25. A main lemma

For each requirement Rg, if Re is finitely
injured then it is finitely injuring.

e First notice — above each Rg M, imposes
at most one restraint on some o*t = 7, which is
never cancelled; and K,/ defines just one level of
protected arguments of .

e Assume each R, above Reg is at most
finitely injuring, and let s be s.t. all restraints
and protected arguments originate prior to stage
s, and no R, above Rg requires attention at a
stage s+ 1 > s.

ee Then — Rg can only require attention finitely
often in relation to a given potential witness x:

e Such an x can be assumed to be appointed
through (1) at some stage s, +1 > s — and if
cancelled x can never be reappointed.



e Re cannot require attention via (3), part I,
in relation to x more than once —

e Since otherwise at a stage s+1 > s we would
implement an fsi1,9s+1-matching 1 with ~y-
state (-) (only Ps being relevant), and restrain

ft+179t—|—1 2 fs—l—lags—l—l 2 fszvgrﬁ(x)[‘sj]? respy,
at all later stages, with fs. (x) # ©9% (x) —

e So precluding Reg from requiring attention
at a subsequent stage t + 1, other than through

(4) or (5).

e And any such attention can only have the
effect of consolidating a *;,1-matching, and of
preserving this situation.



e Assume Rg to require attention at infinitely
many stages through (3), subcase II, and that
gl 9(x)|s;], i > 1, is a list of all strings realised
in relation to x, where, by choice of x, no such
realised string is ever cancelled.

e To get a contradiction, one needs to find a
stage s+ 1 at which Rg satisfies the conditions
for attention through (3), part I in relation to x:

e That is — a stage s + 1 at which there

exist distinct 4,7 > 1, such that the P, O-
preconfigured rank above Rg of f;, matches

the 7/5, Q-preconfigured rank of gy, above Rg
at stage s+ 1.

e — and to do this, one needs to verity the
following facts:



(A) There are only finitely many isomorphism
types possible for the stratified inner P, O-
and 73, Q-preconfigured ranks of each f,
and g,, (respy) above Re, from which it
follows that there is a limiting value for
the isomorphism types applying to the inner
P, O- and 73, Q-preconfigured ranks of f;, g;,
respy, above Rg at stages t+ 1.

(B) At all stages s+ 1 > s; +1 at which
Re requires attention via (3), the inner P, Q-
preconfigured rank above Re of fs; matches

the inner 7/5, Q-preconfigured rank of g,
above Rg, each 7 > 1.

(C) Forall i,5 > 1 —if at stage s+1 > s,+1
the inner P, @—preconﬁgured rank above Rg
of fs, matches the inner 7/5, Q-preconfigured
rank of gs, above Rg at stage s+ 1, then
the P, 9) —precgnﬁgured rank above Rg of f;,

matches the P, Q-preconfigured rank of g,
above Rg at stage s+ 1.




There are only finitely many isomorphism types
possible for the stratified inner P, Q- and

737 Q-preconfigured ranks of each f,, and g,
(respy) above Rg ...

e Using key:

<> denotes f;

for a string C o

(O for other strings

— for a generic protected argument of

for a @, relationship
.................. for a (I)B relatignship
CAN LIST the possible isomorphism types for

??’Q(R@, fs) (allowing for a restraint on o= ):




[somorphism types (all originating along the true
paths):

< D




Notes:

e Some minor variations involving O — [ etc
omitted.

e (Can re-interpret the above schemes to get the

list of possibilities for ?f’Q(R@, Js) -



... from which it follows that there is a limiting
value for the isomorphism types applying to the

inner P, Q- and P, Q-preconfigured ranks of
ft, g¢, respy, above Rg at stages t+ 1.

e Then notice — any sufficiently long chain
of appreciations in stratifed inner preconfigured

ranks via (2) eventually results in relevant
limiting isomorphism type <>

O

— this being dependent on the non-return to
succeeding isomorphism types. L[]




At all stages s+1 > s;+1 at which Reg requires
attention via (3), the inner P, Q-preconfigured
rank above Re of f,, matches the inner

P, Q-preconfigured rank of g,, above Re,
each 7 > 1.

ee Just need to revise the previous argument
for modules 1 and 2:

e Already have this for each s =s;, 7 > 1.

e (Can trace any breakdown in the matching at
a stage s+ 1 > s; +1 to new axioms for ®,,

bz, g or Oj.
e All such new axioms for ®,, ®z must be
relevant to +5£’3(R@, fsi1)-

e And any new axiom ‘o = @7’ or ‘o = P}’
implemented for ®, or ®g, respy, at a stage
t + 1 only involves 0,7 € Dom(*;41), and any
corresponding new axiom for EI\D@ or CTDB at a
stage s+1 > t+1 is of the form ‘o*st1 = 63*3“ ’
or ‘g*stl = CTD%*SH .
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e So all new axioms for ®5 or (T)B at stage
7,0
s + 1 must be relevant to Te_ 7 (Re, gs+1) -

e There is no non-trivial reoganisation of *; at
any stage t +1 with s; <t+1<s+1, due to
Re requiring attention, and no R, above Rg
requires attention at such a stage.

e And at each such stage t + 1 there is a
restraint of priority that of Rg on n*t, each

(m, ") € 5f’Q(R@,f8j) — and no hatted
functionals involved in the x;-matching of the

ranks of f, ,gs, appear in ef’Q(R@,fsj) .

e Let 3 be the x,-matching of the ranks
of fs,,9s;, with corresponding augmentation

el 9(Re. 95, (25, Bs] of *el2(Re,gs,).



e Then — by the way in which new axioms
for ®,, ®5, ®5 or Pz are Stipulated and

implemented — any change in +5 (R@ fs;)
at stage s+ 1 must be associated Wlth a change

: —P,0
11 +53 (R@afs—l—l) -

e Which must be then either reflected in the
=P,Q
’ )

appropriate augmentation of T&,/7(Re, gs+1),

and hence in +5f+1 (Re, 9s, )[<I>’ ®.] — or leads

to an appreciation in 6?’9(72@, fs) and, via (2),
a consequent appointment of a new prepared
inner preconfiguration at Rg (contradicting the
choice of x).

e And, any change in +_P (Re, gsj)[ ]

arising from a new axiom for CID@ r ®5 must

originate in _ZL?(R@ fs.). O



For all 7,7 > 1 — if at stage s+1 > s, + 1
the inner 7P, @—preconﬁgured rank above Rg
of fs, matches the inner 7/5, Q-preconfigured
rank of g, above Rg at stage s+ 1, then the
P, @—preconﬁgured rank above Rg of f;,

matches the 73, Q-preconfigured rank of g,
above Reo at stage s+ 1.

e Trivial — referring, e.g., to possible isomor-
phism types:

Q
™

T /
N \b 2 \L‘:I\b 2
S

for +??’Q(R@,fsi) and +§f’Q(R@7gSj) —




e Notice that +§f’Q(R@, gs,) cannot present
any problems (by the defn. of f,, g5, -matching).

e And those presented by +§f’g(7€@, fs,) are

resolved by suitable choice of augmentation
+§f’g(72@,gsj)[€f>’5] — giving, in the absence
of protected arguments, a *z-matching of the
appropriate ranks. [



e So — from (A) and (B) one eventually gets
a matching of the inner P, Q-preconfigured rank

above Rg of some f;. by the inner P, Q-
preconfigured rank of some g5, above Rg.

e And then (C) gives a full f,, g, -matching
— so Re cannot require attention infinitely
often via (3) part II, as required.

e Finally — to see that Rg cannot require
attention via (5) infinitely often, one just needs
to observe that for an application of (4) to lead to

(5) at some stage s+1, one needs an appreciation

n ?ZD’Q(R@ij) or g1379(72’@798) at stage S—|_17

which is then retained as in (3) part I — a
process, by (A), not infinitely iterable.

ee S0 — as required — Re can only require
attention finitely often in relation to a given =x.



e But — assuming Rg to be finitely injured
— Only infinitely many appreciations of inner
preconfigured rank of f; or gs above Rg,
resulting in the defn. of new prepared inner
preconfigurations, can result in infinitely many
potential witnesses for Reg .

e Result follows by (A) if one can be sure
that no appreciation in such rank is subsequently
reversed, other than through activity on higher
priority R-requirements.

e But arguing as before, the addition of new
axioms (hatted or unhatted) can only lead to
further appreciations.

e Whileif fs11, gsi1 are defined anew via (3)
part 1I, the current inner preconfigurations are
determined by that part of fs11, gsi1 restrained
at Re and respected by the new deins., and so
are common to fsi1, gsi1-

¢ And — finally — No x4-reorganisation due
to an R, below Reg can degrade the current
prepared inner preconfigurations at Rg because
of the existing restraints accompanying them. [



26. Towards the full module

The limits %, f, g of {*s}scw, {[fs}scw,
{gs}scw exist, and there is a bijective * induced

by %, with f* =g¢.

All the requirements are satisfied.

e Notice — No problem now in deriving the
satisfaction of M, and IC,» — and of all the
R -requirements below these.

e But — Full verification of (iii) needs the
satisfaction of all the K-, L£-, M- and N-

requirements — which again is no problem given
a suitable extension of the Main Lemma (above).

e And then the satisfaction of Ps and Pa
follow much as before.

e 50 a final ‘ U7 awaits the general setting . ..



27. Residual questions

(1) Notice how the choice of «a,3 in relation
to module 4 brought out the role of the inner
preconfigurations — but:

What happens to ®3 (in a different context)
of, despite appearing on a potential true path
at some stage, it does not qualify for inner

preconfiguration? (Does it matter that Pg: may
not then be satisfied?)

A. Of course, when *,-reorganisation takes place
relative to inner preconfigurations which ignore

the role of axioms for ®5 and ®5, one must
cancel such axioms for CTDB which may prevent

future axioms for ® 5 consistently reflecting ®g.

e And one can accommodate finitely many
such cancellations relative to a given h € wY
with A’ = @g, say — so long as there is some
neighbourhood of a @ C h avoiding strings
appearing in such axioms.



e This may not be possible if, in the limit, A
is Turing configured relative to f with an index

a < 3: (I)ﬁ
l'/ \\"\
SR,

N

®q

—

e But then the role of ® 5 1s taken over by that
of some EI\D@/ vskip 1mm
e But also note — the real reason for inner

preconfigurations — how if < a one cannot
then delegate to Pg the responsibilities of Py .

e Because there may then be many different
candidates P, below Pz for such a role, with
no eventual fulfilment.



(2) Are there any serious problems arising from
allowing infinitely many K-, L-, M- and N -
requirements?

A. None not accommodated via the appropriate
cancellations — given the eventual verification
that the activity is finite injury ...

(3) Only very simple (inner) preconfigurations
have appeared in modules up to now.

So have these brought out all the basic ingredients
required for a fully comprehensive module?

A. Almost — i.e., apart from a small — but
important — feature ...




e Module 3 — but not module 4 — involved
multiple applications of (3) part I.

e The Main Lemma (for module 4) depended
on protection of f;., gs, -matchings, and this was
also a necessary feature of the verification for
module 3.

e For module 3, this was achieved trivially.

e For module 4, this was achieved in relation
to lower priority nontrivial *4-reorganisation via
restraints of priority that of Re.

e But for the full module, in relation to further
nontrivial x4-reorganisation of priority that of
Reo , one needs to extend — in a straightforward
way — the argument that disruption of such
matchings can only acompany appreciations of
inner preconfigurations above Rg .



28. The full module

Module 5: Action on the R-requirements
in the context of all the other requirements

Background activity and assumptions:

e x,, *,1 respect C on strings, with =,

routinely extended at stage s+ 1.

e Have f+ = g, at stage each s + 1. And,
except as specified by the module, have

fs+1ags—|—1 2 f87987 respy, with fs—HHfs’a
gs+1] |gs| *s-independent.

e The stages s +1 > 0 are partitioned into
alternate receptive and reactive stages.

e The only nontrivial activity at receptive
stages is the implementation of new axioms
for unhatted functionals, the appointment
of new restraints and prepared inner pre-
configurations, and the possible subsequent
application of phases (4) — (5) of the module
to an appropriate highest priority Rg —



Any other nontrivial activity takes place at
the reactive stages.

For each M, (or N, ), if o* (%=, respy)
is defined = , say, at the receptive stage

s+1, then g*s+* (o* 41 , respy) is restrained,
with priority that of /\/l(, (or Ny respy), =
at stage s+ 1 —

In which case say M, (or N,) receives
attention at stage s+ 1.

The results of all activity on requirements
below one receiving attention at stage s + 1
are cancelled.

Also, for each K, (or L,) above Rg (the
current R-requirement requiring attention
at a reactive stage s+ 1), in reorganising *,
at stage s+ 1, ensure that for each h € w¥
with h D o thereissome 7, h D 7 D o, with
7 € Dom(*411) (7 € Range(*s41), respy) —
each such 7 being a protected argument of
ko1 1 (*;31 respy) at each stage t+1 > s+1.
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e All axioms for ®, or ¥,, a € ¥, or for

Us or &35, B € %,, stipulated at a stage
t+1 < s+1 only involve beginnings of strings
in Dom(%;11) or Range(*;11), respy, and, if
on a true path at stage t+1, are immediately
implemented — where:

e An axiom ‘c = Z7’, with =, some hatted
or unhatted ®., or ¥, , some v € ¥y or ¥, as

appropriate, is on a true path at stage s+ 1 ift

either 'v == and o, 7 are on a potential true
path via (v), (v7), respy, relative to fs or g
(as appropriate) at stage s+ 1,

or v =E="1 and o, T are on a potential true

path via (y7), (v), respy, relative to fs or g
(as appropriate) at stage s+ 1,

with a basis of the form ®,, ,,...,®4, s oOr
(correspondingly) Uy, 5,..., Y3, .




=T

e (Given an axiom ‘o = ="’ or ‘o = =7’ to

be implemented at stage s 4+ 1, one ensures
that for each ¢’ maximal C o, 7 minimal
DO 7, with ¢',7" € Dom(*441), one defines
an axiom ‘o’ = =7 ’ for = at stage s+ 1.

And — if one has an implemented axiom
‘o = @7 for @4, or an axiom ‘o = W5’
for Wg, on a true path at stage s + 1, an

. AN k +1 AN
axiom ‘g*st1 = T " or ‘gFs+1 = YT

respy, is stipulated at stage s+ 1.



AN

e Say there is an axiom ‘c = {I\!g’ for W,
at stage s + 1, some o € Lf, with 7
Pl®,. ..., P, ], Q-preconfigured above Re

y
at St;ge s + 1 according to (o~ [-,) or
(af<;), say, with a= or af,, respy,
Qg - relevant, relative to fs;, and that
T is inner P, o) -preconfigured (possibly with
a different corresponding basis @ ..., ®g

say) relative to fs above Rg at stage s+ 1
according to (&~ [ ), say, — and that o is

not inner P, @—preconﬁgured relative to f;
above Rg at stage s+ 1 according to ("«).

Then each such axiom is cancelled by being
removed (as appropriate) from W,[s + 1] or

Dgls + 1].

e And similar ca*ncellatioils in relation to such
axioms ‘c = @5’ for ®g at stage s+ 1, a

BeX,.



The module at a reactive stage s + 1:

e Assume Rg requires attention at stage s+1
according to the activity described below

(in which case, fs11,9s11 are said to be Rg -
determined) — and such activity relative to each
lower priority R 1s initialised.

(1) Choose a potential witness x = |fs| for
Re — new, and greater than any existing
restraint on f — and proceed to (3), part II.

(2) Wait for gs|9s(x) to be realised — i.e.,

©9%(x) |= fs(x) and s = s, say —
and proceed to (3), following the initiation of
the process of stage-by-stage updating of the
prepared inner preconfigurations at ‘Reg , namely:

e Say at some subsequent receptive stage ¢+ 1

—P,0 —P,Q
€141 (R@v ft-l—l) 7’Qé €t—1 <R@7 fSk)

(e7°(Reo, fs,) appreciates at stage t +1).



e Then cancel any existing potential witness
for Reg at stage t + 1, and define and restrain
(with priority that of Re ) fs.; s, € fut1, Gut1,
respy, at all later stages uw + 1 (prior to any
injury of the restraint through activity on an R -
requirement of higher priority than that of Re)
> t+ 1, restrain p*++t' = p*t+1 for all p inner
P, @—preconﬁgured relative to f; above Reg at
the end of stage t+1, and say that 52;1@(7?,@, fs.)

is a new prepared inner preconfiguration at Reg
at all such stages.

And then return to (1).

(3) Let gld(x)ls;], 1 < i < k, be a list of

all current realised strings for Reg, where
gl 9(x)|s;| became realised at stage s; + 1, each
i (so s+1=s,+1 and g]I(x)[sk] = gl ¥ (x)[s]).
If there exists a current acceptable sequence
(f+9)s; whichis Y'Y L -acceptable at stage
s+ 1. Let n = the sum of the lengths of VSi_T

—
and 75 .



Then —

e Say that this current acceptable sequence is
improvable iff |(f,g)s, | > n!3™.

o If (7", 7") = (774, .75, ), then any
70 F1-acceptable subsequence of (f,g)s,
potentially improves (f,g)s, — and if of length

> n’l 3”/, n’ = the sum of the lengths of 7"
and 7’1, then it is an improvement of (f,g)

Si.
e If a potential improver of (f,g)s, of the
form {(fe,, s, )+ (fa. -0 )} materialises
at a stage at which an f,, g5, -matching 1), say,

above Rg is currently being implemented, then
it is said to be o -related.

Assume given current values for all potential

improvements (f,g)s, , representing each
. — —> “
possible Y 2@_ , Y ;Z -acceptable  sequence,
- o
—0 =1 —0 =1
i Si.,. 7 i Si.,. ~ i Si.) i Si..

u




e Then ask: Isthe current acceptable sequence
improvable?

Case I. ‘Yes’:
First — Update the potential improvements:

e Say the current xz-matching of the
preconfigured ranks of fs, gs above Rg contains
a matching v, say, previously implemented by
Re via (3) part I (and possibly modified via
(5) at a subsequent stage) — and there is a
new ¢’-related potential improver of (f,g)s,

of the form {(fsi.r7gsi.r)7 (fs:. 1 Ys;. ,)} Then
it {(fsi.,lﬁgsi.r)? (fsi.rﬂgsi.r,)}? Or (fag)sq;.ruu
{(fsi.rﬁgsi.r,)}? or (fag)sq;.ru U {(fsi.r7gsi.r)}
extends (f,9)s, , and is also a potential

improvement of (f,g)s, , revise the current value
of (f,g)s, accordingly — and ¢’ is no longer
needed to be implemented by Re .

And — Update the current acceptable sequence
by using any newly available improvement.



e The available part of (f,g)s, is the set
of all pairs (fs,,9s.,) € (f, g)si.r for which
no matching above Reg implemented while

(f,9)s;_is current involves an fs , or gs, with
i<

o Then: Look for distinct ¢,j", with & >
,j' > 1, and fs,,9s, = fs, ,9s;  appearing
in the available part of the current acceptable
sequence, such that thereisan fs,, g5 , -matching
Y (say) above Rg at stage s+ 1, and either

(i) ©9%(x) = fs(x), or
(ii) there is no 1’ contained in the current
xs-matching of the f; and g, ranks

above Rg needed to be implemented by
Re at stage s+ 1.




If 9 exists, take ¢ to be such a matching,
with 7,7’ maximal, and then 1 of maximal ~-
state. Take action under the following headings,
and then proceed to (4) (at subsequent receptive
stages). Otherwise, return to (3).

(a) Revision of f and g. Choose strings

T DO fs,, P D s, » with the P, @—
preconfigured rank above Rg of m matching the
P, Q-preconfigured rank of p above Rg.

Define fs11 = m, gsi1 = p, and restrain at all
later stages.

(b) Revision of x. 1 needs to be imple-
mented by Reo , until x is cancelled, or a

1 -related potential improvement is incorporated
into a current (f,g)

Define o*s+1 = (o) for each o € Dom(vy)) —
and o*s+1 = g* for each o with ¥(o),y " (o*) T,

whenever consistent with C on strings.

AN AN

(c) Definition of axioms for ¥,, ®3.
As in background activity.



Case II. ‘No’: Then progress the search for such
an improvable sequence:

e Choose (minimal) =xz-independent strings

TP O fsf(x R 1)7(]08[56 o 1)*87 respy, with
mw(x) # ©9:i(x) or fs.(x) each 7, 1 <i < k.

Deﬁne fS—I-l — T, gs+1 — P, f;—i—il = 0Os+1,
set up a restraint, of priority that of Rg, on
p*, each (p,p') € e7°(Re,[s;), each stage
u+1>s. And —

o Let the current acceptable sequence (f,g)s,

be the longest 7' °, 7'!-acceptable subsequence
of (f,q)s,,some 70 71 defined, respy, on the
nonconfiguring Q- and P-nodes above Rg —

e And return to (2) at the next stage.

The module at a receptive stage s + 1:

e Carry out any appropriate background
implementation of axioms stipulated for un-
hatted functionals — Then the Rg requiring
attention is the highest priority R, qualifying
for phase (5) below (with, fsi1,9s11, as usual,
said to be Rg -determined).



(4) Ask: Does the P, Q-preconfigured rank of f,

above R~ *s-match the P, Q-preconfigured
rank of g,, respy, above R, at stage s + 17

And does the inner P, @-preconﬁgured rank of

each f;, above R, xg-match the inner P, Q-
preconfigured rank of g,,, respy, above R, at
stage s+ 17

‘No’: Proceed directly to (5).
‘Yes’: Return to (4) at the next receptive stage.

(5) Choose an fg,gs/ fs,,9gs, -matching v at

stage s + 1 which maximally respects g
(that is, so that the witness to i not being a
*s-matching occurs at a minimal level of T or

Ty ), and reorganise * along the lines of part (b)
of (3), subcase I.

Return to (3).

e And then appoint any new restraints needed.



29. The verification

Need to verify:

("2)
(1)

(ii)

(iii)

(iv)

Each phase of module 5 can be implemented.

For each Rg, the P, @—preconﬁgured rank

of fs above Re *,-matches the P, Q-
preconfigured rank of gs; above Rg at each
stage s+ 1.

For each requirement Rg, if Reg is finitely
injured then it is finitely injuring — and
consequently all the R-, -, £-, M- and
N -requirements are satisfied.

The limits *, f, g of {*S}SEM) {fs}s€w7

~

{gs}sc exist, and there is a bijective x
induced by *, with f* =g¢.

All the P- and Q-requirements are satisfied.



Each phase of the module is implementable.

e The activity for the reactive stages is
relatively straightforward to implement.

e But similarly to before, one must examine
how phase (5) results from new axioms and
restraints being introduced (at the receptive
stages) into the matched environment — either
due to the unboundedness of the possible proper
preconfigurations above Rg — or from the
added possibility of new axioms or restraints
introducing novel enlargements of the inner
preconfigured environments relative to f and g.

e 'The context needed for this is that of the
inductive proof of (i).

e Assume that at the beginning of the receptive
stage s + 1 one has a xg-matching v of the

P, O- and 7/5 Q-preconfigured ranks of f, g5,
respy, above R~ = Rg, say, with corresponding

augmentations Te’” Q(R@ £ oo A ] and

+€f’Q(R@,gS)[ REE <I>’ ] (the argument with
fs,,gs, in place of fs, gs 1s snnilar) —



o And that a new axiom ‘oc = @]’ or ‘o0 =

5 on the true path at P, or g, respy, above
Re is implemented at stage s+ 1, leading to an
inconsistency, at some level below that of o €
Lr or B € %,, respy, with any potential *,-
compatible fs, gs-matching above Rg at the end
of stage s+ 1, due to an already existing hatted
axiom — call such new axioms rank altering.

e Aim — To modify v to obtain the required

fs, gs-matching 1, say — with corresponding
augmentations

P,0 T T
+ s—l—l(R fS)[\Ijg/la"'?\Ijgz,]a
5 ~ ~
i 3_|_%(R@7gs)[q)gia IR (I)Nl’cl]v
say — to be implemented via (5) at stage s+ 1.

ee 'To do this — First, inductively define 1@ on
those pairs of strings chosen from the stratified

winner P, Q-preconfigured rank of f; above Rg
at the end of stage s+ 1.




o Write
P,Q =
gs—l—?(R@? fS)\Ijiflv R \Ijh / ]7

-

gf—f—%(R@ng)qﬂiv < '7(I)h/ ]7

for the current inductively defined values of
the corresponding augmentations, where each

\Ijigv qﬂﬁ; will be C the eventual \Ilgé;, g;_ , Tespy.

e Assume that at some current level of the

AN

inductive definition of inner P[\f!i,l, e \Tfi, ], Q-
1’

preconfigured relative to f; above Rg one
encounters some <&, and some

:7)7@)(1)07 - -
(0,7) €Eui1a (Re [ Wiy, W, ],
with either 1&(7) |, but v as yet undefined on
o, or ¥(o)l, but ¢ as yet undefined on 7 —

e And say o (or 7, respy) is as yet unaffected
iff every rank altering axiom so far encountered
in this inductive definition has been succeeded
along every path of this defn. to o by some
intervening x,-compatible defn. of the form @@(ﬂ) .



e Inductively assume the axioms of (I\fi, e
1

el \Tfi, defined between as yet unaffected strings
l/

to be exactly those corresponding axioms of
e, ..., ¥, , where they exist; and that () =
Y(m) on all as yet unaffected strings =« for

which (n) |, and otherwise ¢(7) is defined
compatibly with x; —

e And, assume a similar scenario to that
being described affecting the defn. of ¢~! and

P,Q T T
el (Re, gs) (@, B ] —

e And if o (the argument for 7 in the second
case is analagous) is an as yet unaffected string,

define 9)(o) etc accordingly:

e Say & = «, with ‘o = @] ’ an axiom already
existing at stage s+1 (and so not rank altering).

e Then if ¥(o) T, one is free to define @E(a)
compatibly with *4, and, if there is no existing

axiom of ®% corresponding to ‘c = @7’ to
(8%

enumerate into CI%, one can enumerate one *g-
reflecting it.



)

e Say & = «, with ‘c = &7’ a new axiom

(possibly rank altering).

e For inner 7?[(13;1, ...,(I\!;l], Q -preconfigured
o, T relative to f; above Reg at stage s+ 1, an
instance of the above inductive step will again
define (o) consistently with %; — in which

case one can naturally *g-reflect ‘o0 = @7’ in

T
«

an axiom for CID’O{ .

ee 'T'his is because — in this case, ‘0 = P’
cannot be rank altering —

e Since the introduction of the new axiom
creates no new inner preconfigurations — so
ensuring that the inner preconfigured context of
this new axiom is *.-matched —

e And any local obstacle, presented by the new
axiom, to the trivial extension of the matching
must come in the form of an existing axiom of

the form ‘o’ *s = ®T °’ with o’ *s | o*s
(8

O

¢ And such an axiom could only exist, in the
context of the matching ), given an existing
axiom of the form ‘¢’ = @7’ contradicting the
consistency of @, .



ee Assume first that 7, but not o, is inner
Pl¥,. ..., ¥, |, Q-preconfigured relative to f

a1

above Rg at stage s+ 1 —

e In this case, one then has freedom to define

(o) (respecting C on strings) so as to enable at
index & a suitable extension of the augmentation

55’3 (Re,9s) [&)hﬁi’ e CTDHB];/] contributing to that

underlying the definition of

A :'P,Q ~ ~
g1 (Re, fS)[\Ij,ci’lv ce \Ij/olzz,]

- EZ’_%(R@, gs)[q)gia Tt H}’{,]'

e This is because there can be no axiom for

CTD’& (or, by the same argument, for any similar

functional) preventing such a definition, since

o is not inner P[\Tfﬁll, o \T!;l], @—preconﬁgured
relative to fs above Rg at stage s+ 1.



ee And such a definition cannot violate a re-
straint on *x, —

e Since either the restraint must have existed
already (at the start of stage s + 1), and so is
already included in the matching ) restricted
to existing inner preconfigurations, contrary to
assumption, or is a new restraint appointed after
the application of phase (5).

ee On the other hand, assume that 7 is not
inner PV, ,..., ¥, |, Q-preconfigured relative
to fs above Rg at stage s+ 1.

e Then in this case, if ‘o0 = ®]’ is rank
altering, then 7, and possibly other strings
encountered along paths of the inductive dein.
of 7 being currently inner P[(I\Ji,l, o \/I}i,l], O-
preconfigured relative to fs above Rg atlstage
s+ 1, are now affected by ‘o = @7’ (i.e., are no
longer ‘as yet unaffected’) —



e And those parts of the defn. of zﬂ, and
of the underlying augmentation, dependent on
the updated information must now be redefined
using the same freedom on appropriate affected
strings encountered in the inductive definition

of 7 being currently inner P[\T!i, e {I\fi, | O-

1 1’
preconfigured relative to f; above Rg at stage
s+ 1 to define 9 incompatibly with s, .

e One can similarly deal with rank affecting
axioms of the form ‘c = W7’ in relation to

the stratified inner 73, Q-preconfigured rank of
gs above Rg at the end of stage s+ 1.

e So the isomorphism

~ :7),@ ~ ~
V& (R@,fs)[\lf’o’/l,...,\lfg;,]
:'73,@ = =
— 7 €541 (R@Lgs)[q)gi? seey (I)//l/c’]

tollows directly from the definition of .



Note on the underlying subinduction:

e This uses the freedom to reorganise g to
recapture discarded structure associated with the
hatted functionals, and not already contributing
to an appreciated prepared inner preconfigura-
tion.

e This is ensured via the procedures of the
matching process (providing matchings of the
tree of potential inner preconfigurations), and
the prepared inner preconfigurations.



EXAMPLE:

/

o o T =0
Q 9 O
\ [,
f S g O 9s 5
P ¥
& S guaranteed
> G*s b by prepared
potential
inner preconfiguration
e Formally — The tree of potential inner

P, Q-preconfigurations relative to f, above Rg,
say, consists of all (up to isomorphism)

in/ner 73[@;/1, o @;k],.Q—preconﬁgurations, with
Dy, Py, a potential true path.

e Then need a matching of the appropriate
trees of potential inner preconfigurations, where
the branches relative to f, g, say, are matched
as before via a matching .



e And this isomorphism cannot be disturbed
by new restraints appointed at stage s + 1
— since such restraints are either potentially
restrained before the application of (4)—(5), and
so are already involved in the matching of inner
preconfigured ranks, or derive from an appreci-
ation of inner preconfigured rank at stage s+ 1
involving a new prepared inner preconfiguration
appointed after (4)—(5), and already accounted

for in the definition of zﬂ

ee ['inally — The extension to an isomorphism

~ :p,é ~ ~
b TR, FIT, T,

follows from:

If, at (the end of) stage s + 1, the inner
P, Q-preconfigured rank of f; above Reg
matches the inner P, Q-preconfigured rank of

gs above Rg, then the P, Q-preconfigured

rank of f; above Reg matches the P, O-
preconfigured rank of g, above Rg at that
stage.




ee And this follows from the fact that as soon
as one encounters some &, and some

=P, Q D4 - -

(0,7) €7 Eita” (Rey [Ty, Wh, ],
with w(a) |, but ¢ as vet undefined on 7
some curreni level of the inductive definition of
P[\Ifha, . h ] Q-preconfigured relative to f

1

above Reg, Wlth o not inner 77[\11;1, e \T!g”], Q-
preconfigured relative to f; above Rg at stage
s + 1, then (given the cancellation of hatted
axioms via the background activity at stage
s + 1) one has freedom to (re)define (o)
(respecting C on strings) so as to enable at an
index & a Suitable extension of the

augmentation 8+1 °(Re, gs)[q)hﬁ, e EI\)E%/]
contributing to that underlying the definition of
~ _’7) Q A~ A~
T Esi1(Reo, fs)[\If” . \IJ”,]
y=Ne) =
—>+6S—|—1(R@7 3)[@ .o ey /// ]

k},
e And similarly for strings o’ at Subsequent
levels of the definition of P[\Ifi, e \Ifi, |, Q-
1 1/

preconfigured relative to f; above Rg. U



The P, @—preconﬁgured rank of f; above each

Reo *s-matches the 73, Q-preconfigured rank
of g5 above Rg at each stage s+ 1.

e Asbefore, let stage s’+1 be the first at which
the matching fails, with s’ = s+ 1.

ee Again the argument falls into two main parts:

[1] That — unless either s+ 1 is reactive and
phase (3), part I applies, relative to some R at
stage s+1, or s+1 is receptive and (5) applies
relative to some R, at stage s+ 1 — then the
inductive assumption of a *;-matching at stage
s+ 1 gives a *441-matching at stage s+ 1, and
hence a *, -matching at stage s’ + 1,

and —

[2] And otherwise the activity at stage s 4 1
is specifically directed to the implementation of
an fsy1,gs+1-matching above R. which then
becomes a *,,1-matching at stage s’ + 1.




e Following which it is straightforward to verity
that this matching above R, gives a similar
fsr, gs -matching above Rg .

oo If stage s+ 1 is receptive, and phase (5) of
the module does not apply, one has *s11 D *g,
in which case possible factors in a breakdown of
the matching at stage s+ 1 are:

1. The implementation of new axioms for the
unhatted functionals at stage s+ 1, or

2. The inclusion of new strings in dom (*411) or
range (xs11) at stage s+ 1, or

3. The new definitions for fsy1, gs11, Or

4. The appointment of new restraints on ..

e But if fiir1, gsi1, *si1 are defined D f,
gs, *s, respy, via the background activity, this
is done in such a way that the P, O- and P, O-
preconfigured ranks of fs11, gs11, respy, above
Reo at stage s+1 are the same as those of fs, g5,
respy, at (the beginning of) stage s +1 —



e In which case, the assumed *,-matching of
the 73, Q-preconfigured rank of g; above Reg at
stage s+1 by the P, 9) -preconfigured rank above
Re of f, will give a *4,1-matching of the P, O-
preconfigured rank of g, 1 at stage s+ 1 by the
P, o) -preconfigured rank of fs.1.

e So only factors 1 or 4 — new axioms for
unhatted functionals at stage s 4+ 1, or new
restraints at stage s + 1 — can block the

modification of the =x,,q-matching 1, say, at
stage s+ 1 to one at stage s’ +1 —

e And that cannot happen, since the imple-
mentation of such new axioms precedes phase
(4), which in turn does not lead to (5) for any
R-requirement R, — while, as argued above,
all new restraints which potentially block the
modification of 1y are added within the matching
process relative to the inner preconfigurations.



ee If stage s+ 1 is reactive, and phase (3), part
I does not apply relative to some R, at stage
s + 1, one again has *;11 D %4, in which case
possible factors in a breakdown of the matching
at stage s+ 1 are:

1. The implementation of new axioms for the
hatted functionals at stage s+ 1, or

2. The inclusion of new strings in dom (*451) or
range (xs11) at stage s+ 1, or

3. The new definitions for fsi1, gsi1-

oo Arguing as before, if fs11,9s41 2 fs,9s
respy, one need only focus on factor 1 —

e Which will be done in relation to the R,
recelving attention at stage s+ 1.

e Say an axiom of the form ‘o = \ngé’ causes a
breakdown of the matching at the end of stage

s+ 1.



e Then this only occurs via the implementation
of ‘o = W7’ following stipulation, at stage s+ 1

e And since ‘0 = \Tf;’ is on the true path
at stage s+ 1, it will be covered by the x4 -
matching of the P, Q—preconﬁgured rank of fsiq
and the 73, Q-preconfigured rank of gs.1 above
R, at the start of stage s + 1 — so presenting
no obstacle to such a *,,1-matching at the end
of stage s+ 1.

e One can argue similarly for axioms of the
form ‘o = @3’ newly implemented at stage s+1.

ee And if (3), part II, applies at stage s + 1,
then the #,-matching of the P, Q- and P, Q-
preconfigured ranks above R, of fs, gs, respy,
at stage s + 1, gives one relative to fs] (z — 1),

(fslz —1)%




e Where this is because either x = |fs|, and
fsl(x — 1) = fs, with the required matching
given by 1, or there was some earlier reactive
stage t +1 < s+ 1 at which R, required
attention at stage t + 1 via (3) part II, and

fe=fil(@—1) = fsl(z —1) —
e And in the latter case, at no receptive stage
t’+1 t+1< ! +1 < s+ 1, does the inner

P, O- or 73 Q- preconfigured rank of f, or g,
respy, above R, at stage s+1 appre(nate glvmg

(by the restraints on *g ) inner P, Q- and P, Q-
preconfigured ranks of fs, g5, respy, above R,
at stage s +1 = to those of f; = fs](x — 1),

(fsx —1)*, respy.

e So — by a similar argument to that above
extending matching of inner preconfigurations to
full preconfigurations — and by choice of fs11,
gst11 via (3), part II, again get an appropriate
*s-, and hence %411 -, matching relative to fsi1,
gs+1 at the end of stage s+ 1, contradicting the
choice of s’.




ee Assume now that R, requires attention at
stage s + 1 through subcase I of (3).

e Then for appropriate 7 # j, at stage s+ 1
the P, Q-preconfigured rank above R, of [,

matches the P, Q-preconfigured rank of gs;
above R~ .

e And then, according to parts (a) and (b) of
the consequent action, fsi1, gs+1 and x45yq1 are
defined in such a way (guided by the appropriate
fs;»gs;, -matching) that at stage s + 1 = s’

the P, Q—preconﬁgured rank above R. of fsi1

*s11 -matches the ﬁ,Q-preconﬁgured rank of
gs+1 above R, .

e Arguing as previously, one can verify that
this *g¢1-matching is not disturbed by new
hatted axioms defined at stage s + 1, so that
we again have a *xy-matching of the 73,@—
preconfigured rank of f,» above R, by the 73, Q-
preconfigured rank of g, above R, at the end
of stage s’.



ee While if s+ 1 is receptive, and R- requires
attention at stage s + 1 through part (5), the
argument is very similar.

e The *,,;-matching of the P, Q- and 73, Q-
preconfigured ranks above R. of fsi1, gs+1,
respy, is again obtained at stage s + 1 via an
implementation of a matching ', say, —

e Which again survives the possible addition of
new restraints at stage s+ 1.

ee And finally — it follows that for Rg of
priority greater than or equal to that of R~ , this
matching still holds with Re in place of R, —

ee And, by the initialising of functionals @5

Fa

or ¥, being built by P- or Q- requirements
of lower priority than that of R., and by the

routine extension of x, 51\35 and V¥, at stage

s + 1, the matching also holds for lower priority
(than R~ ) Re in place of R,. O



A useful consequence:

All the hatted functionals are consistent.

ee 'This is because — Each axiom for a hatted

functional, \T!a say, implemented at a reactive
stage s+ 1 derives from an axiom stipulated for
it, which is currently on a true path —

e Hence — Any inconsistency involving a newly
implemented axiom for ¥, must be in relation
to an existing axiom o = V¥ |, say, for W, —

e And which consequently must also be on a
true path.

e But this — by the existence of the fs11,gs11-
matching at stage s+ 2 — would contradict the
consistency of 5. U




30. The main lemma again

For each requirement Rg, if Re is finitely
injured then it is finitely injuring — and
consequently all the R-, K-, £-, M- and
N -requirements are satisfied.

e Assume that each R, above Rg is finitely
injuring, and let s be s.t. no R, above Reg
receives attention at a stage s+ 1 > 5.

e So all restraints and protected arguments of
priority greater than that of Rg originate prior
to stage s.

ee Then — extending the earlier argument —
show: (a) Re can only require attention finitely
often in relation to a given potential witness x
(appointed at a stage s, +1 > 5s), and (b) Reg
can only require attention through finitely many
potential witnesses x.

e — and to do this, one needs to verify the
following facts:



(A) There are only finitely many isomorphism
types possnble for those stratlﬁed inner
P[\Iffxl,.. vl Q- andPQ[ .. <I>’ -

preconﬁgured ranks of each fsj and gS :
respy, to be matched above Rg, from Which
it follows that there is a limiting value for the
1somorphlsm types corresponding to the inner

P, O- and 73 Q-preconfigured ranks of f:, g;,
respy, above Rg at stages t +1 > s, + 1.

(B) At all stages s +1 > s; + 1,5, +1
at which Rg requires attention via (3), the
inner P, Q-preconfigured rank above Rg of

fs, matches the inner P, Q-preconfigured
rank of g,, above Re, each i,7 > 1.

(C) Forall i, > 1 —if at stage s+1 > s,+1
the inner P, @—preconﬁgured rank above Rg
of fs, matches the inner 7/5, Q-preconfigured
rank of gs, above Rg at stage s+ 1, then
the P, 9) -preconfigured rank above Rg of f;,

matches the 73, Q-preconfigured rank of g,
above Reo at stage s+ 1.




There are only finitely many isomorphism
types possible for those stratified inner

PP, ..., 0, ],0- and P, Q[P ,..., 0 |-

1)
preconfigured ranks of each f,, and g, , respy,

to be matched above Rg ...

e Remember — A typical stratified inner P, Q-
preconfigured rank of a string m above Rg at
stage s + 1, corresponding to an augmentation

P Q(Re, )WYy ..., V] of eP9(Re,7), is of
s ﬁ S
the form
_PQ ~ ~
(Re,m)[¥h,,..., 05 ] =

:P,Q,q)al - -
(5 (R@,W)[\Iﬂﬁl,...,\l}/ﬁl],...

S,(x1

:P,Q,CI)Q - ~
9 Es k(R@ﬂT)[\IJ/BN'”?\I/ﬁl]a
—PQ\IJ’ ~ R
. al(R@,w)[\If’ﬁl,... Uy ...

_PQ ~ ~
€4 g, (R@, )[\Ij,,gl"”’\lj/ﬁl])

where —



e 'The lists

:P,é,@a = =
887(11 1(72@,7T)[\If/ﬁl,...,\lflﬁl],...

:P,Q,@a - ~
s (Re,m) [V, .., Vg ],
—PQV ~ R
i al(R@,w)[\If’ﬁl,... \Iﬂﬁl],,,,

_PQ ~ ~
384 (R@, ™[ Wy, ¥y ]

comprise all such sets of higher priority than Rg,
where —

e Any ¢ _P Q’“O‘ (Ro, ™)V’ By \If’ ] (a typical
component) is the set of all C max1mal members
of &‘PQ“O‘(R@,TF)[ By \If’ ], and where —

e The sets 513(3@ (Re, )[AB . \If’ ] and

P 9, , .

€5.5, (Ro, ™)V’ REE \If /] consist of all (o, 7)
with o inner P[®,, ,..., CIDZXI_C], @[A’Bl, L Alﬁz]'
preconfigured relative to m above Rg via 7 at
stage s + 1 according to (a;[ ;) or (B;1,/),
respy, some basis @, ,...,®, for a potential
true path relative to m at stage s+ 1, —



e Where 0 = @7 [s|, or 0 = \Tf’:[s], with 7

g

P, , ..., P, ], @[Abl, e \T!bl]—preconﬁgured

a1
relative to m above R at stage s+ 1, —

o Fither according to (a; [ >;) or (B [>,/),
respy, some i’ or j € w, with, correspondingly,

a; or [; Pq,-or Qp -relevant and «a; or [;

configuring —

e Or according to some (af ;) or (B].,),
respy, with, correspondingly, «f _;; or O _,
being P,, - or Qg -relevant and «; or [; non-
configuring, and —

(%) 7 is inner P, @[A’ﬁl, o \T/’Bl]—preconﬁgured
relative to m above Rg at stage s + 1
according to some (& [>;/), where the
corresponding basis &g ,...,®; ~ of the inner
P, @[A’Bl, . \TJ’BZ] -preconfiguration of each =’,
with index < «, occurring in the definition to 7
is compatible with &, , ..., ® .

e From this, one can verify —




SUBLEMMA Over all v = some such «; or f3;
one has that at any stage s + 1 the set of
all corresponding pairs (o,7) contributing to
such typical stratified inner P[®], ,...,®] |,
Q\[A’ﬁl,...,\Tl’ﬁl]-preconﬁgured ranks has a
uniform bound determined by the number of
restraints and levels of protected arguments
above Rg, and of the potential outcomes at
each node of higher priority than that of Rg.

ee Proof by induction —
e Assume given v = o, or 3, as above.

ee ['irst notice —

There are at most finitely many levels of a
given path of the inductive definition of inner

P, Q-preconfiguration within which pairs can

enter either 52}3’@% (R@,W)[A’Bl, e A’ﬁl] or
PO, ¥ ~ ~
€5, (Re,m)|[¥g,,..., V5]

e This is because —




ee At level 1, pairs are only contributed via the
P, @—Conﬁgurations above Reg at a stage s + 1
according to some o’ of higher priority than that
of Reg , relative to either m, or a string restrained
above Rg, at stage s+ 1 —

ee And say (o,7) is newly contributed at level
n+ 1, say, > 1 via some 79 —

ee¢ Then — no new (¢’,7’') can be contributed

—— due to ¢’ being inner P[®] ,..., P |,
Q¥ , ..., ¥} |-preconfigured relative to 7 above

Reo at stage s + 1 according to any {(a;[ <)
or (B[ >;n), respy, any basis ®7 ,..., o, for a
potential true path relative to m at stage s+1 —
via a 7" appearing in a pair (¢, 7") contributed
at a point on a path of the inductive defn. of inner
P, @[@’51, e \T!’Bl] -preconfiguring below that at
which 7 occurred —

e Since otherwise, the functionals @, ,...,®}
could not be compatible with the relevant axioms

from the basis ®,, ,...,®;, . O



e DBut this means that the length of any given
path of the defn. of inner P, @[\Tf’ﬁl,...,\ff’ﬁl]-
preconfigured relative to m above Rg is limited
by the number of indices of the form «; or 3.

e So as required, there is a bound on the
lengths of the paths of the relevant inductive

definition of inner P, Q-preconfigured, where —

ee 'T'his bound is determined by the number and
character of the requirements of higher priority
than that of Re — and so — is uniform over all
stages s+ 1 > 0.

oo Also —

The number of strings figuring in the relevant
stratifications at a particular branching of the

inductive definition any one stage is uniformly
bounded.

e This is because —




e The strings added at level n + 1 of the
induction can only arise from downward Turing
relationships from previously included strings —

e Those new strings arising from entries taken
from the finite number of strings of outcomes of
higher priority than that of Rg —

e Any one such entry at a particular branch
giving rise (by consistency) to a single new
stratified string. [

e The first part of (A) follows immediately
from the sublemma, in relation to the possible
isomorphism types of the stratified inner P, 0-
preconfigured ranks of each f, , to be matched
(relative to the corresponding augmentations)
above Rg .

e A similar argument applies to the inner

73, Q-preconfigured ranks (again relative to the
corresponding augmentations). [



from which it follows that there is
a limiting value for the isomorphism types
corresponding to the inner P, Q- and 73, Q-
preconfigured ranks of f;, g;, respy, above Rg
at stages t +1 > s, 4+ 1.

ee Assume that at some (least) stage t +1 > s
one has

:77,@ :P,é
Et+1 (R@a ft-l—l) %ﬁ E¢ (R@a ft)
Then t + 1 is receptive, and

:77,@ :P,Q
gt—l (R@7 ft—l) 7% 8t—|—1 (R@7 ft-l-l)’

e And hence —




oo 5f’Q(R@, f:) appreciates at stage t + 1,
involving a restraint on f, .1 at all stages u+1 >
t+1 —

e Where — any such appreciation must involve
the identification, and subsequent preservation,
of an acretion of new incompatibilities of strings
within the structure of the stratified inner P, O-
preconfigurations relative to f; above Rg at
stage t + 1, arising from new axioms for hatted
or unhatted functionals at stage ¢ + 1.

ee Then — No such acretion can be reversed at
a later stage —

e Since by choice of s, and the activity at later
stages, the restraint of fiy1 C fyua1,all u4+12>
t + 1, 1s permanent.

e But — by the first part of (A) — one cannot
have an infinite sequence of distinct isomorphism

types for Efjr?(R@,qu), u+1>t+1. O



At all stages s +1 > s; +1,5; + 1 at which
Re requires attention via (3), the inner P, Q-
preconfigured rank above Rg of fs, matches

the inner 73, Q-preconfigured rank of g,, above
Ro,each 72,7 > 1.

e Similarly to the argument for fg,gs, it fol-
lows that —

At all stages s+1 > s;+1 at which Reg requires

attention via (3), the inner P, @—preconﬁgured

rank above Reg of fs, matches the inner 73, Q-
preconfigured rank of gs, above Re, each
g =>1.

ee Inductively assume (B) at stage s —

e Moreover — by the way in which the hatted
axioms are implemented at stage s+ 1, one can
assume that at the last previous stage at which
appreciation of the inner preconfigured rank
occurred relative to Rg , all relevant axioms from
the augmentation involved had corresponding
axioms for hatted functionals implemented —




e Making all such matchings at later stages
augmentation independent, so long as (B) is
maintained.

ee But this means that any breakdown in (B)
at stage s + 1 must involve appreciation (since
no augmentation can provide such a breakdown
independently of any new axioms implemented
on a true path) —

e So precluding Reg from requiring attention
via (3) at stage s+ 1. [



For all 7,7 > 1 — if at stage s+1 > s, + 1
the inner 7P, @—preconﬁgured rank above Rg
of fs, matches the inner 7/5, Q-preconfigured
rank of g, above Rg at stage s+ 1, then the
P, @—preconﬁgured rank above Rg of f;,

matches the 73, Q-preconfigured rank of g,
above Reo at stage s+ 1.

e Let ¢ be an fS , s, matching of the corre-

sponding inner P, Q and 73 Q- preconfigured
ranks above Rg at stage s+ 1> s, +1 —

e Where, say, ¢ is an isomorphism
_73 o) =
(R@a fSZ )[ \Ij/ ]
_77 Q =
(Re, gsj)[cbﬁl, e (I)/Bk]

ee Inductively define an f,, gs,-matching QZ of

the full P, Q- and 7/5, Q- preconfigured ranks
above Rg at stage s + 1, with corresponding

—

augmentations T 73’Q(R@, fsi)[\ffg,l, L \Tf’o’/ |,
1’
+ePQ(Re, gsj)[cl)g, e, D]
k!



ee¢ Where — The inductive definition of @Z

closely follows that of 1 in the proof of ()
above.

ee Specifically — First, define @Z = 1) on
those pairs of strings chosen from the stratified
inner P[\Tfﬁxl, e (I\!;l], Q-preconfigured rank of
fs, above Rg at stage s+ 1 —

e And with those axioms of \TJEX, e e \Tfi,
1 l/
defined on such pairs being those corresponding
axioms of W[, ,..., ¥, , where —

e (One writes
20) -
telF(Re o)Wy TG, T,
T (Ro. 0., ) (@5, 35, |

for the current inductively defined values of

the corresponding augmentations, where each

g ,,<I>h, will be C the eventual \If’o’é,',CIDg,' , Tespy.
i J

e And then —




e Assume thatAat some Alevel oAf the inductive
definition of P[\Pi,l, el \Ifi, |, @-preconfigured
l/

relative to fs;, above Reg one encounters some

a, and some

—P,0,24 = =
(r,0) €7 Eita " (Re o )[Why .. U, ],

with either w(T) |, but {Z as yet undefined on
o, or ¥(o)l, but ¢ as yet undefined on 7 —

ee Then — noting that the latter does not
occur, by the defn. of inner preconfiguration and
the cancellation of axioms for hatted functionals
at stage s +1 —

ee (Can complete the defn. of zp, using the
fact that if ¢ is not inner P[V. ..., U’ ], 0-

a1
preconfigured relative to f,, above R@ at stage
s + 1, then (given the cancellation of hatted

axioms via the background activity at stage

s + 1) one has freedom to define (o), so as
to enable at index & a suitable extension of the

augmentation +5S+1 (Re, gsj)[q)hﬁ, e CTDE;, . O
k/



ee To get a contradiction to (a) — assume Rg
to require attention infinitely often in relation to
some potential witness r —

e Where x is appointed through (1) at the
reactive stage s, + 1 > s — and if cancelled
1S never reappointed.

e Then — having required attention via (2) in
relation to x, Rg cannot again require attention
via (2) for x, without a prior application of (3),
part II for x —

e Other than through the appreciation of a
prepared inner preconfiguration at Rg — and
the cancellation of x.

ee Aim — To get a contradiction, by verifying
the existence of a stage s + 1 at which Re
satisfies the conditions for attention through
(3), part I in relation to =z, resulting in the
implementation of a matching 1 which needs to
be implemented by Reg at all later stages:




e Thatis — a stage s + 1 at which there

exist distinct ¢,7 > 1, such that the P,@—
preconfigured rank above Rg of fs, matches

the 73, Q-preconfigured rank of g5, above Re
at stage s + 1, with a maximal ~-state, and
where no -related potential improvement is
ever incorporated into a current (f,g)

Siru .

ee First — Assume that Rg requires attention
at infinitely many stages through (3), subcase II,
and —

o Let g/ ¥(x)[s;], i > 1, be a list of all strings
realised in relation to x, where, by choice of x,
no such realised string is ever cancelled.

e Then by (B), at all stages s+1 > s;+1,s,+1
at which Reg requires attention via (3), the

inner P, Q—preconﬁgured rank above Rg of f;,

matches the inner 73, Q-preconfigured rank of
gs; above Reg, each ¢,j > 1.



e And then (C) gives a full f,, gs,-matching,
each 7,7 > 1.

e From which it follows that, at sufficiently
large stages, there exist arbitrarily large suitably
—0 =71

v, v -acceptable subsequences of (f,g)s, —

e Giving an improvable (f,g)s, at some stage
s+1> s,4+1 —so excluding Rg from attention
via (3) part II at any subsequent stage.

ee DBut then — Having required attention via
(3), part I, in relation to x, Re cannot again
require attention via (3), part I for x, unless its
corresponding 1) ceases to need implementing by

Re —

e¢ Which can only happen if some 1)-related
potential improvement of the current acceptable
sequence (f,qg)s. , say, appears, giving rise to
a revision of a current potential improvement of
the form (f, g)

Si. .
’L.,r,u



e There are only finitely many such (f,g)s. ,

u

and each can only be enlarged finitely often —

e Fither resulting in an actual improvement of
the current acceptable sequence — or leading to
the exhaustion of the available part of (f,g)s, -

e In the former case, the bound on the number
of available ~y-states above Rg providing one
on the possible number of improvements to the
current acceptable sequence —

e And the latter possibility being excluded
by the inductive assumption that (f,g)s, 1is of

length > n/13" —

e Since there are n’ successors of (78,,;_79 7;)
(7272-# V;W — a), with «, 8 nonconfiguring P -
or Q-nodes, respy, above Rg —



e And any revision through (3), part I, of a
potential improvement of (f,g)s, must entail

one of a current (f,g)s, which is appropriately
—0 u

70~ 1-acceptable.

e Then — each revision of such a potential
improvement arises from the implementation of
a 1 which detracts at most two pairs from the
available part of (f,g)s; —

e So that there will be a current potential
improvement (f,g)s, , following the exhaustion

of the available part of (f,9)s s;. » of size at least
(n'13")/3n = (n/ — 1)137" 1.

ee Finally — assuming Reg to require attention
via (5) infinitely often — one first observes that
no application of (4) to leading to (5) can involve

an appreciation in 5 (R@ fs) or 5 (R@ Js)
at stage s+ 1 > s, + 1, since this Would then be
retained via (2), leading to cancellation of x.



e Assume that s +1 > s, + 1 is such that
Re requires attention through (3) at no stage
t+1>5s+1,and let ¥ be the matching needed
to be implemented by Rg at all such stages t+1.

e Then — arguing as for module 3 — sufficient
applications of (5) at such stages will eventually
lead to a potential improvement of (f,g)s, ,

giving rise to a revision of some (f,g)s, via
part (3).

ee S0 — as required — Rg can only require
attention finitely often in relation to a given x.

ee On the other hand — By the choice of s, the
appointment — and cancellation — of infinitely
many potential witnesses for Rg, entails Re
requiring attention at infinitely many stages via
(2), or via (5) in relation to some fs,,gs, € fs,9s -



e But if an application of (4) to leads to Reg
requiring attention via (5) at some stage s+ 1,
resulting in the cancellation of some potential

witness x for Rg, one needs an appreciation in

some 50 (Ro, fo,) or 5n'(Re,g,,) at stage
s+ 1, and an 1mplementatlon of an fs,,9gs,-

matching v, say, above Rg as in (3) part I.

e And by (B), this appreciation is retained via
(2) as a new prepared inner preconfiguration.

ee S0 — assuming Rg to be finitely injured —
Only infinitely many definitions of new prepared
inner preconfigurations via (2), can result in
infinitely many potential witnesses for Rg .

e Result follows by (A) if one can be sure
that no appreciation in such rank is subsequently
reversed, other than through activity on higher
priority R-requirements.

e DBut arguing as before, the addition of new
axioms (hatted or unhatted) can only lead to
further appreciations.



ee S0 — as required — If a requirement Rg is
finitely injured then it is finitely injuring.

e And it immediately follows (remembering
from the above that an Rg-requirement can
only nontrivially complete its cycle of attentions
with an implementation of an f,,, gs, -matching,
i # j) that all the R-, K-, £L-, M- and N -

requirements are satisfied. [



The limits x, f7 g of {*s}séw, {fs}sgw,
{gs}sco exist, and there is a bijective * induced

by %, with f* =g.

ee The existence of the limit * of {x;}sce
immediately follows from the satisfaction of the
K-, £L-, M- and N -requirements.

ee The existence of Limg fs(z), Limg gs(z) for
each z follows from the construction, and the
finiteness of injury of each Rg.

~

e And — given the bijective * : w* — w*
induced by x, it will follow that Limg,gs = f*.

ee |t remains to be shown that there is a bijec-
tive mapping * : w* — w* which satisfies
H* =G & (3{(0i,7) }icw C *)(Vi)

[O'Z' C 0,41 C H&T; C Ti+1 C G]
for all H,G € w¥ —

()



{(0i,Ti) }icw C * is said to be a x-tower iff
(Vi)|o; C oia1 &7 C Tia1].

o If {(0;,7)}icw is a x-tower, let

F(O’T) = U{O‘i ’ 1 € W}, G(U’T) = U{Ti ‘ 1 € CU}.

ee One needs to verify that:

(1) If {(UiaTi)}iEwa {(U 7y )}zEw are *- tOWGI’S,
then

Fory = o) € Gon = Glorm);
and
(2) For each F' € w” (or G € w®) there
exists a x-tower {(0;,7;)}icw C * with
Flomy =F (or Gy 7y =G, respy).

ee For (1), let {(04,7:) }icw, {(0}, 7)) }icw be *-
towers, and assume that G ) = G5 7).

e But for each 7,7 € w, if 7, = 7'], one must
/

have o; ~ o5 — since each x4 respects string

inclusion — giving Fs ) = For 7).



e For (2), let F' € w*, and assume that
{(00,70),...,(0;,7;)} C * has been defined with

oo C...Co;CF and g C ... C T;.

e Let s be a stage such that for all s+1 > s

one has 0;* = 75, each j between 0 and 1.

e 'Then — by the satisfaction of the K- and L-
requirements (and the M- and N -requirements),

there exist infinitely many o with o; C 0 C F
such that ¢*| —and " D 7;.

A

e So there exists a (o,7) with 0; C o C F,
7, C T and 0 =7 — from which the inductive
step in the definition of an appropriate x-tower
{(0i,T:) }icw follows immediately. [



All the P- and 9O- requirements are satisfied.

ee Let Py be a typical P-requirement, and
let s be a stage after which no requirement
of priority greater than that of Pg requires
attention.

e Given X,Y € w* with X = ®¥ — one
needs to choose a suitable ®, from which to
extract a computable ® with X* = Y.

Say hg € w® is persistently P, Q\—conﬁgured,
or persistently (inner) 73,@ -preconfigured,
relative to h; € w* above R, according
to (a) if and only if there exist infinitely
many beginnings o, 7 of hg, h1, respy, such
that o is P, Q-configured, or (inner) P, O-
preconfigured, respy, relative to m above R,
according to (o) at some stage s+ 1.

e Then —




ee Given any h € w“ there exists an a such

that h is persistently P, @—(pre)conﬁgured
relative to f above each sufficiently low priority
R~ according to («).

ee [.ct o be such that:

X = &Y — and either X is persistently
P, @—Conﬁgured relative to f above some R,
according to (a), or Y is persistently P, O-
preconfigured, relative to f above some R,
according to (), but is not persistently inner

P, Q-preconfigured, relative to [ above any

R, — and o' < a for no other such index
o .
ee Then —

One can choose the stage § such that at no
stage s+1 > s is an axiom ‘o = O’ cancelled
with 7 C Y.




~

ee This is because — If an axiom for ®5 is
cancelled at stage s+ 1, then either —

(1) Some requirement R. of higher priority
than that of Pg requires attention at stage

s + 1 — resulting in ®5 being initialised, or —
(2) There is an axiom ‘c = ®T° for &5 at
stage s + 1, with 7 P,Q[¥j .., ¥y |-

preconfigured above some Rg at stage s + 1
according to (@~ [s;) or (af-;), say, with a~
or af «,, respy, Py -relevant, relative to g,
and that 7 is inner 7/5, Q-preconfigured (some
corresponding basis Wi ..., U3 | say) relative
to gs above Rg at stage s + 1 according to
<B_ >;), say, — and that o is not inner 73, Q-
preconfigured relative to g; above Rg at stage
s + 1 according to (@), so that ‘c = ®T’ is
removed from ®g[s + 1] at stage s+ 1.

e By the initial choice of §, only (2) needs
considering —



ee Say « is nonconfiguring —

e Then Y 1is not persistently inner 73,@—
preconfigured relative to f above any R., for
any index ¢.

e But if an axiom ‘o = cﬁg’ is cancelled at a
stage s +1 —

e Then req(a) = P, is not of higher priority
than that of req(ﬁA), some such 3 as in (2), with
T 7/5, Q¥ , ..., ¥ |-preconfigured relative to gs
above some Rg at stage s+ 1.

e Since there are only finitely many 3 < a,
one need only choose § such that there is no
7 C Y newly inner 73, Q-preconfigured relative
to gs above Rg at any stage s + 1, with an
index ﬁA < Q.



ee Say « is configuring —

e In this case, if an axiom ‘c = ®L’ is

cancelled at a stage s+ 1 —

QI

e 'Then the potential inner 73, Q| gl, - \I!gk] -
preconfiguration of o relative to gs; above Rg at
stage s+ 1 must involve a basis inconsistent with
one relevant to the inner 73, Q-preconfiguration
of some 7', which has index < «.

e DBut again, the number of such indices is
finite, and, by choice of «, there can be no
persistent inner preconfigurations corresponding
to such indices which lead to infinitely many such
cancellations — again leading to a suitable choice
of s.

ee Inductively define a functional D by taking

~ S

and for each s+ 1 > 5 letting

~ ~

Dyls + 1] = Dgls]U{'c =PL’ | ‘c = DL’ is an

axiom for ®4[s + 1], & is consistent with ®5[s]}.



ee 'Then —

D, isa computable, consistent functional for
which X* = ®Y" .
e The computability and consistency of CAI/D@
follow immediately from the construction and
from the definition of &4 .

ee Need to verity — Given 6,7 C X,Y, there
exists a pair 0,7 C X,Y , respy, with 0,7 D 7,7

respy, for which o* = 53 .

e Satisfaction of the - and L-requirements
means one can assume 6,7 € Dom(x,) for all
sufficiently large w.

e By choice of o, have o, 79 such that X,Y D
00,70 2 0, T, respy, and an axiom ‘og = ®7°’ is
stipulated for ¢, at some stage s+ 1> 35 —

e Where one can assume — For all sufficiently
large u > s ‘op = ®I°’ is on a true path at stage
u~+1 and there exist strings m, p O 09,79 2 0,7,
respy, with 7, p € Dom(x,) —




ee Then — If not currently implemented,
‘op = @7°’ is implemented along the paths
X,Y at such stages u 4+ 1 by the choosing of
appropriate ¢’ with o9 2 ¢ O &, and 7’
with 79 C 7/ C p, and the adding of an axiom
o/ =BT 7 to D,.

e So — at some such reactive stage u + 1 an

AN

axiom ‘mrutl — <T>g*““’ for &5 with X, Y D
m,p 2O O0,T, respy, and mw¥utl p¥*utl = ¥ p* C
X* Y*  respy, is stipulated, this stipulation
being retained at all later stages.

e And further stipulation of revised axioms
at the end of any such reactive stage u + 1 is
guaranteed by prerequisite *,1-matchings and
corresponding augmentations.

ee 'Then — for large enough u+1 — the axiom
Crtutl — @g*““ ’ is implemented along X*,Y*
via the enumeration of ‘7wt = CTD’(%*UH " into @5
— and is never cancelled by choice of 5.

e The argument is similar in relation to a
typical Q-requirement Qg . U



