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LECTURE 1
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1 Introduction

Fourier series and transforms

For suitable functions f defined on [0, 1] we can form a Fourier series
f(t) ~ Z Ck€27rikt
k=—o00

= ap+ Z(aj cos 2mjt + b; sin 27jt),
j=1

and
1 . A
o= [ e = o), say
0

Likewise for suitable functions f on the real line we have
ft) = / f(w)e?™ ™t dw, where
fw) = [ e

These are useful formulae, but not localised — if you want to examine f near
t = ty, say, you still need all the information in f.



Windowed Fourier transform (Gabor, 1946)

Let g be a function which is ‘well-localised’ — i.e., big near 0, say, and with g(t)
small for large ¢.
Examples:

. olt)= P
o g(t) = x-1,1(t);

0 for [t|>2,

 (t) & bump function, g € C*(E) a“dg“):{l for 1] < 1.

Let -
TWinf(w, t/) — / f(t)g(t o t/)e—Qﬂiwt dt.

This contains information about f near ¢’ and at frequency 27w.
Signal analysts can use a discrete form of this, say ' = mty and w = kwq for
m, k € Z, to get Fourier coefficients of a “slice” of f, i.e.,

T = [ F(0ge - mtge > e
Wavelet transforms

Let ¢ be a well-localised smooth function satisfying the technical condition

I )P

|w]

In particular, we want ,
| wwa=io-o
For example, the Mezican hat function,
U(t) = (1 —¢*) exp(—t*/2),
which is basically the second derivative of the Gaussian function. Define

t—>
a

e =l [ row (S0) ae= o),

where

o) =l ().

a



The number a # 0 controls the resolution (scaling) and b the position of the
function.
Then in fact there is an inversion formula

r-ct | Z / Z T el

C¢:2W/00de.

|w]

where

—00

Again, to reconstruct f we only need a discrete version. Let

V() = ag "> (ag™t — mby)

for suitable ag, by, e.g., ag = 2 and by = 1. Then let

T () = (f nm)-

Then for suitable ag, by (the ones above are OK for the Mexican hat), we can find
‘dual’ functions 1, ,,, such that

f: Z Z <fawn,m>7/~}n,m-

n=—0o0 m—=——0oQ

Also, there exist A, B > 0 such that

AIFIP< D0 D W vnm)” < BIFI

n=—oo Mm—=—0o0

a condition which makes (¢,,) a frame. Sometimes we can do better (e.g. Haar
wavelets, Littlewood-Paley wavelets) and (i,,,) form an orthonormal basis, i.e.,
Ynm = Ynm and A= B = 1.

Multi-resolution approximations

Mlustrated by a crude but simple example. We work in L?(R), square-integrable
functions on R.
Let k € Z and let V — k be the subspace of all functions that are constant on all

intervals (2%, m;k'l) for m € Z. So

L.CVacVicVopcVi VLl

Also NV, = {0} and JV,, is dense in L*(R).
We also note that f(t) € V,, <= f(2t) € V,,11 (for each n), and f(t) € Vj <=
f(t—m) € Vy (for each m).



In this case we also have that the function g(t) = x(o,1)(¢) has the property that
(9(t —m))mez is an orthonormal basis for Vj.

From this we will later construct “wavelets” and find a function 1 that gives an
orthonormal basis of L?(R) of the form

U (t) = 2724h(27 — m)

such that (¥ m)n<nmez is an o.n.b. for Vy.
Applications

Quantum mechanics (Heisenberg group), Signal processing, Image processing,
Numerical analysis.
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2 L? spaces and Fourier transforms

Wavelets give a technique for approximating and reconstructing functions, usually
on R.

2.1 Definition

Let 1 < p < oo. We define the space LP(R) as the space of (measurable) functions

[ : R — C satisfying
00 1/p
1Fllp = (/ \f(t)\pdt) < 00,

Similarly we define LP(a,b) for an interval (a,b) or [a,b] C R. In the above we
regard two functions f and g as equal if f(t) = g(t) except on a set of measure 0
(i.e., almost everywhere (a.e.)). With this convention LP(R) is a normed vector
space, and complete in the metric d(f, g) = ||f — ¢||,, hence a Banach space.
The space L?(R) is an inner-product space with the inner product being

(f,q) = / " H0)g .

linear in the first argument, anti-linear in the second; indeed it is a complete
inner-product space, or Hilbert space.

We write L>(R) for the space of essentially bounded measurable functions, with
norm

£l = inf{K >0:|f(t)| <K ae}.



Again we regard two functions f, g as equal if f(¢) = g(t) a.e. Then L>*(R), and
more generally L*°(a,b), is a Banach space.

Fourier series

We work on the interval [0, 1]; other intervals can be treated by a change of
variables.
Let

en(t) = exp(2mint),

for each n € Z.

2.2 Theorem

(€n)nez is an orthonormal basis of L*(0,1), that is, it satisfies:

1 if n=m,

1. (en,em) = Onm =
0 for n#m.

[e.9]
n=—oo

2. Every function f € L*(0,1) has an expansion f = Cn€n, CONVErging

in L? norm, i.e.,
N
1f = Z Crenllz — 0  as N — oo.
n=—N

Moreover || f]|? =307 |cn|? (Parseval’s formula), and

n=—oo

1
cn=(f,en) = / f(t)e%m‘nt dt
0
is the nth Fourier coefficient of f.

Proof: 1. Easy (exercise).
2. More tricky. Suppose that ¢, = (f,e,) and write fy = ZnszN CnEn.-
We may verify that (f — i, f) = 0, and so [|/[2 = |f — fw|P + | f|P%, so that

N
AP = 107 = D fenl
n=—N

Hence > n__ . len]? < |If]|% and

v =ful>= D el i N<M,

N<|n|<M



from which we deduce that (fy) is a Cauchy sequence, and so converges to g,
say. The hard part is to show that f = g, i.e., (e,) is a complete orthonormal
basis, and then

1P =lm [l = D Jeal®

n=—oo

The proof is omitted (see, e.g., N. Young’s An introduction to Hilbert space).

2.3 Corollary (Riesz—Fischer theorem)

A Fourier series Y -~ cpe, converges to a function in L*(0,1) if and only if
Z;L.Ozfoo ‘Cn|2 < 00.

2.4 Remarks

In fact fy — f a.e. when f € L? but this is much harder (Carleson, 1962). If
f only lies in L', then it is possible for its Fourier series to diverge everywhere
(Kolmogorov, 1926). Even for continuous periodic functions the Fourier series
may diverge at some points, and certainly need not converge uniformly:.

We have a norm preserving invertible operator F’

~

L*0,1) — *(7)
[ ()= ((f.en))n-

Fourier transforms.

Fourier series represent functions on [0,7] in terms of a discrete sequence of
nodes exp 2mint/T — Fourier transforms represent functions on R in terms of
nodes exp 2miwt, where w € R.

2.5 Proposition
Suppose that f € L'(R). Then the integral

/OO f(t) exp(—2miwt) dt

converges absolutely for all w € R, and defines a function which we write as f (w),
the Fourier transform of f. Moreover || f|loo < [|.f]l1-
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2.6 Theorem



Let f € L'(R) N L%(R). Then the function f exists and satisfies || f|l2 = ||f|l2:
thus the Fourier transform can be extended continuously to the whole of L?(R),
and satisfies the following:

£l = IIf]l Plancherel identity:;

ity = f-,  thatis

flt)y = / f(w) exp(2miwt) dw a.e.,
if f is sufficiently well-behaved that f € L'(R) N L2(R).
(Proof sketched in lectures.)

2.7 Corollary
There is a linear operator F : L*(R) — L?*(R) such that

(Ff)w) = /OO f(t) exp(—2miwt) dt a.e.

for f € LY(R) N L*(R). Also F is norm-preserving and surjective (unitary), and

(f,9) =(F[, Fg)
for f,g € L*(R).

Proof:  Use the polarization identity

1 1
(fr) = Z(If + 9l = 1f = al*) + LU+ igll> = |If —ig]?).

If the operator F preserves norms, then it preserves inner products (i.e., replacing
f and g by Ff and Fg doesn’t change the RHS, and hence doesn’t change the
LHS).

O

3 The Haar wavelet

This is the prototype for construction of wavelets, which here will mean or-
thonormal bases of functions related in a certain particular way. At present, we
use discontinuous (step) functions; later we will construct smoother wavelets.

Let Vj denote the subspace of L?(R) consisting of all functions f that are constant
on every interval of the form (n,n + 1), where n is an integer.

7



3.1 Lemma

Every function f € V; has the form

[e.e]

fO) =Y ad(t—k), with |fl5= D |af,

k=—o00 k=—00

~—

where
1 if0o<t<l,

0 otherwise.

o(t) = X (t) = {

Indeed, ay is the value of f on (k,k + 1). Thus the functions (¢g)rez, where
¢r(t) = ¢(t — k), form an orthonormal basis of Vj.

Proof: Simple verification.

3.2 Theorem

For j € Z let V; denote the space of functions f constant on all intervals of the

form (2%, %), with k € Z. Then

LVocVayacVascVicV, ol

Also ez V; = {0} and U, V; = L*(R). |
A function f lies in V; if and only if the function ¢ — f(277t) lies in V4, and V;
has an orthonormal basis consisting of the functions

oir(t) = 22¢(2t — k), kel
Proof:  Since every interval (;}rl, ’;ﬂ) is contained in an interval of the form

ko ok+1 . . . . .
(g, 7), a function in Vj is automatically in Vj4.

If f € ez V), then f is constant on (0,27) for each j. If this value is ¢ then

27
17> [ 1ot = 211
0

for each j, and if || f|| < oo, this means that ¢ = 0 and f = 0 a.e. on (0, c0).
Similarly for (—o00,0). So f =0 a.e.

Now to show that (J;c; V; is dense, take f € L*(R) and € > 0. By standard

results on L? functions we have that IN € N and a continuous function g such
that g(t) =0 for |t| > N and ||f — gl]2 < €/2.



Now ¢ is uniformly continuous on [—N, N], so 3j > 0 such that g doesn’t vary
by more than ¢/v/8N on any interval (k/27, (k + 1)/27). Hence there is a step
function h € V; such that

N2 1/2
g — hlls < (/ o dt) =¢/2.
-N

Thus || f — hll2 < € by the triangle inequality, and so |J;., V; is dense.

If f € V; then f(t) is constant for ¢ € (&, EH), for all k € Z.

‘ 277 27
This happens if and only if f(277t) is constant for ¢ € (k,k + 1), for all k, i.e.,
f(279t) e W,
Finally, any function in V; has the form

F@7) =" wdt—k),
k=—0oc0

by Lemma 3.1, and so

k=—o00

(6(2t = k), (2t = 0)) = 270y,

and so clearly (27/2¢(27t — k))xez is an orthonormal basis of V;.

LECTURE 4

Now (V;) provides a multi-resolution approzimation of L*(R), the ‘resolution’
being 277 at the jth level. The best approximation f; € V; to f € L*(R) is given
by

e e}

fi=Pof= > (f,0i) b

k=—o00

where Py, is the orthogonal projection onto V;. Also [Py, f — f|| — 0 as j — oc.

We now want to use the orthonormal bases for the V; to get a grand orthonormal
basis for L*(R).
To do this we introduce the Haar wavelet ¢ given by

¢(t) = ¢<2t) - ¢(2t - 1) = X(0,1/2) (t) - X(1/2,1)(t)-

Clearly ¢ € Vi \ V4.



3.3 Lemma

The functions ¢t — ¢ (t—k), k € Z, form an orthonormal basis of a space W} such
that Vi has the orthogonal decomposition Vi = Vj & W,

Proof:  Clearly (¢(t — k), (t — €)) = oy for all k, ¢ € Z.
Also (¢(t — k), ¢(t — ¢)) = 0 for all k,¢ € Z, since

Yt —k)p(t — k)= (it —k) for each £, and
Yt —k)o(t—1) = 0 for k #¢.

Hence the collection of vectors S = {p(t—k),(t—¢) : k,{ € Z} is an orthonormal
set. In fact it is an orthonormal basis of V;: they all lie in V; and

o(t) + P(t) = 2¢(2t), while ¢(t) — () = ¢(2t — 1), and so

62 —2%k) — %(qﬁ(t—k)Jrz/J(t—k)), and
6@ —2%k—1) = (B(t—k)—w(t—k), ke

Hence the linear span of S includes all the basis vectors of Vj, which is enough
to show that it is an orthonormal basis of V;.

3.4 Lemma
For each j € Z, V41 = V; ® W;, where W, has the orthonormal basis
(2729(2t — k))rez.

Proof: A similar calculation using the fact that f(t) € V; < f(277t) € V.
U
3.5 Theorem

L*R)=.. W ,doW_1®Wy®d W, ® W, @ ... as an orthogonal direct sum;
that is, the functions

Ui(t) =292t — k), jkeZ
form an orthonormal basis of L*(R).

Proof:  Clearly, if ¢ < j and f € W;, g € Wj, then f € Vi31 C V; and so
(f,g) =0, since V; L W,

This implies that if we combine the orthonormal bases from all the W; we get a
sequence that is still orthonormal — but does it give a basis for L?(R)?

LECTURE 5
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Any closed subspace V of L%(R) has an orthogonal complement V=, i.e.,
L*(R) =V & V+, where

VE={fe L’ R): (f,g)=0 forall geV}.

We define the orthogonal projection Py : L?*(R) — V by Py (v + w) = v, where
v eV and w € V*E. Tt is the closest point in V to v + w.
Now,

L*R) = Va1 ® Vi
= V,eW,e Vi,

SO
I = P, + Py, + PVnL+1
= Py, +Pw, + (11— Py,,.),
where [ is the identity mapping. Thus

Py, =Py, , — Py,

n

Now Py, f — fasn — oo, for all f € L*(R), since |J, V, = L*(R). Also,
Py, f — 0asn — —oo, since (), V, = {0}.
Hence

N
Pwv_ye.eme.wnf = Y Pw.f
n=—N

N

= Z (Pvn-H _PVn)f

n=—N

= (PVN+1 _PV—N)fo_O:f
as N — oo. This implies that

PR)=..oW oW i 0oWedoW, oW @....

3.6 Corollary

Every f € L?(R) has a multi-resolution expansion

(e 9] [e.9]

F=0 > (L um)tm

j=—00 k=—00

11



converging in L?(R) norm.

WARNING: Note that [*_t;, = 0 for all j and k. Hence if f € L'(R)NL*(R)

e’} —$2/2 . . . 2
and f_oo f#0 (e.g. e7*/?), then the finite sums in Cor. 3.6 converge in L? norm
but not in L' norm, since

/Oo(f - Z Z Cirthik) = /oo f (constant) # 0,
o Jj=—00 k=—00 —00

whatever (c;;) we take.

Later we construct similar wavelet bases in L*(R) consisting of smoother func-
tions.

4 Band-limited functions and the sampling the-
orem

A function f € L*(R) is said to be time-limited, if there is a T > 0 such that
f(t) =0 a.e. for all [t| > T. It is said to be band-limited, if there is a b > 0 such
that f(w) = 0 a.e. for all |w| > b.

4.1 Definition

Let b > 0. The Paley-Wiener space, PW (b), is the space of all functions
f € L*(R) such that f(w) = 0 for all |w| > b. Also written PW (—b,b).

Note. f can be regarded as lying in L?(—b,b), and also

e (o) ([ )

by the Cauchy-Schwarz inequality. So f € L'(—b,b). This actually implies that
f is continuous and that f(t) — 0 as t — +o0.

4.2 Theorem

If f € PW(b), then f is the restriction to R of a function analytic on the whole
of C (which we also call f), satisfying

)] < (1f e

for z =z + 1y € C.

12



Proof: Define

b A .
f@>:g/jmmeMm

and

Clearly,

7 (2)]

IA

b
/ |f<w)||€27riwz| dw

b
< Nl ol b < |1 flle™

Thus the integral for f converges absolutely, and similarly for g. Also,

/ng@ dz — /0 ’ /_1; (@miw) ()™ du db,

and, changing the order of integration and using Fubini’s theorem, we get that
this is

[ fw) @ =1) au = 1) - f00)

and hence f'(v) = g(v), i.e., f is analytic on C.
U

Functions satisfying such an inequality are said to be of exponential type. There
is a converse, which we don’t prove:

if f is analytic on C such that fr lies in L*(R) and, for some A > 0, we have
|f(2)] < Ae?™ W for all z = 2 + iy € C, then f € PW (b).

4.3 Corollary

A function cannot be both time-limited and band-limited, unless it is identically
Zero.

Proof: If f is analytic on C and f(t) = 0 for all real ¢ with |¢| > T, then f =0
by the principle of isolated zeroes.
O

LECTURE 6

We’re now working towards the sampling theorem for band-limited functions.
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4.4 Lemma

Let f € PW(b). Then
r 1 = mmiw 1 = —nmiw
S et 9 IO

with convergence in the L?(—b,b) norm (and hence in L' also).

Proof:  Since f € L*(—b,b) it has an expansion in terms of the orthonormal
basis functions e,,(w) = =™/ (cf. Theorem 2.2), namely

2

S

f: Z <fa 6m>6ma
and ,
A 1 . . 1 m
L) = —— w)e P oy = —— (——) )
o) = 7= [ fw) =/ (-5
The other identity is obtained on writing n = —m.

4.5 Theorem (Whittaker—Kotel nikov-Shannon)
Let f € PW(b), and write t,, = 5 for n € Z. Then

Z £t 51n27rb —tp)
27rbt—t) ’

n=—oo

converging in L?(R) (i.e., PW (b)) norm, as well as uniformly. (As usual, we give
02 the value 1 at 2 = 0.)

Proof:  Since the Fourier transform preserves L? norms, we can invert (1) to
get

1 n b . ,

- e —nmiw/b 2witw
0 = 5 X () [ et
o0 2mi(t—tn )w b

.

14



which gives the result since
e2milt=tn)b _ o =2milt=tn)b — 9 in 27b(t — t,).
Also, L' convergence in (1) implies uniform convergence of the series for f.
O
For s € R, we shall write k, for the function given by

sin 2wb(t — s)
7(t —s)

ks (t) =

for teR,

with the value 2b at ¢ = s. Then

~

ks(w) _ G_QMSUJX[—b,b](w)-
4.6 Theorem

Let t, = J; for n € Z. Then the functions \/%k:tn, for n € Z, form an orthonormal
basis for PW (b). Moreover,

f(s) = (f, ks for f e PW(b).

Proof: As in Lemma 4.4 we see that the functions
1 ) 1 -
—nmiw/b _ L ne Z,

\/ﬁ \/% tn

form an orthonormal basis for L?(—b, b). Now use the fact that Fourier transforms
preserve norms and inner products. Also,

(k) = (o) = / Fwpemer du = 1(s)

n

Definition. A reproducing kernel Hilbert space is a Hilbert space H consisting
of functions on a set S, such that for each s € S there is a k; € H such that
(f ks)y = f(s) forall fe H.

Examples.

1. PW(b) with k,(t) = S22rbls),

w(t—s)

2. The Hardy space H? of all power series f(z) = > .~ a,2" in the disc
D={zeC: |z] <1}, with

oo

IFIP =D laal® < oo,

n=0

15



and inner product

anby,.

NE

(i anz", i by2") =
n=0 n=0

For w € D we take k,(z) = —=, the Cauchy-Szegi kernel.

1-wz’

Il
o

n

3. The finite-dimensional Hilbert space C™; let S = {1,2,...,n}, so that for
a=(ay,...,a,) we have

a(j) = a; = (a, ;)

for j € S, with e; the jth standard basis vector (all coordinates 0, except
that the jth is 1).

4.7 Proposition

Let H be a reproducing kernel Hilbert space with r.k. ks € H for s € S. Then
for s,t € S we have ky(t) = ki(s). Also ks(s) > 0 unless f(s) =0 for all s € H.

Proof: We have

ks(t) = (ks, ki) = (ke, ks) = Ee(s).
Also ky(s) = (ks ks) = ||ks||?, and k, # 0 unless f(s) = (f,ks) =0 for all f € H.
U

Note in PW (b) we have ky(t) = ki(s) = ko(t — s) (real and symmetric).

LECTURE 7

Remark. The sampling theorem gives a way of reconstructing f from values
f(tn), with t, = g, but is not robust — small errors in measurements can eas-
ily add up. Oversampling helps avoid this problem: since PW (b) C PW (c) for

¢ > b, we can reconstruct f from values f(3:) if we wish.

Construction of a multi-resolution approximation and Littlewood—Paley
wavelets

We take b = £ from now on, and write Vo = PW(1/2). Then V; has an orthonor-
mal basis it — k)
sinm(t —
t t—k)=———= keZ

where @(t) = ko(t) = 22t

i

4.8 Theorem

16



For j € Z, let V; = PW(2771). We have

LV oVl

Also U,z V; = L*(R) and N, V; = {0}. Moreover, for each j, we have
f(t) € Vo <= f(27t) € V;. Finally, V; has an orthonormal basis consisting
of the functions 27/2¢(27t — k), with k € Z.

Proof:  Clearly, the V; are increasing with j. If f € L*(R), then f e LA(R), so
given € > 0 we can pick j such that

/ f)Pdw < €.
|w|>27-1

Then define g € L*(R) by
G(w) = fw)x| 21 21 (w),
so that g € Vj and ||f — ¢|| = If — gl < e. So the union of the Vj is dense.

Also if f € (V}, then f=0ae. for |w| > 277 for each j; letting j — —oo we
have f: 0 a.e.,so f=0a.e.

Now write f;(t) = f(27t), so that
Fw = [ poea
= / F(s)e 2miws/? d—?, with s = 27,
. %
_ L 97
so f € PW(b) < f; € PW(2%D).

Finally, V; has o.n.b.

1 sin27rb(t—2ﬁb) , ,
= 2124(27t — k), keZ),
N St—k). (kD)

where b = 2771 and ¢(t) = $27¢, O

it

Next, as for the Haar wavelet, we seek W; such that V1 = V; & W, (orthogonal),
and a function 1 such that (¢ — k), for k € Z form an o.n.b. for Wy (cf. Lemma
3.3).

17



In the transform space, we want @/3 supported on [—1, 1] and orthogonal to all

functions f in L*(—%,3). So we define

- 1 ifi<jw| <1,
w@oz{ 3 < ful <

0 otherwise.

This means that

1
o(t) = —t(sin 27t — sin 7t) (exercise).
T

4.9 Lemma

The functions ¢ (t) = ¥(t — k) form an orthonormal basis of a space W, such
that Vo & Wy = Vi (an orthogonal direct sum).

Proof:
diw) = [ wle-pe
_ / T @)e T do with a=t— k,
)
Now

. . —-1/2 1 ) ]
<77Z)k7 w€> — +/ 6—27rzwk627rzw€ dw
-1 1/2
1 tE=1,
o ifk£L

Hence the (¢,), and so the (1), are orthonormal.
Also, (¢, 1e) = 0 for all k and ¢ since (¢x, 10¢) = 0, where as usual ¢ (t) = ¢(t—k).

LECTURE 8

Finally, since

11 1 1
L*(-1,1)=L*(—=,2)® L*((-1,—=) U (=,1
(-1.1) = (3, 3) @ L((~1,~5) U (5. 1),
it is sufficient to verify that (i) is an on.b. for L2((—=1,—1) U (£,1)) (we have
already seen that they are orthonormal).
Note that (ex(w))rez = (€217 is an o.n.b. for L2(0,1).

18



Given v € L*((—1,—3) U (3,1)), define 5 € L*(0,1) by

- Y(w—1) f0<w<i
Y(w) = o 2
~(w) if 5 <w <1
Given € > 0 there is an N and a_y,...,ay € C such that
1 N 2
/ J(w) — Z are 2R duw < €
0 k=—N
This equals
-1/2 1 N ' 2
/ —l—/ y(w) — Z are ™R dw,
-1 1/2 N
and so ||y — oV, axtle]l2 < €, as required. O

4.10 Theorem

The functions v, (t) = 2/%2(27t — k),  (j, k € Z), form an orthonormal basis
for L*(R), the Littlewood—Paley wavelets.

Proof: We have done most of this. Note that

LFPR)=..0W_eW,aW, & ...
by Theorem 4.8, where W; has orthonormal basis (2//%)(27t —k)), for k € Z: just
repeat the proof of Theorem 3.5. U

5 Riesz bases and frames

5.1 Definition

A sequence (¢y) is a Hilbert space H is called a Riesz basis for H if
(i) H is the closed linear span of the ¢y;
(ii) there are constants A, B > 0 such that

A (Z |ak|2> < HZ%%HQ <B (Z |ak|2>

for all sequences (az) € €. A similar definition can be made in finite-dimensional
spaces, taking finite sums only, but we are mostly concerned with the infinite-
dimensional case.

Examples.
1. Any orthonormal basis (¢), and then we can take A = B = 1.
2. In C™, any basis {¢1,...,0n}.
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5.2 Theorem

The sequence (¢y) is a Riesz basis for H if and only if there is a bounded invert-
ible linear operator U : H — H such that (U¢y) is an orthonormal basis for H.

Proof: If (U¢y) is an orthonormal basis, then

Y agr = U (ZakU(gbk)), and so
[ < [ Saion] < (Siar)”

IA

Also,

and so

HZ%(U@)H < U] Hzak¢k |
[Saed| < w1 ()"

Conversely, if (¢) is a Riesz basis, then let (¢) be any o.n.b. for H. Define

U:H— Hby
UZ%% = Zakwk

for finite sums. Then

)ZakwkH ! Z%@ ;
HZ%%H < BHZGM/%H’

so that U and U~! are bounded on finite sums. Since the closed linear span of
the (¢x) and (¢x) both equal H, we can extend U to an isomorphism from H to
H. O

and

IN

5.3 Definition

A sequence (¢y) in a Hilbert space H is called a frame, if there are constants
A, B > 0 such that

Allgl* < Y[, o) > < Bllo|* V¢ € H. (2)

Examples.
1. Orthonormal bases, with A = B = 1.
2. Riesz bases, since

S U o) =D . U U =D (U6, = (U )¢l

which can be bounded above by ||(U~1)*||? ||¢||?, and below by ||U*||=2|#]|?.
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However, frames needn’t be linearly independent. If (¢;) is a frame, then adding
in the zero vector, or repeating each vector a variable number < N times, does
not stop it being a frame. Indeed, any finite set spanning C" is a frame in C"
(exercise).

We call the numbers (¢, ¢r) the frame coefficients of ¢ and would like to use
them to reconstruct ¢.

Example 1. (Daubechies-Morlet) Take

2
W) = zr (1 —a?)e ),

V3
the normalized Mexican hat function. Then the functions
Vi) = 277920z — k), (J, k € Z),

form a frame for L?(R) with B/A ~ 1.116. Used in vision analysis, and process-
ing seismic data.

Example 2. (Landau) In PW(b) any set of reproducing kernels &, with
0 <tjp1—t; < % (“uniformly discrete”) forms a frame.

A frame is tight, if A = B, e.g., any orthonormal basis. There are other examples;
e.g., in C2, the set

{01, 02,61} = {(1,()), L —?)}

satisfies

’ 3
> o, o0)l = Slol?
k=1
for all ¢ € C2.

LECTURE 9

From now on we are looking at countably infinite frames in a separable Hilbert
space.

5.4 Theorem

A sequence (¢) in a Hilbert space H is a frame for H if and only if there is a
surjective bounded linear operator T': #2 — H such that

T((ar) = Y apdr  forall (ax) € £
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Proof:  Suppose that T exists, and consider T* : H — (2. Since
(T, (ar)) = (&, T((ar)) = (.Y arde) = @, éx),
we have (T"¢), = (¥, ¢x).

Hence,
D@, o) P = 1T 0> < 1717 (111,

i.e., the upper bound in (2).

Also, T is onto, so by Banach’s open mapping theorem 3C > 0 such that for each
1 € H there is an (ax) such that T'((ax)) = v, and ||(ax)|| < C||2]].

Hence,

(T, (ax)) = (¥, T((ax))) = [1L1* = (@)l 1¥11/C,
so that ||T*y| > [|¢]|/C, and hence

ST, o) 2 > ()22

Thus (¢r) is a frame.

Conversely, if we have a frame (¢y), let U : H — (2 be defined by (U, = (¢, ¢4,
and take T : (> — H to equal U*. Now the image of T is H (check) and

(T((an), ) = (), U) = D ar(dn, ),
so T'((ax)) = 22 axds. O

Recovery. We want a formula recovering 1 from its frame coefficients (1, ¢y).
Consider the operator S = TT*: H — H. Note that S* = (TT*)* =T"T* = S,
i.e., S is self-adjoint.
Also

St =T((W, ¢x) = >_ (¥, dx) b,

and

(S, ) = (TT*, ) = (T, T ) = > (w0, o) > Ally||?,
so that ||S¢|| > Alj1]|, and S is invertible.

Now we have
=SS0 =87 (W, dk)dn = Y (U, dr) o
where ggk = S71¢;.

5.5 Theorem
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The sequence (¢p) = (S~¢y) forms a frame in H, called the dual frame to ().
Moreover, the dual frame to (¢y) is (¢) again.

Proof: We have to calculate

ST = SOUS el = TS )P = (TS 1y, TS ')
= (ST, TT"S ) = (S71, ).

Since S is self-adjoint and invertible, we can say that 3A’, B’ > 0 such that
Alwl* < ST, )] < B'll9]?,

which implies that (¢) forms a frame.

So why is (ggk) the same as (&k)? Well, if T is the frame operator corresponding
to (¢r), then we have

(T )i = (¥, 0) = (&, 5" dn) = (S, ),
so that T* = T*S~ ! ie., T = S~'T and

S=TT* =S 'TT*S ! = 519571 = 51,

Thus ¢, = S~ o = SP1, = ¢x. O
5.6 Theorem
We have ) B4
_ <z
W B+Aﬂ—B+A<L )
and so
- 2 "
1= I— . 4
st =g (- 5ead) g

Proof: Let C denote (A+ B)/2. Then

((S=CDy,y) < (Sy, ) = Clly|?
= (Ty.TY) - ¢l
B—-A
< @-0)lwl = 2 A
But S — CT is self-adjoint, and hence |5 — CI|| < £54, or, equivalently (3).

Now write U =1—S/C, so that ||U|| <1, and (I-U)"' =35> U™, which gives
(4). O

23



Hence, if HI Bt AS H is small, we have a rapidly converging series for S~1. Then
we can use this, since

= (W, ) (ST k) = STV (W, di) i,

giving an inversion formula to recover i from its frame coefficients. Here’s an
estimate for the error.

LECTURE 10

5.7 Corollary
Let R=1— 3255, and o) = 52 SN Ry for k = 1,2, ... Then

o~ o] < (522) " w

Proof:

7~ 2 > n; _ Z(N) N+17
¢k—B+AnZZOR¢k—¢k + R .

Hence

[0 =D w,008|| = [ St 0 mY 10| = 1RV ).
But ||R|| < (B — A)/(B+ A), by Theorem 5.6, and hence the result.

6 Windowed Fourier transforms

Let g(t) be a well-localised function. We’ll assume that g € L*(R), and w.l.o.g.
lgll2 = 1. Usually g is real and non-negative. “Well-localised” means that
f‘t|>T |g|? is small for some small T' > 0.

Examples. (i) g(t) = 7~ Y4 exp(—2/2).
(if) g(t) = { s —1t]) if [t <1,

Let f € L*(R), and write f;(u) = f(u)g(u —t). Then we define

0 otherwise.

flw,t) = fu(w) = /00 e ™ f () g(u — t) du.

—00

This describes the behaviour of f near time ¢ at frequency w.

6.1 Theorem (Time-frequency duality)
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flw,t) = e 2wt f(—¢ w), where the windowed transform of f is formed using
the window g.

Proof: We have

f(w7t) = <f7 gw,t> = <fa gw,t)a

where g, +(u) = ™ g(u — t).

Now,
gw,t(y) — / 6—27riuu627riwug(u _ t) du
= / e‘ZmV(xH)eQ’Tiw(Ht)g(:p) dx, with = =wu—t,
— 6727riut€27riwtg<y - ,w)
So -
Flut) == [ flo)e= G =),
as required. O

Hence if g and § are both well-localised (e.g. g¢(t) = 24 ™ and §(w) =
/g’y then the windowed Fourier transform gives localised behaviour of
both f and f simultaneously. But there is a limitation as to how well we can do.

6.2 Theorem (Heisenberg’s inequality)
For every f € L*(R) we have

o0 1/2 o0 . 1/2 1
([ erara) ([ wfwka) = sk

Comments. In probability and statistics, if f has L? norm equal to 1, then |f|?
and | f|* are probability density functions whose standard deviations satisfy

1
afafz —_—.

Var

In quantum mechanics the uncertainties in measured position and momentum
satisfy
(Az)(Ap) = h/2,

where /i is Planck’s constant.

We get equality if f (and hence f ) is a Gaussian function.
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More generally, for all real ¢y and wy we have, for g € L*(R), that
o0 1/2 o 1/2 1
([ e-wrsora) ([ w-wtswia) = Lok
This can be deduced from the theorem by putting

f(t) — g<t+t0)e—2m’wot’
and

f(w) — g(w + w0)627riwt0 e?ﬁiwoto )

LECTURE 11

Proof of Theorem 6.2: Without loss of generality we may assume that f is
C! and that |f(t)] = O(1/t?) at +oo and |f(w)| = O(1/w?) at +oo. This is a

dense set of functions, and the general case follows by approximation.

Now
12 = / 177

[e.e]

~ [or@]”_ - [ dr@fo - r7w)

— 00 00

on integrating by parts. The first term vanishes, and so

1712 < 2 / EF(0)] 1£(1)] e
< 2t allS

using Cauchy—Schwarz. Now
/ f/(t)ef%riwt dt = [f(t)ef%riwt] iooo + / f<t>2ﬂ,,iw€f2m'wt dt,

again integrating by parts, so that || f/||s = || Ff/|l2 = 27||wf(w)]]s.
Hence

1115 < axlltf (@)llzllwf (w) 2.

The inversion formula.
We write C for ||g|l2.

6.3 Theorem
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flu) = %/ / Flw, t)g(u — t)e*™™* dw dt,

assuming that the integrals converge absolutely.
Proof: Recall that

fe(u) = f(u)g(u—1t) = /OO f(w,t)eQ’”W dw.

Hence
| tgu-ora= [ [ fwgu-emrava. )

Now the LHS of (5) is C?f(u), and hence the result.

Remark 1. By Plancherel’s formula,

1 £, )l ey = /_ /_ | fow)[? du dt
- / / [F(w)Plg(u = )P dudt = | £[3]19]3,

so the windowed Fourier transform gives a linear operator
W : L*(R) — L*(R?)
(which is not surjective), satisfying ||W fls = C|| f||2-

Remark 2. The W.F.T. can be discretized — compute f(mwy, nty) for m,n € Z,
where wy and % are fixed positive real numbers. Then

f(mwo, ntO) = <f7 gmn)a

where ¢y, (u) = e*™™wotg(y —nty), so by the results of Section 5, we get a stable
inversion formula if and only if the (g,,,) form a frame.

It turns out to be necessary, but not sufficient in general, that wgty < 1 (so sam-
pling rapidly enough); for the Gaussian window this is also sufficient (Lyubarskii,
1989).

7 The wavelet transform
We saw in Sections 3 and 4 that for certain functions ¢ € L?*(R) the family
Vir(t) = 29/2(27t — k) with j,k € Z forms an on.b. of L?(R). Here j con-

trols scaling (frequency) and & controls position (time). We now generalize this,
starting with a continuous version of it.
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7.1 Definitions
Let v € L*(R) satisfy the admissibility condition

Cy = /_00 [ w)? dw < 0. (6)

|w]

We write
t —
v =l (120,

for z,y € R with x # 0.
For example, take 1(t) to be the Haar wavelet, so that

@@(w) = % = O(w) as w — 0.

Then ™Y (for x > 0 at least) takes values +1/1/2 on the interval between y and
T +y.

Now define

[y = (o)
= [ roere (SY),
the Wavelet Transform of f.

Note that if ¢ is continuous, then by (6) it must satisfy ¢(0) = 0, i.e.,

RIS

So 1) cannot be a positive function like the Gaussian, but it could be the Mexican
hat function.
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7.2 Theorem
For all f,g € L*(R), we have

/ / f (2,9)9 :vy)dxd = Cy(f, 9)-

Proof:  (Fuller calculations given in lectures.) The LHS above equals

dx dy

12

A= [ Uty (7, g)
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Now

o (w) = x|V 2e 2T (ew),

S0
s~ drdy < L dx
A= [ Fem e T - [ B

where F,(y) denotes the inverse Fourier transform of F,(w) = A( )A( w). Thus

P R R EL L v T B

%0 || —o0 |w]

= Cu(f,9) = Culf, ).

Remark. We can interpret this as saying that

where the integral is taken in a weak sense (i.e., take the inner product of both
sides with any g € L*(R).
In fact, it converges in norm as a vector-valued integral, too, in the sense that

. (o] Q/)xyy
Hf—cgﬂ/ /‘ F () dedy| — 0
ly|<c Ja<|z|<b z

as a — 0, and b, ¢ — co. Proof omitted.

7.3 Corollary
For f € L*(R),

Ig=ct [~ [ 1 wwr e,

i.e., the wavelet transform maps L?*(R) isometrically into a closed subspace H of

L2(R2 dpu), where the measure on R2 is given by du = Zji Zg

Further, H is a reproducing kernel Hilbert space with kernel

k(s,t) (SU, y) = <ws,t7 ,l/}x,y>'

Proof: The first part follows directly from Theorem 7.2, on putting f = g.
For the reproducing kernel properties, note that

Flst) = (£ = (f, 6 ) e

= //fa:y “(afy)dfcjy

= <f, k(s7t)>L2(R2,du)a
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where

k(s,t) (l‘, y) :,lz) s,t(x’ y) = <w37t7 ¢m7y>'
U

Remark. This transform has found applications in the analysis of radar and
sonar data; there are also connections with quantum mechanics and group rep-
resentations.

It is considered superior to the windowed Fourier transform (WFT) because the
WEFT cannot deal efficiently with several scalings/resolutions at once (the “win-
dow” is a fixed size). So the wavelet transform tends to be more efficient.

Discretising the wavelet transform.
For simplicity, assume 1 is an even function, so that ¥*¥ = =¥ and so we only
need to consider x > 0.

Fixa>1and b > 0. For j,k € Z set x = a7 and y = ka=7b. Write

Vi r(t) = ™Y (t) = a?*p(alt — kb),

and consider the products (f, ;).
By the results of Section 5 we know that we can recover f in a robust manner if
and only if the (¢;) form a frame.

It is necessary for ¢ to be admissible, i.e., (6) holds. If this is true and ¢ and @
are “well-behaved” (a complicated condition to do with decay at infinity), then
for a, b sufficiently small we do get a frame. Often, indeed, a = 2 and b = 1 will
work (Daubechies, very technical). To go further, i.e., to get orthonormal bases,
would be nicer still, and we do this in the next section.
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8 Multi-resolution analysis (MRA)

By a multi-resolution analysis, we mean a chain of subspaces of L*(R),

LVocVayacVascVicVo ol

such that |J;.;, V; = L*(R) and ;. V; = {0}.
We also ask that for j,k € Z

o f€Vy < the function t — f(27t) lies in V};

o f ey < the function t — f(t — k) lies in V; and
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e there is a function ¢ € Vj such that (¢y)kez form an o.n.b. of Vy, where

oi(t) = o(t — k).
Then for j € Z the space V; has an orthonormal basis consisting of the functions
oin(t) = 22p(21t — k),  kE€Z
Writing P; for the orthogonal projection onto V;, we have that P;f — f as
j —o0,and Pjf — 0as j — —oo0.
We are seeking a “wavelet” 1 € V; such that
Vir(t) = 2227t — k),  j k€L (7)

form an o.n.b. of LQ(]R).

As in Sections 3 and 4, we write V; ® W; = V;1;, an orthogonal direct sum, i.e.,

W; = {feViu:(fig)=0 VgeV;}
= {feVi: (f,o) =0 VkeZ},

since (¢;k)kez is an o.n.b. of Vj.

By the same arguments as before, once we have a MRA we can deduce that
LFPR)=..oWoW_ oWeoW,oWe ...,

and also f € Wy if and only if ¢ — f(27t) lies in W;.

Finally, we seek a ¢ € W such that (¢ )rez form an o.n.b. for Wy, where ¢y (t) =
(t — k). Then we can conclude that the family (¢;);kez, as in (7), forms an
o.n.b. for L*(R).

8.1 Ezample (Meyer wavelets)

Fix an integer d > 0 and let 6 : [0, 1] — R be a non-negative C¢ function satisfying
0 if uelo,:

and
T

O(u) +6(1 —u) = B

for all u € [0,1]. The way we shall do this is to let P, be an odd polynomial of
degree 2d + 1 satisfying P(1) = 1 and Pk(m) =0form=1,2,...,d (no condition
here if d = 0).

Thus we can take Py(z) = z, and Pi(z) = 3z —

1.3
2 2

I,
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Define |9

Finally we define the “father wavelet” by means of its Fourier transform, taking
¢(w) = cos(f(|w]))  on [-1,1]

and 0 outside that interval. Clearly &5\ € C? and has compact support. This
implies that ¢ is smooth and rapidly-decreasing, in that t¢(t) lies in L?(R).

O(u) =

8.2 Proposition
For any ¢ € L?(R) the orthonormality property

(K, Oe) = Ok

is equivalent to the condition that

=Y dw+k)P=1 ae

k=—o00

Proof: Note that K, if finite, is 1-periodic. Now

R k+1
B = [ Bwran= > [ Gk

k=—00

Z/\¢w+k\2dw—/K

k=—o00

(exchanging the integral sum is O.K. by the monotone convergence theorem, for
example). So K € L'(0,1) and

<¢k’¢€> — ¢k,¢£ / ¢ —27rzk g/g( ) 2milw dw

o Ty e
. 0

which is the (k — ¢)th Fourier coefficient of the 1-periodic function K. We have
orthonormality if and only if this coefficient is ¢y ; this is equivalent to the con-
dition that K =1 a.e.

O

Note that for the Meyer wavelet, we have Y - |gg(w +k)|? = 1; this is obvious

for w € [0,3] U [2,1], as all terms are 0 except for one which is 1. Also, for
w € [3, 2] we get

Kw) = cos?6(w) + cos®0(1 — w)
= cos” O(w) + cos® (g — 9(w)> = cos® O(w) + sin® O(w) =
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We can also identify Vj, or at least its transform 170.
fé‘/}o — f:Zakg/gk, with Z|ak|2<oo
= ]?(w) = Zake_%ikw;ﬁ(w) (Ly convergence)

= [(w) = ¢(w)g(w),

where g is 1-periodic and g|j.1) € L*(0,1).

Likewise, ]?E 17] — f= ggj/g\j, where g; has period 2/ and is locally L?.

Using this, we can see for the Meyer MRA that ), 17] = {0} and m = L*(R).
We next need to construct ¢, and we work towards a general construction of this.

8.3 Proposition

Let (V,,) and ¢ give a MRA of L*(R). Then
(i) I(he)x € £3(Z) with > |hi]? = 1 such that

¢ = hipis.

(ii) There is a 1-periodic function h(t) = Y7 hye?™** (convergence in L?),
such that [|h]|12(1) = 1 and

Z h_khk+2z = 07,0, (eZ).

k=—o00
(iii) A function Y g1 lies in Wy if and only if (gx) € £* and
Z %hk_i_gg = 0, (E c Z)
k=—o00

Proof: (i) Since ¢ € Vy C Vi we may express ¢ in terms of the orthonormal
basis (¢1 x)kez of V1.
(i) The existence and properties of h come straight from Parseval’s identity. Also

o(t) = h2'?p(2t — k)

and

Gt +0) =Y h2 P2t + 20 — ) = hni2'?G(2t = n),
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with n = 7 — 2¢. Now the result follows since

(P_p, ¢ Zhn+2eh = 0y

(iii) A function x = > gr¢1x lies in Wy if and only if (¢_,, x) = 0 for all £ € Z;
the calculation is now similar to (ii) above.
U

The Haar wavelet revisited

We have

and so h(t) = %(1 + 2™,

In this case we defined

SO our two sequences are
(hj) = (...,0,0,

(9;) = (...,0,0 0,...), (8)

I~ - 07
V2 V2
so that (g;) is orthogonal to (h;) and all its translates by an even number of steps.
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Back to the general case

8.4 Proposition
Let h be as above, and consider it as a function in L?(0,1). then
(1)
1 ‘ 1
/ |h(t) 2™ dt = 6o, (0 e Z); and |h(t)]* + |h(t + §)|2 =2 ae.
0

(ii) a function g € L?(0, 1) corresponds to > gr¢1x in Wy if and only if

/JMﬂaB&WHﬁZO (L € 7).

Equivalently,

Mwﬁ5+h@+lmg+

1
=0 .e.
5 ) a.e

2
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We may equivalently write g(t) = A(£)h(t + 3), with A a 1-periodic function such
that A\(£) + A(t + 1) = 0 a.e., or, equivalently

(1) = ¥ u(20)h(t + ),

where p is 1-periodic.

Proof: (i) Note that

1
/ |h(t) |264m€t dt = (Z hk627ri(k+2€)t’ Z hk627rikt>
0 k

k

= Zh_khk—% = 0,0,
A

and so |h(t)|> — 1 is orthogonal to e*™* for each ¢ € Z, i.e., the even-numbered
Fourier coefficients are all zero. Hence h(t)e?*™* has all odd-numbered coefficients
7€ro, SO is %—periodic, that is,

' 1 o
(RO = 1 = (Jh(t + ) = i),

or [h(t)]* =1 = —(|h(t + 3)[* — 1), as required.

(ii) Similarly, h(t)g(t)e*™ is :-periodic, i.e.,

_— T TP
h(t)g(£)e™™ = h(t + )g(t + 5)e™ 2.
Now if h(t + 3) = 0 then h(t) # 0, so g(t) = 0, and we can write g(t) =
A(t)h(t + 1) a.e., with A I-periodic.
Now

h(t)g(t) + h(t + %)g(t + %) = h(t)A()h(t + %) + h(t + %))\(t + %)h(t) =0,

and so we have A(t) + A\(t + 3) = 0 (if A(t + 3) = 0, then we can define A(t) to

ensure this).

This means we can write \(t) = e?™

w(2t) with p 1-periodic.
U

Example. Take u = 1. So g(t) = h(t + 1).
Thus
Z n p2mint _ Zh_k eamk(w%) €2m‘z&7
n k
or g, = (—1)"hy_,. This fits in with the example (8) above.
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8.5 Lemma

With ¢ and h as above we have

o(w) = —=h(w/2)d(w/2).

N

Letting ¥ = Y gn¢1,, where g, = (—1)"h;_,,, so that g(w) = e*™™h(w + 1/2),
we have

~ 1

dw) = 7
Proof:  With ¢ = 3 hyué1 s we have
dri(w) = / Z V2(2t — k)e 2t 4t
= % / Z p(x)e PR qy (z =2t — k)

L~ —miwk
= 5ow/DeT

So g/g( ) = %5(10/2) > he™ ™% with L? convergence, which equals (w/2)$(w/2).
P(w) = J59(w/2)p(w/2).

9(w/2)p(w/2) = —=e™h((w +1)/2)p(w/2).

1
V2

Similarly

U

Another example. R R R
For the Littlewood-Paley wavelet we had ¢ = x(_1/2,1/2), and h(w) = v2¢(2w) /d(w),
which is 1-periodic.

We get that 1(w) = €™ x(1,-1/2)u(1/2,1)(w). By choosing y differently we can
obtain the i) we obtained before.

8.6 Theorem

In the MRA situation of this chapter, let v(w) be 1-periodic and satisfy |v(w)| =1

a.e. Define ¥ by .
b(w) = %V(w)h((w +1)/2)p(w/2).

Then (¢r)rez, given by ¥x(t) = ¥(t — k), generate an o.n.b. for Wy; hence
(¥ 1)jkez, given by 1, () = 27/%)(27 — k), form an orthonormal basis for L*(R).

LECTURE 16
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9 Spline wavelets and compactly-supported wavelets

9.1 Definition

Suppose that ay < a; < ... < ay are real and that n > 1. A spline func-
tion of degree n, with knots at ao, . .., ay is a function f : [ag, ay] — R such that
f € C" agy,ay] and Jilaj.a;41) 18 @ polynomial of degree n for each 0 < 7 < N —1.

So for n = 1 these functions are piecewise linear, for n = 2 piecewise quadratic
with continuous derivative, and so on.

We also allow n = 0, when we simply have a step function that can only jump at
the knots.

These are of use in approximation and interpolation schemes. Certain basis func-
tions are known as B-splines. In particular for n = 0 we see an obvious link with
the space Vj used for constructing Haar wavelets.

To correspond to the case n = 1 we define

1—|z| for0< |z <1,
W):{ 2] for 0< || <

0 otherwise.

Now if f is a degree-1 spline with knots in 7Z, it can be written in terms of ¢,
where as usual ¢ (t) = ¢(t — k).

The Battle-Lemarié construction produces wavelets using this ¢, and similar
basis functions.

9.2 Proposition
With ¢ as above we have:

(1)

By = ()’

(i
B(r) = 56(20 +1) + 6(20) + Zo(2r ~ 1),

ie.,
¢ =Y hgpry, where hoy = hy = 2—\1/5, and hy = %, and the rest 0; as usual
Gik(t) = 220(2t — k).
(iii)
K(w) = i |o(w + k)2 = 2 + 1costu.
Pt 3 3
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Proof:  We leave parts (i) and (ii) as exercises. For (iii), note that K is a
period-1 function whose mth Fourier coefficient is (¢, ¢,,), as in the proof of

(8.2).

Now . )
(6tn) =2 [ (1=w)dr =2,

and

1
1
(6,61) = (B 61) = / (1 awdr =1,
0
with all other inner products zero, so

2 1., 1 4 2 1
K(w) = 3 + 662”“" + ée’mw =3 + 3 o8 2mw.

n

In general, it is possible to construct similar smoother ¢ that is a finite linear
combination on translates, and with

~ . sin 7w\ "™
¢(w) —e mTrw ( ) ,

w

where r = 0 for N odd and r = 1 for N even.
Problem: in general ¢ is not a “father wavelet”, as the translates of ¢ are not
orthonormal, except in the case n = 0.

9.3 Theorem (the orthonormalization theorem)

Let ¢ € L*(R) be such that for some constants A, B > 0 the function

satisfies 0 < A < K(w) < B for almost all w € R. Then the family (¢x)rez
forms a Riesz basis for its closed linear span Vj, and an orthonormal basis can be
obtained by taking the functions ((bﬁk) rez defined by

o (w) = (w)/ K (w)'2,

and ¢} (t) = ¢*(t — k).
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Proof: We calculate

2

0 phtl 2
- Z / 2016_2’”11" ’gb(w) dw
k=—00 l
2
—27rilw ¢(w+k:)} dw

k=—o00

1
/ chef%rilw U}) dw

0|

Thus

2
< BZ |aif?,
2 l

AY el <
l

and it’s a Riesz basis.
Now, repeating the calculation with ¢* we get an orthonormal sequence (i.e., the
same with A = B = 1), since

Z o
I

We should remark that (¢;) and (¢f) have the same closed linear span, since

vh, v € L*(0,1), extended 1-periodically}
= Vlgbﬁ vi € L*(0,1), extended 1-periodically},

Vo = {fel*R):
= {fel*R):

f=
f=
with 1 = Kv. See also (8.6).

For the Battle-Lemarié example, with n = 1 we have

(Bj<w):(sinﬂw)2(2 1 1

Tw 2+ 5 cos2mw) /2

Now ¢* is still a spline, but no longer compactly supported. It does have exponen-
tial decay, however. 1}, consists of all continuous L? functions that are piecewise
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linear on every [n,n + 1]. We could now work out 1) as in Section 8, but it gets
very complicated.

LECTURE 17

Compactly-supported wavelets
For good localization we would like wavelets which decrease rapidly as |t| — oo.
The following result links the behaviour of f and f.

9.4 Proposition
(i) Suppose that f, f, ..., f™ are all L'(R) functions (so that in fact f, f,..., f®~Y

~

are all absolutely continuous as well). Then f(w) = O(|w|™) as |w| — oc.

(ii) Suppose that f(w) = O(|w|™) as |w| — oco. Then f is C" 2.
(iii) Parts (i) and (ii) hold if we swap the roles of f and f.

Proof: (i)

=)

w = [ rwe

1 & ‘
— / f/(t)ef%rzwt dt

2miw

1 > A
_ / f(n) (t)e—Qmwt dt,

(2miw)™

integrating by parts repeatedly. Then since f € L', the final integral is
bounded independently of w so | f(w)| < || f™|1/(27|w|)".

(i)
£(t) = / Flw)erot du,

We may differentiate under the integral sign as everything is absolutely conver-
gent, and so

Fm () = /_oo f(w)(me)me%im dw,

~

at least for 1 < m < n —2. Moreover, f(w)(2miw)" 2 lies in L'(R), and so f™~2)
is continuous.

(iii) Easy, since /];(t) = f(-1).

9.5 Corollary
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If fis C* with all derivatives in L'(R), then fdecreases more rapidly than any
power of w. Likewise, if f decreases rapidly, then f € C°.

Properties of particular wavelets

Wavelet Properties of () Properties of 1 (w)
Haar Compact support, discontinuous O(1/w), C*
Littlewood—Paley O(1/t), C*> Compact support, discontinuous
Meyer Rapidly-decreasing, C'*° Compact support, can be C'*
Battle-Lemarié Rapidly-decreasing, C* O(1/w*), C>
Daubechies Compact support, C* O(1/w*), C>=

Here k is arbitrarily large, but finite.

What is not possible is for both ¢ and ¢ to have compact support, since a function
f and its transform f cannot both be time-limited.

Also we can’t have ¢ being C'* with exponential decay if the (1) form an or-
thonormal basis. We can if they form a frame (e.g., Mexican hat).

Construction of Daubechies wavelets (sketch)

Recall that we had, in Section 8, the notation

¢ = > b,
hit) = Y hpe”™™,

o(w) = —=h(w/2)d(w/2),

Y = > grdix,  with

gk = hk(=1),
|R(t)]? + |h(t+1/2)]* = 2 (orthonormality of (¢)).

9.6 Proposition

Suppose that ¢ is a compactly-supported function, 5(0) = 0, that ¢ generates a
MRA (V}), and (¢x) is an o.n.b. for V4. Then h(t) is a trigonometric polynomial
in t, h(0) = v/2, and 1 is also compactly-supported.

Proof: Since ¢ and ¢, ;, are compactly-supported, it’s clear that only finitely-
many ¢, have supports meeting supp ¢, so hy = 0 for all but finitely-many
k.

Also ¢(w) = %h(w/Q)gb(w/Q); put w = 0 and we see that h(0) = /2.

Finally, gr = hy_x(—1)* # 0 for only finitely-many k and so ¢ = > grg14 is
compactly-supported as each ¢y is. O
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9.7 Proposition
The scaling function h determines ¢ (up to a constant) by the identity

3(w) = 3(0) mﬁ (5htw/z).

Proof:  Since h(0) = v/2 and h is a trigonometric polynomial, we have
h(w/2™) = h(0) + S H(©),

for some 0 < & < w/2™. Thus there is a constant C' > 0 such that
' h(w/2™) —1' < Cw/2™

for all |w| < 1.

Now an infinite product []a,, “converges absolutely” when " |loga,,| < oo, or
equivalently > (1 — |a,|) < co. We apply this idea with a,, = %h(w/Zm).

So

) = Jhtw/2)d(w/2)
= Ll;[l 12 w/2m] </b\(w/2") for n=1,2,....
Letting n — oo and noting that gb(w/Z”) — 5(0), we have the result. O

9.8 Construction

We take h to be given by h(w) = v2P(e*™™), with P a polynomial of degree

2N —1; here N > 1 is a fixed integer.

If we have |P(2)|* + |P(—z)|*> = 1 whenever |z| = 1, then, with z = exp(2miw),

we will have h(w) = v2P(z) and h(w + 1/2) = V2P (—2), so we will obtain
[h(w)[* + [h(w + 1/2)[* =

which is one of the necessary conditions.

We shall choose N
1
P = (55) we,

with degW = N — 1. Thus P(—1) = 0 and we will take P(1) = 1 by making
W) =1.
This property leads to smoothness of ¢ (details omitted).
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9.9 Proposition

For N = 1 the construction produces P(z) = (1+2)/2, and |P(2)]*+|P(—2)|* =1
for |z| = 1.

Then h(w) = J5(1 + €*™), the scaling function for the Haar wavelet.

Proof: W is degree 0, hence constant, so W = W (1) = 1. It is easy to verify

that
1
‘ 2 | cos Tw, and
2
1—-=2 )
’ = |sin7w|,
2

for z = exp(2miw). Thus |P(2)|? + |P(—2)]*> = 1, and the remainder of the
calculation is straightforward. O

9.10 Theorem (Strichartz, 1993)
Let C(2) = cosmw = (22 +z1/2)/2 and S(z) = sinmw = (/2 — 2'/2)/2i. Then

2N—-1

2N —1
1= C4N—2—2k5«2k;
N R

k=0

and if |P(2)|? equals the sum of the first N terms, then P satisfies the conditions
of Construction 9.8.

Proof: The first identity is just what we get on expanding 1 = (C? + §2)2N -1
by the binomial theorem.

Now if
N—1

Pz 2 _ <2N - 1) C4N7272k:52k’

Per=3 (7,
which is non-negative since all its terms are non-negative, then the transformation
z +— —z corresponds to w — w+1/2 (modulo 1); thus C(—z) = cosm(w+1/2) =
—S(2) and S(—z) =sin7(w + 1/2) = C(2).
Thus, with £ = 2N — 1 — k below, we get

N-1

2N —1 o
|P(—2)|2 _ Z( " )S4N 2 QkCQk
k=0
2N—-1
_ Z <2N_ 1) G2t AN—2-2¢
{=N ¢
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and indeed

2N—1
2N —1
2 2 AN —2—-2k o2k
|P<z)| —l—‘P(—z)| = kgo ( I )C S =1.

t

Note that 2 = —1 is when w = 1/2 and C = 0, and |P(z)|? has a zero of degree
AN — 2 —2(N — 1) = 2N there, so P will have a zero of degree V.

Example. N = 2.

N-1
‘P(Z)‘Q _ Z (QNk_ 1>C4N22k52k
k=0

1
_ 3 6—2k o2k
= X (J)erms
k=0

= C°+43Cs?

4
_ '”Z (C? + 352).

We now need to do a spectral factorization, choose W a polynomial of degree 1
with W(1) = 1 such that

(W (e™)|? = C? +35% =1+ 25% = 2 — cos 27w,

or _
z+z

WP =2- 2

when |z| = 1.

We try W (z) = a + bz with a,b real, so that |W(z2)|*> = (a + bz)(a + bZ), and
hence 2 = a? + b? and —3 = ab. Alsoa+b=W(1)=1.

The solution to these equations is

P(2) :%(122)2 (04 VE) + (15 VE):].

9.11 Final details

P determines h, and h determines gg and hence ¢, by Prop. 9.7. Using the coef-
ficients of h we can now obtain 1 too.

Details that we have omitted.
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1. ¢ is compactly-supported — the idea is to show that the infinite product
defining ¢ produces an entire function lying in a suitable Paley—Wiener
space, and hence ¢ itself has compact support contained in [0,2N — 1].

2. The continuity and differentiability properties of ¢ and 1 are also to do
with the properties of ¢.

3. We need to do a spectral factorization to obtain the higher-order wavelets.
This requires the Fejér-Riesz theorem which says they exist. Can be done
algebraically for N < 3, and numerically /iteratively beyond that.

THE END
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