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(a) Partial degrees.

| WEAK TURING DEGREES

16. Weak Turingrdegreeé'are deg;ééé of partial'%unétidggri;;"
duced by recursive operators (cf. Rogers': "Theory of Recur-
sive Functions...") or by compact funectionals (cf. Davis': .
"Cémputability and Unsolvability"). Weak Turing dégfeeS:are
a finer partition of partial functions than enumeration de-
grees (cf. Rogers) but a grosser partition than Turing de-
grees studied‘préviously'bywus. (cf. AMSsNoticeé:.SBB—ESJ
June, 19683 71T-E74-August, 1971; 691-02-10-January, 1972).
The distinction is illustrated as follows;-.hef <, be the’
chaﬁacteristic function of a set o and Sa- be thé fune-
tion taking value o on o and'uhdefined éléewhere; Ca
and Sa“G 8& are alwéys in the'same thmératioh‘degree but
only in the same Weak'Turing'degree¥if o is recursive.

For sets a3 B SuUB ahd Sa ® 85’ are always in the_éame
Weak TuPihgfﬁégPee“buh’can be in différéht Turing degrees.
The Weak Turing degrees are an upper semi-lattice (under the
naturally induced order) and the total degrees (degrees con=-"
talnlng a total function) are isomorphic to the degrees Of
unsolvability in the sense of the literature. :There.are ﬁo-
minimal degrees but there are quasi-minimal degrees (non-

total degrees below which the only total degree is ( ) ,

in fact any Sa with o not r.e. has quasi-minimal degree.



Spectors' well-known result that any countable ideal is the
intersection of two principal ideals holds for Weak Turing
-degrees, hence the degree strucfure is not a lattice. Any
countable ideal has a quasi-minimal upper.bound_(aﬁ upper
bound with all total degrees below it being in the ideal).
Finally, there is an upper~semiélattice isomorphic embedding
of.the total degrees properly into degrees.Which contain

some S . Most of the proofs are direct modifications of
the corresponding probfs for either enumeration or Turing de-

grees.

[Lebnard P. Sasso, Jr;, University of California, Irvine,

California, U.S.A.]

(1) Degrees of unsolvability.

.1.71
LEMMA., Let A be any non-recursive Ag set of numbers.

Let ‘{os|s Z 0} be a sequence of strings each 0 béing of
length s , such that A(x) = limS cs(x) for each =20 .
Then there is no recufsive function f'.which dominates CA

where
CA(X) = vs(os[x] = AlxD)

Proof: If £ dJdominates Cy » to compute A(x) loock for

the least n for which o (%) = o (x) for each s be=
- s fin)

tween n and f(n) . (This can be applied in extending



results on r.e. degrees to the degrees recursive in 9° ) .

[S.B. Cooper, Dept. of Mathematics,
~ University of California,
Berkeley, California, 94720, U.S.A.]

18, THEOREM. 0-< a <0' 'and 0 < b <0' , then there is
a degree ¢ with a VY ¢ = 0" .and b <e .

The proof makes use of Cooper's lemma [371:.

R.W. Robinson
University of California
Berkeley, Calif. 94720

19, The degrees of the members of the Boolean algebra gener-
ated by the set of r.e. sets and their complements. extend
the r.e. degrees (also proved by A.H. Lachlan), contain no

minimal degrees, and contain no pair complementary below 0!

~

[S.B. Cooper, . Dept. of Mathematics,
University of California, _
Berkeley, California, 94720, U.S.A.]

(c) Recursively enumerable sets.

20, TFollowing A.H. Lachlan's vecent proof of the existence

fard

of r.e. degrees a, b, with a < b , and the property that
for no incomparable pair of r.e. degrees Cg> gl can one

have golgl , 2<gy . a<g and h=g¢yYg , it is



easy to show that the usual method of splitting is bound to
fail locally in the r.e. degrees. Using Yates' index-set re-
sults, one can show that given an r.e. set D , the index
set of the set of r.e. sets recursive ih some pair of r.e.
sets forming a disjoint splitting of D  is at most -Eu .
And if D is,choseﬁ to be Ladner's complete non~mitotic r.e,
set, there must be somé A < TD with no disjoint splitting
of D in which A is recursive, since otherwise the index
set would be G(< Q') &I, -1I, . .

A general result concerning non-mitotic r.e, sets can
be obtained using the correspondingly stronger Yates index

éet results.

[S.B. Cooper, Department of Mathematics,
University of California, Berkeley, California 94720,
U.S.A. ]

DEFICIENCY SETS

71, .Recall that the deficiency setof a 1 - 1 , recufsivg
function - f dis {m: (Gn > m)[f(n) < f(m)]} and that an r.e.
set B is a deficiency set for an r.e. set o if B is
the deficiency set of-some 1 - 1, recursive function with
range- a . Let Au be the set of deficiency sets of «

for any r.e. o and observe that Aa U {a} is always con-~
tained in a single Turing degree. For truth table and finer

degfee structures the following possibilities exist for




22.

o

non-recursive, r.e. sets o, B
(i’ Aa is contained in a single many-one degree,
(ii) 8, is split by a truth table degree,

(iii) B[tta' and foa N AB *= ¢ .

In proving (i) a Mgelf-deficient" o (i.e., a €A ) is

A

constructed. -
[Leonard P. Sasso, Jr.,

' University of California,

Irvine, California, U.S.A.]

(d) Decision problems.

THEOREM. For n = 4 there is no algorithm for deciding of
any given n-complex whether it is.a combinatoriallnmmanifold.
This follows from‘a_resﬁlt which can be éxtbacted from the
Markov paper ("Iﬁsolubility of the problem of hdmeomérphy",
Proc. Intern. Congress of Mathematicians, 19568 (C.U.P.) 300-
306) |

LEMMA 1. For n = 3 there is no algorithm for deciding of .
any combinatorial manifold whether it is a comﬁinatorials
n-sphere,

and dlso

LEMMA 2. Let M be an n-complex. {a, bIM is an (n + 1)-
manifold iff M is a combinatorial n—sPﬁere.

({a, BIM 1is the double suspension of M from the



vertex pair {a, bl}) .

[John P. Cleave, School of Mathematics,
University Walk,

Bristdl, B58 1TW, England}

23, WS1S is thé weak monadic'secondUOrdef theory Qf-succes—
sor. Blichi nas shown that WS1S is recursive, and in fact
primitive recursive. Let t(0, n) = n ; t(k 4-1, nj o

. ytlon) . | |

THEOREM. There is an. €>10 suqh'that any procedure (Turing
machine)‘which decides the truth of seﬁfenées in the languagé,
of WS1S requifeS'time‘and space:excgediﬁgh;t(e-logé n, n)

on some senfences of length n for all sufficiently large

integers n .

COROLLARY.  WS1S. ié not_elementafy-recursive iﬁ the sense
of Kalmar. The proof follows by exhibiting-fdrmulas of
léngth n in the language of WSI1S ~which define the predi?
4cate:_ky[y >.t(€—log2 D n)j » and then.using thesg formulas
to obtain formulas of roughly‘length n which describe Tﬁr—

ing‘machine computations of length t(6-10g2 n, n) .

[Professor Albert R. Meyer,
545 Technology Sq., : o
Project MAC, Room 806, M.I.T.,
Cambridge, Mass. 02139, U.S.A.]



(e) Complexity of recursive functions.

24, PRIORITY ARGUMENTS IN COMPLEXITY THEORY

‘Abstract (machine-independent) complexity theory is
basically a theory which establishes 1imits.on what may be
said about the complexity of specific recursive functions.
(FOr'exampie, fhe speedQQp theorem [1] shows that it is not
always poséible to diécovér close upper and lower bounds for
the complexity of a function.) As such, its basic proof
method is diagonalization.

Recﬁfsion'fhéoristé'have deVeioped extensive'diagoﬁalid
zation méchinery fof theorems about degréés of unsolvabiiity.
Thus far, we have nét applied any except the simplest‘of
these methods to complekitY‘theéry; 'We_presentihefe two Pe-
sults which arise very naturally out of complexity theory‘P
and whose proofs seem to require use of pfiority construc-
tions. |

The'prébiems we dealuwith involve findiﬁg pairé of re-
cursive sets whiéh are complex, but for "different reasons”--
that ié,'fhéy don 't "help" each other's computation.

To handle questiéns of this type, we use a generaliza-
tion of Blum's axioms for complexity of partial recursive
functions, to the case of relative algorithms (as‘representéd
by Turing machines’wifh oraéléé), ‘Specificaily, the axioms

Wwe use are:



(1) i, %, A 8 oy ®-®£A)(X)+

(2) (=, a relative algorithm)(¥i, x, y, A)

1ir oM =y,
.w(A)Cia Xy y) = |
0 otherwise,

" We call the functions ®i¢)

ﬁmmmmgtﬁﬁsﬂ:

It is intuitive to keep in_mind'thé "time méasureﬁ (num-
bef of steps) on orécle Turing machines when considepinglour'
results. | | N

?hE'first_theorem is a subrecursive_analpg‘io the F?ied_
bepngﬁchnik theorem. Instead of producingntwo sets which;”‘
do not Bermit'éach other's chputation, we produqejtwd:?eéuf*
sive sets which do not make each other's computatibnlahy
eésier.‘ Another way of interpreting the result is to sgy'it
prqduqés pa;rs'of'rgcursiye‘sets_which are‘complex,_but'féf _
different reasons.

We use the notatilon given_in dyr previous announcement
of results (April 1972 Newslefter, (a) 3.).

THEQOREM 1. - There exists h , a recursive.functiqn of two
variables, with fhe following property: . |

For all sufficiéntly large running.times t, énd__tC s

there exist recursive sets B and C such that:



. Comp B “"‘-<--. hotB a._eﬁ. »

Comp C < hofc a.e.,::

Comp(B)C >.tB A.€.,

- - £ s
and Comp'“’B > te a.e.

~ The méthod of proof we ﬁsé is to simultaneousl§ con-
struct_the.tWO sets "B and c , using"diagéﬁalizatibn.and a
' fiﬁité+injUry priority’afgumeht; 'Theré'is:a small reéursivé
boﬁnd'én-the number of inﬁﬁfies to'ény condition. =

i'We.next try to fix one of the sets arbitrarily. We

'éééiiy obtdin the following: -

PROPOSITION: There exists h , a recursive function of two
“Varpiables, with the following property:
For any recursive set A , and any recursive function

 ‘ﬁith'tﬁé prbpérty that = Comp' A > hot, i.0. ," there ex-
ist arbitrafily comp1ex’rééufsive sets B such that

"Comp(B)

>t 1o
A tA 1.0

' The probf idea is partly due to Machtey, and is .similar
to the initial segment constructions in [2]; there is essen=-
- tially no priority involved.
Our second theovem is similar to the proposition; but

involves a stronger kind of lower bound on the complexity of
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A . It is a strengthening of a result announced in the April,
1972 Newsletter. Specifically:
THEOREM 2. There exists. h , a recursive function of two
variables, with the following property:

for any recursive set A , and any total running tinme
ty, » with 1, = axklx]l , if Comp A >ﬂh0{A-a.e@ s ‘then.

A
there exist arbitrarily complex recursive sets B -such that

(B)

Comp ~"A > ta é.e,-.

The method of proof is.a finite-injury priority argu-

ment with nela

Jjuries for each condition.

{11 ‘Blum, Manuel. A Méchine-Independent Thébfy of the Com-
. plexity of Recursive Functions, JACM, Vel. 14, No. 2,
April 1967, pp. 322-336.

[2] Rogers, Hartley,.Jr; Theory“éf Recursive Functions and
Effective Computability.

[Dr. Nancy Lynch,
Prof. Albert Meyer, -
Prof,s Michael Fischer, '
Automata Theory Group, Project Mac, MIT
Cambridge, Mass. 02139, U.S.A.]

25, THEOREM, Let A and B be recursively enumerable

sets, The following conditions are equivalent:
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(i) W, = A, wj-'z B such that

@i(x) < ¢j(x)

for all but finitely many x in A .
- (ii) B\A 1is recursively enumerable.
(iii) Every (0-1 valued) partial reéursivé fuﬁctiﬁn
with domain A can be extended to a (0= valued)
partial recursive funétion with domain B A .
' The proof contains a no—injury priority argument similar
to that of Theorem 7 in Blum‘[lj.

COROLLARY 1. (Friedbefg's Decomposition Theorem) Every
.nonurecursive r.e. set can be decompogsed into two disjoint
non—recur31ve r.e, sets, _ | o

COROLLARY 2. An r.e. set A is simple if and énly if -
some partial recursive function with domaih A cannot be ex-
tended infinitely to a partiai,nedursive fuﬁttidn., “ |
[1] Blum, M., "A machine independent theory of the complex-

ity of recursive functions," Journal of the Ass001atlon
for Computing Machinery 14 (13 675 3272-336.

[Paul H. Morris,
Department of Mathematics,

University of California at Irvine,

Irvine, California, U.S.A.]



On Effectively Levellable Sets

For any set A et 5 denote the semi-claracteristic

N
function of A, ‘i.e., the function taking 1 on A and.

being undefined outside. TFollowing Blum [1] we denote by

@i the step counting functions of some Blum complexity mea-

sure @ . For other notations see Blum [2} and Rogers [ul.

Def. (Blum [1]) An r.e. set W is effectively

levellable iff there exist recursive functions

r and v such that ¢, = S, A a_ total -
: 1 W e
there exist infinitely many =

< r(xj]%

[o, G > 8o 4 8y, ey

Def. An r.e. set W 1is undercreative iff. there exist

recursive functions’ § and &' such that
() WilWg sy = Torgay] and
(11) Wy A W finite + Ws(qy € W’j’:‘ﬁ NI (Wj‘,{W)
e .
' Theorem. An r.e. set W is effectively levellable iff
it is undercreative.
This theorem parallels a similar charéctérization of
Blum [31].
| John Gill has noticed that undercreative sets are not
strongly hjpersimple and that any non~-strictly hypersimple
set can be extended to an .undercreative one.

References:

{1} Blum, Manuel: A Machine-Independent Theory of the Com-
plexity of Recursive Functions, JACM, 14, 2 (April,
1967), pp. 322=336:4 -
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[2] Blum, Manuel: On Effective PbOcedureS'for Speéding Up
: Algorithms, JACM, 18, 2 (April, 1971) pp. 290-305.

{3] Blum, Manuel: - Subcreative Sets and the Complexity of
: Algorithms (to appear). :

L[] Rogefs,.Hartley Jr.: Theory of Récmpsive Functions and
~ Effective Computability, McGraw-Hill, 1967,

[Ton Filotti |
Dept. of Electrical Engineering and Computer Science.
University of California
Berkeley, California, U.S.A. 94720].4

27. In (1) Blum defines a machine independent theory of com-
plexity of reéursive functions, The'complexity Qf each par-
tial recu:sive func{ion ¢4 _is_given by a par%igi recursive
function Qi - The set {e.} is completely arbitrary savé
_fqr two basice restrictions, the axioms: |

1. $.(u) is defined ® @i(u) is defined.

Z. The function

1 if 9.(n) = m
. i

m{i, n, m) = :
' 0 otherwise

is total recursive.

Let M Dbe a set of integers. The semi-characteristic func-

tion of the set M 1is defined as

SM(u} = ; : i
undefined otherwise
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Definition -(Blum (2)). A recursively ennumerable set M is
~levelable iff there is a recursive function 1 such that
for any .integer i . such that _¢i :MSM;, there exists . an*in-

teger j such that ¢j = SM and

¢ rec h) (EITe, (w) > h(w) £ 05(w) < r(w)]

It can be shown that the-property of being levelabie_is'mea-'
sure indeperident. The following is a characterizationldf
the levelable sefs ih pﬁﬁélj'reCQfsiQe thedfétié terﬁs:
Theorem;‘ A recursively ennumerable set M is levelable iff

il ke s
[

there éxists a recursive function o .such tha
(1) @Vi)[¢0(i) is. the characteristic function of a
set £.
£;1

¥[A N §,  is infinite & & & MII.

(2 - (M rec A)LA @ M ?

'Definition'CBlum (3)). A recufsively ennumerable set M is
sgeedable iff for any integer i such that ¢i'£ SM and for
any'recursive,function' h there exists an integﬁﬁi'j.-such
that ¢j =_SMV and @i(u}=>'h(u,-@j(u)) For infiniteiy'many
u .. Speedability_is also a measure independent concept.
The-following ié a characterization of sbeedable Séts:
Theorem. A recﬁrsivelyfénnumerable'set M is speedable iff
for all recursiﬁe. o,

if (widlw, N M =g .y NM]

then (5})£wi €M and w®_ ;y 1s infinitel,



Proofs of both theorems stated on this note are not difficult.
Referehdas:
.[1] Blum, M. "A Mach1ne~Independent Theory of the Complex-
ity of Recursive Functlons,“ JACM, Aprll 1967
Volume 14, Number 2. :

(2] Blum, M. "On Effectlve Procedures for Speeding Up
Algorlthms,” JACH, Aprll 1971, Vqlume 18, Number 2.

[3] Blum, M. "On Effectlvely Speedable Sets," to appear.
[Ivan. Marques -

M262 Cory Hall : .
EECS Unlver81ty of Callfornla, Berkeley, Cal 947201

(£) Tubing'machines.

28, . ... Strong Operator Recursion Theorem
and an Application to Automata .

‘The following thecrem (proved in [1]) generalizeés the
parametric form of Kleene's Recursion Theorem. (Unexplained.

notation or terminology is from [3].)

Strong Operator Recursion Theorem. € . is a recursive opera-.
tor = there is a monotone increasing recursive function h

such that .
By (2) = @D Un, D) .

As an application we present below a proof of (an ines-

sential modification of) a result stated in [1].
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In [1] we consider automata which we call Turing machine
automata,-which we think of as embedded in a construction uni-
versal cellular space [2], [4], and cach of which' is fuietion-
ally organized into three parts: 'a.builder4controller;oaﬂplan
for the builder-controller, and a Turing machine. T.M
gta-build other T.M. automata.by carrying out tho following
seéuencé of'operations. '(l)"The"buildef-controller starts
théAT.MQ with inpﬁf 0 on its tape, (2) if and when the T.M.
halté with some outpﬁt k on 1ts tape, the bullder-controller
boiiés a new T.M; whose 1ndex lS R ,. (35 the_bullder—conm |
troiler-usésrfhe plan of itself to build both a copy of itself

L1
LIl

(1]
tr
<
'_I
[
Cl
(T
)
|

controller jOlnS together the new copy of 1tself the new copy
~of the plan of - 1tself, and the new T.M. to form its offsprlng
automaton. Clearly, a T.M., automaton whlch contalns a self-

'descrlblng T. M. (1 e., a T.M. w1th 1ndex 'e =) ¢e(0) = e ) is

"Let'fhe-index of a T.M. automaton be the index of its ~

T.M, Let Pl = ,.{x/(3ey, e, ++o2[x = eg (Vl)[ti?ei([])‘

= W, e are all dis-

€141 A Cpun+1ei = Sprid A €g> ©10 mHn

tinetl} .- Pg- is the set of indices of T.M. automata without
sterile descendants which after a delay of m .genérationsoro-
peat in generations with périod =n+ 1. Let D,

= df{g/faeo, eys €g5 cedlx = eO A VL, 3)[¢ei

= e AL F] e # e ]}3} . D, 1is . the set of indices of

i+l
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T.M. automata wﬁich'have,no sterile descendants but all of
ﬁhosQ descendants are distinct from one another.

.. Theoremn. (Vm,-n)[PE, D, -are effectively inseparablel.
Proof. . By the strong'opéﬁafor recursion theorem, there is a

-ngcursiyezlﬂl -h such that

[RGx+1,01,9)), 1f h(0,(1,9)) appears
in Wi‘ before it ap-

“ _ & ﬁeérs in ijk,< m+n;

' in 'Wj_ before_it ap-

pears in WiAk = mintry

|un@iefined, ' ‘6therwiser;

Let £(i, 3) = ht0, (i, ) . SupPoSé'ﬂy;Way of contradic-
tion that W; C P, W, CD . W NW, =g, and
_f.(i,‘j) € wi_.u. wj . If Fli, 3) €W, 'the'nr‘ f_(i_, j,)\e_%_
gg:wj..' Therefore, f(i, 3) & W, . If f£(i, j) € Wy , then
£¢i, 3) € Pg C W, . Therefore f(i, j) €& Wi‘U_Wj s 'a contra-
diction.' | |

" References:

{1} Case, J., "Periodicity 1n generatlons of automata," sub~
mltted for publlcatlon)

{21 Codd E. F., Cellular Automata, Aeademxc Press, New Ycrk,
1968, , , .

[3] Rogers, H., Jr., Theory of Récursive Functlons and
Effective Computablllty, McGraw~Hill, New York, 1967.

43 - von Neumann, J., Theory of Self-Reproducing Automata
 (edited and completed by A.W. Burks)y, University of
Illinois Press, Urbana, Illinois, 1966. :
[John Case, Computer Science Department, University of Kansas

Lawrence, Kansas 66044 U.S.A.]




