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Radical Banach algebras

Definition
A commutative Banach algebra R is radical if it satisfies any
one of the following equivalent conditions:

I every homomorphism φ : R → C is zero;
I λ1− a is invertible in R] for every a ∈ R and λ ∈ C \ {0};
I the only maximal proper ideal in R] is R itself; and
I limn→∞ ‖an‖1/n = 0 for every a ∈ R.

The spectrum of an operator is a feature of the algebra it
generates. Radical algebras are precisely those about which
spectral methods say nothing.
How might radical algebras be analysed?

Radical Banach Algebras and Automatic Continuity ,
Proceedings of conference at Long Beach 1981.
Springer Lecture Notes 975.
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I Let w : N→ R+ be a submultiplicative radical weight, i.e.,
wm+n ≤ wmwn and limn→∞w1/n

n = 0. Then

`1(N,w) =
{

f = (fn) ∈ CN : ‖f‖ =
∑∞

n=1 |fn|wn <∞
}

is a radical Banach algebra under the convolution product

(f ∗ g)n =
∑n

k=1 fn−kgk , (f ,g ∈ `1(N,w)).

I Let w : R+ → R+ be a submultiplicative, radical weight.

L1(R,w) =
{

f ∈ Lloc(R+) : ‖f‖ =
∫∞

0 |f (t)|w(t)dt <∞
}

is a radical algebra under the convolution product.
I The Volterra algebra is

V = L1(0,1) with the product (f ∗g)(x) =
∫ x

0 f (x − t)g(t)dt .
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A Question

H.G. Dales: Suppose that w = (wn) is a radical weight.
Is there f ∈ L1(0,1) such that wn = ‖f ∗n‖1 for every n ∈ N?

Answer: No. (Ideas of W. G. Bade, Dales and K. B. Laursen.)

Definition
The weight w = (wn) is regulated at k if limn→∞wn+k/wn = 0.

Definition
The element a ∈ A is compact if the operation of multiplication
by a is compact.

Proposition
The set of compact elements of `1(N,w) is the standard ideal

Ik =
{

f ∈ `1(N,w) : fn = 0 if n < k
}
,

where k is the smallest number at which w is regulated.
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Answers

Proposition (W.)
Let wn = ‖f ∗n‖1 for some f ∈ L1(0,1). Then w is either
regulated at 1 or is not regulated at k for any k .

Proposition (M. Solovej)
Let wn = ‖f ∗n‖1 for some f ∈ L1(0,1). Then w is regulated at 1.

Both arguments use algebraic properties of V to establish an
analytic statement about w = (‖f ∗n‖1).
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General questions

Suppose that R is a radical Banach algebra in which
multiplication is compact.

I Must (‖an‖) be regulated at 1 for every a ∈ R?
I If not, what can be said about multipliers in the strong

operator closure of
(

an

‖an‖

)
?

I Can the identity operator be in the strong operator closure
of
(

an

‖an‖

)
?

Proposition
Let A be a Banach algebra in which multiplication by every
a ∈ A is compact and such that there is s ∈ A with C[s]− = A
and a subsequence of

(
sn

‖sn‖

)
is a b.a.i. for A.

Then A is either isomorphic to Cn for some n or is radical.
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A construction

Idea for construction: define a norm on sC[s] such that
I ‖ · ‖ is an algebra norm for polynomial multiplication;
I multiplication by a is compact for every a in the completion;

and
I
∥∥snk+1/‖snk‖ − s

∥∥→ 0 as k →∞ for some increasing
sequence (nk ) of integers.

More details: choose a basis (pi(s))
∞
i=1 for sC[s] and, defining

‖ · ‖ to be the `1-norm for this basis, arrange that
I ‖pi(s)pj(s)‖ ≤ 1 for all i , j ≥ 1;
I there are numbers λi ∈ [0,1] such that ‖spi(s)− λis‖ → 0

as i →∞; and
I there is an increasing sequence (nk ) of integers such that∥∥snk+1/‖snk‖ − s

∥∥→ 0 as k →∞.
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Further properties of R
Charles used rapidly increasing sequences to construct the
example, which was included in a joint paper with R. Loy and
V. Runde.
In the same paper it is shown that the algebra R constructed is

I weakly amenable and
I an integral domain.

In a subsequent paper, joint with F. Ghahramani, it was shown
that

I the lattice of closed ideals in R is isomorphic to [0,1].
More rapidly increasing sequences are introduced into the
construction.
The idea is to approximate the nilpotent finite shift on Cn

within R and use that the invariant subspaces of this shift are
linearly ordered. Operators whose invariant subspaces are
linearly ordered are called unicellular.
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