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Riemann—Lebesgue lemma for Fourier series. If f : R — C is continuous and 27-
periodic, then f(n) — 0 as n — oc.

Uniqueness theorem. If f, g are continuous and 27-periodic with f(n) = g(n) for all
n € Z, then f = g.

Approzimation (1). For any f : R — C continuous and 27-periodic and € > 0 there is
a trigonometric polynomial p such that |f(x) — p(z)| < € for all . (The trigonometric
polynomials are dense in the continuous periodic functions.)

Approximation (2). For any continuous f : [a,b] — C and € > 0 there is a polynomial ¢
(in the usual sense) such that | f(z)—q(x)| < € on [a,b]. (The Weierstrass approximation
theorem: the polynomials are dense in the continuous functions on [a, b].)

Complex inner wer product notation. For f . g, Riemann integrable on [a,b] define (f, g) =
f f(x)g(z)dxr and ||f||* = f 2)|*dz. Then the inner prod-

uct is hnear in the first argument Conjugate Symmetrlc and conjugate-linear in the

second argument. Write e,(z) = €™* n € Z. Note that (f,e,) = f(n), and

sk(f) = Snep(fren)en.

Mean square convergence. For f : R — C continuous we have ||f — sk (f)

k — oo.
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Properties of the (ey,). Hzn——k cnenll =>0_ 4 lenl®

(i) ||/ = S wtfsenden||” = 1712 = Sho i 14 en) 2
Bessel’s inequality. Zn__k If(n)|? < % ffﬂ |f(z)|?dz, so if f is square-integrable
then 3200 [f(n)]* <

Best approxzimation. For any scalars (¢,,), we have

2 2
k k k :
= cenenll =\[f = {fren)en|| + > 1 len — (f.en)|>. Thus taking
¢n = (f, e,) minimizes the mean-square error.
Parseval’s identity. For f continuous, 27-periodic, ) ., |f( )2 = 27r f |f(2)]? da.
Absolutely convergent Fourier series. Parseval implies a stronger result, namely, every
f that is C! has an a.c.F.s.

Gibbs phenomenon. For the sawtooth function f(z) =z on (—m, 7|, (sp.f)(m —7/k) —
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Du Bois Reymond theorem. There is a continuous 2m-periodic function such that
sk f does not converge at 0, indeed the sequence of values is unbounded Note that

(Skf)( )—f Dk( == 27Tf f Dk( )dt and 27Tf |Dk( )|d£€> lnk

Fourier transforms. Assume always that f (x)]dz < oo, and that f is Rie-

mann integrable over every finite interval, 1mp1ylng that f o f(x) dx converges. Define

= [ f(@)e ™7 dx for w € R.
Important examples. If f(z) = e, then f(w) = /e /4. If f(z) = X[-1,1](%), then
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N . 2 sin w fw;éO
w) = 2sincw = w 1 )
J(w) {2 if w=0.

Linearity. (af +bg) (w) = af(w) + bg(w) for a, b € C.

Translations and dilations. Let (T, f)(z) = f(z — a) and (Dyf)(z) = f(z/b) for a € R
and b > 0. Then (T,f)"(w) = e~ iaw f(w) and (Dyf)"(w )_bf(bw).

So for f(z) = e * /¢ with ¢ > 0 we get f( ) = /meem /4,

Properties of f. We have | f(w)| < f )| dz. Also f is continuous.

Riemann—Lebesgue lemma for tmnsforms: f(w) — 0 as |w| — oo.
Transform of derivatives. If f is C* and [, |f'| < oo, then (f')"(w) = iwf(w). Thus
there is a constant C' > 0 such that |f(w)| < C’/|w|.

A

Inverse Fourier transform. g(z) = 27r f " dw = g(Q—Wx)

Convolution. If [, |f| < co and g is bounded, let ( = [T f(t)g(z —t)dt.

Kernels. Let K1 : R — R be continuous, nonnegatlve, with total mtegral 1 and
s.t. 3C > 0 with Kq(z) < Example K;(z) = ﬁe‘mz. Define
K, () = mKy(mz). Then K,, * f — f pointwise and K,,(w) — 1 for all w.

Fourier’s inversion theorem. If f : R — C is continuous, [ |f| < co and [, |f| < oo,

then f(z) = 271' [ fw)e™dw, ie., (f) = f.
Uniqueness theorem. Take f, g continuous, [, |f], [g g < co. If f =g then f =g.

Transforms of convolutions. If g bounded, then (f % g)" = fq.
Plancherel’s theorem. If fR |f| < oo and [; |f|* < oo, then

ffooo|f( 2da = Qﬁf w)|? dw.
Schwartz class S. This is the class of all infinitely differentiable functions f : R — C
such that every derivative is rapidly decreasing: for all n, k, there is C), > 0 such that

(n) (4 C

Now if fR \x|| f )\ dx < 0o, we have f differentiable, and
=— f iz f(z)e™ "% dx. This is used to show that the Fourier transform is a
Imear leeCtIOIl from S to itself.

Dirac delta function. Define 6,(f) = f(a) for f € S; § = dp is a distribution, a linear
mapping from S to C, and its nth derivative 5™ can be interpreted as 5(”)(f) =
(=)™ f(™)(0). In a precise sense, the Fourier transform of (™ is (iw)"; the transform
of § is identically 1.

- for all z € R. Example: e MQ, a > 0.

The Whittaker—Kotel nikov—Shannon sampling theorem. Suppose that f is AC'l and
vanishes outside [T, T]. Let § satisfy 0 < 6 < 7/T. If ¢ : R — R is C! with ¢ =1 on
=T, T7, 0 outside [—m/d, /8], then f(z) =46 .~ __ f(nd)e(x — nd).

Foum'enr transforms in R™. f(w) = Jan f(x)e™™*dx. Inversion theorem: f(x) =
(%) Jon F(W)e™ > dw, if f is continuous and [y, |f| and [y, |f] are both finite. Par-
0* f

tial derivatives: aa—af; has transform w;kf( ), and so the Laplacian V2f = >")'_, 022

has transform —||w||2f(w); hence there are applications to solving PDEs.



