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Complexity of recursive functions and

subrescursive hierarchies.

Lemma 0:

{nothing new) For one tape Turing Machine meas-
ure of complexity, and for all partial recursive

functions 1 ,

¢, = f =3I, > @e(n) > K log fgn) log log f(n) , ¥n .

Lemma 1:

=™

. Theorem:

There are arbitrarily large total recursive

functions £ , such that

= f and @e(n) < M log f(n) log log £(n) , v
bl .

which shows that the bound in Lemma 0 is best
possible over the entire class of récursive
functions (otherwise, it might be the case that
for sufficiently large functioné, the bound in

lemma 0 could be strengthened.)

- Let Ct -be the complexity class of one tape

Turing Machines for time function +t(mn) .

Then there exist arbitrarily large total recur-

sive t(n) such that

C, # U{C, .t Cpy G CY

tt 2 Tt
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This theorem is a kind of companion to the
'~ Union Theorem.
[Mark Finkelstein, Department of Mathematics,

University of California,
Irvine, California 92664, U.S.A.]

2. There is an .absolute upper limit to the number of appli-
_cationSTOf the uniquenesé rules required in any proof in
the equation calculus.

[R.L. Goodstein, The University,; Leicester, England.]

(A) th

3. | We let ¢ répreéent the li paf{ial A-recur-
sive function, and consideb_thé complexifyrof éuch func-
tions for various sets A . The general approach-we use
is similar to that of Blum (1) for,dealiné with the com-
-blexity of partial-recﬁrsive functions.

For convenience, we speak here in terms of the

space measure:

Si(A)(x)'= (the number of worktape squares used by

oracle Turing Machine 1. with oracle A

(A)

on input x , 1if ¢i (x) converges

undefined otherwise

(1) It is clear that some oracle sels make the computa-

tion of some functions. require less space than il would
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withoutrthe oracle. We say such oracle sets'“help" the
- computation of the function.

We consider the following (informal) question: For
every recursive set A , do there exist arbitrarily.com-
plex recursive sets B not helping the computation of
A's éharacteristic function? Some results of this gener-
al type have been obtained by Machtey, for primitive re-
cursive classes (2).

The strongest result we have thus far follows after

a few definitions:

Definitions:
"a.e." means for all except (possibly)
finitely many values
"Comp;B} A >t a.e." means (Vi)[¢i(B) = Cp = Si(B),> t a.e.]
"Comp A > t a.e." means Comp(m) A>t ae.
" " | e, (B) (0) _ e
Comp A < t a.e." means (31)[¢i T= Gy Ay <t a.e.l

We say a total function t is "constructable" if

(Eli)£¢-.w) =t A s.(ﬁ) < t]
1 i ,

We say a property holds "for arbitrarily complex
recursive sets B " if for every total recursive func-
tion r , there exists a recursive set B having the
required property and such that Comp B > r a.e.
Theorem: Assume we have a recursive set A and a con-

structable function t . Assume
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Comp A > Zt d.e.
and
Comp A < Axlt(x+1l)] a.e.

Then there exist arbitrarily complex recursive sets B
such that
(B)

Comp A> 1t a.e.

It'is_still unKHOWn whether all the bounds.on' A's
complexity are needed and also unknown whether B may
be obtainéd indepéndently of t .

(2) We obtain, as.an immediate corollary to a relativi—
zation of the Union Theorem (3) the folléwing'result:
ITheoremé To any countable collection -Es'of sets, there
corresponds a single function t such that

(B)

B € BWAIA T B (T, = $; " A5y

+ €+ a.e.)l

References:

(1) Blum, M., A machine~independent theory of complex-
ity of recursive functions, JACM, vol. 14 (1967),
322-336.

(2) Machtey, M., Augmented loop languages and classes
of computable functions, Indiana University Com-
puter Science Department, Bloomington, Ind. Dec,
1971. :
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(3) E.M. McCreight and A.R. Meyer, Classes of comput-
able functions defined by bounds on computation:
preliminary report, Conference Record of the ACM
Symposium con Theory of Computing, Association
for Computing Machinery, New York, 1969, pp. 79-
88.

[Mrs. Nancy Lynch, Automata Theory Group,
: Proiject Mac, M.I.T,

L A Y LR R ]

Cambridge, Mass. 062139, U.S.A.]

{Dn}.is a canonical effective enumeration of the finite

subsets of w .

Theorem A. Let P be a recursive partial ordering on
w . -Then the following three conditions are equivalent:

(i) For every recursive f 3 recg?sive f' =
(a) ff(x) > £{x) ,l‘Vx € w
(b) =x S A P (%) < £f'(y)
(ii).'ﬂ a recursive function ¢ 3
Dg(x) :‘{yiyfpx} . VX-E w
(iii} 3I a recursive permutation, h , of w 2

X <p y = h(x) < h(y)

For the following result (<) 1is a fixed effective

. Ln)y
one-one map of U wK onto w , while )K LS oA
' K=1
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i A K
fixed effective one-one map of w ontc W .

Result: For any computational complexity measure ¢ 33

a rec. fn.. B of 3 variables such that if

Flx) = {uvllc(x. v} = 11 where G is total rec,

@g((x, y>2) = G{x, y) for some recursive function G

then 3 f such that

¢f = F and

¢f(x) < B((@g(<x,0)2),...,®g((x{F(x)>2)>, F(x), %)

for all but finitely many x such that F(x) is defined.

Moreover, B can be chosen to be increasing in all its.

variables. Analogous results hold for composition and

primitive recursion.

Theorem B: Let f be a partial recursive function.

The following two conditions are equivalent:

(i)

(ii)

gr f 1s recursive

3 a pec. fn. e of 2-variables such that if ¢3
is recursive, dominates an unbounded non-decreasing
recursive funection anq $; = f , then ¢e(i,j) is

total and whenever ¢w = f we have

o, (x) < ¢ (8,:0,%), for x > ¢;(w) .

e(i,j)

[Paul Morris, Dept. of Mathematics,
University of California,

Irvine, Cal. 92664, U.S.Al]



Page 7

(b) Constructive ordinals.

5. If a € 0 {Xleene's set of notations for constructive

.ordinals) let 0¢a) = {b: b %
2 .

a € 0 such that Ja| = «®° and 0{a) 1is nonrecursive.

a} . Then there exists

By contrast there exists a LY path P through ©

such that 0(a) is uniformly recursive for a € P .
[C. Jockusch, Department of Mathematics,

Unlver81ty of Illinois,
Urbana, I11. 61801, U.S.A.]

(c) Recursively enumerable sets.

6. For any set a , let A% déﬁote the‘index set of the
class of all r. e. subsets of o . Such sets appear to
have interesting properties in the partial ordering of
one-one degrees of index sets. To what extend do «a
and 0A%Y determine each other?

Theorem. If Db is a non-recursive r.ré. degree; the
Turing degrees of sets 6A%* for o r. e., o € b are
'exactiy_the degrees ¢ = g’ such that ¢ 1is r. e. iﬁ
b . Thus at least in the case where -u- is r. e., the

Turing degrees of o and 0A%. are_éssentially independ-

ent.

[Louise Hay, University of Illinois at Chicago Clrcle,

College of Liberal Arts and Sc1ences,

Dept. of Mathematics (Box 4348),
Chicago, I11. 60680, U.S.A.
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No maximal (or even dense simple) set is strongly effect-
ively simple (s.e.s.). (A simple set A is s.e.s. if
there 1is a recursive function g such that

We - A = max(we) < g(e)) . (By contrast it is routine

'to show that a maximal set can be effectively simple.)

From this it follows that Post's simple set'is not
contained in any maximal set. In the other direction,
P.F, Cohén (same address) has shown that any coinfinite
r.e. set which 1s not dense simple is contained in some
s.e.s. set. From this it follows that there exist r-
maximal s.e.s. sets,
fC. Jockusch, Dept. of Mathematics,

University of Illinois, -
Urbana, .I11. 61801, U.S.A.]

Degrees of unsolvability.

Let a be a r.e. degree for which a' = 0" . Then
there is a minimal pair of r.e. degrees less than a .

(It is known that there is no uniform procedure for ob-

taining a minimal pair below any given r.e. a > 0 ) .

[S.B. Cooper, Dept. of Mathematics,
University of California,
Berkeley, California, U.S.A.

There is a degree a: such that every b > a 1is a mini-

~

mal cover. {(The degree 'b is a minimal cover if
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(I c <b)¥ d) ~[¢c <d<bl. ) This result is proved
in ZF as a Corollary to Paris' recent result that

Z 0 sets are determinate. It follows from this result
~y

that the degrees of arithmetical sets (as a partially
ordered structure without the jump dperation3 do not
form an elementary substructure of all degrees. (Cf.
"Minimal covers and arithmetical sets,” A.M.S. Proceed-
ings, 25 (1970), 856-859.) |

[c. Jockuéch,' Dept. of Mathematics,

University of Illinois,
Urbana, I11. 61801, U.S.A.]

10. There is a minimal partial degree (not enumeration de-
gree) below O0F.
[L.P. Sasso, Jr., Dept. of Mathematics,

University of California,
Irvine, Cal. 92664, U.5.A.]

11. (1, d)-abundance

Let N be the set of natural numbers and § the set
of strings of zeros ard ones. We introduce a notion of

(t, d)-abundance fcr subsets of ZN

, Where 't 1s a tree-
system, i.e., a set of subsets of $ satisfying some sim-
ple conditions. Every (v, d)-abundant set is abundant,

(i.e., comeager, residual, of second category) relative to

the topology induced by 1 . Neighborhoods are of the form
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M(T) = {B: B lies on the tree T} . T 1is perfect if  722(T)

is a perfect subset of oM relative to the usual topology.

For any system 1 , 1let TP be the subsystem of perfect

‘ . . P £ .
trees; 1 1s a perfect system if + = 1 . 1 is the sub-

system of simple trees, where a simple tree is of the form

{c: B<o A o EU(D)} ~and U{T) is the maximum element of

the system 1 (usually % ) under C . The early work of

Kleene and Post was confined to simple trees, as are the

easier priority theorems concerning } sets.
) oy

Theorem 1 (First Genericity Theorem). If 1 1is a perfect
d-system (i.ef,,all its elements are of degree <« d }  then
everyl'(r, d)-abundant set is dense in the t-topology, has .
the cardinalitj of the contiﬁuum and contains a function

of degree =< a4 .

~ ’ ——

Theorem 2 (Second Genericity Theorem). If x > d and 1

is a perfect d-system, where 4 = QCl) s then every

(1, d)~abundant set contains an element of degree b such

that E(l) <x and buUd=x; in particular, if d = O(l)

then b(l) = X .

~

2

This generalizes Friedberg's theorem on the jump operator.
There follow a number of results about general (1, d)-

abundance, after which we enumerate some results in which
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particular tree-systems 1 and degrees d have to be

chosen.

. Theorem 3 (Uniformity Theorem). Let T be a perfeéf d-
bt e

system. If A € 2" is uniformly of degree. €4 then A

is (v, d)-meager.

Theorem 4. Let 1t be a perfect c(l)—system. Then D(g'g)

is (1, c(l))—meagep. Also, if (gn) is uniformly of de-
gree < c then' U D(Qn) is (1, c(l))—meager.

This result may be significantly improved in terms of the
notion of priormeager set (see second abstract). It implies

in particular that the set of recursive functions is

(1, D(l))mmedger for any perfect o)

~

-system 1 . This

represents the usual diagonalization technique.

Theorem 5. Let 1 be a perfect c-system. If (an) is

]

uniformly of degree < (L) then U b(= an)_ is
. b 2 %o =
~ o~
(1, m‘l))-meager. In particular, if c < a < g(l) then
D(= a) is (1, g(l))—meager.

This implies that the set

{B: there is a nonrecursive Zl set recursive in B }
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(13

is (1, O )-meager, for any perfect recursive system T .

From this we immediately obtain an old theorem of Shoenfield:

Q(l)

there are nonzero degrees below with no nonzero 21

predecessors. Again, the notion of priormeager set enables
us to strengthen this result.
Now, we turn to specialized results. Let T be the

system of all trees, To the system of all recursive trees;

one prime interest lies in Tgp and Tg = T,

Theorem 6. - The set

{B: By By form a minimal pair}

%*

is (T, g(l))—abundant.

(Here, Bigy (n) = B(2n) and B ,,(n) = B(2ntl) for all n .)
Hence the set W of functions of minimal degree is not

(T*,.O(l))wabundant. On the other hand:

~

P

0 e Q‘z))-abundant.

Theorem 7. M is (T

This result can be improved using priorabundance instead of

abundance to replace Q(Z) by g(l) (see the Second Abstract).

From these theorems we obtain existence theorems using

the First Genericity theorem: a continuum of minimal degrees,

;Qfminimal‘dégree be low 0(2) 0(1)

and a minimal pair below
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A result of limited interest concerning the jumps of minimal

degrees can be obtained using the Second Genericity Theorem:

(2) then there is a minimal degree b such that

(1)

if d >0

E(l) <d < g(?) . To replace the latter clause by b = d

2T

requires ( see the Second Abstract).

[¥al

bundance (

Lot
et
S

requires (1, lim(d))-
priorabundance (in preparation). This strongest . possible
theorem concerhihg the jumps of minimal degrees is due opigi;
nally‘fo S.B. Cooﬁer.

Abundance-may be used to show that every degree >-g(2)
is the joinof two minimal dégrees; priorabundance is required
to replace Q(z) by Q(l) but one can achieve this simply
with (1, Q)—ﬁriorabundanCe, without having to resort to
{1, lim(d))-priorabundance as Coopep_implicitly-did-in his
original proof of this result. Different tree-systems have
to be used in.ofder to formulate relativization and the var-
ious results concerning the join operation and upper bounds
for sequences of degrees.‘ Lack of space prevénts us from
discussing these in detail here.

[C.E.M. Yates, Dept. of Mathematics,

University of Colorado,
Boulder, Col. 80302, U.S.A.1
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12. (1, d)-priorabundance

We introduce a notion of (r, g)npridrabundahce for sub-
sets of 27 |, corresponding to problems requiring the Prior-
ity Method. For perfect tree-systems T fseé preceding ab-
stract), this fits in neatly between (T,‘g)—abundéncé and

(1, d(l?)aabundance and in general presents a method 6f re-

[l

ducing the degree of a problem.

Itheorem 1 (First Prioricity Theorem). If 1 is a d-system

then every (71, d)-priorabundant set is dense ovep 7P , has

the cardinality of the continuum and contains a function of

degree < d

The proof of this result requires the simple (finite-injury)
Priority Method, as does the second theorem below. None of
the subsequent theorems require the Method since it is fully

represented by these theorems.

Theorem 2 (Second Prioricity Theovem). If x ?-E(l) and

d = 6(1) then every (v, d)-priorabundant set contains an

element of degree b such that b(l) <x and by S = X 3
in particular, if 4 = O<l) then b(l) =X . g

L
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This implies some of the generalisations of Friedberg's theo-

rem on the jump dperator'which require the Priority Method.

There-followra number of’resulfs about general (7, d)-
priorabundancé, after which we enumerate some résults in
which particular tree-systems and degrees have to be'chésen.
Of the general results, Theorem Y4 is the most important‘siﬁCe
it represents an improvement over Theorem.u:of the First Ab-
stract, thisrimprovement requiring an essential use of the

Priority Method (via Theorem 1 above).

Theorem 3. Let T be a d-system. If A C ZNL"is_unifdrmly

of degree <.d then A 1is (1, d)-priormeager.

(1)

Theorem 4. Let 1t be a c-system and a < c . Then -

(1)

D(< a) 1is (1, ¢ ~’)-priormeager. - More geﬁerélly, if - (a)

(1)
c

~—

158 uniformly of degree < then W (15_D(< a) 1is
_ - a_<0 -
(T,-g(l))—priormeager. e

One Conseqﬁence of this result is our old theorem that there

is a degree < Q(l) which is incomparable with all the Zl
(1) " |

degrees between 0 and 0O . In fact, using the next theo-

~ .~

rem below, this degree can also be made minimal (a result due

‘to Sasso). M consists of the functions of minimal degree.
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Theorem 5. M is (TO, Q(l))-priorabundant.

Moreover, we can also derive Shoenfield's theorem that for

O(l) there is a minimal degree incom-

Q(l)

~

any 2 s.t. 0 < a <

Y

Cooper has obtained a stronger theorem than Shoenfield's:

(1) is thé join of two minimal degrees. Using (7, 4)-

D‘l)

~.

9
pribvabundance we proée that every degree = is the
jbin.of two minimal degrees.

All other results concerning minimal degrees appear to
make essential use of recursive approximation and hence a
Strongef notion of priorabundance which we éall (t, lim(d) )~
priorabﬁndance. Details of this will be made.available later.

One further application of the Prioriﬁy Method to D(a,)
_caﬁ, however, be deduced within the-framewdyk above given a
few minoyr modifications: this is Shoenfield's result that if
a>0 ana g isin 00 7
“Q(l)

then .d is the jump of a
degfee below . Sacks of course exten&ed this result
many years égo but it remains an interesting further applica-
tion of (v, d)-priorabundance. |

[C.E.M. Yates, Dept. of Mathematics,

University of Colorado,
Boulder, Col. 80302, U.S.A.]
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13. : Proximity of kwsectionsn

U 'anﬁ_ V. are objects of finite type. SkU {(the k~sec~-
tion of U )} is the set of all objects of typé K- recursive

in U. “E is d to objects

H
i.__l
[oi]
et
T

of type less than n
Theorem. If U is of type n , "E is recursive in U ,.
and k is-less than n ; then there exists a V of type

k+1 such thaf k+l

E 1is recursive in V- and 'SkU = SkV

. The - proof opens with a downward Skolem-Ldwenheim construction
that defines the class of forcing conditions needed to erect

a certain geperic class (rather than set) that serves as the

"kernel" of V .

[Gerald E. Sacks, Dept. of Mathematics,

M.I.T.,
Cambridge, Mass. 02139, U.S.A.]

(f} Special communications.

14. Professor J.N. Crossley (Dept. of Mathematics, Monash
University, Clayton, Victoria 3168, Auétralia) would
be “interested to learn of any new publications.on
RET's, in order to update the bibliography of his sur-
vey articlg in the Bulletin .of the Londoni Mathematical

Society.
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SYMPOSIUM ON‘GENERALIZED RECURSION THEORY

0SLO, JUNE 1972.

The Symposium-will.be-abranged;under the spon-
sorship‘of the Norwegian Mathematical Asscciation
and the Insfitute of’Mathematics éf the University
of Oslo. The Symposium will be supported by a
grant from the Norwegian Research Council.

The committee in charge of the arrangement

consists of: Peter Hinman and Jens Erik Fenstad.

-The Symposium will take placé at the Insti-
tute of Mathematics, University of Oslo, in the
week June 12 to June 16, 1972,
| An average of three lectures'pr. day‘aré
planned, so there will be amplé tiﬁe for discus-
sion and "private" work sessions.

| The Institute of Mathematics will provide
the necessary facilities {(including secretarial

assistance),

The Symposium will be devoted to generaliza-.
tions of recursion theory and applications of
these. Of particular interest are topics from

axiomatic recursion theory, hierarchy theory,
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theory of inductive definitions, higher order func-

tionals and constructibility theory.
The following people will give invited

USA: J. Barwise, T. Grilliot, W. Richter,

Y. Moschovakis, G. Sacks, S. Simpson.

England: P. Aczel, R. Gandy.

France: F. Ville

The Symposium will also be open to other
interested persons. However, there are no possi-
bilities of financial aid to non-invited partici-

pants.

- Purther inquiries concerning the Symposium
éhould be addressed to p
Professor J.E. Fenstad
Institute of Mathematics
University of Oslo
Blindern, Oslo 3

Norway






