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1/
L, spaces: functions in L,(R) are measurable and satisfy ||f|l, = (f_ (t)|P dt) "< 00,
regarding two functions as the same if they are equal almost everywhere These are Banach
spaces, and Ly(R) is a Hilbert space with inner-product ( f f(t)g(t)dt. For Lo (R),
take the norm to be the (essential) supremum of |f(¢)|.
Fourier series: L3(0,T) has an orthonormal basis, e,(t) = T~Y2exp(2mint/T), n € Z, so

fF=>_{f en)en, converging in Ly norm.

Fourier transforms: For f € Li(R) define f = [T f(t) exp(—2miwt) dt, and write Ff =
f. This extends to a bounded linear operator .7: from Lg(R) onto Ly(R), and ||f|l2 = |I£ll2
(Plancherel). Moreover (f)(t) = f(—t), or f(t) = [ f(w)exp(2miwt)dw, a.e., at least if

fe Li(R)N Ly(R). We get as a corollary that (f,g) = <f,g>, for f, g € La(R). erte F for the
inverse F.T. of F.

Haar wavelets: Let Vo C L2(R) be the closed subspace of all functions f which are constant on
all intervals (k,k + 1), k € Z. Let @(t) = x(0,1)(t) and ¢(t) = ¢(t — k). Then (¢x)rez is an
orthonormal basis of V5. Now for j € Z let V; be the space of functions constant on all intervals
(k/27,(k+1)/27), k € Z.

Then ...C Vo C V1 CVo C Vi C..; UV; = Ly(R), and N V; = {0}. Also f(t) € V; <=
f(277t) € Vo, and V; has o.n.b. consisting of ¢;x(t) = 29/2¢(27t — k), k € Z. Any chain
of subspaces with these properties is called a multiresolution approzimation or multiresolution
analysis (MRA) of Ly(R).

Define the Haar wavelet ¥(t) = ¢(2t)—p(2t—1). The functions ¥x(t) = ¥(t—k) form an o.n.b. for
a space Wy such that Vo Wy = V; (direct sum of orthogonal spaces). Then V; &W; = V;44 and
W; has o.n.b. 9, () = 29/2(27t — k), k € Z. Finally Lz( )= W, OW_ 1O Wod W1 D.
and has orthonormal basis (9;);kez. Hence f = ]__Oo Ek__oo<f, V5 k)% k, converging in
Ly norm.

Band limited functions: f € La(R)is time-limited, if 3T > 0 s.t. f(t) = 0 a.e. for |t| > T; fis
band-limited if f is time-limited.

Paley- Wiener space: PW(b) = {f € L3(R): f(w) = 0 a.e. for |w| > b}. Such functions are
the restrictions to R of entire functions satisfying | f(2)| < || f||1€*™®, z = @ + iy € C. Hence the
only function both time- and band-limited is 0 a.e.

Whittaker- Kotel’nikov-Shannon sampling theorem: for f € PW(b),

f(t) = (1/20) 302 f(n/2b)k, j2(t), where k(1) = sin 27b(t — s)/(7(t — s)), the reproducing
kernel function. Moreover the functions (1/\/%)1%/25(75) form an o.n.b. of PW(b) and (f,k,) =
f(s) for all s € R — this is the r.k.H.s. property.

Other r.k.H.s. include the Hardy space Hy on D, where k,(2z) = 1/(1 — wz); also the space C”
on the set {1,...,n}. In general k,(t) = k(s) and k,(s) > 0 unless all functions vanish at s.

Define Vo = PW(1/2) and V; = PW(27~!) in general. These give a multiresolution approxima-




tion, as defined above, and an orthonormal basis of V; is given by 2j/2¢(2jt — k), k € Z, where
@(t) = sint/(nt) = ko(t).

Define the Littlewood-Paley wavelet ¢(t) so that (w) = X(1/2,1)(w), i.e. P(t) = (sin27t —
sin7t)/(7t). Then as before we obtain an o.n.b. of Ly(R) consisting of wavelets 27/24)(27¢ — k),
J, k € Z, where for fixed j they form an o.n.b. of a space W; s.t. V; @ W; = V1.

A Riesz basis (¢r) in a Hilbert space H satisfies (i) H is the closed linear span of the (¢x) and

(i) 34, B > 0s.t. A(D2 ael?)™? < IS5, ardrell < B (D52, larl?)? for all (ar) € L.
(¢r) is a Riesz basis <= 3U : H — H bounded, invertible, such that (U¢y) is an orthonormal
basis. A (finite) R.b. in C" is any basis in the usual sense.

A frame (¢i) in H satisfies JA, B > 0 s.t. A[¢]]* < Y22, (¢, ¢x)|* < Bl|¢||* for all ¢ € H.
Then o.n.b. = R.b. = frame. The numbers (¢, ¢;) are the frame coefficients of ¢. A (finite)
frame in C* is any finite spanning set.

We have a frame (¢y) iff there is a bounded linear map T : £, — H (ONTO) such that T'((ax)) =
> axgy for all (ax) € {3. Define the mapping § = TT* : H — H by S = > (¢, %)@k
Now S is positive, bounded, invertible and (o) = (S71¢p) is a frame, the dual frame to
(¢r). The dual frame to (¢r) is (¢x) again. Then ¥ = > (¢, dr)¢r. We can invert S using
S =(2/(B+ A)) X2 (I —25/(B + A))™, which converges rapidly.

Windowed Fourier transforms: Take g € La(R) of norm 1, ofteI} real and positive; write
fe(u) = f(u)g(u—1), for f € Ly(R) and ¢ € R. Define f(w,t) = fiy(w). This is the same as
e_zmmf(—t,w), where the RHS is formed using the window g (time-frequency duality). Inver-
ston formula: f(u) = ffooo ffooo f(w,t)g(u—1)e*™* dw dt when all integrals converge absolutely.

Also [|fllz = [|£ll2, so we get a norm-preserving linear operator W : Lo(R) — La(R?), not onto.
Can be discretised: f(mwo,nto) = (f, Gmn), Where gnn,(u) = e2™m“0ug(y — nty). For suitable
wo, to > 0, these may form a frame and we can invert it.

Heisenberg’s inequality: For f € Ly(R), [[t£(t)||2llwf(@)ll2 > ||f||3/(47) - equality for the Gaus-
sian functions.

Wawvelet transform: Let 1 € Ly(R) satisfy Cy = ffooo(|7;(w)|2/|w|) dw < oo and write ®¥(t) =
|2|~2((t—y)/2), 2,y € R,z # 0. Define f°(z,y) = (f,%>Y). Better ‘zooming’ properties than
the W.F.T. Then [ [ f°(z,y)9°(z,y)dz dy/z? = Cy(f, g), giving a weak inversion formula. Also

the transform maps L,(R) isometrically into a subspace H of Ly(u) where dp = dz dy/(Cyz?),
which is a r.k.H.s. on R? with kernel ks (z,y) = (™Y 5.

Discretising: write 1; x(t) = a?/?(a’t — kb) for some fixed @ > 1, b > 0 and consider inner-
products (f,%;%). Again we would like a frame (e.g. for the Mexican hat function C(1 —
22)e /2 q =2, b =1 will do).

Meyer wavelets: Let 0 : [0,1] — R be C?¢ and satisfy § = 0 on [0,1/3]; 7/2 on [2/3,1]; and
8(u) + 6(1 — u) = 7/2. Define $p(w) = cos(d(|w|)), C* and supported on [—2/3,2/3]. The
condition (g, ¢s) = 8k is equivalent to K (w) = 3252 ___ |d(w+k)|> = 1 ae. (for any ¢ € Ly(R))
and this is used to show that the Meyer function ¢ gives a multiresolution analysis.

General construction of wavelets: Given a MRA let ¢ be the father wavelet, so that ¢g is
an o.n.b. of V. We seek ¢ € V; such that (¢) form an o.n.b. of Wy and Vo & Wy = V7,
orthogonal sum. Write ¢ = > 72 hro1p and A(t) = > hpexp(2mikt) € Ly(0,1). Note that
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EZOZ—OO hkh;H_gg = 54,0 and that x = EZOZ_OO 9k¢1,k e Wy — EZO:_OO gkh;H_gg =0V €Z.
Now |A(t)|> + |h(t + 1/2)|? = 2 a.e. and g(t) = Y5 . grexp(2mikt) corresponds to x € Wy iff
g(t) = exp(2mit)u(2t)h(t + 1/2), where p has period 1. One such choice takes g = (—1)*h;_y
and now ¢ = Y252 grd1x (*¥*) is the mother wavelet. Also ¢p(w) = (1/v/2)h(w/2)¢(w/2).
Main Theorem: Let v be any function of period 1, satisfying |v| = 1 a.e. Then the mother wavelet
¢ defined by P(w) = (1/v/2)e™ v(w)h(w/2 + 1/2)$(w/2) generates an orthonormal basis (1)
for Wy and hence an o.n.b. (9;x) of Ly(R).

Spline wavelets: A spline function of degree n with knots at ao,...,ay is C*~! on [ag, ay] and
given by a (probably different) polynomial of degree n on each [a;,a;+1]. The B-splines are
particular (basis) splines with knots at the integers: for n = 0 we get Haar wavelets again;
for n = 1 take ¢(z) = max(0,1 — |z|) and ¢(z) = (1/2)p(2z + 1) + ¢(22) + (1/2)¢(2z — 1).
Now the K(w) function above isn’t constantly 1 but is bounded above and away from zero.
Hence (¢r) give a Riesz basis for their closed linear span, which we take as V5. To get an
orthonormal basis define ¢! by M(w) = ¢(w)//K(w). For n = 1, p(w) = (sin(rw)/(7w))?
and K(w) = 2/3 + 1/3 cos(2rw). Now (gbgc) gives an o.n.b. for V, and we can construct the
Battle-Lemarié wavelets. Note that ¢! is not compactly supported, but has exponential decay
and is still a spline.

Change and decay: Tf f,..., f(®) are in L1(R) then f(w) = O(|w|™). If f(w) = O(|w|™™) then f
is C™"~2. Similarly, swapping f and f So one being rapidly decreasing corresponds to the other
being C'*°.

Daubechies wavelets: Let ¢, h be related as before, and h a trigonometric polynomial; then
h(0) = V2 and $(w) = ¢(0) [[Z_, (27Y2h(w/2™)). If ¢ is a compactly supported function
generating a MRA then 4 will be a compactly supported wavelet if we take 7 as in (**) above.

Fix N > 1. Write z = e?™. We take h(w) = v/2P(z), where P is a polynomial of degree
N-1 A

2N -1, P(z) = (L52)" W(2),degW = N, W(1) = 1. Then §(k) = bo,x. We need | P(2)[+

|P(—=2)]* = 1 on |z] = 1. We can do this by taking |P(z)|? = iv:_ol (QNk_ 1) CAN—2-2k g2k

where C(z) = cosmw, S(z) = sin7w (Strichartz, 1993). Requires a spectral factorization to
determine P.

Finally ¢ and hence 9 will be supported on [0,2N —1], and they become smoother as N increases.
For N = 1 we get Haar wavelets; for N = 2, P(z) = (1+ 2)?[(1 £/3) + (1 Fv/3)2]/8 and ¢, ¥

are continuous; after that a computer is needed.

Wavelet Properties of (t) Properties of 9 (w)
Haar Compact support, discontinuous, O(1l/w), C*
Littlewood-Paley o(1/t), C*= Compact support, discontinuous
Meyer Rapidly-decreasing, C'*° Compact support, can be C'*°
Battle-Lemarié Rapidly-decreasing, C* O(1/w"), C*°
Daubechies Compact support, C* O(1/wk), C=

Compact support of both 1 and 'z& is always impossible; exponential decay and smoothness for
both isn’t possible for o.n.b. of wavelets, but is for frames (e.g. Mexican hat).




