Splitting properties of total
enumeration degrees

Marat M. Arslanov  S. Barry Cooperfand I.Sh. Kalimullin?

This paper (see Theorem 6 below) describes general conditions under
which relative splittings and specified diamond embeddings are derivable in
the local structure of the enumeration degrees. In so doing, three underlying
themes are touched on — that of characterising the context for the Turing
degrees provided via enumeration reducibility; secondly, general questions
of definability and the role of splitting and nonsplitting; and also (emerging
from the techniques) the description of new relationships between information
content and degree theoretic structure.

Jockusch [1968] introduced the notion of a semirecursive set:

A C w is semirecursive if there is a computable f : w? — w for which,
for all =, y:

(i) flz,y) ==z or f(z,y) =y,
(i) re AvVye A = f(x,y) € A
The paper begins with a result (Theorem 1) which shows that using
semirecursive sets one can construct minimal pairs of e-degrees by both ef-
fective and uniform ways (see Theorem 2). Following this, new results con-
cerning the local distribution of total e-degrees (Theorem 7) and of the de-
grees of semirecursive sets (Theorem 5) enable one to proceed via the natural
embedding of the Turing degrees in the enumeration degrees to results con-
cerning embeddings of the diamond lattice in the e-degrees, preserving least
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and greatest elements (see Corollaries 8, 9 and Theorem 6). A particularly
striking application of these techniques is a relatively simple derivation of (a
strong generalisation of) the Ahmad Diamond Theorem (see Theorem 6).

There are a number of known constraints on further progress in this di-
rection. One of these is the result of Ahmad and Lachlan [1998] showing
the existence of a nonsplitting AY e-degree > 0, (see also Theorem 10 be-
low), with a corresponding non-diamond theorem for the e-degrees (Arslanov,
Cooper, Kalimullin and Li [ta]). There are others limiting the local distribu-
tion of total e-degrees (e.g. Cooper and Copestake [1988], and more recently
Arslanov, Cooper, Kalimullin and Li [ta]). But there remain a number of
open questions, two of which (Questions 12, 13) are briefly discussed at the
end of the paper.

For further background concerning enumeration reducibility and its de-
gree structure, the reader is referred to Cooper [1990], Sorbi [1997] or Odifreddi
[1999], chapter XIV.

1 Semirecursive sets

The results of this section will imply that e-degrees of semirecursive sets are
situated “closely enough” to 0, the e-degree of the c. e. sets. On the other
side, it follows from Theorem 5 that the class of e-degree of semirecursive
sets generates under U at least all the total e-degrees. Therefore, this class is
an automorphism base in the structure of all e-degrees since it is known that
any e-degree is the greatest lower bound of two total e-degrees (see Sorbi
[1998]).

Theorem 1 Let B be a semirecursive set. Then there is a computable func-
tion h such that for all i and 7,

OB (oF C Wiy C 8|07,

where {®.}ec, and {W.}eew are effective enumerations of all e-operators and
c. e. sets, accordingly.

Proof. Let f be a computable function (the semirecursive function for B)
such that

for all z,y, f(z,y) € {z,y}, and
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{z,y} N B#0 — f(r,y) € B.

Given ¢ and j enumerate a c. e. set C(i, j) in the following manner: for any
rEw,reCiff

a) there are finite sets F' and G such that z € ®f and z € @f, and
b) f(z,y) =z for all x € F and all y € G.

This strategy, obviously, provides an effective enumeration for C. There-
fore, there is a computable function h(%,j) such that C' = W, ;) for all
1,7 € w. Now let x € @fﬂ@? Then x € (IDlF for some finite set &' C B
and © € (IDJG for some finite set G C B. Therefore, by the construction,
r € Wy, ). Now let x € Wy ;). Then x € <I>1F and r € <I>]G for some finite
sets F' and G such that f(z,y) = z for all x € F and all y € G. Suppose,
in order to get a contradiction, that = ¢ ®5 <I>j§. This means that F' Z B,
and therefore there is an a € F such that a € B. Similarly, there is a b € G
such that b € B. But then one has f(a,b) = b which contradicts clause b) of
the construction. O

As a corollary one obtains the following

Theorem 2 For any semirecursive set B

1) (Effectiveness) deg,(B) Ndeg,(B) = 0, and, moreover, given i and j such
that ®P = @f one can effectively find an index of a c. e. set C' such that
C=aof =08,

2) (Uniformity) For any set X C w, the following holds:

deg,(X) = deg, (X & B) ﬂdege(X ® B).

Proof. 1) If ®F = <I>j§ for some i and j, then ®5 CIDJ-E = ¢5 U(IDJ-E. Now
the proof immediately follows from Theorem 1.

2) Immediately follows from Theorem 1 relativised to X with obvious changes.
O

Recall that if A € a then a’ = deg,(J(A) @ J(A)), where J(A) = {e :
e € ®,(A)}. Tt is easy to see that A =, J(A), A <. J(A) and K <, J(A).
Therefore A® A® K <., J(A) ® J(A). The following theorem shows that
if A is semirecursive with a non-c.e. complement then J(A) @ J(A) has the

least possible degree (namely, the degree of A® A @ K).




Theorem 3 Let A be a semirecursive set. Then either A is c. e. or J(A) <.
A K.

Proof. Since A is semirecursive then by Jockusch [1968] A is a lower
cut for some computable linear ordering <, of w. Let maxy(F) denotes the
maximum element of a finite set F' under <, .

Suppose A is not c. e. Note that if e ¢ ®.(A) then V, C A, where V, is
the following c. e. set:

{z : (3 finite F)[max,(F) <,z & e € O.(F)]}.

Hence, if e ¢ J(A) then A — V, # (). This implies that for each x

e € J(A) iff (3z € A)(Y finite F)[max,(F) <p = — e ¢ ®.(F)],

which provides J(A) <, A® K. O

Theorem 4 If A is a semirecursive set such that A, A are not c. e., then
e-degree of A is quasiminimal.

Proof. Let B@® B <. A for some set B. Let B = ®* and B = U4, Let
A is a lower cut for a computable linear ordering <, of w. We may assume
(see the previous theorem) that if (z, F) € © then |F| =1, where © = ® or
U. Let S ={n:3Im <, n(@"NT" #0)}.

Clearly, S C A.

Case 1. Let there is an integer a € A such that a <, x for all z € S.
Then for all y, y € B <= 3n <y a((y,n) € ®). Therefore, B is c. e.

Case 2. Otherwise. Then, obviously, A = {a : 3z € S(z <; a)}. This
means that A4 is c. e. a

Jockusch [1968] proved that for any noncomputable set A there is a
semirecursive set B =7 A such that B and B are non c. e. Below in Theorem
5 we generalise this result. This generalization will be used in the proof of
Theorem 6.

Theorem 5_Let C <7 A. Then there is a semirecursive set B =p A such
that B and B are not c. e. in C.

Proof. We consider two cases.

Case 1. degp(A)isnot c.e. in C. Let A = { 0,1 } with the usual order 0 <4 1,
and T'= A<“. Define § € A¥ by the relation §(z) =1 <= x € A, and let
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B={oceT:3r Cdé(o <y 7)}. (Here <, is a standard ordering defined on
the strings of the tree T.) Obviously, A =r B and B is semirecursive.

Case 2. degp(A) is c. e. in C. Without loss of generality we can assume
that A is itself c. e. in C. Let {A;}se be a C-computable sequence of finite
sets such that A; C Agyq and A = (JAs. Now let A = {—1,0,1} with the

ordering —1 <5 0 <5 1, and T = A<¥. We again define the desired set B
as B ={o €T :3r C §(c < 7)} for some 6 € A“. We shall define a
C-computable approximation to 0, {0s}secw, where §, € A<, |§,| = s, and for
all x §(x) = lim, d5(x), meeting for all e € w requirements:

NQG:Z:¢E®C®6—>ZC. ein C,

Noeyq 1 A= CI)E@CEBC — Ac. ein C,

where {®.}.e, is an effective enumeration of all computable enumeration
operators. We will also meet the condition 6 =1 A.

These requirements together ensure that B =7 A and B and B are not
c. e. in C, as required. Indeed, since B =r 0 and 6 =7 A, we have A =r B.
Further, if, for instance, B is c. e. in C, then A <, A A=, B® B <,
B @ C @ C which implies to the contrary that A is c.e. in C.

Without loss of generality we may assume that for all e-operators ¢, and
any finite set I’ the following holds for any s € w

(x,F) € s — (Yo € F)(|o| < s).

Define for ®., the C-computable use-function u(G;e,z,s) for a finite
set G as the finite set ¥ C G with the least canonical index such that
(x,F ® H, ® Hy) € @, for some finite sets H; C C and Hy C C. If there is
no such F then u(G;e, z,s) = 0.

The construction (which is computable in C).

Stage s = 0. Let dp = A (the empty string), and By = 0.

Stage s + 1. We assume by induction that d, and B, already are defined.
Let

I(2e,5) = max{k < s: A,[k = @53690696 [k},

1(2e + 1,5) = max{k < s : A,[k = ©P;2COC L},

R(2e,s) = J{F : 3t < sdx <l(e,t)(F = u(Bye, x,t))},
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R(2e+1,5) = | J{F : 3t < s3x < (e, t)(F = u(By, e, 2,t))}.
Case 1. Vk < s(k € Agy1 — k € Ay). Then define §,,1 = 55An, where
07 if s g A5+17
n =
1, if s e As+1-

Case 2. Jk < s(k € As11 — As). Let kg be the least such k. Now let m
be the least integer (if any) such that m = 2e +1i,i < 2, and {oc € T : |o| >
ko} N R(m,s) # 0. (If there is no such m then let m = 0.) Now define

1, ifi=0,
~1, ifi=1.

Osy1(ko) = {

55+1 (k) = 55(1{:)7

0, ifkée Az,
6s+1(k)_{ 1 ¢ !

if k& < ko,

1, ifke Az,

if kg <k<s+1.
In both cases let Bsy1 = {0 € T : 0 <, ds41} . Therefore, in Case 2 we have

ZIO_)ds <L 5s+1 _>Bs - Bs+17

=1 _>6s+1 <L 6s_>Bs+1 C Bs_>§s gEs—l—l-

This means that the requirement N, is not injured at stage s + 1. This
completes the construction. Let § = limyd; and B = limy By = {0 € T :
Ir Co(oc <y 1)}

Is is clear that B is semirecursive. The reducibility A < ¢ follows from
r €A < §(x) # 0 for any z. The reducibility § < A follows from the
fact that if As[(z+ 1) = A[(x + 1) and s > z then 0s(x) = 6(z).

Now we show that all requirements N,,, are satisfied for all m > 0.

Suppose, in order to get the contradiction, that there is a (least) m = 2e+i
such that either the requirement A/, is not satisfied (which means that A =
dBOCEC if j = 0, and A = ®BHCEC if j = 1), or the set R(m) = [J{R(m,s) :
s € w} is infinite. Then one necessarily has lim sup, l(m, s) = co. Obviously,
we have also that the set R = (J{R(m') : m' < m} = U,y User B(M, 5)
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is finite. Fix a stage s’ such that for every £ < max{n : d0 € R(n =
o)} we have A(k) = Ay (k). Then for all v € w, v € A «» s > &'(v €
A, & x < I(m, s)). Therefore, A is c. e. in C since the construction above is
C-computable. Since A is also c. e. in C' this implies that A <; C which is
a contradiction. O

2 Splitting properties and the diamond em-
bedding

This section begins with the following strong generalisation of Ahmad’s Di-
amond Theorem (see Ahmad [1991]):

Theorem 6 1) Let a be a given e-degree and b be total degree such that
a < b. Then the diamond lattice is embeddable in the e-degrees with b as
the top element and a as the least element, given a total degree c such that
a<c<b.

2) Let a > 0 be a total AY degree. Then the diamond lattice is embeddable
in the low e-degrees with a as the top element and 0 as the least element.

Proof. 1) Let Aca, C®C € cand B®B € b. Then C < B. By
Theorem 5 there exists a semirecursive set X = B such that X and X are
not c. e. in C' which means that X £, C ® C and X £, C @ C. It follows
that X £, A and X £, A. Now let u = deg, (A ® X) and v = deg, (A X).
It follows from Theorem 2 that u N v = a, also obvious that uUv = b.

2) Let A C w be a set such that A@® A € a. Let B be a semirecursive
set such that A = B and B and B are not c. e. Since B&B =, A® A,
then deg,(B) U deg.(B) = a. The part deg,(B) N deg,(B) = 0, follows
from Theorem 2. Since B and B are not c. e. then deg,(B) % deg (B) and
deg,(B) £ deg,(B). Now apply Theorem 3. O

(By Ahmad and Lachlan [1998], it is not possible in part 2) of the previous
theorem to replace ‘total AY” with ‘AJ’.)

In view of Theorem 6 it is important to investigate for which degrees
a < b, with b total, there is a total degree c such that a < ¢ < b. Below in
Theorem 10 we prove that in general the answer to this problem is negative:
There is a AY degree a and a total degree b > a such that there is no



total degree c strongly between a and b) (see Corollary 11). However, from
Theorem 7 it follows that the answer to this question is “yes” at least for
b=0.

Theorem 7 Let a < 0, be a AY-e-degree. Then there is a total AY-e-degree
b such that a <b < 0.

Note that Theorem 7 allows one to easily obtain without using the re-
sults from previous sections the following corollary, which was first proved in
Arslanov, Sorbi [1999] by a direct construction.

Corollary 8 K is splittable in AY-e-degrees above any AY-e-degree.

Proof. Let A be a AY-set such that A <, K. By the previous theorem
there is a set B such that A <, B and B <r K. Now a splitting of 0" above
deg,(B) in Turing degrees (which is possible by a relativised version of Sacks’
Splitting Theorem — see Soare [1987]) obviously provides a splitting of 0.
above deg,(A) in the e-degrees. O

Theorem 7 shows now that one can prove essentially more:

Corollary 9 For any given AS-e-degree a < 0 the diamond lattice is em-
beddable into the A e-degrees preserving 0, and a.

Proof. This follows immediately from Theorems 7 and 6. O

Proof of Theorem 7. Let A <, K be a AY-set. To ensure that A <,
XX <. K for aset X, it is enough to construct X such that A <., X and
X <7 K. One need to satisfy the requirements:

P:re Ao Jy(z,y) € X)
(which obviously gives A <., X), and
Se: K =0 - K =u

(i. e., given a Turing partial computable functional ®., we build an enumer-
ation operator W,).

Strategy for P: Given z € A at a stage s, enumerate (x,y) into X for a
big y. If later x leaves A then remove (x,y) from X. If later again x enters
A then enumerate (z,y’) into X with a new big v/, etc.
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Strategy for S.: For any given z, while z € K:

1) Wait for ®';(z) |= 0 at a stage s with a use @, (x). Let Fy = {y <
es(x) | y € Xs}. By the P-strategy, for any y € F,, we have y = (a,b) for
some a € A,. Define Fy, = {a | Iy(y € F, & y = (a,b)}.

2) Enumerate (z, Fa,) into U7, and restrain X | ¢, ¢(x) against other
strategies from now on.

In case of any A-change at F4, go back to 1).

If later z € K, and again K(z) = ®)(z) at a stage t > s, then this
means that we had an X [ ¢, s(z)-change between stages s and ¢, which
means that some y < ¢, () is removed from F), (since nothing from this
interval can be enumerated into F) after stage s). This means, by the P-
strategy, that an element a € Fy , is removed from A between stages s and
t. Therefore, either x ¢ WA, or later z enters A again. In the latter case, we
may diagonalise K (x) against ®X(z), enumerating back into X or removing
from X all elements F, removed from X (or enumerated into X) between
stages s and t.

We now proceed with the formal construction and verifications.

The construction.

Throughout the construction (w + 1)<“ will be referred to as the tree of
outcomes T'. The elements of T will be called strings or nodes. If o, 8 € S =
2<¥ then compat(c, ) means that “either « C f or § C .

Each node o € T will be assigned the requirement S5, and each node
o € T will be assigned a changeable parameter (o) which is the restraint
of the strategy o. For each node o € T', each finite set F' and each integer
k € w the triple (o, F, k) will be assigned a parameter ay(o, F') € S. Here
ay(o, F) € S is an initial segment which is needed by the requirement S,
for the diagonalisation ®7 (k) against K (k) in case that k € UF — K and

lo|

F C A. Denote the value of ax(o, F') at point = by ag(o, F, z).

Stage s = 0. Let Xy = 0, and for all 0 € T,k € w, and finite sets F let
r(o) =0,00 = ag(o, F) = X\, V)0 = 0.

Stage s + 1. For any ¢ € T such that for some (x,y) € Xs[r(o) we have
x ¢ Agi1, we define r(o) = —1 (remove the restraint). In this case we say
that this restraint becomes obsolete.



Step 1 (the definition of ds41). Say that the strategy o € T requires
attention at stage s + 1 if Ik € K, 1IF C Ag((x, F) € U, & V7 <
o(compat(ay(o, F), Xs[r(1))) (i. e. ax(o, F) does not threaten to injure re-
straints associated with higher priority strategies).

Now we define d,,1 € T as a string of the length s 4+ 1 by induction. Let
ds+1[n is defined for n < s, and let 0 = d5;1[n. Then define d511(n) = w,
if either r(o) > 0, or r(0) = 0 and o requires attention at stage s + 1.
Otherwise, let so + 1 < s be the least stage such that d,,.1 C ok for
some k € w. (If there is no such stage the let so = 0.) Now let k& be the
least integer such that k& ¢ Ky, and either &5 (k) T V@5 (k) [# 0, or
use(Xy,n, k,t) # use(Xs,n, k, s), or Xi[use(Xy,n, k,t) # Xs[use(Xs,n, k,s)
for some t,s9 <t < s. Define d5,1(n) = k. Initialise all strategies o > 0511
(namely, let 7(o) = 0 and ay (o, F') = X for all k, F).

For every o C d,44 if r(0) = —1 (i.e., if earlier the restraint of o became
obsolete) then redefine r(o) = 0.

Step 2 (the updating of axioms for ¥,). Let o C 441 such that d5.1(|o]) <
w is the maximum of all possible (finite) values of &;(|c|) for o C oy, |o| < t <
s. For each k € K [s such that k < 0,41(|o]) and k ¢ W25+, define the ax-
iom (z,F) € U, 41, where ' = {z : Jy((z,y) € X [use(Xs, |o|,k,s))}.
(It follows from the definition of 0,y that if ds51(|0|) < w, then Vo <
Ooi1 (o)) 1 (K) 1=0).

Also, if ag(o, F) = A, then ay(o, F) := X [use(Xs, |o], k, s).

Step 3 (the renewal and the restraint).

Case 1. Jo(o C d541&0 requires attention &r(o) = 0). Choose a node
0 C 0s41 of the least length such that o requires attention and r(o) = 0.
This means that

dk € Kop13F C Ag1((z, F) € U, &7 < o(compat(ay (o, F), Xs[r(7)))).

Let (k, F') be one of such pairs with the following additional property: ele-
ments of F' have least possible number of changes in A before stage s.

Define an intermediate set X™*:

Vz < |ag(o, F)[(X*(z) = ax(o, F, 2),

Vz > |ag(o, F)[(X*(2) = Xs(2).

Let r(0) = |ax (o, F)|. Say that o receives attention at stage s + 1.

Case 2. Yo C 0511 either o does not requires attention or 7(o) > 0. Then
define X* = X,.
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Step 4 (the definition of Xsi1).

If © ¢ Asy1, then Xooi((z,y)) = 0 for all y. If x € Agyy and (z,y) <
max{r(c) : o € T}, then Xo\1({x,y)) = X*((z,y)). If x € Ay11 and (x,y) >
max{r(c): o € T}, then Xy ((x,y)) = 1.

End of the construction.

The verification.
Lemma 1 § = liminf, d, exists.

Proof. Suppose by induction that 6[n = o exists. It will be proved that
if the set V= {s : 0 C 65 & d5(n) < w} is infinite and limgey d5(n) = oo,
then K <, A.

Let sy be a stage such that Vs > so(d, > o). Let k > so. If K € K then
for almost all s @fg(k) 1, and lim, use(X,,n, k, s) < co. Therefore, k € WA,

If k € K then k ¢ U2 since otherwise for almost all s such that o C d,
we will have 6,(n) = w, a contradiction. Therefore, Vk > so(k € K <=
ke vl

Lemma 2 X = lim, X, exists.

Proof. Let ay(F,o)[s] be the value of parameter ax(F, o) at the end of
stage s. Fix an integer z € w. Let z = (z,y). If © ¢ A then obviously
limg X¢(2) = 0. Let 2 € A and s* be such a stage that Vs > s* = € A,.

Suppose, that lim, X(z) does not exist. Say that z is removed at stage
s+1>s"if z € X, — Xgiq. Also, say that o removes z at stage s + 1, if at
this stage o receives attention.

Let U(o,z,s) = {F : 3k € K(ax(F,o0,x)[s] |= 0)} be the set of finite
sets such that z can be removed by o. Note, that if ¢ removes z at stage
s+1 > s* then o C §; for some t < s*. Indeed, if ¢ € 9§, for all ¢t < s*, then z
can enter some F' € U(o, z,u+1),u > s* only if z ¢ X,,, but this means that
a strategy 7 C d0;,t < s, restrained z. Then 77w C o and later at a stage o
will be initialised and u(o, x, s) will be = A, since otherwise limg X¢(2) = 0.
It follows that o cannot later remove z. Therefore, there exists a node ¢ from
the finite set Ty = {o : It < s*(0 C &)} such that o removes z infinitely
many times.

Clearly, o0 £ 0. If 6 <p o then ¢ will be initialised infinitely many times.
Therefore, for such o there is 0’ C 0, ¢’ € T, such that it removes z infinitely
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many times. It follows that there is ¢ C 9,0 € Tj such that o removes z
infinitely many times. Now let £ > s* such a stage that Vs > t(ds £, d[s").
Clearly, if |o| < s* and 0" w C 4, then ¢ can not remove z at stage > t.

Consider all o with |o| < s* and Fk € w(c"k C 0). Let they are oy C
0y C ... C 0,. It is easy to see that if 1 < i < n, then

(%) Vs > t3u > sVF € U(oy, z,8)Vv > u(F € A).

(Otherwise, there is a successful diagonalisation.)
Now we will prove that for any 7,1 < ¢ < n, there is u; > t such that

() Yo > w(U(oy, z,u;) = Uloy, 2,v)).

For i = n the claim is obvious, since after stage ¢t we don’t put new
elements into U(oy,, z,v). Now suppose that (#x) is proved for all i',7 < ¢ <
n. To prove (xx) for i we obtain stages vy from (x) with s = uy,i < i’ < n.
Let v = max{v} : i < i < n}. Then for i < i’ < n the value of parameter
r(o;) will be 0 beginning the stage v. Therefore, after stage v there will be
no new elements in U(oy, 2, s). This proves (xx) for i.

Now let s = max{w; : 1 < i < n}. From (%) we obtain that there is a
stage u > s such that ViVv > uVF € U(oy, z,v)(F € A,). This means that
0;, 1 <1 < n, cannot remove z after stage u, a contradiction.

Lemma 3 A <, X.

Proof. We will prove that for all z, v € A <= Jy((z,y) € X). Indeed, if
x ¢ A, then obviously Vy((z,y) ¢ X). Let z € A. Let s* be a stage such
that Vs > s*(x € A;). Now obviously integers (x,y) > s* cannot be removed
from X at stages > s*, since use(X, n,z, s) < s for all s. It follows that any
such (z,y) > s* belong X.

Lemma 4 X <y K.
Proof. Suppose K = ®X. Let 0 C 6,|0| =e. Ifo"k C §forak € w

then K(k) = 0 and ®X(k) # 0. If 0"w C 6, then for some k € K we have
®X(k) |= 0. This is a contradiction. O
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3 Negative results

Can one extend the above techniques to obtain a simple characterisation of
those contexts allowing splitting or diamond constructions? The following
theorem suggests otherwise, which opens out the prospect of such character-
isations leading to nontrivially definable classes of enumeration degrees, with
naturally correlated information content.

Theorem 10 There is a AY set B such that B <. B® B, and deg.(B ® B)
1s not splittable over the degree of B.

Proof. One needs to construct the set B meeting for all e € w require-
ments:

Pe: B#EZ(B)
Ne: B=20.(X.(B)®Y(B)) —
L A(B =Te(Xc(B) @ B) VB = A (Y.(B) ® B),

where X,.(B) = dom V. (B), Y.(B) = dom©.(B) and {®., V., O, }.c, an
effective listing of all triples of e-operators ¢, and Turing operators V., ©..

Let T'= 3<% be the priority tree. If 0 € T and |o| = e then we assign the
node o to both requirements P, and N,. We will satisfy P.-requirement via a
witness x of o-strategy for |o| = e. We later may choose a new witness for o
if its former witness is initialised. Let z, denotes the active (not initialised)
witness for o (to indicate that x, is the active witness for o at stage s we
sometimes will write it as x4 ).

For each witness x and any o € T define the weight w(x,0) of z at o as
|o| 4+ the number of other witnesses of o which were assigned to o before z.
For convenience we define w(z,0) = 0 for all  and o such that x is not a
witness of 0. (Therefore, w(z, o) can change its value once from 0 if later
becomes a witness for o.)

It follows from the definition that for each z € w and each node o there
are only finitely many witnesses z with w(z,0) < z.

For convenience we denote dom V¥, 4(Z) and dom O, 4(Z), for all Z C w,
by Xes(Z) and Y. (Z).

At each stage s of the construction we will define a string 0, € T of length
s which is an approximation of the true path.
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Construction.

Stage s = 0. Let dg = A (the empty string). Let By =0, I'y o = Ay o = 0 for
all o € T.

Stage s + 1.

Step 1 (defining d,41). Suppose that d,.1 [n = 0, n < s, is already defined.
Given By, t < s, for each 7 € T define

l(T, t) = max{:z: <t:Bilxz C q>|7|,t(X|T\,t(Bt) D Yv|.,-|7t(Bt))}.

Ifl(o,s+1) <max{z,:0 0Ca V ¢ 1C a}, define 0511 [(n+1) =0"2.
Otherwise, check whether there exists a (initialised or active) witness y of a
node 7, 7 C ¢~ 1, which is not restrained by some node o < ¢ 1, such that

(I) w(y,7) > 1+ max{w(z,f):x€w& o 0C L &t < s}t

and

1 (3 finite F)(3 finite G)[y € D o(F & G) — B, &
w FCX.o(B)NX.o(BsU{y}) & G C Y. (BsU{y})]

If there is no such y then define ds11 [ (n + 1) = o~ 1. Otherwise define
ds41[(n+1) =070. Also let y, denote the least such y. (y, will be used at
Step 2.)

Step 2 (satisfying the requirements). We will say that a node a < 441
requires attention at stage s + 1 if one of the following conditions holds:

A. o C 6541 and the active witness x,, of « is not defined (in particular this
happens if « was initialised at a previous stage).

B. Otherwise, and z, € B, N E|a‘,s(§8).

C. Otherwise, and z, & Zj45(Bs) and o € By — I'y (X|o.s(Bs) @ Bj) for
some 0 C 0,11, 0 1 C a.

Choose the <-least node a = d,41 which requires attention (e.g. 0511
requires attention via the condition A).
For each v define

Doy =0 s U{(x,0) ;v >a&vDy&a, € By}

14



if 71 C §441, otherwise define f%Hl = I, ;. Similarly, for each 7 define
A%sﬂ =A,,U{(x,,0) :v>a&v 2Dy &z, € By}

if v70 C 0441, otherwise define A%Hl =A,;

Initialize all nodes v, v > «, so that each x, now becomes undefined.

To define By, I'y 41 and A, 444 for all v € T implement the following
actions depending on which of the conditions A, B or C hold for a.

For A. If the string a does not contain the symbol 0 then assign a new
sufficiently large witness x, and define I', 41 = f%Hl, Aol = A%SJA for
every v € T. Otherwise let o be the C—greatest node such that 670 C a.
Then set x, = y,, where y, is defined at Step 1. Note that it follows from
the definition of weights that

w(xa, ) <14+ max{w(z,f):zc€w& o 0CFC o &t < s},

therefore w(x,, @) < w(wq,7), where 7 is a node from (I). Let F,G and
u > 1, satisfies following conditions:

Yo € q)e,s(F ) G)a

FC Xeo(Bs Tu)NXes((BsU{y}) T w)

and
G CYes((BsU{y}) I u).

Define I', ;41 = f‘%sﬂ fory € T, A, s11 = A«,,s+1 for v # o, and A, 511 =
Ay si1U{(20, GB(Bs U {xs} [u))}. Restrain the segment By | u with priority
a.

In both cases let Byy1 = By U {z,}.

For B. Let B,11 = B, — {7a}. Then define I'y ;1 = f‘wﬂ and A, 41 =
A, o1 for every v € T.

For C. Choose the C—least node o which satisfies C. Let v be a sufficiently
large number such that

To € q)|0|,s+1 (XlUl,S(BS fv) S }/lUI,S(BS fv))
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Then I'y o411 =Ty o1 for v # 0, To o1 = Do o1 U {0, X|o),s(Bs) @ (Bsv)})

and A, 41 = A, o1 for v € T. Restrain by priority « the segment B; | v.

Go to stage s + 2.
End of the construction.

Let 6 = liminf, s, and B = limg B,. (It follows from the construction
that limg B, exists, since if we assign as a witness of a a witness = of 7
then w(z, @) < w(x,7) and we initialise 7 at this stage. Moreover, we can
effectively bound the number of possible changes in B,. Therefore, B is w-c.e.
set.)

To prove that all requirements are satisfied we need the following technical
lemma. Let o < ¢ signify that @ < ¢ [ n for some n.

Lemma 1 FEvery o < ¢ receives attention at most finitely often. (Therefore,
each o < O creates a finite restrain and no « < § is initialised infinitely

often.)

Proof. Since < is the well ordering on T, we can proceed by induction
on < . Suppose that the lemma holds for each o/ < «. Fix a stage sg such
that o < ¢, for all s > sy. Choose a stage tg > sp such that no o/ < « such
that o/ C d; for some t < sq, receives attention at a stage s > to. Now « can
receive attention after stage ¢y at most three times (by conditions A, B and

C).
Lemma 2 Fach P,., e € w, is satisfied.

Proof. Let o C § be the string of length e. By the previous lemma fix
the least stage sy such that « is not initialised at any stage > sqo. Let x, be
the permanently active witness of v (which is necessarily assigned after stage

so.) Now z, € B unless x, € Z. s(B;s) and a = J for some stage s > s¢. In
this case by the construction z,, € Z.(B) — B.

Lemma 3 Fach N, e € w, is satisfied.

Proof. For any stage s define the c. e. set Us = {x : (3t > s)[Bs(z) #
By(z)]}. Tt is easy to see that Usyy C Uy, (), Us =0 and B C* Us.

Let o C 0 be the string of length e. Let 0”@ C §, i < 3. Let m be the
maximum of the restraints created by strategies v < ¢ i. Fix the least stage
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sp such that o7 is not initialised at any stage > so and Uy, C (m, +00). If

i = 2 then obviously B — ®.(X.(B) @ Y.(B)) # 0, therefore N, is satisfied.
Now assume that i < 2 and B = ®.(X.(B) @ Y.(B)). First consider the

case i = 0. To prove that B <. Y.(B) @& B we will show that for all z € U,,

r€B < rveA,(Y.(B)® B)

The left-to-right implication obviously follows from the construction. To
prove (<=) suppose that for some node ( there exists a node 3 such that
r=uxgs € Uy, and

€A, (Y.(B)® B) - B

for some s > sy. Choose the <-minimal node § with this property. The
condition (II) and the definition of A, imply

z€®(F®G),FC X(B)

and
G CY.(B).

(If it happens here that uses of X, or Y, are injured by some z,;, v < a,
then z., € Uy, N A,(Yo(B) & B) — B for some t > sg. Indeed, elements of B
are protected by a B-use of A.(x). This means that uses of X, and Y, can
be injured only by the extraction of a witness of some v < 3 from B.)

Hence z € ®.(X.(B) @ Y.(B)), which is impossible.

Finally suppose ¢ = 1.

Let z be the greatest integer used in the construction at stages s’ < s.

By the construction a witness x of a later can be chosen as a witness for
another node 7 only if 7 < . Let Node(z) denote the <-least node 7 such
that z is a witness of 7. Then w(z) =4m w(x, Node(x)) is the final weight of
x. Let w = max, <, w(x).

It follows from the above mentioned property of the weights of witnesses
that the set {x : w(x) < w} is finite. Therefore, we can fix a stage s; > $o
such that w(y) > w for each y € Uy,. This implies that every witness y € Uy,
satisfies, for the node o, the condition (I) from the construction.

Now it remains to prove that for every z € U,

r€B < zel,(X.(B)®B).

The left-to-right implication immediately follows from construction. To
prove the right-to left implication suppose that there exists x € U, such
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that # € T'w(X.(B) @ B) — B. Let F and G be finite sets such that F C
X.(B), HC B and {x, F ® G) € T',. Then similar reasons as for case i = 0,
and the definition of I',, imply F' C X (B U {z}), G C Y.(B U {z}) and
(x,F & G) € ®, for some finite G. Hence, for the node o, the condition (II)
from the construction is satisfied. Therefore, there exists a stage s > sy such
that 070 C §,. This contradicts to the choice of s. O

Corollary 11 There is a total degree b and a AY— degree a < b such that
there is no total degree ¢ such that a < c < b.

Proof. Immediately follows from Theorem 10 and Theorem 6.

Nies and Sorbi [ta] give a number of other results concerning embeddings
into the 39 enumeration degrees, and show that all incomplete X9 e-degrees
are meet reducible (that is, non-trivially branching) in the e-degrees below
0.. In Arslanov, Cooper, Kalimullin and Li [ta] various negative results are
proved, including the fact that there exists an enumeration degree a < 0’ such
that the diamond lattice is not embeddable into the 39 e-degrees preserving
0, and a. This latter result shows that theorem 6 and corollary 9 are optimal.

In conclusion, we consider the following important open question in view
of Theorem 7:

Question 12 Are the n-c. e. e-degrees dense for each n > 37 Are the w-c. e.
e-degrees dense?

An affirmative answer to the following partial question could help obtain
a negative answer to Question 12:

Question 13 Let a < 0, be an w-c. e. e-degree. Is there a total w-c. e.
e-degree b such that a <b < 0.7

Indeed, let D <p @' be a d-c. e. set with no w-c. e. set C' such that
D <7 C <7 I (as constructed in Cooper, Harrington, Lachlan, Lempp and
Soare [1991]). Then the 3-c. e. set D @& D has maximal e-degree below 0.
Indeed, we have D@D <. K. Suppose that there is an w-c. e. set C such that
D@D <, C <. K. Then, if the answer to Question 13 is “yes”, there is an
w-c. e. set X such that C <, X@® X <. K. Therefore, D@D <, X&X <. K
and D <7 X <¢r K, which contradicts the choice of D.

It follows from Theorem 7 that the answer to Question 13 is “yes” at least
for the AJ-enumeration degrees.
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