(B) < (3D)[(z,D) € A&D C B).
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The definition of the graph model for A-calculus will now proceed much as before,
working with generalised enumeration operators in place of e-operators, given the fol-
lowing:

Proposition 2.6. An operator ¥ : 2¥ — 2% is a generalised enumeration operator if
and only if it is a continuous function ¥V : Pw — Pw.

Proof. Let ¥ be a generalised enumeration operator and O = U{Up | D € £}, some
¢ C [w]=¥, be an open set in Pw. Then for any A € 2 we have

Acv10) & ¥(A)eOo
& (3D € §ID C w(A)
& (3D e §(3IF C A)[D C ¥(F)].

So UYO) =U{Ur | (3D € ¢)[D C ¥(F)] and is open.

Conversely, let ¥ : Pw — Pw be continuous, and define a set A € 2 by (m, D) €
A< m e ¥Y(D). To show that the generalised enumeration operator defined by A is
U, it only remains to show that given m € w and B € 2¥, m € ¥(B) if and only if
(3D C B)[m € f(D)]. Let O ={X €2¥|m € X}. O is a basis element and so O,
and hence ¥~1(0), is open. It is now easy to use the openness of ¥=1(O) to verify that
B € ¥71(0) if and only if (3D C B)[D € ¥~1(0)], from which the result follows. O

Then the definitions corresponding to application and A-abstraction still apply for
arbitrary sets A € 2¥, giving the required Pw model for the A-calculus.

Finally, we note that apart from Scott’s use of generalised enumeration operators
in defining the graph model for the A-calculus, more general types of e-operators have
been studied as interesting objects in themselves. For instance, taking the defining set
A in Definition 2.5 to be a member of some standard listing {A;};c., of the arithmetical
sets, we get:

DEFINITION 2.7 (Case [CaTl]). A is arithmetically enumerable in B (written A <ge
B) iff there is some arithmetical set A; such that

(Vx)[z € A< (3ID)[{z,D) € A; & D C B.

One can define (as in Case [Ca7l]) a relation =,. with the usual properties, define
a structure D, (the partial arithmetical degrees or ae-degrees) in the usual way, and
derive a theory for D,. which parallels that for D, (most of the results of the next
section can also be stated for the ae-degrees).

Selman ([Se71] and [SeT72]) examines a sequence of positive reducibilities correspond-
ing to the individual levels of the arithmetical hierarchy.

DEFINITION 2.8 (Selman [Se71]). A&,B & (VX)[B € ZX = A € ©X].
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For each n, &,, is a X, -reducibility (that is, a reflexive, transitive subrelation of
“3,-in”), and (an alternative characterisation of e-reducibility) &1 =<,:

Theorem 2.9 (Selman [Se71]).

A<, B & VX (Bre in X=A4re in X).

Proof. The left-to-right implication is immediate. Conversely, assume that A £, B, and
construct C' = Us>0Cs such that B isr.e. in C but A is not r.e. in C. Satisfy “B
r.e. in C'”7 by imposing an overall requirement

(2-1) (z,yyeC s zeB

for each x > 0. Call a finite D O Cs admissible if it satisfies (2-1) with D in place
of C', but with the right-to-left half of (2-1) restricted to = <'s (so that the admissible
D’s can be enumerated from an enumeration of B and a finite amount of information
about B). Satisfy A # W (at stage s+ 1) by looking for some admissible D O C,
with * € WP — A. If D exists, choose Cysy1 = D giving A # WE . Otherwise, either
r € A— WP for some x, all admissible D (so A # WE again), or

Vz (z € A < Jan admissible D such that 2 € WF),

giving A <. B, a contradiction. O

(The above simplification of Selman’s proof is essentially due to Copestake [Copeta3)).

Selman also proves a hierarchy theorem for {&,,},>1 and shows that &; (=<.) is
a mazximal subrelation of “X;-in” (that is, of “r.e. in”). In fact, Case [Ca74] extends
these results to show that every &,, n > 1, is a maximal X, -reducibility, that there
are continuously many such maximal 3, -reducibilities for each n > 1, and that for
each n>1 E € &, if and only if

AEB & (3C € £,)(Va)[z € A < (3D)({(z, D) € C)].

Case also extends the proof that D, is not a lattice to the degree structures for &,,,
n > 2 (where the appropriate zero degree is ¥, in each case) and derives results on
quasi-minimal &, -degrees (that is, degrees with no non-¥,, total predecessors).

Another generalisation of e-reducibility occurs in Sanchis ([San78] and [San79]) in
the form of hyperenumeration reducibility, which relates to enumeration reducibility as
hyperarithmetic reducibility relates to (total) Turing reducibility.

§3. The total degrees, sets and their complements and the jump operator
within the enumeration degrees

We start by looking at the relationship of the enumeration degrees to D via the
embedding of D onto the total e-degrees. Since any countable partial ordering is em-
beddable in D [KP54] we immediately get all such embeddings in D.. The following
simple characterisation of the total e-degrees is due to Case ([CaT71]).
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Theorem 3.1. If a is an e-degree then the following are equivalent:

(1) a is total.
(2) a contains an infinite retraceable set.
(3) a contains an infinite regressive set.

Proof. (2)=(3) is immediate.

For (3)=-(1) let A be an infinite regressive set in a. Using the regressing function
of A, an enumeration of A in some fixed order f(0), f(1),..., given by some function
f, can be uniformly effectively obtained from any enumeration of A. Since f =, A we
immediately get a total.

(1)=-(2): Given a function f € a let A be the set of sequence numbers of the form
(f(0),....,f(n)),n €w. Then A =, f and is retraceable via the function that removes
the final entry from any sequence number. O

Many familiar sets of recursion theory turn out to be of total e-degree. Case [Ca74]
notes that for each set A we have y4 =, AQA =, A’ (since A, A <; A’ and A’ ist.e. in
A), sothat A’ is always of total e-degree. Moreover, if A <. A we get x4 =, ADA =, A,
giving deg,(A) total (= deg,(A4’)). Hence (McEvoy [McE84]) if a> 0, n >0, and
a contains a II? ;| set then a is total. In particular (Gutteridge [Gu71]) the e-degrees of
19 sets are total, and the Rogers [Rog67] isomorphism between the r.e. Turing degrees
and the II{ e-degrees (depending on the fact that x4 <. xB < xa <r XxB) is in fact
the isomorphism induced by the natural isomorphism from D onto the total e-degrees.
More generally, we observe that if D = A — B is d-re. (A, B = Us>0A4%,Us>0B*
respectively being r.e.) then if C' is the r.e. set

C={(s,x) | v € A*&x € B, some t > s},

we have D <, C and C <. D, so D =, C & C =. xc. So each d-r.e. e-degree is II;
and hence total. A similar argument shows that if D is (n+ 1)-r.e. then D =, some
co-n-re. C.

The next result shows that D, properly extends the total e-degrees. We first need
some notation and terminology for strings. Let w* = w U {1}, where the intended
interpretation of “p(m) =1" is “¢ is undefined on argument m”. (w*)“ is then the
set P of partial functions. We use «, 3,7 etc. for binary strings, mapping from a finite
initial segment of w into {0,1}, and 7, p,0 etc. for w* -valued strings, mapping from
a finite initial segment of w into w*. The length of string 7 is (h(r) = pzxlr(x) 1].
We say 7 strongly extends o (120) iff Vo < Ch(o)[r(x) = o(x)]. We say 7 extends
o (1 Do) iff Vo < th(o)[r(z) = o(x) or o(z) =1]. o is a beginning of ¢ iff cCo,
and ¢ [ x is the beginning of ¢ of length x. Similarly, « is a beginning of A means
a C xa,and A | x is the beginning of A of length . 7 and o are compatible iff one
of them strongly extends the other. We write 7°¢c for the standard concatenation of
the two strings 7 and o.

DEFINITION 3.2. A non-r.e. e-degree (or partial degree) a is quasi-minimal iff there
are no total predecessors b < a other than 0..
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Theorem 3.3 (Medvedev [Meb5]). There ezists a quasi-minimal enumeration degree
Proof. We construct a partial function ¢ to satisfy the following requirements

Roi = o #{i} (the i'" p.r. function)
Roiv1: Vi(p) total = U,(p) p.r.

We build ¢ by finite initial segments, starting with o9 = ¢ (the empty function). At
stage s+ 1, let o5 be given.

* If s = 2i then we satisfy Rg; by choosing the least x such that og(z) is not yet
defined, and extending o, to os41 by defining

ost1(x) # {i} ().

*If s = 2i + 1 then we try to trivially satisfy Rg;41 by making ¥,;(¢) not single-
valued. To do this we look for an w*-valued string 00, such that, for some z,y
and z:

y#z & (x,y),(x,2) € V(o).

If such a o exists (subcase (a)), choose one and define 0,417 = 0. Otherwise, we
further look for 7, pSo such that for some w 3 (w,u) € ¥;(7), (w,v) € ¥;(p), with
u#v. If m, p exist (subcase (b)), define

Os41 = 05 U {<Z,0>},

where z > max {2z’ | 2/ € dom(7)Udom(p)}, and otherwise (subcase (c)) let o541 =

Os .

To see that this strategy satisfies Ro;11, we first notice that if subcase (b) applies
then we have Rgy;;1 satisfied through W;(¢) not being total (since if ¥;(¢)(w) | some
beginning of @ U7 or ¢ U p would put us in subcase (a)). We need now only consider
subcase (c) in which no such o exists satisfying (a) or (b) and ¥;(y) is total. It is then
straightforward to verify that (for s =2i +1)

(z,y) € Vilp) & (Bo 205)[{z,y) € Yi(a)],

so that W,;(¢) is p.r. as required. It is important to notice the use of ¥;(y) total in
proving the right-to-left implication - if W;(¢) is not total, we merely get that W;(¢p)
has a partial recursive extension. a

If we replace ¢ with a set A which is not necessarily single valued in the above
proof we can dispense with subcase (b) (see Odifreddi [Od89]). The slightly stronger
construction is needed for Theorem 4.3 below.

In [My61] Myhill extended Theorem 3.3 by showing that ‘most’ e-degrees are quasi-
minimal in that the set of quasi-minimal degrees is co-meager in D, . Lagemann [Lag72]
showed that the measure of the sets of quasi-minimal degree is one. In the next section
we look at how finite extension arguments such as the one above can be presented using
a forcing framework.
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If we recursively approximate the construction of Theorem 3.3, we can show that
there exists a 3-r.e. quasi-minimal e-degree (so that not all 3-r.e. degrees are total).
We can construct via a finite injury priority argument a co-d-r.e. set A satisfying

Ry : A#W;
R2i+12 \I/Z<A) total = \Ifz(A> p.r.

The Ry; requirements are satisfied by choosing some follower z to be extracted from
A if z is enumerated into W;. For Rs;;1 we wait for some finite D, and some z,y, z,
y # z, with (z,y),(x,2) € UP at stage s+ 1 (say), and if such a D appears, seek
at later stages to maintain D C A. If we avoid ever choosing a follower z for a
requirement Ry; which has already appeared in such a D, we obtain A co-d-r.e., as
required. Incidentally, we notice that we can adapt the construction (see[CLW89]) of
a properly n-r.e. Turing degree to show that the hierarchy of sets of n-r.e. e-degrees
is proper. Nothing seems to be known about the structure of the n-r.e. e-degrees for
n>3.

Case [Ca7l] gives a number of incomparability results concerning the possible e-
degrees of A, A (see also [Se71], Theorem 2.9). For instance:

Theorem 3.4 (Jockusch). Ewvery non-recursive Turing degree contains a set A such
that A | JA.

Proof. In [Jo68] Jockusch showed that every non-recursive Turing degree contains a,
semi-recursive set A such that A, A are not r.e. The theorem follows by showing that

(VA)[A is semi-recursive & A <., A] = A is r.e.].O0

Case notes that the theorem implies the non-existence of total e-degrees which are
minimal (cf. section 5 below). This follows from the fact that if f is total then there
is a set A such that A, A <, xa =. f and A | <A. Case also shows that among such
sets A with A | .A, one can have both A, A of total e-degree, or both A, A of non-total
e-degree (either possibilities with A <7 ¢'). One can also obtain the possibility with
deg,.(A) total and deg,.(A) non-total (in fact quasi-minimal - see [GuT71], [Mo74] and
[Sor88]).

An obvious consequence of Theorem 3.4 is that A and xa often have distinct e-
degrees. For this reason we will avoid the usual convention in Turing degree theory of
identifying a set A with its characteristic function. This will enable us to unambiguously

identify Turing degrees with corresponding total e-degrees so long as we write deg;(xa)
for degp(A).

Selman ([Se71]) showed that for each e-degree there is a larger one by proving that
for each set A deg.(A) <. deg.(A”), while remarking that deg,(A’) is not always
greater than deg,(A) (as pointed out previously, A’ =, x4 ). Given that A" =, x4,
one might hope to extend the jump for the Turing degrees via the Turing double-jump.
Unfortunately, the fact that A” uses negative information about A, so (cf. Theorem
3.1) is dependent on a particular enumeration of A, means that A” is not invariant
with respect to e-equivalence (not even over 0. ). Instead:



14

DEFINITION 3.5 (Cooper [Co84], McEvoy [McE1985]). Let K4 = {z |z € V,(A)}.
We define the e-jump of A by J(A) = xk,, and the jump of an e-degree a by
a’ = deg,J(A),any A€ a.

It is straightforward to verify (see [McE85]) that this jump is well-defined on the
e-degrees, that a < a’ for all a, and that ya =. J(xa), so that this jump on the
e-degrees agrees with the jump on the Turing degrees (under the natural embedding).
Inductively defining J™ (X) by J"+1)(X) = J(J™ (X)) in the usual way, we can also
get an analogue of Post’s Theorem [Po44]| for the Turing degrees:

Theorem 3.6 (Cooper [Co84], McEvoy [McE85]). For any sets A,B A€ XE | if
and only if A <.J™(xg).

Proof. By induction on n. We just give the case n = 1 and leave the inductive step to
the reader.

Assuming A <. J(xB), sothat z € A & x € ¥;(J(xp)) for some i, we get A € XF
by direct calculation of the quantifier form of = € U;(J(xB))-

Conversely, if A € X then A isre. in B' = (x)'. So A <¢ X(xn)y =e J(XB)
since the jumps agree via the natural embedding. O

Corollary 3.7. For any set A A€ %,1 if and only if A <, J™(¢). In particular,
A€ 39 if and only if A <. J(9).

We identify 0 = deg, (J(¢)) in the natural way with 0™, n > 1. Then as
a corollary of the Friedberg Jump Inversion Theorem it follows that the range of the
jump over the e-degrees is exactly the set of total degrees > 0’. By analogy with the
Cooper jump inversion theorem [Co73]:

Theorem 3.8 (McEvoy [McE85]). Given any total e-degree b > 0’ there is a quasi-
minimal degree a such that a8’ =b.

Proof. We add extra stages (analagous to those in Rogers’ proof [Ro67] of the Friedberg
jump inversion theorem) to the finite extension construction for Theorem 3.3. At these
extra stages, we make J(A) =. B by:

(1) Coding information about B € b into A in such a way that we can retrieve the
construction from ¢’ and A, giving B <. A® ¢ <. xx, = J(A), and
(2) Trying to ensure o C xa for some finite extension o D ays+s (say) with
s € Ug(a™), a™ = {z | a(x) = 1} (that is, we try to make A force its jump
in an analagous sense to that of [Le83]). Hence, by making the construction
recursive in B and ¢’ we get J(A) = xx, <c B® ¢’ <. B.
g

In addition, as a corollary of the Sacks Jump Inversion Theorem [Sa63] for the
r.e. Turing degrees, McEvoy [McES85] verifies that the range of the jump over the II;
e-degrees is exactly the set of total II, e-degrees > 0’.
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Finally, we can define (generalised) high/low hierarchies of e-degrees exactly as for
the Turing degrees (see [So87] or [Le83]). We will examine the lower levels of these
hierarchies in more detail below.

84. Genericity, basic structure and immunity properties

The most basic structural results for D, , like those for D (see for example Lerman
[Le83]), are best presented in the context of generic functions and sets, or in some
roughly equivalent framework using category, measure or games. At this level (as can
be seen from the original such treatments by Case in [Ca71] or by Moore in [Mo74]) the
differences in technique needed in the two structures are interesting but undramatic.

Genericity for partial functions can be defined as in Case [CaT71] in terms of Cohen
forcing, relative to the language of first order arithmetic augmented in such a way as
to allow statements about partial functions to be directly expressed. An equivalent
formulation (compare Jockusch [Jo80]) is:

DEFINITION 4.1. ¢ is generic iff for all arithmetical sets S of w*-valued strings either

(1) JoCy such that o € S, or

(2) doC¢ such that V7o (T ¢ S).
An e-degree (or partial degree) a is generic iff it contains a generic function ¢ (that
is, contains graph(yp) for some generic ¢).

We also define in the usual way

DEFINITION 4.2. A is set generic iff for all arithmetical sets S of binary strings
either

(1) Ja C xa such that a € S, or
(2) Ja C xa such that V0D a(8 ¢ 9).

An e-degree a is set generic iff it contains a generic set A.

Case’s emphasis on generic functions rather than sets has the advantage that the
results below for generic and n-generic e-degrees also hold in P for generic and n-
generic partial degrees (we will see later that the notions do not always agree).

The existence of generic and set generic e-degrees follows in the usual way (as in
[Fe65]). We summarise below the more interesting properties of the generic e-degrees.

Theorem 4.3 (Case [CaTl]). If ¢ is a generic function then:

(1) graph(yp) is infinite and contains no infinite arithmetical subset (so is immune).

(2) ¢ has no partial recursive extension.

(3) deg.(p) is quasi-minimal.

(4) If o = o @ @1 then o, 1 are generic and @o | o1 -

(5) deg.(po), deg.(¢1) form a minimal pair (that is, deg,.(po), deg.(¢1) are non-

zero and share no predecessors other than 0 ) below deg,(y) .

(6) There is a countably infinite e-independent set {p;}icw <e @ (that is, each
i <c @ and no p; is <. the recursive join of a finite subset of {¢i}ticw )-
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(The theorem also holds with a generic set A in place of ¢ and graph(yp) ).

Proof. With the proof of Theorem 3.3 as background, the proofs of (1) to (4) are fairly
straightforward forcing arguments.

To prove (5) let ¢ be generic. By (4) deg.(¢o), deg.(p1) > 0. It remains to show
that for each 4,5 > 0 either (a) ¥;(po) # ¥,;(p1), or (b) ¥,;(p1) is r.e. Let

R={o|olk T £}

(that is, R = the set of all o such that there is some z for which Wi°(z) # 7' (x) for
each 700). Then R is arithmetical (in fact € ¥3). So since ¢ is generic either there
is some 0C¢ in R (in which case (a) holds), or there is some oC¢ such that no 720 is
in R. In the latter case we verify that

(4-1) r € Vi(p) & (Ir20)[x € TF).
The left-to-right implication is immediate. Assume x € U7, 750. Define
S, ={rd7|z¢ Uil e ¥,

Then since g is generic (by (4)), and since case (a) does not hold, z € ¥¥° giving
x € V;(¢1). It immediately follows from (4-1) that W;(¢q) is r.e., and (5) is proved.

(6) is obtained by extending the recursive decomposition of ¢ in (4) to a countably
infinite such decomposition. O

We notice that (6) implies, using a similar embedding technique to that of Kleene
and Post [KP54] (see also section 5 below), that any countable partial ordering <. ¢
is embeddable in the e-degrees below deg.(¢). Case also obtains, by constructing a
binary branching tree of e-independent generic functions, a continuum of independent
quasi-minimal degrees. Also, all the above results are extended to <,. and the ae-
degrees. Copestake [Cope87| observes that if a,b are set generic then (arguing as in
[Jo80] for the Turing degrees) the structures D.(<. a) and D (<. b) are elementarily
equivalent.

Unfortunately, by part (1) of the above theorem generic sets and functions have the
disadvantage of being extremely non-constructive. Following Hinman [Hi69] (introduc-
ing the notion of mn-genericity), Posner [Pos77] (formulating 1-genericity in terms of
sets of strings) and Jockusch [Jo80] (defining n-generic in this way), Copestake [Cope88]
uses the arithmetical hierarchy to refine the notion of genericity for e-degrees:

DEFINITION 4.4. ¢ is mn-generic iff for all ¥,, sets S of w*-valued strings either (i)
JoCy such that o € S, or (ii) JoCyp such that V7o (7 ¢ 5). An e-degreeis n-generic
iff it contains an n-generic function.
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Corresponding to Definition 4.2 we have the parallel definitions of n-generic set
(as in [Jo80] or [Le83]) and set n-generic e-degree.

Theorem 4.5 (Copestake [Cope88]).

(1) There exists an n-generic e-degree below 0™ for each n>1.

) There is no (n + 1)-generic e-degree below 0™, any n > 1.
3) Ewvery 1-generic e-degree is quasi-minimal.

) Every 2-generic e-degree bounds a minimal pair of e-degrees.

) If a is a 1-generic e-degree then every r.e. partial ordering can be embedded
below a (in the 1-generic degrees below a ).

(All results holding with ‘set m-generic’ in place of ‘n-generic’).

Proof. (1) follows from an examination of the standard existence proof for generic func-
tions.

For (2), follow the proof of Theorem 4.3, part (1), in showing that if ¢ is n-generic
then graph(p) contains no infinite 3,, subset, and graph(y) contains no infinite single-
valued ¥, subset. Then the result follows since ¢ <, ¢(™ = ¢ € Y+t -

An examination of the proof of Theorem 3.3 shows that a 1-generic set suffices to
replicate the finite extension argument required, which gives (3).

For (4), we need only notice that the set R of strings in the proof of Theorem 4.3,
part (5), is Xo.

Finally, considering Theorem 4.3, part (6), we see that the proof can be adapted
to show that if ¢ is m-generic then the recursive decomposition {y;}ic., gives an e-
independent set of n-generic functions. Then (5) follows using the case n =1 with the
Kleene-Post embedding argument mentioned previously. O

In contrast to part (4) of Theorem 4.5, Copestake [Copeta2] shows, using an infinite
injury priority construction, that there is a 1-generic e-degree below 0’ which bounds
no minimal pair of e-degrees. Jockusch has observed that the direct construction of a
minimal pair deg.(A), deg,.(B) is actually more easily achieved when one of the sets
A or B is given (so every non-zero e-degree is cappable, despite, as we shall see below,
the non-existence of minimal e-degrees). The Jockusch technique occurs in the proof of
the Exact Pair Theorem below.

Structural results obtained by the methods of Theorem 4.5 fairly easily relativise to
D.(>d), any given d. This is not possible in general (unlike for the Turing degrees),
as the e-reducibility of D € d to the sets constructed must be independent of the
particular construction used. See Rozinas [Roz78a] for details of the relativisation of

the minimal pair construction, and [MC85] for further results using these techniques,
such as (Vb)(Vd)[d < b= (Ja>d)anb =d] and a correct proof of the:

Exact Pair Theorem 4.6 (Case [CaT7l]). Given a countable ideal {bg,bi,...} of
e-degrees, there exist degrees a and b such that:

(i) For every n, b, < a,b, and
(ii) If d < a,b then for some n, d < b,,.

Proof. Similar to Spector’s proof [Sp56] for the Turing degrees. Let B,, € b,, for each
n and define B by (k,n) € B < k € B, each n,k. In the same way we ensure
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B, <. A by coding B, into the n!* row of A at stage n + 1 of the construction,
modulo a finite set of previously defined special values of A concerned with making
U;(A) = ¥;(B) = V,(A) <c ®i<nBi, each (i,j) < n. The special values defined at
stage n+1 are intended to make some z € V;(A)—¥;(B), (i,j) = n. If no such special
values can be found, we are able to argue that if ¥;(A) = ¥;(B) then ¥;(A) <. ®i<,B;
as required. O

This shows that infinite ascending sequences of degrees do not have least upper-
bounds (little is known about minimal upper-bounds for ascending sequences). We also
get:

Corollary 4.7 (Case [CaTl], Selman [Se71]). D, is not a lattice.

Proof. Apply Theorem 4.7 to any infinite ascending sequence of e-degrees. O

Rozinas [Roz78a] shows that D, is not distributive by adapting the minimal pair
construction to get sets A, B for which AN B £ B and deg,.(A)Ndeg,(ANB)=0.

The 1-generic sets and functions are of special interest, as they produce structural
results below 0’. An examination of the relationship between the (function) 1-generic
and the set 1-generic degrees yields some unexpected consequences. We first define:

DEFINITION 4.8 (Copestake [Cope88]). a > 0 is minimal-like iff there exists ¢ € a
such that each ¢ <. ¢ has a partial recursive extension. a > 0 is strongly minimal-like
iff there exists A € a such that each 1) <. A has a partial recursive extension.

This terminology is motivated by a consideration of the usual minimal (Turing)
degree construction in the context of P. We say that a binary string o i -splits if it
has extensions (31, 82 such that, for some x,y and z with y # z,

<a7,y) € qu(ﬁl) and <l’, Z> € \I/Z<ﬁ2)

Making the obvious modifications in the proof of the Computation Lemma (see for
instance [Le83], p.105), we see that if A is on the recursive tree 7' then: (i) If T is
i-splitting we have x4 <. ¥;(xa), and (ii) If T has no i-splittings then W;(x4) has
a partial recursive extension whenever it is single-valued. Doing the modified minimal
degree construction below 0’ ([Sa61]), Copestake [Cope87] proves that there is a total
minimal-like e-degree < 0’. Since it is easy to extend Theorem 4.3, part (2) to show
that no 1-generic ¢ has a p.r. extension, and we know that no 1-generic ¢ has a
non-recursive total predecessor, Copestake immediately gets the corollary that there is
an e-degree (< 0") incomparable with all the 1-generic e-degrees.

By Theorem 4.5, part (5), no 1-generic e-degree is minimal-like. On the other hand:

Theorem 4.9 (Copestake [Cope88]). (i) Ewvery set 1-generic e-degree is strongly
minimal-like, and hence no set 1-generic degree has a 1-generic predecessor.

(i) A set A is n-generic if and only if it is the domain of some n-generic function .
Hence there is a set n-generic b below any given n-generic a, and there is a n-generic
a above an arbitrary set n-generic b.

Proof. (i) Suppose A is 1-generic and ¢ <. A, so ¢ = ¥# some i. Show that some
a C xa forces each ¥ xx D a, to be single-valued (that is, show that Ja C xa
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such that no D o isin S ={f | Jz,y,z ((x,y) € \I'lm& (x,z) € \Ifer&y;éz)}). Then
1 defined by
Y(a)=b e B> allab) e v

is a partial recursive function extending ¢.

(ii) (<) Associate with a given 2-valued set S € ¥, an w*-valued X%, set T =
{r | d(r) € S}, where d(7)(x) = 0 if 7(x) =7, = 1 otherwise, each = < (h(r). If
@ is n-generic, either some cC¢p is in T or for some 0Cy no 700 is in T'. Hence,
respectively, either d(o) C Xdom(p) isin S or d(0) C Xdom(p) and no a O d(o) is in
S.

(=) Conversely, let A be n-generic, and define an n-generic ¢ = Ug>ops where
Vs (d(ps) C xa) gives dom(p) = A. At stage s+ 1, assume o, constructed, and take
care of the n-genericity requirement for the s X, set S, of w*-valued strings by
using the n-genericity of A to find either (i) a 05410 for which d(os41) C xa and
Os41 € S5 or (ii) a 054120, for which d(7) & xa, each 7350541 with 7 € S. The rest
of part (ii) follows from the fact that dom(p) <. ¢, each ¢. O

We therefore get the surprising result that not only are the notions of 1-generic and
set 1-generic degree distinct, they are mutually exclusive. This reinforces our intuition
that, for instance, it is harder constructing a quasi-minimal function than a quasi-
minimal set (as remarked following the proof of Theorem 3.3), namely because our
constructions produce different degrees.

A number of questions arise by analogy with the situation for the 1-generic Turing
degrees, such as those concerned with jump and downward closure.

As for the Turing degrees, an e-degree a is said to be low, (with low=low;) if
a™ = (au 0™V and high, (with high=high;) if a® = (au 0")(™. We can
characterise the low e-degrees [MC85] as those consisting entirely of Ay sets. Since
every 1-generic Turing degree < 0’ is low (see for instance [Le83], p.80), we have for
each 1-generic A € Ay that J(A) <. J(xa) =. X'y € 0', so (Copestake [Copetal])
every Ay set 1-generic a is low. On the other hand, there are 1-generic sets of degree
< 0’ that are not low:

DEFINITION 4.10. An e-degree a < 0’ is properly- ¥ iff it contains no A, sets.
Theorem 4.11 (Copestake [Copetal]). There exists a set 1-generic e-degree < 0’
which is properly o, and hence is not low.

Proof. Construct a Xy set A by means of a Yo approzimation {A®}s>o (that is,
{A%}s>0 is a recursive sequence of finite sets with

r €AL& Vs >t(xe A%)).

We need a standard listing {B;};>0 of the X3 sets in which the Ay sets appear with
Ay approximations {B}}s>0, and take W; = Us>oW?, @ > 0, to be a standard listing
of all r.e. sets of binary strings. The requirements to be satisfied are

Si: JaCxalaeW;) or JaC xaVsDa(B¢W,),
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where {(¥;,0;)}i>0 is a standard listing of all pairs of e-operators.

We satisfy the R; requirements by looking for a follower (z,D,E) (D,E finite)
satisfying the ‘set-up’ z € V,;(D) & D C ©;(FE). If some such triple is found we fix
E —{z} in A and also put  in A. We then wait until D C By . If this happens we
extract = from A and insert it again only if D & B! at a later stage t. We repeat the
extraction and insertion of x so that if the set-up returns infinitely often some element
of D is forced in and out of B;, thus preventing it from being As. (We call this
the ‘properly Yo strategy’ - note the parallel with the d-r.e. strategy in, for instance,
[CLW89]).

We satisty S; by looking for a string in W, that is compatible with action taken on
higher priority requirements, and making it a beginning of A. Because of the infinite
outcome to R; in which limg B;(x) does not exist, a tree of strategies is required to
provide requirements with sufficient information concerning higher priority outcomes
and to help with the coordination of actions on the different requirements. O

By Theorem 4.9, part (ii), we have the corollary that not every 1-generic e-degree
below 0’ is low. We are left with:

PROBLEM 4.12. Characterise the jumps of the (set) 1-generic e-degrees below 0.
We can also ask (cf. Haught [Ha86)):
QUESTION 4.13. Are the e-degrees of 1-generic sets (below 0) closed downwards?

We have seen that 1-generic sets and the graphs of 1-generic functions are immune.
In fact, 1-generic sets ([Jo80]) and the graphs of 1-generic functions ([Cope87]) are
hyperimmune (but not cohesive). It follows from the following result that all b > a set
1-generic a are hyperimmune.

Theorem 4.14 (Rozinas [Roz78b]). (i) The immune e-degrees are closed upwards, and
(ii) so are the hyperimmune e-degrees.

Proof. (i) Say B >, an immune set A. Define an infinite set C =. B by C =
{{myn) [m € A&n € B& m > n}. Verify that if W is r.e. and C C, then
X ={z | In[(z,n) € W]} is C A and so finite, giving W finite.

(ii) If A is now hyperimmune, define C =, B as before. Assume that C is not
hyperimmune and let f be a recursive function for which:

(4-2) Vz,ylx#y = Dy N Dy = ¢), and
(4-3) Vz [Dy@) NC # 4.

Define ¢ recursive by g(0) = f(0) and for all =, g(x +1) = f(n,) where
ng = pn > x+1[Vz <aVi, j,k[(i,j) € Dysy = (i,k) & Dypnyl]-
By (4-3) f is total. Define a recursive h by
z € Dpmy & Fy[(z,y) € Dynyl,

each z,n. Verify that h witnesses that A is not hyperimmune, a contradiction. O
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However, in contrast to the situation in the Turing degrees:

Theorem 4.15 (Rozinas [Roz78b]). There exist immune-free e-degrees (that is, degrees
containing no immaune sets).

Proof. Inductively define approximations A®, B® to sets A, B (A® r.e., B® finite) sat-
isfying for each s

R,: A°NB°=¢, A%, B° C AT B*™! respectively, and A°
contains an infinite r.e. subset Cy, and

Ss: Us(w— B?) is finite, or U4(A®) contains an infinite r.e. set.

Assume also some steps to make A # Ws. At stage s+ 1, we look for a finite D O B®
with A*ND = ¢ and W4(D) finite. If such a D exists, defining BST! = D satisfies S.

Otherwise, we are able to inductively define at substages ¢ > 0 finite extensions
PO Pt S L DA, Ol DCL D ... D B (using C! D CHL o L.l D B,
satisfying

(]‘) PtﬂCﬁ—Fl :d)?

(2) Wy (P!) D Wy (P™1) (using the fact that no such D exists), and

(3) P=UoP" iste.

In this case, defining AST! = P satisfies 9. O

It is clear from the above proof that there exist immune-free e-degrees below 0”
(while in section 6 below we see that this result is best possible in that below 0’ the
situation is simpler). See Solon [Sol78| for properties of e-degrees containing hyperim-
mune retraceable sets. The main gap in our knowledge concerns possible analogues of
the Jockusch [Jo73] upward-closure results for the cohesive Turing degrees.

QUESTION 4.16. Are the e-degrees of cohesive sets (and of hyperhyperimmune sets)
closed upwards in D, ?

It is not clear yet what role immunity properties play in the theory of the e-degrees,
and to what extent such properties naturally relate to structure and jump.

§5. Density in the enumeration degrees

As we saw above, in the context of the e-degrees the Spector minimal degree con-
struction gives a degree which is minimal-like rather than minimal. In fact, Gutteridge
[GuT71] was able to show that no minimal e-degrees exist. The proof falls into two parts.
The first part, which relativises to show that any e-degree has at most countably many
minimal covers, is a demonstration that any set of minimal e-degree must be AY. The
second is a very different proof, which only relativises above total degrees, of the fact
that no AJ set is of minimal e-degree.
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Theorem 5.1 (Gutteridge [Gu7l]). If deg.(B) is a minimal cover for deg,(A) then
Be Ay,

Proof. Enumerate an e-operator © such that for any sets A, B
©8 <, A or B=, A9 08 = Be AL

Then given A <. B we will have B € A4 or A <, A®© 0P <, B, which will prove the
theorem. The requirements to satisfy are

N;,: B=V;(Aa 0P = B<, A4,
P: 0P =0 = BcAy,

each ¢ > 0. We recursively enumerate © at stages s > 0 by a combination of ticking
and crossing, where to tick (n,z) (via ©) means to enumerate ((n,z),{n}) into ©,
and to cross (n,x) (via ©) means to enumerate ((n,z),¢) into ©. The strategy for
P; is to tick an initial segment of the 2*" column up to some (n,,z) (each z) in such
a way that (n,,r) never gets crossed. Hence if ©F = U# we have

z€B& (ng,z) €08 & (ng,z) e ¥

where Az [n,] <r ¢, so B € A4. The strategy for N; is to ensure that if = €
U, (A @ O8) then z € U;(A ® 6B1*) modulo a finite number of pairs (n,y) ticked
through y < . This is achieved by crossing numbers (n,y) € D — [0,z — 1], y > i, for
some D C ©F with z € U;(A® D), if we get v € ¥,;(A @ OF) at some stage. This
means that, if we are given an enumeration of A and have B = ¥,;(4A ® ©F), then
we can inductively get © € B enumerated in B from an enumeration of B [ x. The
P, -strategy is allowed to succeed because we only allow crossing of (n,x) through N;
if j <z, and only finitely many numbers are crossed through any given N;. O

Corollary 5.2 (Gutteridge [Gu71]). If b is a minimal cover for a then b < a’. Hence
any e-degree has at most countably many minimal covers. O

Theorem 5.3 (Gutteridge [Gu71]). If B € AY is not r.e. then there is an e-operator
© such that ¢ <. OF <. B. Hence there is no minimal e-degree.

Proof. Let {B®}.,c. be a recursive sequence of finite approximations to B € AY —
Y. We again enumerate © by ticking and crossing at stages s > 0. We satisfy the
requirements

N;: B#Y;(07),

P OF £W.
Attend to P; by monitoring the initial segment of agreement L(i,s) between W; and
OF at stage s+1, and as agreement grows tick as yet unmarked numbers (j,i) < L(i, s)
at stages s + 1 > i. Attend to N; by monitoring the initial segment of agreement

((i,s) between B and V¥;(©B) at stage s + 1, and try to make the segment of
agreement independent of the approximation B® by crossing numbers (j,i’) € ©F
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used by W;(©8) | £(i,s) for which i’ > 4. Inductively verify that the construc-
tion is finite injury and each requirement is satisfied. P; is satisfied, since otherwise
(j,i) € W; = ©B & j € B for all but a finite number of j’s, giving B r1.e., a contradic-
tion. NV; is satisfied, since otherwise all but a finite set of numbers (j,7) (with i’ <17)
are crossed, giving ©F r.e. Then use (z,D) € © = | D| <1 to deduce B = ¥;(05)
from the unboundedness of ¢(i,s), s > 0, again contradicting B not r.e. a

Corollary 5.4 (Gutteridge [Gu71]|,Lagemann [Lag71]). If either a or b is total, then
b is not a minimal cover for a.

Proof. By Corollary 5.2, we need only show that if A <. B and either (1) A is total
with B <7 A’ or (2) B is total, then there is an e-operator © with A <. OP9A <. B.

For (1), just relativise the above proof to get © r.e. in A, so ©F = Uga)(B) for
some e-operator &, = 8 say, for some e-operator O, since A <, B.

(2) Let ¥ be an e-operator with A = UP. If B = {{(z,b(x)) |+ € w} where b is
total, let B® = {(z,b(x)) | x < s}. Take as requirements: W(;II(B) #0608, BV (0F
UB), ... etc., and proceed as in the theorem to get © r.e. in B. Then, as in part (1),
08 = 67 for some e-operator O. O

Having eliminated the possibility of minimal e-degrees (so that D, is not elementar-
ily equivalent to most of the standard degree structures, including the Sasso T-degrees),
we can now examine the extent to which the above techniques can be extended to
characterise the possible initial segments of D, .

Let B € AY. By combining the ticking and crossing techniques for the P;- and N;-
strategies (respectively) in Theorem 5.3, Lagemann showed that e-operators ©;, Oy
can be enumerated satisfying incomparability requirements of the form @f #V,(0F).
Hence (cf. Theorem 4.5, part (5)):

Corollary 5.5 (Lagemann [Lag71]). If b is a non-zero AY e-degree, then any r.e.
partial ordering can be embedded below b. O

This result relativises (McEvoy [McE84]) along the lines of Corollary 5.4. For further
details of the above proofs see [Co82], [MC85] and [Od89].

The total-ness requirements in Corollary 5.4 and the AY restriction in Corollary 5.5
are necessary, as we will see in the following sections. However, below 0’ we we can
get:

Theorem 5.6 (Cooper [84]). The structure of the e-degrees below 0 is dense

Proof. Given X sets A, B where B £_ A, build an e-operator © with A <, 594 @
A <. B® A. Choose Yo approximations {A®}scw, {B®}sew to A, B so that {4° @
B®}scw is a thin Yo approximation to A@ B (that is, there are infinitely many stages
s - called thin stages - at which A°* @ B®* C A @ B). The requirements to satisfy are:

N;: B#U; (0% g A),
P;: @B® L ya
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each ¢ > 0. Monitor NN;, P; with respective length (of agreement) functions ¢(i,s) and
L(i,s). The thin stages ensure that despite our approximations to A, B not being A,
we still have infinitely many stages at which £(i,s) and L(i,s) approximate a true
eventual outcome for N; and P; respectively, and at which our N;- and P;-strategies
are effectively directed towards satisfying their corresponding requirements (at thin
stages we are on the ‘true path’ of an implicit tree of outcomes).

Attend to P; at stage s+1 by enumerating ((x,i), B® @ A®) into © for each = € B*
with < L(i,s). Attend to N; at stage s+ 1 by enumerating (z, B* [ 6 & A°) into ©
for each z = (z,j) (say) € O(B®* @ A®), with j > i, which is selected to be used in
enumerating U;(©(B* @ A%) @ A®) | £(i,s) at stage s+ 1, where ¢ is chosen to be the
least number we can take without interfering with axioms enumerated in © via higher
priority requirements N;, j < i. The verification is similar to that of Theorem 5.3 but
restricted to the thin stages. Inductively check that we attend to an N; or P; at at
most finitely many thin stages, and that each requirement is satisfied.

If we attend to P; infinitely often we get U# = ©8®4 through the numbers enumer-
ated in © at thin stages. Then P; is satisfied, since otherwise (j,i) € ¥/ = @54 &
j € B for all but a finite number of j’s, giving B <. A, a contradiction. By looking at
thin stages again, if we attend infinitely often to N; we get B = U;(08%4 @ A). Then
N; is satisfied, since otherwise all but a finite set of numbers z € ©(B @ A) selected to
be used by ¥;(08%4 ¢ A) are made independent of all but a finite part of B, giving
B = U,(08%4 ¢ A) <, A, a contradiction. Even though requirements may receive
attention at infinitely many non-thin stages, the axioms for © so defined will not injure
lower priority requirements. O

We look at the structure of the X9 e-degrees in more detail in section 7.
§6. Techniques for proving non-density

Whereas A-partial recursive trees (due to Shoenfield [Sh66]) provide the framework
for relativisations of the Spector minimal degree construction, for the construction of a

minimal cover in the e-degrees we need the following sequence of definitions (see [Co87]
and [Cota2]). Let S denote the set {0,1}<% of all binary strings.

DEFINITION 6.1. A celling C is a partial function AaC, from binary strings to sets
of numbers (where the C, with C, | are the cells of C), satisfying for all o, 3 € S
with C,,Cp |:

(a) o C B implies Co C Cg, and (b) If 1 is a set of strings and Co C [Jge, Cp then
a C (B some B E€n.

DEFINITION 6.2. The a-increment in C is defined by I, = Cy and I, = Cy \ Cu- if
a = (a™)% for some i < 1. We write C,, € C iff C, isa cell of C and I, € T iff I,
is an increment of C. Sometimes we identify C (Z) with {(z,«a) | =z € C,, o € S}
({{z,a) | z€ly, aa€S}).

DErFINITION 6.3. If C, € C, we say that C, isin C. If « C 3, we say that Cps
includes C, (in C). C is closed iff for each C, in C and each 8 C a we have a cell

Cg | in C.
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DEFINITION 6.4. A set A weakly respects the celling C iff A=
ECS. A respects C iff £ is a chain in S.

ace C, for some set

DEFINITION 6.5. We say that {Cy,,C4,,...} is a skeleton for a set X of cells of C iff
(a) X C{Cs| B,a; are comparable for some i = 0,1, ...},

(b) If i j then «; | o, and

(c) For each ¢ =0,1,... we have X N{Cs | B2 o} #¢.

We say that the skeleton {Cy,,Ca,,...} omits A iff A|C,, for each i =0,1,.... If
{C.,} is a skeleton, we say that {C,,} is a principal skeleton.

DEFINITION 6.6. We say that C, is an outside cell iff C, | but Cg T for each
8 D «a. We say that C, is a terminal cell iff C, | and C\, is omitted by a skeleton
for {Cs | Ih(B) > n} for some n > 0. (That is, C, is terminal iff C, | and there is
some n > 0 such that for each Cs which includes C, we have [h(5) < n.)

DEFINITION 6.7. The restriction C[(] of the celling C to a set of strings ( is defined
by
Cp if Cg| and B €

undefined otherwise.

cldls = {
We write C[f] for C[{a | 8 C a}].

DEFINITION 6.8. The C-enumerating set of D for i following (,W (or, just the
enumerating set of D following ¢, W), written ES®“¢W (D) (or just ESSW (D)), is
defined by

ES¢HW(D)={Cs | BeC & DC WY
We write ES®W (D) for ES8 | «<PEW (D) ES*W (z) for ES*W ({x}), ES*(D) for
ES*?%(D) and ES(D) for ES*?(D).
More generally, we define the C-weak enumerating set of D for i following (,W by

WESC%C’W(D> = {{Cﬁo’cﬁ17"'7cﬁm} € [C]<w |
{ﬂo,ﬁl,...,ﬁm} CC&DC \I/i(WUCgo U Cﬁl Uu...uU Cgm)}.

DEFINITION 6.9. We say that {Cy,,Ca,, ...} is an i-skeleton for D (beyond ¢, W) iff
{Cuy,Cay, ...} is a skeleton for ES(D) (ESSY (D) respectively).

DEFINITION 6.10. We say that C,, is i, D-distinguished (beyond (, W) iff D C \Ilic"‘
(D C \IJZVUC" , respectively) and {C,} is a principal i-skeleton for D (beyond ¢, W).

DEFINITION 6.11. We say that C, is strongly i, D -distinguished (beyond ¢, W) iff
Cy, is i, D-distinguished (beyond ¢, W respectively) and for each A weakly respecting
C (C[¢]) wehave D C VA & C, C A (DC UV & C, C A).
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DEFINITION 6.12. C is (strongly) i-distinguished with A (weakly, respectively) re-
specting C iff there is a function f : domC — [w]|<¥, called a (strong, respectively)
t-labelling of C with A, and a cofinite set ( C S, such that for each a € ( we have
that

Co CA & |(VBCa)Cs C A&f(a) C \yi(cau (Am (U Cg)))}

BEC

DEFINITION 6.13. Let A be a set respecting C. Then A is i-undistinguished in C iff
A is omitted by no nonempty i-skeleton in C. (This corrects Definition 3.16 of [Co87].)

DEFINITION 6.14. A mazimally i-enumerates over C (C[(], some ¢ C §) iff A weakly
respects C and V; (UaES Ca) = \Iff‘ (v, (A U Uaec Ca> - \IliA, respectively).

DEFINITION 6.15. We say f : w x domC — [w]|<¥ is a strong labelling (or just
labelling) of C with A (weakly respecting C) iff for each i > 0 there is some cofinite
¢ C S such that either:

(i) A maximally i-enumerates over C[(], or

(ii) A f(i, ) is a strong i-labelling of C (with corresponding set ¢ in Definition 6.12).

We note that when discussing the degree of C, or placing C in the arithmetical
hierarchy, we refer to the enumeration degree or quantifier form of the set {(z,a) | = €
Cy}. We identify a labelling f with the set {(D,«,i) | D = fi(a)}.

The basic lemmas corresponding to the two parts of the usual Computation Lemma
are:

Lemma 6.16. Let C be a strongly i -distinguished celling with A with strong i -labelling
f. Let A be a set weakly respecting the celling C. Then A <. f xC x U4,

Proof. 1t is straightforward to verify that the following describes an algorithm for enu-
merating A from enumerations of ¥, f and C: Start by setting up an enumeration
of ¥4, {(x,a) |z € Cy,a € S} and the graph of f. Say (a, f(a)) is enumerated in
the graph of f and the members of f(a) are enumerated in ¥#*. Then enumerate the
members of C,, into A. 0

Lemma 6.17. Let A be a set weakly respecting the celling C, and let A mazimally
i-enumerate over C. Then ¥ <, C.

Proof. If A satisfies the conditions of the Lemma then ¥# = WU,;(U,esC,), giving
\1124 <e UaGSCa <e C. 0

We include in this section a definition from [Co87] which will be useful in the dis-
cussion below:
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DEFINITION 6.18. For each i,z > 0

efc ={D € [w]*¥| (z,D) € ¥},

I ex={K €[w]~ | (VD € & )(KND#9)},
Ler ={We W]~ | (VK €1 e,)(WN K # )}

We often write &, for . More generally, given a pair W, K of finite sets of numbers,
we define

(W, K) ={D € [w]<* | (DNK = ¢)&(x € WP},

x

TeWK)={K' cw]<| K'NW =¢&K' UK €'},

xT

LW, K)={W € W] | WNK=¢&W UW €] £'}.

T

As expected, the existence of minimal covers can now be reduced to the problem of
finding appropriate cellings satisfying Lemmas 6.16 or 6.17. But unlike the analagous
use of splitting and anti-splitting trees for getting minimal total degrees it is not possible
to nest distinct cellings corresponding to individual requirements.

Theorem 6.19 (Cooper [Cota2]). There is a celling C with labelling f, and a set A
weakly respecting C, such that

(i) f,C<cA,
(ii)) AL, f®&C, and
(iii) For each i >0, either ‘1124 <. C or A<, \I/{‘@f@c.

Corollary 6.20. The enumeration degrees are not dense.
Proof. Take a = deg.(A), b =deg.(f ®C) in Theorem 6.19. O

Proof of Theorem 6.19. Construct a triple C, f, P, where C is a celling with labelling
f, and a set A weakly respecting C satisfying the requirements

Ri: A# W/

Si: Jda* € dom(C) such that either A maximally i-enumerates
over Cla*] or C[a”] is a strongly i-distinguished celling
with A with strong i-labelling Ao f(i, )  (written f;),

where P is the prohibiting function dom(C) — [w]<¥ U{w} concerned with policing
the construction of C on behalf of a successful outcome to the definition of the labelling

3

DEFINITION 6.21. We say D,g,Q is a finite triple ifft D is a closed finite celling,

g: w xdom(D) — [w]<¥ and Q : dom(D) — [w]<¥ U{w}, satisfying:

(a) dom(D) = dom(Q) and (Yo, € dom(D))(a C = DgNQ(a) = ¢), and

(b) (Vi > 0)(dom(D) 2 dom(g;)) and (Ve 5 € dom(D))(a C B = (g:(a) = g:(B) 1)),
and

(¢) (Vo, 3 € dom(D))(a € 8 = Qo) € QD))
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DEFINITION 6.22. If D,g,(Q is a finite triple and Dg (say) C some boundary cell
D, € D with Q(«)#w, we say that Dg is potentially nonterminal, or just nonterminal
when there is no ambiguity.

We say that D, g,Q is potentially nonterminal, or just nonterminal, (beyond ()
iff (for each a € (, respectively) there is some potentially nonterminal cell Dg € D
(€ Dla], respectively).

We say that D,g,Q is uniquely nonterminal (beyond () iff (for each a € (,
respectively) there is exactly one such boundary cell Dg € D.

DEFINITION 6.23. We say C',f’, P’ is a finite extension of D,g,Q, and write
C'.f'\P'" = D,g,Q iff C’, f',P" is a finite triple with C’, f’ and P’ extensions of
D, g, @ respectively.

During the construction construct an infinite nest (with respect to > ) of finite triples
whose union will be the required triple C, f, P. In order to get f,C <. A, progressively
code f and C into every infinite A respecting C using a uniformly recursive family
{&(z,a, E1) | i,2 >0,a € S, E € [w]<¥} of disjoint infinite sets {(z, «, F,i) C w. The
aim will be to have for each infinite A weakly respecting C, and each (z,«, F,i) that

ANé(z,a,Eji) # ¢ & x € Co & E = fi(a).
Assume as usual that each z € {(z, a, E, 1) is greater than z,i, maz{y € E} and lh(«).

DEFINITION 6.24. We say that C’, f’, P’ is alright codewise iff for each A respecting
C' we have

ANé(z,a,E,i)# ¢ = z € CL&FE = f(a).

Since the R;-strategy (a straightforward diagonalisation) requires the building into
the construction of a certain amount of choice in defining A weakly respecting C, the
coding process presents difficulties for the S;-strategy. When constructing at stage
s + 1, say, certain extensions Cg-,,Cg-4, for Cg, we will want to do this as far as
possible so as to have Cg-,, strongly 4, ﬂ-(ﬁ*yj)—distinguished with A for each j <1,
each i < s. But numbers in an appropriate Ig-,, may be codes z for quadruples
(xz,a, E,i) with C, as yet undefined. As long as x ¢ P((3), this will not in general
prevent the definition of Ig-,, with z € Ig-,,. Merely extend the (so far defined part

of) C, f,P (call it .7, P) to an alright codewise finite extension C’, f’, P’ with, in
particular, z € Iéwj ,xeCl and E = f.

The problem then is that no precautions can be taken to make the whole of C’, f/, P’
suitably strongly i-distinguished. This means we only want C’, f’, P’ to give us, in
effect, the extensions C-~,,C3-~, . To do this ensure during the rest of the construction
that A is only allowed a nontrivial choice (in satisfying the R; requirements) between
designated wunique nonterminal boundary cells C,; beyond Cg-,,, j < 1. This means
that the strong 4, f,(3"y;)-distinguishing of each Cp~,;, j <1, will be sufficient to get
us to the next pair of designated extensions beyond Cpg, proceeding within the A which
weakly respects C, given an enumeration of C, f; and ¥,
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However, in order to obtain a detailed enumeration of exactly how much of
U{C’, | @ € dom(C") — dom(C)} is in A, some care needs to be taken in defining the
labelling over the parts of C' — C which we are forced to include because they are
coded by some z € Cg,, some j < 1. Care also needs to be taken in defining
AN[U{C!, | a € dom(C") — dom(C)}].

Achieve the former by asking that the labelling f satisfies (roughly speaking)
fila) C \IJZC“' for each a € dom(f;). Then satisfy the latter need by defining some
Cp; C A, and then taking (again roughly speaking)

An {Uaedom(C’)—dom(é\)C(/l} - Uagc/[ﬂA’Y(l*j)]C;'
There is another problem, arising from the way in which the §;-requirements need to be
satisfied when there are not sufficient strong i, D-distinguishings available. In this case
one cannot use i-undistinguished cellings (as for the compact reducibilities discussed in
section 8 below), but must construct A to be maximally i-enumerating.

In this situation there are many «a’s with U, 5,Cy maximally i-enumerating as
far as those numbers z for which 1 €% (Cg, P3) # ¢ goes. Deal with the other numbers
by including in the construction some simple actions to ensure that (again roughly
speaking) modulo the coding constraints if 1 €% (Cg, Ps) = ¢ then for some B C
A weakly respecting C we have x € WP . Then, choosing such an a which does
not interfere with the steps to satisfy the R;-requirements, obtain A maximally i-
enumerating by making U, 5,Cqo C A. To prevent such interference, it is necessary
to include precautions to ensure that if Cg-,, C A is chosen, as above, then no B
respecting C[3"y(1—;)] can be maximally i-enumerating over C. Having done this, take
Ua5aCor C A for all such a’s (in a trivial way).

A problem then is that the weak respecting by A of C becomes nontrivial. And that
means that in defining strongly i’-distinguished extensions for Cjs, say, in C (¢ # 1)
it is necessary to know about A N {Uaga’Cys }. This requires that A is constructed
at the same time as C, f, P is constructed, using the knowledge of that part of A N
{Uaga’Cor} which has already been defined in defining extensions for Cg, and then
using the prohibiting function P to protect the strong ¢’ -distinguished extensions from
injury in defining the rest of AN{Uaga’Cos}. (We notice that that the interdependence
of C and A during the construction is the main impediment to constructing a continuum
of minimal covers of the form deg.(A) for deg.(C ® f).)

To summarise: Assume that by stage s+ 1 of the construction a finite triple C*, f*, P*
and a finite set A°® weakly respecting C° have been defined . Also assume given a
boundary cell C3. C A® for C* which has been designated AT _burgeoning at the end
of stage s. Then:

(1) First examine what freedom the actions on requirements S;, i < s, have given
for satisfying S; through the first part of S;.

(2) If there is no such freedom, decide best how to make A maximally s-enumerate
while still providing room to satisfy lower priority requirements.

(3) Mop up numbers z we want to be in U, i < s.

(4) Look for appropriately distinguished extensions of the A**!-burgeoning cell Cj
within the context of a finite triple C5*t!, fs*1 Pstl » (C% f5 P%. The main
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concern here is the satisfaction of the S;-requirements for ¢ < s in such a way
as to allow the satisfying of the requirement R, when A**! is defined.

(5) Take advantage of the choice of distinguished cellings to satisfy R .

(6) Code up most of what has been defined in C*™1, f*T1 within A*™! while choos-

ing A%t to weakly respect C5T1.

To complete the proof verify that: (a) A is an infinite set weakly respecting the
celling C, (b) f@®C <. A (so the coding works), (c) for each i > 0 there is a Cl[a(i)]
such that either A maximally i-enumerates over Cla(i)] or Cla(7)] is a strongly i-
distinguished celling with A with a strong i-labelling f; (=that part of f relating to
U, ), so that each S; is satisfied, and (d) R; is satisfied for all i > 0. O

A direct calculation of the quantifier form of A in Theorem 6.19 yields a £ relation,
so that A isr.e. in ¢©  giving A <. #® . Hence:

Corollary 6.24. The enumeration degrees below 0% are not dense. O

The gap between Theorem 5.6 and Corollary 6.24 leads to some obvious but impor-
tant questions:

QUESTION 6.25. What is the smallest n, 2 < n < 6, for which we can prove nondensity
of D(<0™)?

QUESTION 6.26. Are the enumeration degrees below 0/ dense? (We conjecture that
at least the e-degrees of the IIy sets are dense).

QUESTION 6.27. Are all finite distributive lattices embeddable as (non-initial) segments
of the e-degrees?

QUESTION 6.28. Can the techniques of Theorem 6.19 be adapted to provide minimal
upper bounds in the e-degrees?

Little seems to be known (along the lines of the classic Spector result [Sp56] for as-
cending sequences of Turing degrees) concerning the existence of minimal upper bounds
in the e-degrees, although every degree < 0’ is a minimal upper bound for some
ascending sequence (using the density result).

Corollary 6.20 provides the only result so far concerning the global theory of the
e-degrees: D, is not homogeneous. Slaman and Woodin [SWta] have used their coding
technique to obtain results concerning definability in the e-degrees. Otherwise every-
thing is still open. For example:

QUESTION 6.29. Are the total degrees definable in D, ? Is the jump definable in D, ?

QUESTION 6.30. Classify the automorphisms of D, .

Rogers [Rog67] asks:
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QUESTION 6.31. Is the collection of total degrees order-theoretic, i.e., invariant under
all automorphisms D, ?

§7. The structure of the enumeration degrees below 0’

The e-degrees below 0’ are of special interest, being the degrees of the XY sets. In
this section we examine structure below 0’ in particular in relation to the high/low
hierarchy and the classes A9, I1Y. We assume below that all standard listings {B;}i>0
of the 39 sets come with thin Xy approximations {B;}s>¢ (see Jockusch [Jo68] for a
proof that this can be done), where every AY set appears somewhere in the list with
a As approximation. We sometimes use the notation A[s] to denote expression A
evaluated at stage s.

DEFINITION 7.1 (McEvoy [McE84|, McEvoy and Cooper [MC85]). If {A%}s>0 is a X
approximation to a set A, define a computation function C4 for A by

Ca(z) =ps > x[A° [ x C 4],

each x > 0. A 35 -high approximation to A is a Yo approximation to A for which
C4 is total and dominates every recursive function. A set is X -high iff it has a >,
approximation, and a degree is Y5 -high iff it contains a Y5 -high set.

It is easy to see that on the total degrees the notion of ¥5-high coincides with the
usual notion of high for the Turing degrees (under the natural embedding). To see that
the X5-high degrees contain the high Turing degrees (cf. [McES85]), we just notice that
if x4 € a with A high, then A @ A € a, is Y,-high. For the converse, observe that
A <, Cy, and if A is a total set (so A<, A) then A =, C4. The result follows
from the fact (cf. Robinson [Rob68]) that any A € a ¥,-high degree a has a -
high approximation, so a contains a C'y dominating every recursive function. McEvoy
[McES85] showed that the 3s-high degrees properly extend the high Turing degrees by
constructing a quasi-minimal Ys-high degree. In fact:

Theorem 7.2 (Cooper and Copestake [CC88|). There exists a Yo -high properly Yo
degree.

Proof. Construct A with Yo approximation {A®}s>0. Get Cy4 to dominate {i} total
by delaying extraction from A of members of the i** column. Reconcile this with the
properly Y, strategy (see Theorem 4.11) by means of a tree of outcomes. O

However:

QUESTION 7.3. Characterise the jumps of the X,-high e-degrees.
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From Shoenfield’s construction [Sh59] of a non-r.e. Turing degree below 0’, we know
that the A9 e-degrees properly extend the class of II{ e-degrees. Yates’ construction
[Ya65] of a Turing degree below 0’ which is incomparable with all the r.e. Turing
degrees other than 0 and 0’ has an immediate corollary in the e-degrees:

Proposition 7.4. There is a AY e-degree incomparable with all I e-degrees other
than 0 and 0. O

Unlike the total degrees below 0, the e-degrees below 0’ properly extend the de-
grees of AY sets (by Cooper and Copestake [CC88], there exist properly X5 e-degrees).
In fact there is the following analogue of the Yates result:

Theorem 7.5 (Cooper and Copestake [CC88]). Let h be a X5 -high degree. Then there
exists an e-degree a below h incomparable with all the AY e-degrees below h (other
than 0 and h).

Proof. Build A € XY by recursive approximation to satisfy the requirements:

E;: If A= U,(B;), then either (a) there exists some x such that lims B?(z) does
not exist, or (b) H <. B;,

F;: If B; = V,;(A), then either (a) there exists some x such that lims Bf(x) does not
exist, or (b) B; is r.e.

The basic strategy for F; is to try and make B; r.e. by fixing D in A at stages
t > s whenever we get some z € B; N V;(D)[s]. But to leave room for the E;-
strategy in the presence of this infinitary outcome, split F; into subrequirements F; .,
x > 0, where F;, will be satisfied if either (a’) lim, Bf(x) fails to exist, or (b")
if x € B; N¥;(D) for some D, then there exists such a D which does not interfere
with any F;, j < max{i,z}, and we fix D in A. Seek to produce such a D for
x by working with the equation B; = ¥;(A) as in the properly Yo strategy, using
‘temporary’ negative restraints for F;, which are taken in turn via a ‘line’ which will
serve the purpose of isolating the true path in the tree of outcomes from the ‘35 noise’
produced by the temporary restraints.

The FE; requirements conflict with the F; requirements in that they will require

extraction of numbers from A. In satisfying FE; define values of a one-to-one coding
o; © w— w. For each x aim to have

(7-1) a;(z) € ¥;(D) with D C B; & (x € Hmax{y € D}| = x € H),

resulting in H <., B;. Work with the equation A = ¥,;(B;) as in the properly X,
strategy using the highness of H, either getting a y for which lim, Bf(y) does not
exist, or getting all the B;-extractions needed for stage-by-stage rectification of the
coding in (7-1), giving H <. B;. O

Little is known about jump restricted interpolation in the X9 e-degrees, although
we can extend the proof (Theorem 7 of [MCS85]) that every AY b > 0 has a low
predecessor a > 0 to get:
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Theorem 7.6. If h is X5 -high then there is a non-zero low a < h.
Proof. Construct A = O(H), H X,-high, satisfying

Ni: O(H)#Wi,
P : limg U (O©°(H?®))(i) exists,

each ¢ > 0. Satisfy N, in the usual way, but use the ¥5-highness of H to get a follower
x ¢ ©(H)[s] if x € W#. Satisfy P; by enumerating (y, H' | y) into © at all stages
t > s when we get i € ¥?(D) and D C ©%(H?®), unless in conflict with a higher priority
N;. O

We now look at minimal pairs below 0’. Using the previously mentioned observation
of Jockusch that capping in the e-degrees is often easier than constructing minimal pairs,
we show that we can always cap low degrees below Y5-high degrees (and, in particular,
below 0).

Theorem 7.7 (McEvoy and Cooper [MC85]). If 0 < a < h with a low and h ¥,-
high, then there is a degree ¢ < h such that anc= 0.

Proof. Carry out a Jockusch-style construction of a minimal pair a,c by recursive
approximation. Use the lowness of a to make the construction finite injury, and use
Yio-highness to get it permitted below h. O

Theorems 7.6 and 7.7 combine to give (compare [Co74]) the following extension of
Corollary 7.1 of [MC85]:
Corollary 7.8. If h is 5 -high then there is a minimal pair of degrees below h. O

Every low minimal pair of r.e. Turing degrees is a minimal pair in the e-degrees
(under the natural embedding):

Theorem 7.9 (McEvoy and Cooper [MC85]). If a,b, with a low, is a minimal pair
in the I1Y e-degrees, then a,b is a minimal pair in the e-degrees.

This follows immediately from:

Proposition 7.10. If g < TI{ e-degrees a,b, a low, then there is a 119 e with
g<e<a,b.

Proof of the Proposition. Let {A®}s>0 be a low II; approximation to A € a and let
{B*}s>0 be a II; approximation to B € b. Let G, i and j be such that G € g and
G= \I]Z(A) = \I/J<B) Define F € e by

(w,t) € E & (Vs > t)[x € UJ(A°) V 2 € U$(B*)].0

This means that any lattice embedding in the low r.e. degrees is a lattice embed-
ding in the e-degrees. McEvoy and Cooper give some immediate consequences of the
Lachlan/Yates construction of a minimal pair of (low) r.e. degrees, and of Lachlan’s
embedding results [La72] for the r.e. degrees:
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Corollary 7.11. (i) (Gutteridge [Gu71]) There exists a minimal pair of 11 e-degrees.

(i) Any countable distributive lattice can be embedded in the e-degrees, and the two
five-element nondistributive lattices can be embedded in the e-degrees. Hence the upper
semi-lattice of the e-degrees below 0’ is not distributive. O

McEvoy and Cooper show that the lowness condition in Theorem 7.9 is necessary.

Theorem 7.12. There is a minimal pair in the 11§ degrees which is not a minimal
pair in the e-degrees.

Proof. Adapt the Lachlan [La66] construction of a high minimal pair of r.e. degrees.
Construct co-r.e. A, B € a,b respectively, with a,b a minimal pair in D. Introduce
enough changes in membership of A, B to enable us to get e-operators I', A for which
C =T4 = AP with C # W, each i. Permit extractions of followers from C using non-
simultaneous extractions of elements of columns from A and B which do not (through
the timing of the extractions) injure the minimal pair strategy. This works because we
do not need, as in the Turing case, As ‘use functions’ for I' and A. O

The lowness condition in Theorem 7.7 is also necessary:

DEFINITION 7.13. a < c is mnoncappable below c iff for no nonzero b < ¢ do we have
anNnb =0, and a is noncappable iff a is noncappable below 0’.

We say there is a  breakdown in capping below c iff there is an a noncappable below

McEvoy and Cooper show that for each low b > 0 there is a breakdown in capping
below some nonzero a < c. Further development of these techniques yields:

Theorem 7.14. There exists a noncappable e-degree a.
Proof. Build A € XY by recursive approximation satisfying:

Pi: K=9 = U re,

N(i,j) . B; re. V (HGl)[GZ <., A& G; <. B; &G; #+ Wj],

each 7,5 > 0. Satisfy P; by an analogue of Sacks restraints. To get G; <. A and
B; build e-operators I'; and A; with G; = Ff‘ = Af ‘. Appoint followers x of N gy
which are held in G; via I'; and A; as long as « ¢ W, . If eventually « € W;, apply

the following easily proved lemma:

If A € X9 and the computation function Ca is dominated by a recursive function then
A isr.e.

to get B;-permission (along with A-permission) to extract (in the limit) some z from
G; if B; is not r.e. Use a tree of outcomes to enable the P;-strategy to live with (for
instance) the infinitary outcome when B; is r.e. O

We have already mentioned the result of Copestake [Copeta2| that there is a 1-
generic e-degree below 0’ which bounds no minimal pair. The existence of nonbounding
e-degrees (cf. [La79]) also follows (independently) from:
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Theorem 7.15 (Cooper and Sorbi [CStal). There is a linearly ordered initial segment
of the X9 e-degrees.

Proof. Let {V;,0,};>0 be a standard listing of all pairs of e-operators. Construct
A € 9 and e-operators I';, A;, i > 0, satisfying:

Nii A%WZ,
Pp: Vi[O8 =Ty (W) v ¥ = A,(07),

each ¢ > 0. Pursue the usual N;-strategy involving extraction of followers x when
x \, W; (‘z enters W;’). To satisfy P; we need to rectify (in the limit) I'; or A;.
Very roughly speaking, we play off a I';-strategy of fixing certain D C A to keep O
against a A;-strategy of extracting certain a z from O via some y € E C A to rectify
A; . These strategies contrast in that the former requires many D’s, the latter few E'’s.
They allow room for the Nj-strategies by the rectification of I';, A; for = ‘favouring’
requirements N;, j > x. Uncertainty as to the true path on the tree of outcomes
results in NV; possibly requiring attention infinitely often, giving A ¢ AY. O

By Lagemann’s embedding results (Corollary 5.5 above) all the degrees in the con-
structed linear ordering must be properly Y5, and by the density of the X9 degrees it
must have order type that of the rationals between 0 and 1. A corollary of Theorem
7.15 is that D.(< 0') is not elementarily equivalent to the class of A e-degrees.

QUESTION 7.16. Characterise the possible order-types of the initial segments of D, (or
of D (L 0).

It also follows from Theorem 7.15 that there are degrees below 0’ which cannot be
nontrivially split. By the Sacks Splitting Theorem (p.124 of [So87]) each II{ e-degree
can be split, but Ahmad [Ah89] has independently announced that there is a AY (in
fact, low) e-degree which cannot be split.

Cooper and Sorbi [CSta] have the following positive result:
Theorem 7.17. Fvery Yo -high degree can be split.

Proof. Given H Y5-high, define low sets A =T'7, B = A" with H = Q4®B by using
the highness of H to ensure that we can always get H -permission via I' or A to rectify
Q) via A or B respectively with regard to the higher priority lowness requirements. O

Other interesting results are announced by Ahmad in [Ah89], including a generali-
sation (Theorem 1) of her analagous result to the diamond theorem ([Co72]) for the AY
degrees:

Theorem 7.18 (Ahmad [Ahta]). There exist incomparable e-degrees a,b with aUb =
0’ and anb=0.

Proof. Construct low sets A and B such that K <, A® B and Vi,j[¥# = \I}f‘ =
U4 isre]. Get K <. A® B by ensuring Vx[zr € ANB & x € K]. Carry out the
minimal pair construction by recursive approximation (analagous to the minimal r.e.
Turing pair construction in its alternation between A- and B-restraints), while favour-
ing higher priority lowness and minimal pair restraints in deciding on the extraction of
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an A-or B-trace for x € K. As usual, use a tree to identify ‘windows’ correctly, using
the non-r.e.-ness of A and B to recover from actions taken off the true path. O

By the Lachlan Nondiamond Theorem ([So87], p.162), Theorem 7.18 shows that the
e-degrees below 0’ are not elementarily equivalent to the structure of the r.e. degrees
(as does Theorem 7.15). Many questions concerning the e-degrees below 0’ including
a number suggested by the Turing case, remain to be answered, including:

QUESTION 7.19. Characterise the degree of the first-order theory of D.(< 0').

It would also be interesting to see results exploring the context of the total e-degrees
within D.(< 0').
§8. Strong enumeration reducibilities

The need for a theoretical counterpart to real computational situations in which
only restricted information is available has motivated various areas of recursion theory,
including that of strong Turing reducibilities (see [Rog67] or [Od89]) such as many-
one, truth-table, weak truth-table and bounded truth-table reducibilities. We now
look at strong reducibilities which use only positive information (in providing positive
information), that is those which can be considered as restrictions of <.. Most of the
material in this section can be found in a fuller form in [Co87].

A number of truth-table reducibilities can be defined as restrictions of <.. Recall
(dropping the 4 in Definition 6.18) that ¢, = {D € [w]* | (z,D) € ¥V}, and define:

DEFINITION 8.1. The norm |le;|| of €, is defined by |le;||=sup{ | D | | D € e, }.
Then:

DEFINITION 8.2.

(1) (Many-one reducibility, Post [Po44]). U isa many-one operator iff (Vz) | Ue, |
1. Ais many-one reducible to B (A <,, B) ifft A <. B via a many-one V.
The one-one reducibility < is the special case where the £,’s are mutually
disjoint.

(2) (Congunctive reducibility, Jockusch [Jo66]). ¥ is a c-operator iff (Vz) | e, | =
1. A<, B iff A<, B via a c-operator.

(3) (Bounded conjunctive reducibility, Jockusch [Jo66]). W is a bc-operator iff it is
a c-operator and (3n)(Vx)|le,|| <n. A <. B iff A <. B via a bc-operator.

(4) (g-reducibility, Friedberg and Rogers [FR59]). V¥ is a g¢-operator iff A\ze, is
recursive and (Vz) ||| =1. A <, B iff A <. B via a g-operator. (<, is also
called disjunctive reducibility and written <g.)

(5) (Bounded g-reducibility, Jockusch [Jo66] and Lachlan [La65]). U isa bg-operator
iff (3In)(Vo)(|lexll=1& |ex| =n). A<y B iff A<, B via a bg-operator.

(6) (Positive reducibility, Jockusch [Jo66]). U is a p-operator iff Az e, is recursive.
A <, B ift A<, B via a p-operator.

(7) (Bounded p-reducibility, Jockusch [Jo66] and Lachlan [La65]). ¥ is a  bp-
operator iff ¥ is a p-operator and (In)(Vz) | Ue, | < n.

We say that a reducibility E is a truth-table e-reducibility iff E is a subreducibility
of <,: that is, iff Axe, is a recursive function for each E-operator V.
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Remembering the close relationship between e-reducibility and nondeterministic rel-
ative computability of partial functions, p-reducibility and g-reducibility can be thought
of as nondeterministic versions of c-reducibility and m-reducibility respectively (see sec-
tion 9 on polynomial time-bounded e-reducibilities).

In [PR79] Polyakov and Rozinas consider a generalisation of the notion of a truth-
table e-reducibility: if <p is some e-reducibility, denote by rE the restriction of F
(=the set of E-operators) to operators ¥ € E which are recursive. Unfortunately,
if <pg is not already a truth-table reducibility, <,p will, in general be non-transitive.
Moreover, for most natural £ we have A <p B < A <,p B®w, where B=,p BOw.

Polyakov and Rozinas [PR77] make the useful distinction between decision reducibil-
ities (such as <7 and <y ) and enumeration reducibilities (such as <. and <;). Each
of the above truth-table reducibilities has a corresponding degree structure which can
be looked at either as that for a decision reducibility or as that for an enumeration
reducibility. Since for each reducibility <p above Op consists of recursive sets only,
the former view seems more appropriate.

DEFINITION 8.3. We say that an e-reducibility <g is a proper enumeration reducibility
iff Or includes all r.e. sets.

If we allow partial versions of the truth-table e-reducibilities, where we only ask
for Az e, to be partial recursive, we do obtain proper e-reducibilities. In doing this, we
will of course want the resulting reducibility <,r to be transitive. Satisfactory existing
notions are:

DEFINITION 8.4.

(1) (Partial many-one reducibility, Rogers [Rog67]). ¥ is a pm-operator iff (Vx) | U
ex | <1. A<, Biff A<, B viaa pm-operator. (Rogers also defines partial
one-one reducibility <; in the natural way.)

(2) (pe-reducibility). W is a  pc-operator iff |e, | < 1. A <, B iff A <,. B
via a pc-operator. (The notation <,. is due to Polyakov and Rozinas [PR77],
although the notion appears earlier in Skordev [Sk72] and in Sasso [Sas73] via
his <p restricted to the semi-characteristic functions.)

Polyakov and Rozinas [PR77] note that transitivity fails for the partial counterparts
<pps <pq for <, and <,. There is no problem in giving partial counterparts <,p,, <ppc
and <, for the bounded reducibilities <, <p. and <p,;.

Referring again to the trees of nondeterministic computations which underly a
given enumeration operator, we can identify three natural classifications of strong e-
reducibilities.
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DEFINITION 8.5 (Cooper [Co87]).

(1) (Finite e-reducibility). ¥ is branch finite iff (Vz)(e, is finite). A <;. B iff
A <. B via a branch finite ¥. If <, is an e-reducibility, we sometimes denote
by 7 the restriction of r to branch finite e-operators.

(2) (Bounded e-reducibility). ¥ is norm bounded iff (In)(Vz)(|lex|| < n). A <4 B
iff A<, B via a norm bounded W¥.

(3) (btt-like e-reducibility). W is btt-like iff (In)(Vz)(| Uey | <n. A <pye B iff
A <, B via a btt-like ¥.

Apart from <., all the reducibilities considered so far have been branch finite.
A particularly important subreducibility of <. is the branch infinite counterpart for
<

>pm

DEFINITION 8.6 (Singleton e-reducibility, Friedberg and Rogers [FR59]). V¥ is an s-
operator iff (Vx)(|lex]] <1). A<y B iff A <. B via an s-operator. (The branch finite
version <z of < appears in Odifreddi [Od81] as <g.)

The definition given here is actually that of McEvoy’s <,. in [McE84], Friedberg
and Rogers originally defining: A <, B if and only if there is a recursive f such that

(Vx)(x € A & Wf(x) N B # ¢).

Polyakov and Rozinas [PR77] showed that the requirement for f to be total could be
dropped. In fact (see [Co87]) all three definitions are equivalent. s-operators occur
commonly in constructions in the e-degrees (cf. section §5 above). In fact, Watson
[Wata] notices that the following transitive subreducibilities of <; are those most often
used:
(Nearly m-reducibility/nearly pm-reducibility). A <pm B/A <,pm B iff A=¥BUW
for some r.e. W, some m-operator/pm-operator (respectively) W.

We notice that even though <;. and <, are branch infinite, combinatorially the
be- and s-operators are not that far removed from the fe-operators (Cooper [Co87]): If
¥ is norm bounded then W is | branch finite, where we say W is | branch finite iff

(V2)(3D;,)(YD)[D €] e, = DN D;, €| &,).

All the reducibilities so far defined are transitive, so that we can refer to their
corresponding degree structures. We can summarise the known implications between
the various proper e-reducibilities in the following diagram:

Ss Sbe
Si Spm Sbtte Sfe Se
Spc

Most of the non-implications are easy to prove (see [PR77], [PR79] and [Co87]). See
[Co87] for a summary how the truth-table e-reducibilities fit into this picture.
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We now examine the degree structures for the proper e-reducibilities, with special
reference to the s-degrees and their close relationship to the e-degrees. Following Vuck-
ovic [Vu74] we define:

DEFINITION 8.7. A is strong iff A =, [A]<¥. If <, is some transitive reflexive
e-reducibility, then we say the r-degree a, is strong iff there is some strong A € a,..

Since A =, [A]<¥ =, [[A]<¥]<¥, every e-degree a contains a strong r-degree a,,
say, and if <, includes <, then this strong a, is of largest r-degree in a (cf. Vuckovic
[Vu74]). In particular:

Every e-degree contains a largest s-degree.

Since [K]<¥ is T1{, so =, K, K is an example of a non-t.e. strong set. If A (#w)
is r.e., then x 7 =pm A, so if <, includes <, , then K is of strong total r-degree.

We easily adapt Definition 3.5 to get a jump on the r-degrees:

DEFINITION 8.8. aj. = deg, J(A).

Hence, for any <, including <,,, we have that 0] = deg, (K) is a strong total II{
r-degree, and if <, includes <, then 0. is of largest r-degree in 0’.

DEFINITION 8.9. Given two reducibilities <, and <, with <, included in <., we say
a,# 0, is a y-contiguous z-degree iff VA, B € a, [A =, B]: that is, a, consists of a
single y-degree.

The non-existence of s-contiguous e-degrees follows from:

Theorem 8.10 (Zakharov [Za84]). Every non-zero e-degree contains at least two dis-
tinct s-degrees.

Proof. Given Ay not r.e., define

A={(z,y) |7€¥,(A)}, B=SU[{]J D)

€A
where S is hypersimple and f is a recursive function such that D,y = {2% —
1,...,2%t — 2} Verify that A9 =. A =. B but that A £, B. O

The above proof is not sufficient to resolve:

QUESTION 8.11. Does every non-zero e-degree contain infinitely many distinct s-
degrees?
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Zakharov [Za84] showed that if B is as in Theorem 8.10, then B <,, B X B <,
coo <m [B]™ <m ..., so every e-degree contains an infinite ascending sequence of m-
degrees. Using an analogue of Beigel, Gasarch and Owings’ [BGOS87] notion of terse
set, Copestake [Copetal| showed that every 1-generic e-degree a contains an infinite
ascending chain of s-degrees, namely the s-degrees got from the sequence

A< AP <o .. < [A]" <4 ...,

A a terse set in a. Watson [Wata| gave a constructive version of Zakharov’s theorem
for the 39 degrees, and proved:

Theorem 8.12 (Watson [Wata]). If a > 0 is AY or Xy -high, then a contains no s-
degree minimal in a. Hence every a > 0 which is AY or Yo -high contains an infinite
descending sequence of s-degrees.

Proof. Let T, be a standard listing of all s-operators. Given a non-r.e. set A € Af
construct a B € AY satisfying R; : A # \/Il\fg, each i >0, P: A=TP (T an e-operator
to be constructed) and Q : B = A4 (A an s-operator to be constructed). Monitor the
initial segment of agreement £(i, s) for R;, and as this grows seek to preserve it (working
against the pseudo-outcome A = @f r.e.) by restraining a corresponding singleton y

in B for each x € A, = < {(i,s).

Ensure the rectification of I' in P eventually leaves room for the R,;-strategy by
using large sets D in (x, D) € T', so that if + /* A (‘x leaves A’) we can get x /' T'B
by extracting some y € D from B while respecting the R;-restraints corresponding to
numbers y < x < £(i,s). Achieve @ by making (y, {z}) € A if (x,D) € I with y € D,
and using crossing for rectifying I' when x " A* and y € Bt. In the A Y,-high part
of the theorem the strategies are similar. O

It is not known whether there exist e-degrees containing minimal or least s-degrees,
or which are closed under formation of meets of pairs of s-degrees. Watson [Wa8§|
conjectures that there exists a minimal pair of s-degrees contained in a single e-degree.
More generally Watson [Wata] asks:

QUESTION 8.13. Do there exist (distinct) proper e-reducibilities <, and <., with <,
contained in <, , for which there exists a y-contiguous z-degree?

On the positive side, Watson [Wata] is able to show: There exists a I pc-degree
a, 0 <a< 0, such that if A and B are II{ sets in a then A =, B.

Turning to general structural questions, [Co87] gives an in-depth analysis of density
and non-density in a wide range of strong e-degree structures. We are unable to do more
here than summarise the main results, and hint at the techniques involved. Fundamental
to this analysis are notions of compactness, trivial for the Turing case but of crucial
importance in deriving existence results for suitably i-distinguished cellings.
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DEFINITION 8.14. (1) Let ¢ be a set of numbers. We say that ¢ is a W -tower iff
there is a pair W, K such that

(8-1) (Vo)[z e ( & W ¢] e, &K ¢71 e,]
and
(8-2) (Vo,y € Ol ea(W, K) Sl ey (W, K)V | &y(W, K) €| e2(W, K)].

(2) We say that W*, K* decides the ¥-tower ¢ iff W* Dg, W and K* O K and for
all z, W*ele, or K* €l e,.

(3) We say that W is compact iff every W-tower can be decided by some pair W*, K*.
We say that <g is compact iff each ¥ € E is compact.

Proposition 8.15. FEach of the reducibilities <,,, <1, <c¢, <te, <q: <tgs Ztp, <i» <pm
s Zper <s <z <vite <ve 0o <7 (via its corresponding e-reducibility) is compact.

Proof. Observe that each of these reducibilities is norm bounded or T norm bounded
(that is, for each ¥ (In)(Vz)(IK €T e,)[ | K | < n]), and show that all such reducibil-
ities are compact. a

It will follow that for most known proper e-reducibilities, compactness characterises
those reducibilities <, for which we can find degrees with uncountably many mini-
mal covers in the r-degrees. As remarked in [Co87], the truth-table reducibilities are
approached differently, within the context of the decision reducibilities (see for exam-
ple Odifreddi [Od81] or Lachlan [La70]). For compact operators one can derive i-
distinguished and i-undistinguished cellings (instead of just i-maximally enumerating
cellings as in the proof of Theorem 6.19) in such a way that they can be nested without
too much loss of effectiveness. Then Lemmas 6.16 and 6.17 can be adapted (in 6.17 re-
placing i-maximally enumerating with i-undistinguished), to provide the satisfaction of
a wide range of minimality and minimal cover requirements. The nesting depends tech-
nically on the notion (analagous to that of subtree in the Turing case) of a continuation

C’ of a celling C.

Theorem 8.16 (Cooper [Co87]). Let <, be a partial truth-table reducibility. Then, if
<, 1is a proper e-reducibility, there exists a continuum of minimal r-degrees.

In particular, there exists a continuum of minimal pm-degrees, pc-degrees and of
T-degrees.

Proof. The construction is formally the same as that for a continuum of minimal Turing
degrees (see [Le83|). For each a € 2¥ construct a distinct nest {C;(a)}icw of appropri-
ate cellings where for each i € w C;(a) € X9, C;11(a) is a continuation of C;(«), and
(roughly speaking) either C;ii(«) is i-undistinguished or C;;1(«) is i-distinguished
with $¢ i-labelling. Define A, to be the unique set respecting all the cellings C;(a),
i € w, in the usual way, and get the minimality of deg,(A,) by applying suitable
variants of Lemmas 6.16 and 6.17.

The result for the T-degrees follows from the earlier observation (derived from Sasso’s
construction [Sas73] of a minimal T-degree < 0) that sets of minimal pc-degree yield
unique semicharacteristic functions of minimal T-degree. O
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It is clear from the proof of Gutteridge’s Theorem (5.3) that there do not exist
minimal r-degrees for any e-reducibility <, which includes §-reducibility. We now
see that for most compact proper e-reducibilities relativisation of the Gutteridge result
breaks down completely.

DEFINITION 8.17. (1) If f is a (possibly partial) function, then the f-contraction fW¥
of U is defined by (z,D) € f¥ < (z, f~'D) € V.

(2) We say a reducibility <, is combinatorially compact iff whenever ¥ € r we have
that each f-contraction fWU is compact.

Since the proof of Proposition 8.15 only depends upon norm boundedness or Tnorm
boundedness, all the reducibilities is actually seen to be combinatorially compact.

Theorem 8.18 (Cooper [Co87]). Let <, be a combinatorially compact e-reducibility.
Then, if <, includes <, there exists a continuum of minimal covers for 0. .

In particular, there exists a continuum of minimal covers for 0. in the s-degrees,
and of 0y, in the be-degrees.

Proof. The proof is similar to that for Theorem 8.16, except that we now get C;(a)
and its corresponding increment Z € X9 for each i € w, and similarly any i-labelling
ff € ¥Y. Again applying suitable variants of Lemmas 6.16 and 6.17, we get that for
each i either A, <, ff x T x \Iff"‘ or \Iff‘”‘ <, C. Since K is r-complete in X9, we get
A, <, K x \I/f‘“ or \I/f‘“ <, K. To obtain deg,(A,) minimal over 0’ make K <, A,
by coding K into Cy(c) in a trivial way. O

Further detailed consideration confirms the existence of continuously many minimal

covers for 05 in the $-degrees, but the problem for the T-degrees and the btte-degrees
remains open.

We briefly return to the non-compact case.

DEFINITION 8.19. We say that a branch finite ¥ is anti-compact iff there is a ¥U-tower
(with W, K = ¢) and for any two sets A, B we have that ¥4 = U5, (It follows from
the definition that no compact ¥ can be anti-compact.)

Proposition 8.20. There exists an anti-compact p-operator.

Proof. Define the Slaman operator U as follows: Associate with each D, a rational
number

ay =1+ (=1)P=OF (Y2 4y (—1)PeRrl (L2
where k = max{z € D, }. Let D, € €, if and only if a, < a, and

pw [Dg(w) # Dy(w)&w < max {z € Dy} + 1&w < max {z € D, }|

exists = max {z € D, }.

The following generalises the theorem of Gutteridge (Corollary 5.2) on minimal covers
in the e-degrees.
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Theorem 8.21 (Cooper [Co87]). (i) If an e-reducibility <, contains an anti-compact
U then there are at most countably many minimal covers for any deg,.(B), where each
such minimal cover <7 B’. In particular, there are at most countably many minimal
covers for a given degree in each of the e-degrees, the fe-degrees and the p-degrees.

(ii) If a truth-table e-reducibility <, contains an anti-compact ¥, then any minimal
cover for deg,(A) in the r-degrees is r.e. in A. In particular, every minimal p-degree
is T.€.

Proof. For (i), show that if ¥ is an anti-compact e-operator then for any sets A, B
U4 <, B= A <7 B'. Define a new anti-compact © by relabelling the outputs for ¥
on w to allow us, given A = ¥,(04® B), to uniformly enumerate x+1 from ¥4 B)
just in the case x4+ 1 € A, giving A <, ©4@® B = A <, B. Proposition 8.20 gives the
particular cases.

(ii) is similar. Show that if ¥ is an anti-compact truth-table operator, then ¥4 <,
B = A <, B, and that we can modify ¥ to get an anti-compact truth-table operator
© for which A <, 04 ® B= A <, B. O

On the other hand, in contrast to Gutteridge’s Theorem for the e-degrees, one can
construct a (r.e.) minimal p-degree (see [Cota2]).

There are many open questions (see §5 of [Co87]), including:
QUESTION 8.22. Are there techniques for producing upper cones with required prop-

erties in the e- or s-degrees?

QUESTION 8.23. Are the structures of the pm- or pc-degrees above 07, or 0. re-
spectively dense?

Polyakov and Rozinas [PR79] have proved some basic results concerning s-, pm- and
pc-degrees. Also:

Theorem 8.24 (Zakharov [Za84]). The elementary theories of the r-degrees and s-
degrees are different for re {e,pc,p,c}.

Proof. The proposition

(8-3) (Ja#0)(Vb)(Vc)la<bUc = a<bVa<c

is true in D, since if A is a retraceable set we have
(VB)(VC)[A<;Be(C = A<;BVA<,C].

However, direct construction shows that (8-3) is not true in D, each re {e,pc,p,c}.
(In the e case Zakharov shows that one can join above a with quasi-minimal e-degrees
b,c.) O

Using Theorem 7.14 above, we can show that D(< 0%) is not elementarily equiva-
lent to Ds(< 0%):
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Theorem 8.25. If a is an s-degree below 0, then a is cappable in the s-degrees below
0.

Proof. Let {(@Z, @i)}izo be a standard listing of all pairs of s-operators. Given A € X9,
K £, A, construct B € XY satisfying:

NZ'S B%Wz,
P;: @?:@?é@? r.e.,

each ¢ > 0. The N;,-strategy is as usual. For P, monitor the initial segment of
agreement, of length £(i,s). If almost all y < £(i,s) at some stage s which are in
UA[s] are enumerated into ©2[s] via more than one singleton {y} C Bls], then we can
protect £(i,s) via restraints which still allow room for the N;’s. Otherwise, we can
use infinitely many members of @f to code K, when z /' K using a B extraction to
achieve an extraction of the x-trace from ©F | forcing lim inf (i, s) to be finite. O

QUESTION 8.26. Prove density of the s- and be- degrees < 0’. Characterise the degrees
of the first-order theories of these structures.

§9. Polynomial time-bounded enumeration reducibilities

All the reducibilities introduced above give rise to computation bounded reducibili-
ties. These take various forms, mainly dependent on the type of bound on time or space
allowed for the reduction and on the presence or otherwise of nondeterminism in the
reduction procedures. Polynomial time bounds are closely related to practical limits on
computations, and so far this is the area in which notions are well developed. The con-
nection between relative e-reducibility of sets and relative nondeterministic computabil-
ity of functions gives polynomial bounded enumeration reducibilities an important role
in clarifying the nature of polynomial time reducibility between functions.

Before giving definitions, the bounding process requires us to be more precise in de-
scribing computations. For convenience, we take the multi-tape Turing machine as our
model of computation, inputs being words in a finite alphabet (we choose {0,1}). Num-
bers are identified with their binary presentations, and we write | z | for the length of
x€40,1}* (so | z | =~ logx, the binary logarithm of x). A Turing machine M (either
deterministic or nondeterministic) runs in polynomial time if there is a polynomial p
such that on any input of length n, any computation of M halts in at most p(n) steps.
M accepts on input x, and recognises a set A, have their usual meanings. Turing
machines equipped with distinguished output tapes for computing functions are called
transducers. In general, nondeterministic transducers will be permitted to compute
many-valued functions. For relative computations we use oracle Turing machines with
a designated oracle tape. An oracle Turing machine M runs in polynomial time if there
is a polynomial p such that on any input of length n, any computation of M halts in
at most p(n) steps, independently of the oracle used. As usual, P denotes the class
of all subsets of {0,1}* (deterministically) computable in polynomial time and NP is
the class of all such sets nondeterministically computable in polynomial time.
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DEFINITION 9.1. (1) (Polynomial time Turing reducibility, Cook [Coo71]/ Nondeter-
ministic polynomial time Turing reducibility, Meyer and Stockmeyer [MS72]). A <7 B/
A §Jj\f P B iff there is a deterministic/ nondeterministic (respectively) oracle Turing ma-
chine M which runs in polynomial time such that = € A iff some computation sequence
of M on input z with oracle B accepts.

(2) (Polynomial time many-one reducibility, Karp [Ka72]/ Nondeterministic polynomial
time many-one reducibility, Ladner, Lynch and Selman [LLS75]). A <P B/ A<NP? B
iff there is a deterministic/ nondeterministic transducer M which runs in polynomial
time such that x € A iff M, on input x, produces some output y € B.

Both deterministic reducibilities are reflexive, transitive relations giving rise to de-
gree structures with least degree = P (ignoring ¢ and {0,1} in the former case).
S{XP (but not S%f P is transitive with least degree = N'P. Ladner, Lynch and Sel-
man [LLS75] added further polynomial time bounded positive reducibilities to <» and
gﬁ\n”’. For technical reasons, these need to be approached via truth table reducibility,
where an abstract approach is taken in order to make the bounds independent of the
particular presentation of the Boolean functions giving the truth tables.

Let A be a fixed finite alphabet (for example {A,V,=}) for encoding Boolean func-
tions and let ¢ ¢ AU {0,1}*.

DEFINITION 9.2 (Ladner, Lynch and Selman [LLS75]). (i) A tt-condition is a member
of A*c(c{0,1}*)*.

(ii) A tt-condition generator/ nondeterministic tt-condition generator is a deter-
ministic/ nondeterministic (respectively) transducer M such that each computation
sequence of M produces a tt-condition.

(iii) A tt-condition evaluator is a recursive mapping of A*c{0,1}* into {0,1}.

(iv) Let e be a tt-condition evaluator. A tt-condition accys...cyx is e-satisfied by
B iff e(aexs(y1)..-xB(yr)) = 1.

(v) (Polynomial time truth table reducibility/ Nondeterministic polynomial time
truth table reducibility). A <I B/ A <NP B iff there is a deterministic/ nondeter-
ministic polynomial time computable generator M and a polynomial time computable

evaluator e such that z € A iff M, on input x, computes some tt-condition which is
e-satisfied by B.

Ladner, Lynch and Selman look at various alternative formulations of these defini-
tions (such as allowing nondeterminism in the evaluator in <#”) and show them to
lead to the same notions.
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DEFINITION 9.3 (Ladner, Lynch and Selman [LLS75]). (i) (Polynomial time positive
reducibility/ Nondeterministic polynomial time positive reducibility). A <’ B/ A Sévp
B iff A< B/ A<NP B (respectively) with evaluator e having the property that if
e(acoy...or) =1 and o; =1 implies 7, =1 for 1 <i <k, then e(acr...7) =1.

(ii) (Polynomial time conjunctive reducibility/ Nondeterministic polynomial time
conjunctive reducibility). A <P B/ A <NP B iff A <, B/ A <NP? B with eval-
uator e having the property that e(acoy...or) =1 iff 0, =1 for 1 <i <k.

(iii) (Polynomial time disjunctive reducibility/ Nondeterministic polynomial time
disjunctive reducibility). A §§ B/ A gf}”’ Biff A< B/ A §é\t/7> B with evaluator
e having the property that e(acoy...0r) =0 iff 0, =0 for 1 <i <k.

(Bounded versions of these reducibilities can be defined by adding suitable restric-
tions on the generator.)

In general, following Baker, Gill and Solovay [BGS75] for the Turing case, the non-
deterministic reducibilities (in contrast to the situation without oracles) can be shown
to properly include the deterministic notions. Ladner, Lynch and Selman [LLS75] sum-
marise the implications and non-implications (these often, but not always, proved on the
sets computable in 2" time) between the various reducibilities in the following diagram
(showing a collapse of <A and SQ/ P):

<P
—m
< <7 <7 <7
The transitivity of gﬁf P with corresponding least degree = NP leads Ladner, Lynch

and Selman to suggest SJCV P as a polynomial time bounded analogue of enumeration
reducibility. There are many questions concerning the polynomial time bounded degree
structures, often intimately connected with the question of P =?NP.

Following from Adleman and Manders [AM77] (for the <,,, case), Long [Lo82] in-
troduces the notion of strong nondeterministic polynomial time reducibility in which
there is a consistency condition imposed on the outputs of each nondeterministic Tur-
ing machine M for any input x, and shows the strong reducibilities to lie between the
deterministic and unrestricted nondeterministic notions. Other related reducibilities
include the log space reducibilities of Meyer and Stockmeyer [MS73] and Jones [JonT73].

We now consider notions of polynomial time bounded e-reducibility (referring the
reader to Selman [Se78] and Copestake [Copeta3] for a fuller discussion). Arguing by
analogy with Theorem 2.9 above, Selman [Se78] defines:

DEFINITION 9.4. A is polynomial time enumeration reducible to B (A <,. B) iff

Vo [B <HP X = A<)P X
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This is intended to capture the notion that A is polynomial time enumeration re-
ducible to B just in the case that every ‘polynomial-enumeration’ of B (relative to
any set X ) yields some polynomial-enumeration of A (relative to X ). Then, following
Selman’s proof [Se71] that <. is a maximal transitive subrelation of ‘r.e. in’, we have:

Theorem 9.5 (Selman [Se78]). <pe is a mazimal transitive subrelation of <)P.

The definition of <,. can be presented so as to look more like the usual definition
of enumeration reducibility.

Theorem 9.6 (Selman [Se78]). A <,. B iff for every polynomial q, there is a set W
in NP, a polynomial p, and a constant k such that

Vere A Ja|la| <p(|z|)&zcacW
&a=cy;...cy,cczy. . .czpy,
&Y1y o Yny 21, -+ 2m € {0, 1}
&Vj<mq(|z|)<klog|z|
&{y1,. . ynt C B&{z1,...,2m} C B]].

The unexpected negative information about B appearing in this technically more
useful definition of <, is due to the fact that a polynomial-enumeration of B will give
us usable information about B. Selman shows that <pe lies strictly between §év P and
<NP but that on TIME(27) (=the class of sets recognised by deterministic Turing
machines which run in time 2P(") | p(n) a polynomial) <pe and <NP coincide. Partially
justifying the definition of <,. Selman verifies that for polynomial bounded functions
we have:

f <P g if and only if graph(f) <pe graph(g).

In contrast to the situation with the deterministic polynomial time reducibilities (see for
example [Amta] or [SStal), little is known about the degree structures for the nondeter-
ministic positive reducibilities. Silver [Sita] examines various polynomial time analogues
of singleton reducibility (<), including <N7, Long’s <3N (originally appearing in
Adleman and Manders [AM77] as «y-reducibility) and a singleton version of <,..

There is a problem with <,. arising from the nonconstructiveness of its definition
(there are no accessible pe-operators). Copestake [Copeta3| convincingly argues that
what is needed is a polynomial bounded analogue of the full description of <., namely:
A <. B iff there is an algorithm which given any enumeration of B will provide us
with an enumeration of A. See [Copeta3] for an alternative definition of polynomial
time bounded e-reducibility.

§10. The Medvedev lattice and its extension to partial functions

Enumeration operators underly Medvedev’s [Me55] definition of the lattice of degrees
of difficulty, derived from a natural way of comparing relative computability of classes
of functions (or mass problems). Of special interest is the Dyment lattice [Dy76] which
generalises the concept of degree of difficulty to the classification of classes of partial
functions. We briefly review the basic definitions (see [Rog67] or [Sortall).
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DEFINITION 10.1. A is a mass problem iff A is a collection of total functions. A is
a mass problem of partial functions iff A is a collection of partial functions.

Rogers gives a number of examples of natural mass problems (consisting of sets of
functions with something in common). In order to formalise the idea that A4 (say) is
reducible to B iff from any ‘solution to’ (that is member of) B we can effectively get a
solution to A, we recall the definition (1.12 above) of recursive operator.

Then every e-operator ¥, defines a partial recursive operator © : P — P. The
Fundamental Operator Theorem (Rogers [Rog67], Theorem XXIII) says that although
not every \If{ , f € P is necessarily a function (so © is not necessarily a recursive
operator), we can uniformly define W,(;y so that it defines a recursive operator which
agrees with © on the total functions. This provides us with an effective enumeration
{O;}icw of the recursive operators on F (the set of total functions), where ©; is the
recursive operator defined by W, ;).

DEFINITION 10.2 (Medvedev [Meb55]). Let A and B be mass problems.

(i) A is reducible to B (A < B)iff 3i[0;(B) C A].

(ii) A is equivalent to B (A=8B) iff A <B and B < A (where = is easily seen
to be an equivalence relation).

(iii) The resulting equivalence classes are called the degrees of difficulty (denoted

by M) and have a reducibility ordering < induced by the reducibility ordering. We
call M = (M, <) the Medvedev lattice.

If A and B are mass problems of partial functions, define A& B ={p® ¢ | p €
A& € B} and, foreach z € w, s® A={z® ¢ | p € A} where z & ¢ is the partial
function 6 such that 6(0) = =, and 6(y) = p(y — 1) if y > 0. Then, denoting the
degree of difficulty of A by [A], we can define a meet \/ and join A on M by

A AB =[A®B] and [A]\/[B]=[0® AU 1® 8.

Medvedev [Meb5] showed that M is in fact a distributive lattice with these opera-
tions (see [Rog67]), with a least degree O consisting of those mass problems containing
a recursive function, and a greatest degree 1 (the degree of the empty mass problem).
Also, a special source of interest in M, there is a natural monomorphism, preserving
least element, of D into M (and onto the degrees of solvability) got by mapping
degp(A) to [{xa}]. Similarly, D. is isomorphically embeddable in M (onto the de-
grees of enumerability) via the mapping taking deg.(A) to [{f | range f = A}].

We can extend the above definitions to obtain a classification of mass problems of
partial functions:

DEFINITION 10.3 (Dyment [Dy76]). Let A and B be mass problems of partial functions.
A<, B iff

(3 partial recursive operator 0)(Vy € B)[p € dom (0) & O(yp) € A|.
Let A=, B iff A<.B and B<, A.
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As before =, is an equivalence relation and, defining meet and join operations on
M, (the set of equivalence classes under =., or degrees of difficulty) in a similar
way as before, we obtain the Dyment lattice M, = (M., <.) with least element
0. = [{¢ | ¢ is pr.}]e and greatest element 1. = [¢].. There is a natural embedding
of D. onto the degrees of enumerability in M. (those degrees having the form [{p}]
for some partial function @) given by V.(deg.(¥)) = [{¢}e-

Both structures have many attractive and interesting features, and relate closely
to D and D.. We can only refer briefly to some of the more recent work in this
area. Dyment [Dy76] examines basic questions of incomparability and interpolation.
Answering a question of Rogers [Rog67], it is shown that the property of being a degree
of solvability in M is lattice-theoretic: a degree is a degree of solvability if and only
if there is a smallest degree among all the degrees greater than it. In [Dy80], Dyment
examines analogues of Spector’s work on upper bounds for countable ideals in D. One of
the original motivations for the study of M was a relationship with certain nonstandard
logics (M is a Brouwer algebra), which is followed through in a sequence of three papers
[Sortal], [Sorta2] and [Sorta3|, in which Sorbi carries through an intensive study of the
algebraic properties of M and M,.. It is shown in [Sortal]| that M is not a Heyting
algebra. In [Sorta2| the author investigates some non-principal filters and ideals of M,
as well as the corresponding quotient lattices, and in [Sorta3] studies in more detail the
structure of M as a Brouwer algebra.

There are still many questions concerning the Medvedev and Dyment lattices, in-
cluding two originally asked by Rogers [Rog67]:

QUESTION 10.4. Is the property of being a degree of enumerability lattice-theoretic in
M?

QUESTION 10.5. Is the jump operation on degrees of solvability lattice-theoretic or
lattice-theoretic with respect to the degrees of solvability (that is, invariant under all
automorphisms of the lattice that carry the degrees of solvability onto the degrees of
solvability)?
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