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Throughout this paper it can be assumed that the first oréergh\" for arithmetic has the
special axioms:

(N8) (z1 x xh, = 21 X xy + 1)
and the axiom scheme
(N9) If ¢(zq) is awfof Ly, then

(6(0) = ((Vai)(o(xi) — d(a7)) — (Vi) d(x:)))

is an axiom of\/.

1. (a) Showthatift;, t, andts are any terms of -, then

(tl :tg — (tl :tg —>t2 :tg))

and
(ty +0 =1t)

are theorems alV'.
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(b) Show that ifm andn are natural numbers and andn are the corresponding numer-
als, then
Fa (T =)

and

Fy (M=7m—7n=m).
(c)If M = (M,0,,+, x =) isamodel of\/, andc € M, we say that is anon-standard
elemenbf M if and only if ¢ is not the interpretation of any numeral.

Show that if M is a model of /', and ¢ is a non-standard element &ff, then¢ (the
successor of in M) is also a non-standard element)df.

Deduce that any non-standard model\éfhas infinitely many non-standard elements.
[You may assume that:; # 2) is a theorem of\V.]

(a) Say what is meant by the termegpresentable functigmepresentable set
Show that if the set§ and T are representable iV, then soisS U T'.

(b) Assuming that+ (addition of pairs of natural numbers) is a primitive recegsunction,
show thatx (multiplication of pairs of natural numbers) is also priivétrecursive.

Show that if f(7’,m) is primitive recursive, then so is tHeounded product:(7’, p)
defined by

W, p) =[] f(7,m).

m<p

(c) Let gn be a standard Godel numbering f&f. Assume the following definitions of
number theoretic relations and sets:

Form(m) <gem gn~'(m)isawfof Ly,

MP(m, n, p) <dem gn~'(p) is derived fromgn~—'(m) andgn='(n) via Modus Ponens,
Proofy (m) <gem gn~*(m) is a proof ofV/, and

Ty ={m |y gn~'(m)}.

Show that: (i) If Form is a recursive relation, then so is Mir] a

(i) If Proof is a recursive relation, thehy is recursively enumerable.
[You may assume that i is any set for whichn € S is a X2{-relation, thenS is recur-
sively enumerable.]

Write an essay oiodel's Incompleteness Theoregovering not more than about two
sides.

[Init, you should mention any points of particular interesdifficulty in the proof of the
theorem, and any mathematical, or more general, consegsi@fiche theorem you can
think of.]
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(a) Define: A is many-one reducibleo B (A <,, B).

Show that if S <,,, S’ with S’ recursively enumerable, thehis recursively enumerable.
[You may assume that a sét is recursively enumerable if and onlyifi € S is a X9-
relation]

(b) Show that if S is semi-representable in a recursively axiomatisablerth€o then
S <,, T7 (the set of Godel numbers of theorems®j, and hences is recursively enu-
merable.
[You may assume that for any recursively axiomatisableve havelr recursively enu-
merable.]

(c) Define: 7 is w-consistent

Show that if 7 is an w-consistent theory in the language &f in which every recursive
relation is representable, then every recursively enubbeset is semi-representabledn

Deduce that for any recursively axiomatisable thedryve havelr <,, Ty .
[You may assumeV to be anw-consistent theory in which every recursive relation is
representable.]

(a) Let 7’ be a finite extension of a first order thedry.
Show thatTT/ <nTr.
(b) We say a first order theory is strongly undecidablé and only if 7 is finitely ax-

iomatisable and every theory’ in the language off that is consistent witly” (that is,
such thtZ U 7”7 is consistent) is undecidable.

Show that if RR is a finitely axiomatisable theory in the language/dfin which every
recursive relation is representable, theR is strongly undecidable.

[You may assum&osser’s Theorenm the form: If 77 is a consistent axiomatisable first
order theory in which every recursive function is repreabl#, then7” is incomplete and
undecidable.]

Deduce that there is no algorithm for deciding of any givengwin the language of\/
whether or not it is logically valid or not.
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