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ADVANCED COMPUTABILITY AND UNSOLVABILITY
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Do not answer more than FOUR questions.
All questions carry equal marks.

(a) Show that f(x,y) =z x y and

. {0 if 2 =0,
S —
B 1 ifz>0

are primitive recursive functions.

Deduce that if the function

x—y ifx >y,
|z —y| = .
y—x ifx<y

is known to be primitive recursive, then so is the remainder function rm(x,y) defined
by:
the remainder upon division of y by x, if x # 0,

(e, ) = {

Y otherwise.

(b) Write a Turing program for the function sg(n) defined in part (a), and briefly explain
why your program works.

Say which function f(n) is computed by the Turing machine below, which uses extra
tape symbols €, 17 as counters:

Qpleq 2mlgs q6 1 L ge
neRq 31Rqs  qs0Lgqr
nlRq q401gs qr 1 Lqr
@10Rg2  g¢s1Rgs  qreOgr
20nq2  ¢0ngs  q7r0Rqo
g2 1 Rqo g5 Lge
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(c) The Printing Problem for a Turing machine 7" and a symbol S is the problem of
determining, for any given input x, whether T ever prints the symbol Sy.

Find a Turing machine 7" for which the printing problem is unsolvable.

[You may assume that the universal Turing machine U has unsolvable halting problem.|

(a) Define: A is computably enumerable.

Show that if A, B C N are computably enumerable, then AU B and AN B are also
computably enumerable.

_ Prove the Complementation Theorem: A is computable if and only if both A and
A (the complement of A) are computably enumerable.

(b) Show that the following sets are computably enumerable:
(i) Range pe = {y | 3zpc(z) =y},
(i) Graph e = {(z,y) | ¢c(z) = y}.
where, for each « € N, ¢, is the ' partial computable function in some standard listing.

Deduce that a function f: N — N is partial computable if and only if Graph(f) is
computably enumerable.

(c) For each i > 0, let W, be the standard computable approximation to the i*®
computably enumerable set W;.

Let X = W,, Y = W} be given computably enumerable sets, where we write X* =
Wes, Yo=Wy, .

Let X \Y={z]|3s(ze X*=Y%)}and X \\Y = (X \ Y)NY. Show that:
(i) Both X \' Y and X Y are computably enumerable sets.

(i) X Y =(X-Y)U(X \Y).

(iii) If X Y is finite then X — Y is computably enumerable.

(

iv) Assuming that numbers are enumerated into at most one of X°* = W, 5, Y* =

Wy s at any given stage s, and taking X=X Y, Y=Y X, prove the Reduction
Principle for X,Y:

Given computably enumerable sets X and Y, there exist computably enumerable sets
XCXandY CY suchthat XNY =0 and XUY =X UY.

(a) Define: A C N is simple.
(i) Show that no simple set is computable.

(ii) Show that if A is a simple set and W is an infinite c.e. set then ANW is an infinite
c.c. set.
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(iii) Deduce that if A and B are simple sets then AN B is also simple.

[You may assume that the intersection X N'Y of two computably enumerable sets X and
Y is also computably enumerable. |

(b) Prove the Fixed Point Theorem with Parameters:

If f(x, %) is a computable function, then there exists a computable k(7%’) such that

Prk(v), ) = Pr(Y):
Given f(z, ¥') computable, deduce that there exists a computable k(7%’) such that

Wi, 7) = Wew)-

(c) Wesay C C N is creative if and only if
1) C is c.e., and

2) There is a computable function f, called a creative function for C, such
that for each e - -
W.CC= fle)e C—W,,

where {W, }een is a standard list of all c.e. sets.
Let C be a creative set with creative function f.
(i) Show that if A is any c.e. set then there is a computable g for which

JA{f@)} ifyeA,
Wg(w,y) - { @ if y ¢ A,

and a computable k such that Wi,y = Wy k(y),y)-

(ii) Show that y € A = fk(y) € C,and y ¢ A = fk(y) € C, and hence that A <,,, C.

Deduce that every creative set C' is m-complete.

(a) Let A, B C N be sets other than N or (.
Define : A <,,, B (A is many-one reducible to B).
(i)Let A B={2z |z AyU{2z+ 1|z € B}.
Show that for all A, B C N:
1. A<, A®Band B<,, A® B, and
2. IfA<,,Cand B<,, C then A® B <,, C.
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(ii) If we define the join a,, Ub,, of two m-degrees a,, = deg,,(A), b,, = deg,,(B)
by a,, Ub,, = deg,,(A® B), deduce that a,, Ub,, = lub{a,,, b,,} (the least upper bound
of a,, and b,, in the ordering of the many-one degrees).

(b) Define the notions “A <7 B” (A is Turing reducible to B), and “A =7 B” (A is
Turing equivalent to B), where A, B C N.

Show that:
(i) If X C N is A-computable then X is A-c.e.
(ii) X C N is A-computable if, and only if, X and X are A-c.e.

(iii) X C Nis A-c.e. if, and only if, X € X

(a) Let a be a Turing degree.
Show that {X | X € a} is countably infinite.

(b) Define: A is I-generic.

The join a U b of Turing degrees a = deg(A), b = deg(B) is defined by aUb =
deg(A @ B), in which case one has that aUb = lub{a, b}.

Show that if a € D is 1-generic, then a is the join ag Ua; of two incomparable Turing
degrees ag, a;.

“There is nothing useful one can say about incomputability” — discuss.
Write an essay answering the above question, covering not more than three pages.

Your answer should contain enough mathematical content to show a good grasp of
the notions and results involved in analysing incomputable sets, relations and functions,
and enough discussion of these to show an understanding of the broader context.
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