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Computably enumerable sets

A set of A Ls Computably enwmerable (c.e.) Lff tts members
can be effectively Listed in sowee order - Examples:

The set of theorewms of an axtomatisable theory Ls c.e.

The set of tnputs on which a given Turing machine halts ts
c.e. - as is the graph of a partial computable function

A c.e. set can be sitmulated, without making wmistakes, but
can not wecessariLg be computed

The C.e. sets € avre naturally 0CCUKTLNG
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The importance of seeking
data non-monotonically

~N

_ “. .. if a machine s expected to be infallible, it cannot
B also be intelligent. There are several theorems which say

almost exaottg that. "

A.M. Turing, talk to the London Mathematical Society, February 20, 1947, quoted by
Awndrew Hoodges tn “Alan Turing - the enigma”, p.261




The importance of seeking
data non-monotonically

“. .. if a machine s expected to be infallible, it cannot
also be intelligent. There are several theorems which say
almost exactly that.

A.M. Turing, talk to the London Mathematical Society, February 20, 1947, quoted by
Awndrew Hoodges tn “Alan Turing - the enigma”, p.261

BY Arslanov’s Completeness Criterion - Bvery complete

extension of Peano arithwmetic of c.e. degree Ls of degree O’

But - log the Low BasLs Theorema - somee are evew Low




The Ershov difference
hierarchy

O (dea: iterate boolean operations own c.e.
sets to get a hievrarchy forthe Az sets

O At bottom Level get c.e. sets ... next Level
differences of c.e. sets -




The Ershov difference
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O (dea: iterate boolean operations own c.e.
sets to get a hievrarchy forthe Az sets

O At bottom Level get c.e. sets ... next Level
differences of c.e. sets -

O Ais2-c.e ord.ce iff A= B-Cforsomec.e. sets B, C

DYna milea LLy: A has a sequence of finite approximatiows A°
such that |{s: AT x) + A} < 2
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hierarchy

caw extend these definitions - getting
general class of n.c.e. sets

C. 1971 - Considering Turing degrees
of these sets - get a non-collapsing
hierarchy - of quite different
structures

C., Harrington, Lachlan, Lempp, maximal d.c.e.

Soare, 1991: There exist maximal

: O
tncomplete d.c.e. degrees =




the n-c.e. degrees

landscape

Turing




Distribution of n.c.e.
degrees in c.e. degrees?

Notice AR @ B C.e.
ts c.e. tn C -

So etther A Ls c.e.

Alistair Lachlan

or C Ls tncomputable

Now - exchange C for E={(X,s) : x € B> - C} - Estillc.e.

And - Astillee inE and E<T A, infact <m A -so:
[ Every LwcomPutabLe d-c.e. A has an Lwcompu’cabLe CiE Eoy A]




Distribution of n.c.e.
degrees in c.e. degrees?

C., Lemapp, Watsow: Properly d.c.e. degrees dense tn €

‘0. 1988, C.-YL, 1993: A d.c.e. degree >0 is isolated Lff it has

a largest c.e. degree below Lt De

Awnd ... there do extst Lsolated d.c.e. degrees A
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Distribution of n.c.e.
degrees in c.e. degrees?

C., Lemapp, Watsow: Properly d.c.e. degrees dense tn €

C. 1988, C.-YL, 1993: A d.c.e. degree >0 Ls Lsolated Lff it has
a largest c.e. degree below Lt

Awnd ... there do extst Lsolated d.c.e. degrees

Awnd ... there do exist properly d.c.e. degrees which are not
Lsolated - and, in fact, ones which can be a minimal upper

bound for an ascending sequence of c.e. degrees




Ishmukhametov-Wu isolation -|

Lsolated

Constrains
g-definability
of the high
d.c.e. sets

the n-c.e. degrees




QUESTIONS. ..

Ave the Lsolated degrees dense in £ ¢ -

2 ; : ; s O’ @
YES” - Laforte ‘95, DPlng-RiLan ‘96 Lcolateol? —

Avre the non-tsolated degrees dense n “
E? - YES” - Arslanov, Lempp, Shore

1996

~N

Does every c.e. degree (other thaw o0

and 0’) Lsolate some d.c.e. degree ¢

) isolating?
o




Non-isolating degrees
exist, but not everywhere

Salts, 1999 - There exists an E-interval consisting
ewtirely of tsolating c.e. degrees

Cenzer, Laforte, Wu - solating tntervals arve dense in €

Arslanov, Lempp, Shore, 1996 - But - the non-
Lsolating c.e. degrees are downwwards dense tn €




A closer look at what

Arslanov-Lempp-Shore did

Remember: Lachlan produced a c.e. A<T any d.c.e. D,

with De.e. tin A - g0 any properly dce. DisceAaac.e. A

Consequence: If a c.e. a tsolates d, thew d s CEA a

So A-L-S built a c.e. A, and for each WA a witness B to A

not Lsolating WA - where making B<1 W? involved a Lot of
restraint on A

... which works with permitting A below a c.e. C, but is
incompatible with making A above such a C ...




The non-isolating degrees
are upwards dense in £

BUT: We need a new construction of a non-isolating

degree a, tn whieh for each d.c.e. D its Lachlan set plays a
ey role in witnessing its failure to be Lsolated by our c.e. A

... resulting tw a 0" priority argument ...

Theorem: For any c.e. <0’ there exists a non-
Lsolating degree a with u<a<o’
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Some intractable open
problems -

» Ave the c.e. degrees definable tw the d.c.e. - or n-c.e. -

degrees?

0 Characterise the reLatLowsth between the d.c.e. and
the CBA degrees - or more generally, between the n-
c.e. and the n-CEA hierarchies




Some intractable open
problems -

O Are the c.e. degrees definable tn the d.c.e. - or n-c.e. -
degrees?

‘ Characterise the relationship between the d.c.e. and
the CBA degrees - or more generally, between the n-
c.e. and the n-CEA hierarchies
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[ s)i="Tnanelw =a(Vi-= :z:)[CDD’A(y)[S] =W, s(y)|}, and

1

i s —mase OGN = wsil

The module for R below one higher priority N; runs as follows:

1. Select an unused witness x for R.
2. If 1(i,8) >y and T;(y)[s] T, define T'*(y) = W;(y) with ;(y)

@;(y) and restrain A up to ;(y).
3. Wait for ©4(z) |=0.

4. Enumerate x into D, restrain A up to 6(x).
5. Wait for (i) to return (outcome for N; is 1).

6. If there exists y such that I';(y) | and y entered W, after I';(y)
was defined last time, remove = from D (outcome for N; is 2). The
reader should note that if 6) holds, N; is satisfied; and if 6) does not
occur, R is satisfied and I'; is not injured. In the latter case, the
outcome for N, is 0.




