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Please let me know of any errors, omissions or obscurities.

Vector spaces. We are given a field F' of scalars (R, C, or Fy, which is the set {0, 1}
where we have the usual rules for arithmetical operations except that 1 + 1 = 0) and
a set V of vectors. Vectors can be added to each other and multiplied by scalars.
Axioms: u+v=v+u, (u+v)+w=u+(v+w),u+0=0+u=u,u+(—u) =0,
a(u+v) =au+av, (a+b)u = au+bu, (ab)u = a(bu) and lu = u. For example, F™.
Subspaces. A subset W C V is a subspace if it is also a vector space. This means that
0 € W and W is closed under addition and scalar multiplication. The intersection of
subspaces is a subspace.

The smallest subspace containing a set S is the linear span span(S) or lin(.S), consisting
of all linear combinations a1s; + ...+ a,s, of elements of S.

Sum of two subspaces. U + W is the set of all u + w where u € U and w € W, the
smallest subspace containing U and W. If UNW = {0} then we write U + W as
U @& W, the direct sum and everything in it can be written as u + w in a unique way.
Spanning and Independence. vy, ..., v, span V if every v € V is a linear combination
VvV = a;vy + -+ + a,v,. They are linearly independent if the only linear combination
a1vy + - -+ a,v, which is 0 is with ¢; = --- = a,, = 0.

Bases. A basis of V' is a set which spans and is linearly independent, so that everything
in V is a linear combination in a unique way. If {vy,...,vx} is an independent set
and {uy,...,u,} is a spanning set, then n > k, and we can replace k elements of the
second set by the elements from the first set to get a set which still spans.
Dimension. All bases of a space V have the same number of elements, the dimension
of V', n, say. If a set has more than n elements it cannot be independent; if it has fewer
than n elements, it cannot span. If it has exactly n elements and is independent, then
it is automatically a basis.

Any independent set (e.g. a basis for a subspace) can be extended to a basis for the
whole space by adding further independent vectors. So, if V' is finite-dimensional and
U is a subspace, then there is a complement W (generally not unique) with U W = V.
Any spanning set can be reduced to a basis by dropping vectors depending on earlier
ones.

Linear transformations (or maps, or mappings). T : U — V is linear if it satisfies
T(u; + uy) = T(uy) + T(uz) and T(au) = aT'(u). Example: T : F™" — F™, left
multiplication of a column vector by an m x n matrix A.

Rank and nullity. The image or range of T is ImT = {T(u) : u € U}, and is a
subspace of V' of dimension r(T"), the rank. The kernel or null space of T is Ker T =
{ue U :T(u) =0}, and is a subspace of U of dimension n(T"), the nullity. Theorem:
r(T) +n(T) = dimU. Proof: take a basis {wy,...,wy} for Ker T, extend to a basis
for U by adding in {ug1,...,u,}, and check that {T'(ugy1),...,7T(u,)} is a basis for
ImT. (*)



Coordinates. If {vy,..., v, }isabasisof V and v =a1vi+...+a,V,y,, thenay, ... apn,
are the coordinates of v with respect to this basis.

Fixing bases uy, ..., u, and vy, ..., v,, for U and V means that T': U — V corresponds
to a unique m x n matrix A = (a;;), where T'(w;) = >, a;;v;, giving the ith column
of A. If u € U has coordinates xy, ..., x, then T'(u) € V has coordinates yi, ..., Ym,
where y; = Z?Zl a;jr;, which is the same as y = Ax, where x and y are written as
column vectors.

Canonical form under equivalence. We can find bases such that the linear map has the

block matrix form <g g), where r is the rank and [, is an identity matrix of size

r. Indeed we take {uy1,...,u,, Wi, ..., Wi} as a basis for U (as in (*) above). For V
we take {T(uy41),...,T(u,)} and extend it to a basis for V.

Composition of mappings. Given T : U — V, S : V — W linear then ST : U — W is
also linear; if the same bases are used both times, then the matrix of ST"is the product
of the matrices for S and T

Isomorphisms. These are maps T' : U — V of vector spaces for which there is an
inverse 77! : V — U with T7'T = Iy and TT~! = Iy, identity mappings. The spaces
are then isomorphic. This only happens if dimU = dim V. If T has the matrix A with
respect to some basis, then the matrix of 7! (with the same bases) will be A~
Change of basis. If A represents T' with respect to some given bases, then by changing
both bases we get B = Q AP, where P is the matrix of the identity mapping on U,
i.e., expresses the new basis in terms of the old one. Similarly for @ with V. (**)
Equivalence. We call two m x n matrices A and B equivalent, if B = Q= ' AP for some
nonsingular P and @), and write A = B. It’s an equivalence relation, i.e., (i) A = A, (ii)
A=B = B=A, and (iii) A= B, B=C = A= C. As a result the set of matrices
is divided up into disjoint subsets (equivalence classes), and A = B if and only if they
are in the same class. Each class contains exactly one matrix in canonical form under
equivalence.

Mappings from a space to itself. Let T : V — V be represented by a matrix A using one
basis {vi,...,v,}. If instead we use the basis {v],..., v} }, then T is represented by
B = P~'AP for some P, (since Q = P in the theorem (**)) and also v} = 7" | pi;v;.
Stmilar matrices. Two nxn matrices A and B are similar or conjugate if they represent
the same linear map w.r.t. possibly different bases, i.e., B = P !AP. We write this
A ~ B. Similarity is also an equivalence relation.

Figenvectors and eigenvalues. For T : V' — V linear, if we have T'(v) = A\v, where
v # 0, then v € V is an eigenvector and A € F' is an eigenvalue. Similarly for
matrices, with Ax = Ax. Eigenvalues \ are roots of the characteristic equation x(t) =0
where x(t) = det(A — tI), a polynomial of degree n. Similar matrices have the same
characteristic equation, and so the same eigenvalues. If A represents T' using some
basis, then A and T have the same eigenvalues.
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Diagonalisability. The linear mapping T : V' — V is diagonalisable if we can find a
basis of eigenvectors, so that T is represented by a diagonal matrix using this basis.
For a matrix A this means that there exists P s.t. P~'AP = B, diagonal. Problems
arise if we work with real scalars and some eigenvalues are not real. Even over C there
8 (1)) (Why?)

Distinct eigenvalues. Eigenvectors corresponding to distinct eigenvalues are linearly

are non-diagonalisable matrices, such as

independent, so if there are no repeated eigenvalues (and they are all in F') then the
transformation /matrix is diagonalisable.

Polynomials. The Cayley—Hamilton theorem says that x(A) = 0. The minimum or
minimal polynomial is the unique monic polynomial y(¢) of minimal degree s.t. u(A) =
0. All other such polynomials are multiples of it, so u(t) divides x(¢) exactly. Every
eigenvalue is a root of y. Similar matrices have the same minimum polynomial, and A
is diagonalisable if and only if x has no repeated roots.

Jordan canonical (or normal) form. First, a Jordan block matrix is a square matrix

vy (M0 (oAt o
like (M), ( ), 0 X 1], , etc., with As on the diagonal and
0 A 00 X\ 0 0 XA 1
0 0 0 A
1s just above it. If T" is represented by a Jordan block matrix using a basis {vy,...,v,},
then (T'—A\I)vy = vj_q for k = 1,... n, where we write v = 0. So vy is an eigenvector,

and we have a chain of generalized eigenvectors, satisfying (T — M )*v;, = 0 for each
k > 1. Similar definitions hold for n x n matrices.

Now a square matrix A is in JCF if it consists of Jordan block matrices strung out
along the diagonal, otherwise zero. The diagonal entries are the eigenvalues.

Theorem. If A is a complex n X n matrix, it is similar to a matrix in JCF, unique up
to re-ordering of the blocks. If it has real entries the same is true (over the real field)
provided that the eigenvalues are all real.

From JCF we can deduce Cayley—Hamilton, since if A is a block matrix with blocks B;
and p is a polynomial, then p(A) has blocks p(B;). But for a Jordan block B; of size
k x k with eigenvalue A we have (B — A\ )* = O. So we get the result for matrices in
JCF and hence for all square matrices.

Finally, if no eigenvalue has multiplicity greater than 3, then we can deduce the JCF
knowing the characteristic and minimum polynomials: for we have the following possi-
bilities for blocks: 1, 2, 1+1, 3, 2+1, 14+1+1) and x has degree in A equal to the total
sizes of the blocks, whereas u has degree equal to the size of the biggest block.

The number of blocks corresponding to A is the dimension of the eigenspace Ker(T'—\1).
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