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1 Background on Hardy spaces

For 1 < p < oo the Hardy space HP is defined as the space of all analytic functions f in the
unit disc D = {z € C : |z| < 1} for which the norm

1 2 Y 1/p
I =sup (5= [ 1t ar)

is finite. The space H consists of all bounded analytic functions f in the disc, and the norm
is now

[fllc = sup |£(2)]-

|z]<1

For functions in HP for 1 < p < oo the radial limit
fe") = lim f(re)
r—

exists almost everywhere in ¢ (Fatou’s theorem), and indeed f € LP(T), where T denotes the
unit circle which we equip with normalized Lebesgue measure: moreover ||f| > = || f]|z». We
normally identify f with f, and can thus regard H? as a closed subspace of LP (T).

It is also possible to start by defining H? directly as the subspace of those LP(T) functions
for which the negative Fourier coefficients vanish, that is

1 2m ” -
— e "™ dt =0

5 | e

for all n < 0. Then a function f with f(e) ~ >0 yane™ can be naturally identified with
the power series f(z) = Y2 an2z", defining an analytic function f in . One can also obtain
the extension from f to f by integrating with the Poisson kernel K., namely

e = L [ k0 - 0 fet ar,
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The case p = 2 is simpler, since for a function f : z — > 7 janz" we have ||f[l2 =
(ZZO:O |an|2)1/2. We use Py to denote the orthogonal projection from L?(T) onto H?2, so
that

o0 o
Py : g ane™ — E ane™.
n=—00 n=0

2 Inner and outer functions

2.1 The canonical factorization

In this section we are concerned with the multiplicative structure of the Hardy spaces, in
that we want to factorize a general Hardy class function as the product of two somewhat
simpler functions, an inner factor and an outer factor. Here are their definitions (a simpler
characterization of outer functions appears later, in Corollary 3.1).

Definition 2.1 An inner function is an H® function that has unit modulus almost every-
where on T. An outer function is a function f € H' which can be written in the form

o i i
f(rew) = aexp <i/0 ei—i_ireek(e”) dt> , (1)

27 eit — ret?
for re?® € D, where k is a real-valued integrable function and |a| = 1.

Proposition 2.1 Let f be an outer function, satisfying (1). Thenlog|f(e")| = k(e?) almost
everywhere.

Proof: By taking logarithms we can obtain an expression using the Poisson kernel, namely,

A A 1 [27 .
log | f(re?)| = Relog f(re?) = o K. (0 —t)k(e") dt,
T Jo
and now the result follows since lim,_,; log |f(re?)| equals (a.e.) both k(e?), by properties
of the Poisson kernel, and log | f(¢?)|, by Fatou’s theorem. O

Clearly, an outer function can have no zeroes in the disc, since it the exponential of some-
thing. Any function that is invertible in H* is outer (e.g. z — a where |a| > 1); in fact z — a
is also outer when |a| = 1.

Examples of inner functions include Blaschke products (Example 2.1 below) which have
zeroes, but also some functions without zeroes, such as exp((z—1)/(z+1)). This last function
is just e=* where s = (1 —2)/(1+ 2); the mapping from z to s takes D to the right half plane
C4, and T\ {—1} to the imaginary axis iR.

Example 2.1 A finite Blaschke product is a function of the form

n
; Z— Zj
B(z) =¥ [] :
(z)=e Ly -z
j=1 J




where ¢ € R and |z;| < 1 for j =1,...,n. It is easy to verify that B has the following
properties.

(i) B is analytic in D and continuous in D.

(ii) B is inner.

(iii) B has zeroes at z1,...,z, only, and poles at 1/Zy,...,1/Z, only.

Theorem 2.1 (Inner—outer factorization). Let f be a nonzero function in H'. Then f
has a factorization f = 60 - u, where 0 is inner and u is outer. This factorization is unique
up to a constant of modulus one.

Proof:  We define u by
1 2m it .
u(z) = exp (-/ ¢tz log|f(e”)|dt> :
0

s et — 2

which is an outer function as in (1). Now 6 := f/u is analytic in the disc and |f(z)] =1 a.e.
for |z| = 1, and thus 6 is inner. The factorization is unique, as if we have two outer functions

u, up with |u| = |u1| = |f] a.e. on T, then u/u; and u;/u are both inner. By the maximum
modulus principle, |u/ui] < 1 and |uj/u| < 1 everywhere in the disc, which implies that
u = auy for some constant o of modulus 1. O

The next thing we want to do is to break the inner part into two factors, an inner function
with zeroes (which will be an infinite Blaschke product) and an inner function without zeroes
(a so-called singular inner function). To do this we need to understand the properties of the
zero set of a function in HP.

Theorem 2.2 (G. Szegd) Let f € H' be such that f is not identically zero. Then the
zeroes (zn) of [ are countable in number and satisfy the Blaschke condition

[e o]

D (1= |zn]) < o0

1

Proof:  Without loss of generality, we may suppose that f(0) # 0, since otherwise we can
consider f(z)/2" for a suitable k > 1. Now take r < 1, and consider the zeroes z1, ..., zy, in
{lz| < r}, repeated according to multiplicity, supposing that none satisfy |z;| = r; there can
only be finitely many, since they are isolated.

The function f.(z) = f(rz) is analytic in {|z| < 1}, and has zeroes at the points
21/7ry ..., zm/7r. Thus we can write

z— z)T

frz)=g(x) [ ]

T =
1 =Zpz/r

where ¢ is analytic and non-zero in an open set containing ID. Thus

1 2m ;
log g(0) = %/0 log g(e') db.

Taking real parts, we obtain

1 27 ) 1 2m )
g 9(0)| = 5= [ Togla(e™)] 8 = 5 [ togl (e ab.
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That is,

|2k 2

r 2 ;
log | £(0)] + 3 Tog (—) — o | slstean 2)

lzi|<r

Now Jensen’s inequality (see, for example, [11], Chapter 1) asserts that

s0< e du(w)> < [ o) duta)

whenever ¢ : [a,b] — R is convex, h : E — [a, b] is measurable, u is a probability measure on
FE, and both integrals exist. Hence, in our case,

1 27 ) 1 27 )
- 1 10 < log — 10
277/0 og |f(re™)|df <log 27T/0 |f(re™)|do

since (—logx) is a convex function. Thus

2m )
g £+ Y tog (27 ) <tosg- [ 1)1 a8 < 1o 1l )

|zl <r

Finally, letting » — 1, we see that Y “log1/|z;| < co. This is equivalent to the assertion
that > 7°(1 — |2x]) < oo, since

1—[z] <log1/[z| <2(1—|2])

for 1/2 <|z| < 1. O

Theorem 2.3 Let f € H'. Then the infinite Blaschke product

Zn 2n — 2

B(z) =z" —
|2n |50 2] 1 = Znz

where (z,) are the zeroes of f, m of them being at 0, converges uniformly on compact sets
to an H®™ function the only zeroes of which are the (z,), with the correct multiplicities.
Moreover, |B(2)| <1 and |B(e??)| = 1 almost everywhere.

Proof: It will be sufficient to prove the result for f(z)/2™. Write

Zn Zp — %

bn(2)

T zn| 1 - Znz’

where the first term is a factor chosen to make b, (0) > 0.
Then [] by, converges to an analytic function with the correct zeroes if and only if ) log |b,, |
converges locally uniformly; this happens if and only if

Z|1_bn|

converges locally uniformly.



However,

Zn 2 — Zn
1-b - 1y
1= ba(2) '«+|Zn|1__znz
(1 = 2al)Guz + |2a])
|2n|.|1 — Zn 2]
(1 =)@ + J2])

which gives convergence, by Szegd’s theorem.
Thus B(z) € H*®, and ||B||g~ < 1, so that the boundary function satisfies |B(e?)| < 1
almost everywhere. But, writing B,, = [[] bk, we see that B/B,, is another Blaschke product,

and w0 B(0) 1 [*™| B(e") 12 ,
5015 L |5 o= ) ]
Letting n — oo, we obtain
L[
o | metan =1,
and so |B(e?)| = 1 almost everywhere. O

For any HP function we can remove a Blaschke factor which accounts for the zeroes, as
follows.

Lemma 2.1 (F. Riesz) Let f € HP, f #0, and let B(z) be the (possibly infinite) Blaschke
product formed using the zeroes (zp) of f. Then f(z) = g(z)B(z) for some g € HP with

£l = llgllp-

Proof: Let g(z) = f(2)/B(z) and g,,(2) = f(2)/Bn(z), where B, is the Blaschke product
corresponding to the first n zeroes of f. If r <1 and 1 < p < oo, then
1 27 1 2T 0\ |p
[7 e,
0

— Hhrde < lim — :
27 Jo lgn (re™)| - Rlinl 2 | B, (Re?)|P

] 1 2 "
= lim — |f(Re)|P do
0

R—1 271

since |B,,(Re)| — 1 uniformly as R — 1. Hence

1 21

0
o ), |gn (re™)|P db < | f I 5p-

But |gy,| increases to |g| as n — oo, and so, by the monotone convergence theorem,
2m

! NPdo < | f|P
3= | latre ) ao <111

However, |g(z)| > |f(2)] for all z € D, so we have equality.
A similar (easier) argument holds for the case p = co. O



Corollary 2.1 Any nonzero function f € H' can be written as f = B - S - u, where B is
a Blaschke product, S a singular inner function, and u an outer function. This factorization
s unique up to constants of modulus 1.

Proof: This follows from Theorem 2.1 and Lemma 2.1. O

In order to study singular inner functions, we recall the following result. It has two
equivalent formulations, since any harmonic function in the disc is the real part of an analytic
function.

Theorem 2.4 (G. Herglotz). A complez-valued harmonic function w in the disc is the
Poisson integral of a finite positive measure p on the circle, that is,

u(re?) = /TKr(t —6)du(t),

if and only if it is non-negative. If h is an analytic function in the unit disc with values in
the right-hand half-plane, such that h(0) > 0, then

A it | o0
h(ret) :/Tﬂdﬂ(t)

cit _ peif
for some positive measure p defined on T.

The next result explains why an inner function without zeroes is called a singular inner
function.

Corollary 2.2 Let g be an inner function without zeroes. Then there is a unique positive
measure (1, singular with respect to Lebesque measure, and a constant o of modulus 1, such

that o »
) 1 T i i
g(re®) = aexp (— / ﬂdum). (1)
0

o et — ret?

Formula (4) is very similar to (1), except that the integral is now taken with respect to a
singular measure, rather than k(t) dt.

Proof:  Since g has no zeroes, and is inner, we can write it as g = awexp(—h), where h is
analytic, takes values in C, and satisfies h(0) > 0 (thus « is chosen to make ¢(0)/« real and
positive). By Herglotz’s Theorem 2.4 we have expression (4), except that we need to show
that p is singular with respect to Lebesgue measure. This follows since the nontangential
limits of h(z) are a.e. purely imaginary as |z| — 1. But

Re h(re?) = /TKr(t —0)du(t),

and its nontangential limit is %Ccil—/;, which must therefore vanish a.e. Hence p is a singular
measure. U



2.2 Consequences

It is easy to check (using the Cauchy—Schwarz inequality) that the product of two H? functions
is always in H!. The converse, which is harder, is also true; namely, that any H' function
can be written as the product of two H? functions.

Theorem 2.5 (The Riesz factorization theorem) A function f is in H' if and only if
there exist g, h € H? with f =g - h and | f||1 = |lgl2/||l2-

Proof:  Note that if g and h are in H? then g - h € H' and |g - |1 < |gll2]|h||]2, by the
Cauchy—Schwarz inequality.

Conversely, given f € H!, write f(z) = f1(2)B(z), where B is as in Theorem 2.1,
| fillzr = | fl|z, and f1 has no zeroes in D.

Since fi is never zero it has an analytic square root g (see, for example, [10]); that is, we
can write

fi(z) = g(2)%.

Now f(z) = g(2)g(2)B(2) and ||f|lm = llgl32, so Iflly = llgllllgBll2 since [|gB]2 = [lg]l2-
O

We are now ready to look at the boundary behaviour of H? functions.

Theorem 2.6 Suppose that f € H' and that f is not identically zero. Then

1 2 )
%/0 log | f(e?)] df > —o0,

and hence f(e%) # 0 almost everywhere.

Proof: It is sufficient to prove the result for f € H?, and then invoke Theorem 2.5.
Without loss of generality, we may suppose that f(0) # 0, as otherwise we may consider
f(z)/z" for some suitable n. Writing f,.(z) = f(rz) for r < 1, we know from Fatou’s theorem
that f.(e”) — f(e?) almost everywhere as r — 1. We recall from the proof of Theorem 2.2
that, if (z;) are the zeroes of f, then we have

1 2 )
log £(0)| + 3 losr/laal) = 5= [ loglf(re”)| o,
™ Jo
|z |<r
and so )
1 4 ,
log £(0)| < 5= [ og (7<) ab.
T Jo
Let us write log(z) = log *(z) — log ~(z) for x > 0, where
log T (x) = max(0, log x) and log ™ () = max(0, — log x).
Then, since log *(x) < 22, it follows that

1 21

1 2 ) )
= loet 10 o < — 6 2d9
5 [ e lreenan < o [ ire)

= I 113 < IIF13-



Hence )
1o
o [ 10w A(re™)]d0 < |13~ log |7(0)
T Jo

for each r. Thus, by Fatou’s Lemma, we obtain

| " log 1 £(e%)] 40 < 1713 — log | F(O)]
27T 0

and hence )
1 & :
o /0 log | f(e)|df > —o0,

as required. m

3 Invariant subspaces of the shift operator

3.1 Introduction

The functions e, (z) = 2" for n € Z form an orthonormal basis in L?(T). The orthonormal

expansions
1 27

F=3 f)en,  f)== [ flee™dt, neZ

- 2T
neZ 0

are just the classical Fourier series. Since (zf)"(n) = f(n — 1), for n € Z, the action of the
operator f +— zf can be considered as a right translation, or shift.

Let us consider those subspaces of the Hilbert space L?(T) that are invariant under this
shift operator. (Subspaces will always be assumed to be closed, unless otherwise stated; we
use the notation ‘clos’ for the closure, keeping the bar notation for complex conjugation.)

So let E C L?(T), with E = clos E be a linear subspace such that zE C E, that is,
f € E= zf € E. What does such an F look like? We can distinguish two separate cases:

zE=F or zE # E.

1- and 2-invariant subspaces. We note that zF = FE if and only if ZE = FE, since
2Z = |z|*> = 1. In the case when zE C E and ZF C FE a subspace E is called doubly invariant,
or (2-invariant or reducing), and in the other case, when zE C E, zE # E, we say that E is
stmply invariant or 1-invariant.

3.2 Doubly invariant subspaces

We begin with the simplest case of 2-invariant subspaces. From now on it will be convenient
to write du for normalized Lebesgue measure on the circle, i.e., du = %dt.

Theorem 3.1 (N. Wiener). Let E C L*(T) satisfy zE = E. Then there is a unique
measurable set o C T such that E = x,L*(T) = {f € L*(T) : f = 0 a.e. outside o}, where
Xo 18 the characteristic function (indicator function) of o.



Proof: Let Y = Pgl, x € E, where Pg is the orthogonal projection from L?(T) onto E.
We have the following:
1—x=(—-Pg)lekEt

and so
2"y L1—y, Vn € Z,

that is,
/z"x(l—i)d,uzO Vn € Z.
T

Since x(1—%) € L'(T), the product x(1 —X)dpu is a finite complex Borel measure on T which
annihilates the set 7 of trigonometric polynomials, the set of finite linear combinations of
powers 2" with n € Z. But 7 is dense in C(T), so x(1 — %) =0 a.e.

Hence x = |x|?, a.e., and this implies that y takes only the values 0 and 1. Let o = {¢ :
X(t) = 1}; this set is well-defined up to a null set (i.e., a set of measure zero).

Since x € E, we have z"x € E for all n € Z, and then 7y C F and clos(x7) C E. On
the other hand, clos(x7) = xL?(T), since clos7 = L?(T). Thus xL?*(T) C E, and it only
remains to show that these two spaces are equal.

Let f € EFwith f L x2" Vn € Z. Then 2""f € E for all n, and 1 — x L 2" f Vn € Z, and
these imply that

/fxz”d,u:() and /z"f(l—x)d,uzO, (n€Z).
T T

Hence fx = f(1 —x) =0 a.e., and so finally f =0 a.e., i.e., YL*(T) = E. O

3.3 Simply invariant subspaces

The principal example of a simply invariant subspace is H?, the closed linear span of {z" : n >
0}. The following theorem shows that all the simply invariant subspaces have a somewhat
similar structure.

Theorem 3.2 (A. Beurling, H. Helson). Let E C L*(T), with zE C E, zE # E. Then
there exists a measurable function 6 (unique up to a constant) such that |0] = 1 a.e. on T
and E = 0H>.

Note that §H? is a closed subspace, since f — @f is an isometry and even a unitary operator
on L(T).

Proof: = We use the same method of orthogonal projection as in Theorem 3.1. zFE is a
proper closed subspace of E, i.e., zE # E. We consider the orthogonal complement of zFE in

E: E © zF is a nontrivial subspace of E, so take § € E © zE with ||0|| = 1.
Then 0 € F and 0 | zFE, and so 20 € zFE, for n > 1, implying that 6 L z"0, i.e.,

/gﬁznd,u = 0, n>1, ie.,
T

/T\H]Qz"d,u = 0, n>1.



Taking complex conjugates:
/ 022" dp = 0, n>1,
T

ie., (16]?)°(n) =0 for n € Z\ {0}. Thus |0|> = const = c a.e.
Since

1= 6|2 = /T 6 dyi = cp(T) =,

we have |0] =1 a.e.
Thus f ~ 6f is an isometry in L?(T). Now we have 2"0 € E, for n > 0. The linear span
has the same property: write P for the set of polynomials in z, so

PO C E, and clos(P) = fclosP = OH> C E.
Thus we have a closed subspace of F,
0H? C E,

and we want it to coincide with E. To show this, consider f € E, f L §H?. We need to show
that f = 0. We have:
fLoH? — fLez", n>0,
and
fekE = 2"fezE, n>1 = 2Mf L6, n>1.
It follows that

/ foz"dy = 0, n >0, and
T
/f@z"du = 0, n>1.
T
Thus (f6)"(n) =0,¥n € Z and f0 =0. But |§| = 1 a.e., and so f =0 a.e. and E = 0H>.

To show uniqueness, let 61 H? = HQHE, where [01] = 02| = 1 a.e. on T. Then (6102)H? =
H?, 50 610, E_HQ, and, by symmetry, 6,0, € H?, or 6,0, € H2.

But H?NH? = { const }, as is clear for several reasons: for example, f € H? = f(n) = 0,
n<0;and f € H> = f(n) = f(—n) =0, n < 0 => f = const. O

Note that Theorem 3.2 implies a particular result about closed shift-invariant subspaces
of H?, generally referred to as Beurling’s theorem: any closed shift-invariant subspace E of
H? has the form E = OH?, where 6 is inner. For clearly, if 0H> C H? and 0] = 1 a.e.
on T, then @ is in H?, and hence inner. We may use Beurling’s theorem to deduce a fairly
user-friendly characterization of outer functions.

Corollary 3.1 A function u € H*® is outer if and only if the subspace uH? is dense in H?.

Proof: By Beurling’s theorem, closuH? is either H? or #H? for some nontrivial inner
function €, which must clearly divide u. Now, if u is outer, then it has no nontrivial inner
factor § and so closuH? = H?. Conversely, if v is not outer, then it has an inner factor # and
so uH? C H?, which is a proper closed subspace since 1 € #H?, and thus closuH? C §H?.
O
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4 Toeplitz and Hankel operators

In this section we shall review briefly certain operators defined on the Hardy space H? of the
disc. Most of the results that we prove have their natural counterparts on the half-plane—
in most cases they can be obtained directly from the results about the disc, or by an easy
modification of the corresponding proofs: see [8], for example.

4.1 Laurent and Toeplitz operators

Let P2 : L?(T) — H? be the orthogonal projection defined by

Clearly, || Py fll2 < ||f|l2 for all f € L*(T).

Definition 4.1 Let ¢ € L*>(T). Then the Laurent (or multiplication operator) M, :
L?(T) — L%(T) is given by ' ' '
(M f)(e") = p(e) f(e"). (5)

Theorem 4.1 Let ¢ € L>®(T). Then M, is a bounded operator and its norm is given by
Myl = [[¢lloc - Moreover,

sup{[[Myfll2: f € H?, || fll2 =1} = llellos -

If ¢ is a measurable function on T which is not in L>(T), then M, is not a bounded operator
on L2

Proof:  Clearly, || M,|| < [|¢/cs, since

1 2m ) )
IMyfl3 = By o(e™) f(e)]? dt
™Jo

1 2w )
HtpHiog/o () dt = [lel5 I £115.

The converse is more complicated. Given € > 0 we can find a set A, C T of positive
measure such that [p(e™)| > ||¢]lco — € on A..

Writing x = x4, for the function that is equal to 1 on A. and 0 on its complement, we
have that x € L?(T) and ||x||3 = u(A:), where u is again normalized Lebesgue measure on
the circle.

Also

1 2m ) )
IMoxll3 = 5 ; |p(e™)Px(e™)? dt

(lelloo = €)*u(Ae).

Thus || Myx|l2/llxll2 > |l¢llee —€ and ||My]| > [|¢[lcc — €. Since € > 0 was arbitrary, this
shows that ||M,| > ||¢||~, and we have equality.

vV
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Now X = xa. need not be in H?, but, if we write y(e) = Y30 cpe'™, then the
sequence of functions (fy,) given by

fm(eit) _ eimtX(eit) _ Z Ckei(k-i-m)t

n=—oo

satisfies || fll2 = |lx||2 and

1Mo frmll2 = |Meime Mpx|l2 > ([#lloo = €)lIx]l2-

Now

o [o.¢]
Z cpetthrmt _ Z cpeiErm)t

1Pz frn = fmll2 =
k=—m k=—o00 2
—m—1 1/2
= < Z |ck|2) — 0 as m — oo.
k=—o00

Hence || P2 fmll2 = llx|l2 and [[My Py frn — M finll2 — 0 so that
| My, Pr2 frnll2 — [[Myx||2 as m — 0o.

Note that Pz fr, € H? and that | My Pz fonll2/ || Prz fmll2 > ([¢lleo —€) for m sufficiently
large, which gives the converse inequality.

Finally, if ¢ is essentially unbounded, then we can take functions ¢, € L°°(T) such
that |, (e)| increases monotonically to |p(e®)| almost everywhere and ||y, |ls — oo (just

replace ¢ by zero at those points at which its absolute value is greater than n). Then
My fI| > || M, fI| for any f € H? and

1M, [I = llonlloo — o0,

so that M, is unbounded on H 2, O

Corollary 4.1 Suppose that ¢ € H*. Then M, : H> — H? defined by (5) satisfies || M| =
1elloo-

Proof:  This follows from Theorem 4.1 once we verify that ¢ - f € H? (and not just
L?(T) for ¢ € H*® and f € H% One can do this directly by multiplying power series or,
alternatively, computing the inner product:

(o - f,e*) = (p,Fe™) =0  for k<0,

since ¢ € H? and f(e™)e?* has only negative Fourier coefficients. ([l

oo for the orthonormal basis of L?(T), so that e, (e) = e
or e, (2) = 2. Recall that (e,)% is an orthonormal basis for H2.
Now Mye, = > 52, drete™ where (2) = S 7 diz" (convergence being understood
to be in the L? sense at least) and ¢ € H*. Thus we obtain the infinite matrix

Matrix notation. Write (e,)32
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d 0 0 0

di dy 0 0
dy dy dy O

ds do di do

A matrix that is constant on northwest to southeast diagonals, such as the one above, is
called a Toeplitz matriz.

There is a way of obtaining an operator with a general Toeplitz matrix, not necessarily
lower triangular, and we now examine this.

Definition 4.2 For ¢ € L*°(T), the Toeplitz operator with symbol ¢ is the operator T, :
H? — H? defined by T,f = Py2(Myf).

Clearly, since ||Py2|| = 1 and ||[My,|| = ||¢]|sc we have that T, is a bounded operator on
H? and satisfies ||T,| < ||¢]lco. In the case in which ¢ € H*, we note also that T, is the
same as M,. We shall see soon that ||T,| = ||¢|l« for every ¢.

Let o(2) = Y50 dz". Then

o
Toen = P Z dpettetnt)

k=—00
©° .
= D dpne™,
p=0
where p = n + k. This gives the Toeplitz matrix of T,,; namely, the matrix

do d_1 d_o d_s
di dy d_i d_s
dy di dy d_y
ds dy di  do

Some special cases of importance are ¢ = 1, where T}, is the identity matrix; p(z) = z,
when T, can be regarded as the right shift; and ¢(2) = 1/z, when T}, can be regarded as the
left shift. Clearly, T, = 0 if and only if ¢ = 0.

Theorem 4.2 For ¢ € L*(T) one has ||T,|| = ||¢|loo; that is,

sup {|[ Ty fll2: f € H, ||fll2 =1} = [[¢]loc-

Proof:  Clearly, ||T,|| = ||Py2Myl|| < ||My|| = ||¢]|c, s0 we need only prove that ‘>’ holds.
Given any £ > 0, there is a function f € H? with |[f|2 = 1 and

1Mo fllz > l[elloo =€

by Theorem 4.1. Indeed, we may suppose without loss of generality that f is a polynomial
N
p(ezt) _ Z ckezkt
k=0
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since we can always find a sequence of polynomials p,, such that
lpn — fll2 — 0 and HMtppn - Mapr? — 0.

We show first that, for any k > 0, one has that ||(T}, — M) (e e*)||s — 0 as m — oo.
For, with ¢ having Fourier coefficients (d,,) as above, this quantity is simply

00 —1-m—k
(I _ PHQ) Z d, eirt gimt ikt Z drei(rerJrk)t
r=—00 2 r=—00 2
—1-m—k 1/2
- ( Z ‘dr‘2> —0
r=—o00

as m — oo. It follows that

N
(T = M) (€™ p(e))ll2 < D lexlI(Ty — My)e™ e[|z — 0
k=0

as m — oo.
Now [le"™pllz = [|p[|2 and
1T (™' p)ll2 — 1M (™' D) 2 = lle™ pll2 = [ Mypll2.
But || Myp|l2 > [|¢]lec — €, which gives the result, since € > 0 was arbitrary. O

The above result is of great interest and importance. In general, given an infinite matrix,
there is no formula that tells us its norm as an operator on £2.
Although Toeplitz operators may be bounded, they are not, in general compact.

Proposition 4.1 The only compact Toeplitz operator is Ty = 0.

Proof: Let (e,) be any orthonormal basis of H?. It is easy to see that if S is any finite-rank
operator, then ||Se,|| — 0 as n — oo, since we can write

T

Sen = Z(eru xk)ylm

k=1

where (25),_; and (yg),_; are finite sequences in H2. Then

T
ISenll < Hen @)l sl — 0
k=1

as n — 00, since (en,x) — 0 for each k.

Now, for any compact operator S on H?, the same is true, as we can write S as the norm
limit of a sequence (Sg) of finite-rank operators and observe that ||Se,| < ||S — Sk||+ || Skenl|-
Given € > 0 one can make the first term at most €/2 by choosing k large and then make the
second term at most £/2 by choosing n large.

However, it is easy to see that, for a Toeplitz operator Ti,, one cannot have ||T,e,| — 0
as n — oo unless T, is the zero operator. For ||T,e,| > |dy,| as soon as d,, appears in the
(n + 1)st column, which is when n > —m. So T, is not compact unless every entry is zero.
O
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4.2 Hankel operators

We now consider a closely related class of operators, also introduced originally by Toeplitz.
Let us write (H?)* for the orthogonal complement of H? in L?(T); that is, the closed subspace
spanned by the basis vectors of negative index,

en(e) = e (n <0).

Definition 4.3 For ¢ € L>°(T) the Hankel operator I', with symbol ¢ is defined to be the
operator from H? to (H?)* given by

Pof = (I — Py2) My f;
that is, M, =T, +I'y, in the obvious sense.

There are several possible alternative definitions which, under some circumstances, can
be regarded as more convenient, but we shall work with the one just given.

Proposition 4.2 The inequality ||| < ||¢|lso holds. Moreover, if ¢(¢?) has the Fourier
series Y oo o dpe™™® then the matriz of I', with respect to the orthonormal bases (€5 )n=01,2,...
of H? and (én)n=—1,—2,.. of (HQ)L 18

4
5 ...
—6 .- ) (6)
7T
which is constant on diagonals sloping southwest to northeast (a Hankel matriz). Further-
more, I'y, = 0 if and only if p € H*.
Proof:  First, [Ty fll2 = (I — Py)Myfll2 < My flls < ol fll2- Also

o
Toer = (I—Pyz) Y dpe™e™

n=—oo

-1 00
_ Z dnez(n-i—k)t _ Z d,r,ke_“nt,
r=1

n=—oo

obtained by setting n + k = —r. This gives the matrix as required, and clearly I', = 0 if and
only if d,, = 0 for all n < 0, which occurs precisely when ¢ lies in H°. O

Theorem 4.3 (Z. Nehari) Suppose that T', : H?> — (H?)* is a Hankel operator. Then
there is a function v € L>(T) with I'y =Ty, and ||Ty| = [|¢|c. Hence

ITpll = inf{llp + Alloo : h € H®} = dist(o, H*)

and the infimum is achieved at h = 1) — .
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Proof:  Observe first that, if p(e) = >3 die* and n, m > 0, then
(Feint efimtefit) —d 1= (Feinteimt efit)
) - Y¥—=—n—m-—1 ) .
Hence
N M N M
<F Z bneznt’ Z Eme—zmte—zt> _ (F <Z bneznt Z cmezmt> 7e—zt> ]
n=0 m=0 n=0 m=0
Thus we can define a linear functional on polynomials by

a(f) = f.e™)
and if f factorizes as a product of polynomials by f = f1 f2, then

alf) = T(frfe),e™™) = (T f1, fae™™),
and so
la(frf)l < T fll2 f2ll2-

However, it follows from Theorem 2.5 that products of polynomials are dense in H! and
so a has a unique extension to H! by

a(fif2) = (Tf1, fae™™) for f1, f2 € H?,
with |a(f1f2)| < T[] f1ll2]lf2]l2, or (using Theorem 2.5)
la(g)| < [T Nlglla for g € H'.

We can now use the Hahn—Banach theorem to extend the domain of definition of the
linear functional « to the whole of L!(T), while keeping the condition |a(g)| < ||T||||gll1 for
g € LY(T). This implies that there is a representation

1

a(g) = o0

21
/O 9(e?)B(c) db,

for some § € L*°(T) with
1Blloe = llall < [IT].
Moreover, for k > 0,

—i I i i ikt —i
(3,e” Kty = /0 e* 3ty dt = a(e™) = (Te™ ™) = d_;_;.

T on

Hence the Fourier coefficients (3,) of 8 satisfy f_p = d_,_1 for & > 0. We now take
P(e) = e7B(e), so that the Fourier coefficients (i,,) of 1 satisfy ¢_j_1 = d_j_; for
k > 0. Moreover,

[¥lloe = 18llos < ITII,

as required.
Now since I', = I'y, if and only if the function h, defined by h = 9 — ¢, is in H*°, we have
that
[Tyl < inf{[l¢ + hlloc : h € H>}

and there is a function v such that ¢ = ¢ + h and

[¥lloo < Tyl < (14 [loo-
Hence ||¢]|oc = [|T'y|| as required. O
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Remark 4.1 The above proof actually shows rather more; namely, that any bounded oper-
ator T from H? to (H?)* given by a Hankel matrix is actually a Hankel operator—that is,
T =Ty for some ¢ € L* with |[¢|/cc = ||T.

We saw earlier (Theorem 2.6) that, for every function f € H? except the identically zero
function, one has f(e?) # 0 almost everywhere. This enables us to give an explicit solution,
in a wide range of cases, to the Nehari problem of finding a minimal-norm symbol for a
Hankel operator; or, equivalently, of approximating a bounded function by an analytic one.

Theorem 4.4 (D. Sarason) Suppose that T' : H? — (H2)L is a Hankel operator for
which there exists f € H?, f # 0 with |[[fl2 = [[T||[lfll2. Then there is a unique sym-
bol p € L™ for I' such that ||¢||ec = ||'||]. Moreover, ¢ is given by p = (U'f)/f; that is,
P(e) = (T f)(e?)/f(e?) almost everywhere. Also, the identity |1 (e?)| = ||T'|| holds almost
everywhere.

Proof: Let ¥ be a symbol of minimal norm, which exists by Nehari’s theorem. Since
I'yf = — Pg2)Myf we have that

Tyl fllz = 1T fll2 < 9 - fllz < l[lloollfl2-

Since [|[T'y|| = [|1)||cc, there is equality throughout and so we necessarily have I'f = ¢ - f.
Thus ¢ = (T'f)/f almost everywhere, since f(e?) # 0 almost everywhere. Moreover, since
v - fll2 = 1¥lloo |l f||2, the identity |1(e?)| = ||¢)||oo must hold almost everywhere. O

The problem of finding a minimal norm symbol for a Hankel operator can be recast
usefully as one of approximation of L*° functions by H* functions, as we now see.

Corollary 4.2 Suppose that ¢ € L*(T) is such that I'y, attains its norm (that is,

ITofll2 = T II]f[l2

for some f € H?, f # 0). Then ¢ has a unique best approzimant h € H™; that is, a
function satisfying || — h||o = dist(p, H>). Moreover, h = ¢ — (U'f)/f and |(¢ — h)(e?)| =
lo = hlloo = [|Ty|| almost everywhere.

Proof: 1If g€ H* thenI',_, =T, and so

19 = glloe 2 [Tp—gll = [T l-
But there is a function ¢ € L>(T), given by ¢y = (I'f)/f, such that I'y, = I'y,, and

[Pl = Ty = [ITe|-

Thus h = ¢ — 1 lies in H* (since I', is the zero operator) and

I = hlloo = [[¢lloc = ITll;

so that h is a best approximant to ¢. However, % is unique and hence so is h. Also, the
function ¢ — h = % has constant modulus almost everywhere. O

Since functions corresponding to Hankel operators that attain their norm have unique
best approximants in H*°, we know that any function corresponding to a Hankel operator
that is finite-rank, or even just compact, has this desirable property. Thus we would like to
be able to say when this happens.

17



Theorem 4.5 (L. Kronecker) The Hankel operator I' with matriz given by Equation (6)
has finite rank if and only if f(z) = Z,;:lfoo dipz* is a rational function of z. Its rank is the
number of poles of f (which will necessarily lie in D).

Proof:  If the rank of I" is r, then the first (r + 1) columns of I are linearly dependent;
that is, there exist scalars Ay, ..., A.11, not all zero, such that

r+1
Z)‘kd—k—m =0 for all m > 0.
k=1

This implies that
d_ d_
M+ Xz+ .o+ Apr2") <71+z_22+>
is a polynomial of degree at most (r — 1) in z, since the coefficient of a negative power z="~!
is equal to
)\ldfmfl +...+ )‘T+1d7m77‘71’

which is zero. Hence f is rational of degree at most r.
Conversely, if P(z) Z:}x) dpz* = Q(z) for some polynomials P and @ with the degree of
P less than or equal to r, then working backwards we see that the rank of I' is at most .
Thus the rank is actually equal to the number of poles. Note that f is the projection of
an L? function (namely any bounded symbol for T') onto (H?)*. Since g(z) = (1/2)f(1/z)
lies in H? and thus has poles outside D, it follows that the poles of f lie within D. ]

We write Ry, for the set of rational functions f(z) which have at most k poles, all lying
in the open disc D.

Corollary 4.3 The Hankel operator I'y, has rank at most k if and only if o € H* + Ry,.

Proof:  This follows since I', = I'y, if and only if ¢ — ¢ € H™. O

We finish with a characterization of the symbols of compact Hankel operators, omitting
the proof, which can be found, for example, in [4] or [9].

Theorem 4.6 (P. Hartman) The Hankel operator ', is compact if and only if ¢ € H* +
c(T).

The following result on the mysterious space H> + C(T) is quite difficult but has great
theoretical importance.

Theorem 4.7 (D. E. Sarason) The space H* + C(T) is a closed subalgebra of the Banach
algebra L>(T).

5 Background reading

The ideas of Section 1 are standard and can be found in [3, 5, 10|, for example.

Section 2 is based on a number of sources, including [1, 5, 9].

The material of Section 3 is adapted from some lecture notes of Nikolski [6]. A somewhat
more advanced treatment can be found in [7].

Most of Section 4 is taken from [9]. Much of it may also be found in [2, 4, 7].
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