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1 Introduction

Let G be a locally compact group, with left Haar measure m, and let L1(G)
be the group algebra of G, so that L1(G) is the Banach algebra of all inte-
grable functions on G, with the norm ‖ · ‖1 specified by

‖f‖1 =

∫
G

|f(t)| dm(t) (f ∈ L1(G)) , (1.1)

and equipped with the convolution product ? , where

(f ? g)(t) =

∫
G

f(s)g(s−1t) dm(s) (t ∈ G)

for each f, g ∈ L 1(G). For the theory of this Banach algebra, see [8], [14],
[17], and [2, §3.3], for example.

There are many standard left (and right) Banach L1(G)-modules. Here
we determine when these modules have certain well-known homological
properties; we shall summarize some known results, and establish various
new ones. In fact, we are seeking to characterize the locally compact groups
G such that various modules are, respectively, projective, injective, and flat.
Our conclusions are summarized in a table at the end of the paper.

∗This paper was written whilst the second author held a Royal Society Fellowship at
the University of Leeds. We acknowledge with thanks this financial support. We are also
grateful to Professor A. Ya. Helemskii for some comments on a draft of the article. These
comments were made during a visit of Professor Helemskii to Leeds; we are grateful to
the London Mathematical Society for their support of this visit.
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First, we recall the definitions and basic relationships of the standard
homological properties that we shall consider; for full details and proofs, see
[7].

Let A be an algebra. A character on A is a non-zero homomorphism
from A onto C. Each character on a Banach algebra is continuous.

Let A be an algebra, and let E be a left A-module. Then E is faithful
if, for each x ∈ E \ {0}, there exists a ∈ A with a · x 6= 0. We set

A · E = {a · x : a ∈ A, x ∈ E}

and
AE = lin A · E ,

the linear span of A · E.
Let A be a Banach algebra, and denote by A−mod, by mod−A, and

by A−mod−A the categories of Banach left A-modules, of Banach right
A-modules, and of Banach A-bimodules, respectively. Also, we denote by
A−unmod the category of unital Banach left A-modules, etc. (These classes
of modules are defined in [7, 0, §3.2] and [2, Definition 2.6.1].) For example,
let A be a closed subalgebra of a Banach algebra B. Then it is immediate
that B ∈ A−mod−A in an obvious way. Suppose that A is a Banach algebra
and that E ∈ A−mod. Then E is essential if AE = E. In the case where A
has a bounded approximate identity, then in fact AE = A · E [2, Corollary
2.9.26]; in particular, A[2] = A, where A[2] = A · A. We use similar notation
when E ∈ mod−A and E ∈ A−mod−A; we say that E ∈ A−mod−A is
essential if AE = EA = E.

The dual of a Banach space E is denoted by E ′. Let E ∈ A−mod. Then
E ′ ∈ mod−A is the dual module of E, with the module operation specified
by the formula

〈x, λ · a〉 = 〈a · x, λ〉 (a ∈ A, x ∈ E, λ ∈ E ′) .

Similarly, E ′ ∈ A−mod when E ∈ mod−A; in this case, the module oper-
ation in E ′ is specified by

〈x, a · λ〉 = 〈x · a, λ〉 (a ∈ A, x ∈ E, λ ∈ E ′) .

In the case where E ∈ A−mod−A, also E ′ ∈ A−mod−A with respect to
these two operations.
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Let E and F be Banach spaces. Then B(E, F ) is the Banach space of
all bounded linear operators from E to F . We write B(E) for the Banach
algebra B(E, E); the identity operator on E is denoted by IE. The Banach
space which is the projective tensor product of E and F is denoted by E ⊗̂F ,
with norm ‖ · ‖π; for z ∈ E ⊗̂F , we have

‖z‖π = inf

{
∞∑

j=1

‖xj‖ ‖yj‖ : z =
∞∑

j=1

xj ⊗ yj, xj ∈ E, yj ∈ F (j ∈ N)

}
,

as in [2, §A.3]. The key property of E ⊗̂F is that, for each continuous,
bilinear map B : E × F → G, where G is a Banach space, there is a
continuous linear map T : E ⊗̂F → G with ‖T‖ = ‖B‖ and

T (x⊗ y) = B(x, y) (x ∈ E, y ∈ F ) .

The dual space (E ⊗̂F )′ of the Banach space (E ⊗̂F, ‖ · ‖π) is identified with
B(E, F ′): if λ ∈ (E ⊗̂F )′, then Tλ ∈ B(E, F ′) is defined by

〈y, Tλ(x)〉 = 〈x⊗ y, λ〉 (x ∈ E, y ∈ F ) ,

and the map λ 7→ Tλ is an isometric linear isomorphism.
Let F be a closed subspace of a Banach space E. A projection from E

onto F is an element P ∈ B(E) with P 2 = P and P (E) = F ; if there is
such a projection, then F is complemented in E. Let E and F be Banach
spaces, and let T ∈ B(E, F ). Then T is admissible if ker T , the kernel of
T , is complemented in E and im T , the image of T , is closed and comple-
mented in F . Equivalently, T is admissible if there exists S ∈ B(F, E) with
T ◦ S ◦ T = T .

Let A be a Banach algebra, and let E, F ∈ A−mod. Then AB(E, F )
is the closed linear subspace of B(E, F ) consisting of the left A-module
morphisms. We write AB(E) for AB(E, E). Similarly, we define BA(E, F )
for the space of right A-module morphisms when E, F ∈ mod−A. Let
E, F ∈ A−mod, and let T ∈ AB(E, F ). Then:

• T is a retraction if there exists S ∈ AB(F, E) with T ◦ S = IF (so that
S is a right inverse to T ), and in this case F is a retract of E;

• T is a coretraction if there exists S ∈ AB(F, E) with S ◦ T = IE (so
that S is a left inverse to T ).

Similar definitions apply when E, F ∈ mod−A and when E, F ∈ A−
mod−A.
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Definition 1.1 Let A be a Banach algebra, and let P ∈ A−mod. Then P
is projective if, for each E, F ∈ A−mod, for each admissible epimorphism
T ∈ AB(E, F ), and for each S ∈ AB(P, F ), there exists R ∈ AB(P, E) with
T ◦ R = S. The map R lifts S.

Similar definitions apply when P ∈ mod−A and when P ∈ A−mod−A.
Clearly the retract of a projective module is also projective. A Banach
algebra is biprojective [7, IV, Definition 5.1] if it is projective in A−mod−A.

For an interesting variant of the above definition, taking into account
the value of ‖R‖, see [20, Definition 2.2].

Let A be an algebra, and denote by A[ the algebra formed by adjoining
an identity, called e[, to A, as in [2, Definition 1.3.3]. (This algebra is
denoted by A+ in [7]; note that A[ is different from A even when A already
contains an identity.) In the case where A is a Banach algebra, A[ is also a
Banach algebra; if E ∈ A−mod, then also E ∈ A[−unmod.

Let E be a Banach space, and set P = A[ ⊗̂E, with module operation
specified by

a · (b⊗ x) = ab⊗ x (a ∈ A, b ∈ A[, x ∈ E) ,

so that A[ ⊗̂E is the free Banach left A-module, as in [7, III.1.19] and
[2, Example 2.6.7(i)]. Then P is a projective left A-module. We define
π ∈ AB(A[ ⊗̂E, E) to be such that

π(a⊗ x) = a · x (a ∈ A[, x ∈ E) .

The restriction of π to A ⊗̂E will also be denoted by π, and called the
canonical morphism. We shall use the following facts from [7, IV.1.1, IV.1.2,
and IV.4.5]; part (ii) was originally proved in [18].

Proposition 1.2 Let A be a Banach algebra.

(i) Let E ∈ A−mod. Then the module E is projective if and only if the
morphism π ∈ AB(A[ ⊗̂E, E) is a retraction. In the case where E is essen-
tial, E is projective if and only if the canonical morphism π ∈ AB(A ⊗̂E, E)
is a retraction.

(ii) Suppose that E ∈ A−mod is projective and that at least one of the
Banach spaces A and E has the approximation property. Then, for each
x ∈ E \ {0}, there exists T ∈ AB(E, A[) such that Tx 6= 0. In the case
where E is essential, we may suppose that T ∈ AB(E, A). 2
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Thus every E ∈ A−mod is a quotient of a projective module, namely of
A[ ⊗̂E.

For example, let A be a unital Banach algebra with identity eA. Then
the map

ρ : a 7→ a⊗ eA, A → A ⊗̂A ,

belongs to AB(A, A ⊗̂A) and is a right inverse to π ∈ AB(A ⊗̂A, A), and so
A is projective as a left A-module. Similarly, A[ is always projective as a
left A-module.

We prove the following result about projective modules in A−mod.

Proposition 1.3 Let A be a Banach algebra such that A is a closed sub-
algebra of a Banach algebra B. Suppose that B is faithful in A−mod, that
there exists e ∈ B with ae = ea = a (a ∈ A), and that there exists x0 ∈ B
such that Ax0 ⊂ A and {e+AB, x0+AB} is linearly independent in B/AB.
Then B is not projective in A−mod.

Proof We identify A[ with Ce + A ⊂ B, and set F = AB, a closed sub-
module of B, with A ⊂ F .

Since {e+F, x0+F} is linearly independent in B/F , there exists λ0 ∈ B′

such that
〈e, λ0〉 = 1, 〈x0, λ0〉 = 0, λ0 | F = 0 . (1.2)

Assume towards a contradiction that B is projective in A−mod. Then
there exists ρ ∈ AB(B, A[ ⊗̂B) with π ◦ ρ = IB. For each x ∈ B, the
element ρ(x) has the form e ⊗ y + z, where y ∈ B and z ∈ A ⊗̂B. Note
that π(z) ∈ F . Further, x = y + π(z), and so ρ(x) = e⊗ (x− π(z)) + z. In
particular, there exist ze, z0 ∈ A ⊗̂B such that

ρ(e) = e⊗ (e− π(ze)) + ze ,

ρ(x0) = e⊗ (x0 − π(z0)) + z0 .

For each a ∈ A, we have ax0 ∈ A and so ax0 · ρ(e) = ρ(ax0) = a · ρ(x0).
Thus

ax0 ⊗ (e− π(ze))− a⊗ (x0 − π(z0)) = a · (z0 − x0 · ze) . (1.3)

There is a continuous linear map T : A ⊗̂B → A such that

T (a⊗ x) = 〈x, λ0〉a (a ∈ A, x ∈ B) ,
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and, indeed, T ∈ AB(A ⊗̂B, A). We apply T to the elements in equation
(1.3) to see that

ax0 = a · T (z0 − x0 · ze) (a ∈ A) ,

where we are using equations (1.2). Since B is faithful in A−mod, it follows
that x0 = T (z0 − x0 · ze) ∈ A ⊂ F , a contradiction.

Thus B is not projective in A−mod. 2

Let A be a Banach algebra. Then there is a product 2 on A′′ such that
B := (A′′, 2 ) is a Banach algebra containing A as a closed subalgebra and
such that a · Φ = a2Φ and Φ · a = Φ2 a for each a ∈ A and Φ ∈ A′′. (See
[2, Theorem 2.6.15], for example; the product 2 is called the first Arens
product on A′′.) Now suppose, further, that A has a bounded approximate
identity, say (eα). Then Aa 6= {0} for each a ∈ A with a 6= 0, and so B is
faithful in A−mod. Let Φ0 be a weak-∗ accumulation point of (eα) in A′′, so
that Φ0 is a right identity for B and Φ02 a = a2Φ0 = a (a ∈ A). Suppose
that A is non-unital, and assume towards a contradiction that Φ0 ∈ AB.
Then eα = eα · Φ0 → Φ0 in (A, ‖ · ‖), and so Φ0 is the identity of A, a
contradiction. Thus Φ0 6∈ AB.

Corollary 1.4 Let A be a Banach algebra with a bounded approximate iden-
tity having a weak-∗ accumulation point Φ0 ∈ A′′. Suppose that there exists
Φ1 ∈ A′′ such that A · Φ1 ⊂ A and {Φ0 + AB, Φ1 + AB} is linearly inde-
pendent in B/AB. Then A′′ is not projective in A−mod.

Proof This follows immediately from Proposition 1.3, given the above anal-
ysis. 2

We remark that the conclusion of the above corollary may not hold if the
hypothesis on the existence of Φ1 be omitted. Indeed, let J be the James
space, regarded as a Banach algebra. As explained in [2, Example 4.1.45],
J is non-unital and has a bounded approximate identity. Further, (J ′′, 2 )
is identified with the unital algebra J [, and so J ′′ is projective in J-mod.

Definition 1.5 Let A be a Banach algebra, and let J ∈ A−mod. Then J
is injective if, for each E, F ∈ A−mod, for each admissible monomorphism
T ∈ AB(E, F ), and for each S ∈ AB(E, J), there exists R ∈ AB(F, J) with
R ◦ T = S.
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Similar definitions apply when J ∈ mod−A and when J ∈ A−mod−A.
For a variant of the above definition, again taking into account the value of
‖R‖, see [20, Definition 3.2].

Let A be a Banach algebra, and let E be a Banach space. We write
J = B(A[, E), and define

(a · T )(b) = T (ba), (T · a)(b) = T (ab) (a ∈ A, b ∈ A[, T ∈ J) .

Then J ∈ A−mod−A for these two module operations (cf. [7, 0, §4.2] and [2,
Example 2.6.2(viii)]); the modules of this form are called the cofree modules
[7, III.1.29]. Each cofree module is injective in A−mod [7, Proposition
III.1.31]. Similarly, B(A, E) is a Banach A-bimodule for analogous products.

Let A be a Banach algebra, and suppose that E ∈ A−mod. We define
a canonical embedding Π[ : E → B(A[, E) by the formula

Π[(x)(a) = a · x (a ∈ A[, x ∈ E) .

Similarly, in the case where E ∈ mod−A, we define Π[ : E → B(A[, E) by
the formula

Π[(x)(a) = x · a (a ∈ A[, x ∈ E) .

The first map Π[ : E → B(A[, E) is a continuous left A-module embedding,
and so every E ∈ A−mod is a closed submodule (complemented as a Banach
space) of the injective left A-module B(A[, E).

For a clear introduction to the theory of projective and injective modules
in a more general situation, see [16]. We also note that projectivity and
injectivity can be characterized in terms of the functor Ext. Indeed, by [7,
III, Proposition 4.5], the module P ∈ A−mod is projective if and only if
Ext1

A(P, F ) = {0} for each F ∈ A−mod, and the module J ∈ A−mod is
injective if and only if Ext1

A(E, J) = {0} for each E ∈ A−mod.
The following characterization of injective modules is given in [7, III.1.31].

Proposition 1.6 Let A be a Banach algebra, and let E ∈ A−mod. Then
E is injective if and only if the map Π[ : E → B(A[, E) is a coretraction in
A−mod. 2

We shall use the following small variation of the above proposition; we
now define Π : E → B(A, E) by setting Π(x) = Π[(x) | A (x ∈ E).
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Proposition 1.7 Let A be a Banach algebra, and let E ∈ A−mod be faith-
ful. Then E is injective if and only if the map Π : E → B(A, E) is a
coretraction in A−mod.

Proof Suppose first that E is injective. Then there is a left A-module
morphism ρ[ : B(A[, E) → E such that ρ[ ◦ Π[ = IE.

First, take S ∈ B(A[, E) such that S | A = 0. Then a · S = 0 (a ∈ A),
and so a · ρ[(S) = ρ[(a · S) = 0 (a ∈ A). Since E is faithful, it follows that
ρ[(S) = 0.

Now take T ∈ B(A, E), and extend T to T̃ ∈ B(A[, E) by requiring that

T̃ (e[) = 0. Set ρ(T ) = ρ[(T̃ ) (T ∈ B(A, E)). Then ρ : B(A, E) → E is a
bounded linear operator, and

ρ(a · T )− a · ρ(T ) = ρ[(ã · T − a · T̃ ) = 0

because (ã · T − a · T̃ ) | A = 0. It follows that ρ is a left A-module
morphism. Clearly, (ρ ◦ Π)(x) = x (x ∈ E), and so Π : E → B(A, E) is a
coretraction.

Conversely, suppose that Π : E → B(A, E) is a coretraction. Then there
exists ρ ∈ AB(B(A, E), E) with ρ ◦ Π = IE. Define

ρ[(T ) = ρ(T | A) (T ∈ B(A[, E)) .

Then ρ[ ∈ AB(B(A[, E), E) and ρ[ ◦ Π[ = IE, and so Π[ : E → B(A[, E) is
a coretraction. By Proposition 1.6, E is injective. 2

Proposition 1.8 Let A be a Banach algebra. Suppose that A is injective
in A−mod. Then A has a right identity.

Proof By Proposition 1.6, there exists an operator ρ[ ∈ AB(B(A[, A), A)
such that ρ[ ◦ Π[ = IA, where Π[ ∈ AB(A,B(A[, A)) is defined by

(Π[a)(b) = ba (a ∈ A, b ∈ A[) .

Let P ∈ B(A[, A) be the natural projection of A[ onto A, so that P | A = IA

and a · P = Π[a (a ∈ A). Set p = ρ[(P ). Then we have

a = (ρ[ ◦ Π[)(a) = ρ[(a · P ) = ap (a ∈ A) .

Thus p is a right identity for A. 2
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Corollary 1.9 Let A be a Banach algebra which has an approximate iden-
tity. Suppose that A is injective in A−mod. Then A has an identity.

Proof Let (eα) be an approximate identity for A. By the proposition, A has
a right identity, say p. We have eα → p in A, and so eαa → a = pa (a ∈ A).
Thus p is an identity for A. 2

Let A be a Banach algebra, and let E ∈ A−mod, so that E ′ ∈ mod−A.
Then the dual module of A[ ⊗̂E is B(A[, E ′) with the prescribed module
operations (cf. [2, Theorem 2.6.4]), and the dual of π ∈ B(A[ ⊗̂E, E) is
π′ = Π[ ∈ B(E ′, B(A[, E ′)). It follows that the dual E ′ of a projective
left A-module E is an injective right A-module. Similarly, the dual of a
projective right A-module is an injective left A-module.

Definition 1.10 Let A be a Banach algebra, and let E ∈ A−mod. Then
E is flat if E ′ is injective in mod−A.

An apparently different definition of a flat module is given in [7, VII.1.1]
in terms of module tensor products (and this definition reflects the standard
algebraic concept), but the two definitions are shown to be equivalent for
Banach modules in [7, VII.1.14]; see also [20, §4]. Thus every projective
module is flat.

Similar definitions apply in the cases where E ∈ mod−A and where
E ∈ A−mod−A. A Banach algebra A is biflat [7, VII.2.5] if it is flat as an
A-bimodule.

A very important class of Banach algebras is that of the amenable Ba-
nach algebras (see [2, Definition 2.8.57] and [7, Chapter VII]). There is a
multitude of equivalent characterizations of amenability for Banach alge-
bras. One is given as Definition VII.2.16 of [7]: a Banach algebra A is
amenable if and only if A[ is biflat.

We shall use the following basic fact about amenable Banach algebras
[7, VII.2.29]; we shall essentially prove the converse result in the special case
where A = L1(G) in §4.

Proposition 1.11 Let A be an amenable Banach algebra, and let E ∈ A−
mod or E ∈ mod−A. Then E ′ is injective, equivalently E is flat. 2

We shall refer to some standard algebras; for details of these algebras,
see [2], for example.
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Let Ω be a locally compact space. Then: C(Ω) is the algebra of all
continuous functions on Ω (with pointwise multiplication); (Cb(Ω), | · |Ω) is
the Banach algebra of all bounded, continuous functions on Ω with the
uniform norm | · |Ω; C0(Ω) is the closed ideal in Cb(Ω) consisting of the
functions which vanish at infinity. We denote by supp f the support of an
element f ∈ C(Ω); this is the closure of the set {x ∈ Ω : f(x) 6= 0}. We
take C00(Ω) to be the ideal in C(Ω) and Cb(Ω) consisting of the functions
with compact support. We set: c0 = C0(N), the space of null sequences;
c = C0(N ∪ {∞}), the space of convergent sequences; and `∞ = Cb(N), the
space of bounded sequences, identified with C(βN).

Let µ be a positive, regular Borel measure on a locally compact space
Ω. Then for p ≥ 1, (Lp(Ω, µ), ‖ · ‖p) is the standard Banach space, and
(L∞(Ω, µ), ‖ · ‖∞) is the space of essentially bounded, µ-measurable func-
tions on Ω (where, as usual, we identify functions which are equal save on
a µ-locally null set). For p ≥ 1, the dual of Lp(Ω, µ) is Lq(Ω, µ), where q is
the conjugate index to p.

Further for p ≥ 1, we denote by ` p the Banach algebra of sequences
α = (αn) such that

‖α‖p =

(
∞∑

n=1

|αn|p
)1/p

< ∞ ,

taken with the coordinatewise product.

Let (E, ‖ · ‖E) be a Banach space, and let µ be a positive measure on a
set S. A function f : S → E is µ-measurable if there is a sequence (fn) of
simple functions from S into E such that

lim
n→∞

‖fn(s)− f(s)‖E = 0 for almost all s ∈ S .

The function f is Bochner integrable if, further,
∫

S
‖f(s)‖E dµ(s) < ∞.

The space of Bochner integrable functions is denoted by L1(S, E, µ); it is a
Banach space with respect to the norm ‖ · ‖1, where

‖f‖1 =

∫
S

‖f(s)‖E dµ(s) (f ∈ L1(S, E, µ)) .

See [5, §II.2] for details of this space. In the case where µ is a σ-finite,
positive, regular Borel measure on a locally compact space Ω, each function
f ∈ C(Ω, E) with

∫
Ω
‖f( s)‖E dµ(s) < ∞ belongs to L1(Ω, E, µ).
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The bilinear map taking the element (f, x) ∈ L1(S, µ) × E to the func-
tion in L1(S, E, µ) whose value at s ∈ S is f(s)x is continuous with norm
equal to 1, and so there is a natural continuous linear operator

J : L1(S, µ) ⊗̂E → L1(S, E, µ)

with ‖J‖ = 1. By a theorem of Grothendieck (see [5, Example VIII.1.10]
and [4, p. 29]), J is an isometric surjection, and so

L1(S, µ) ⊗̂E ∼= L1(S, E, µ) .

In connection with Proposition 1.2(ii), it is useful to note that each
Banach space L1(Ω, µ) and each C0(Ω) has the approximation property.

We shall utilize the following famous ‘Phillips Lemma’; for an easy proof,
see [6, Theorem (0.1.16)].

Proposition 1.12 The subspace c0 of `∞ is not complemented. 2

In fact, Conway [1] has proved a generalization of Phillips Lemma: C0(Ω)
is not complemented in Cb(Ω) whenever Ω is a locally compact space such
that Cb(Ω) 6= C(Ω). For a generalization of Conway’s result, see [19, §2].

We shall also use the following related result.

Proposition 1.13 Let Ω be an infinite, locally compact space which is σ-
compact. In the case where Ω is compact, suppose, further, that Ω contains a
convergent sequence consisting of distinct points. Let µ be a positive, regular
Borel measure on Ω. Then C0(Ω) is not complemented in L∞(Ω, µ).

Proof In the case where Ω is compact, there is a sequence (xn) in Ω con-
sisting of distinct points such that (xn) converges, say limn xn = x0; we may
suppose that x0 6= xn (n ∈ N). In the case where Ω is not compact, there
is a sequence (xn) in Ω such that limn xn = ∞ because Ω is σ-compact; in
the latter case, we set x0 = ∞ for convenience.

In both cases, there is a sequence (Kn) of compact subsets of Ω such
that xn ∈ int Kn (n ∈ N), such that Km ∩Kn = ∅ whenever m, n ∈ N with
m 6= n, and such that x0 6∈

⋃∞
n=1 Kn. We have 0 < µ(Kn) < ∞ (n ∈ N).

For each n ∈ N, choose λn ∈ C00(Ω) such that λn(xn) = |λn|Ω = 1 and
supp λn ⊂ Kn.
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The map

I : (αn) 7→
∞∑

n=1

αnλn, `∞ → L∞(Ω, µ) ,

is an isometric embedding with I(c 0) ⊂ C0(Ω), and the map

R : λ 7→ (λ(xn)− λ(x0) : n ∈ N), C0(Ω) → c 0 ,

is a continuous linear operator (where λ(∞) = 0).
Assume towards a contradiction that there is a projection

P : L∞(Ω, µ) → C0(Ω) ,

and set Q = R ◦ P ◦ I : `∞ → c 0. Then Q ∈ B(`∞, c 0) and clearly
Q(α) = α (α ∈ c 0), and so Q is a projection of `∞ onto c 0, a contradiction
of Proposition 1.12. Thus C0(Ω) is not complemented in L∞(Ω, µ). 2

The identity of a group G is denoted by eG.

Proposition 1.14 Let G be an infinite compact group. Then C(G) is not
complemented in L∞(G).

Proof Assume towards a contradiction that there is a projection of L∞(G)
onto C(G).

By [8, Theorem (8.7)], there is a compact, normal subgroup N of G such
that H := G/N is metrizable; we can also arrange that H be infinite. For
each λ ∈ C(G), define

λ̃(x) =

∫
N

λ(xζ) dm(ζ) (x ∈ H) ,

where dm(ζ) denotes the Haar measure on N . Then λ̃ ∈ C(H) by [17,
Proposition 3.1.10].

We now take a sequence (xn) in the metrizable group H with xn → eH

as n →∞, and then define

R : λ 7→
(
λ̃(xn)− λ̃(eH) : n ∈ N

)
, C(G) → c 0 .

Essentially as in the above proof, we obtain a projection from `∞ onto c 0,
again a contradiction. 2
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In fact, a more general result is true: it is proved in [11, Theorem 2]
that, for each infinite, locally compact group G, the space C0(G) is not
complemented in L∞(G).

We now give some (probably well-known) examples that distinguish eas-
ily between some of the above homological properties.

(i) In the case where A = C, all modules in A−mod are both projective
and injective.

Let W = ` 1(Z) with convolution multiplication (see below), so that W is
the Wiener algebra. Then W is a unital, commutative Banach algebra, and
so W is projective in W−mod. Also W is the dual of the closed submodule
c0(Z) of W ′ = `∞(Z), and W is an amenable Banach algebra, and so, by
Proposition 1.11, W is injective in W−mod. This is also a special (easy)
case of Corollary 4.8, below.

(ii) Let A be a Banach algebra, and let E ∈ A−mod be trivial, so that
E 6= {0} and A · E = {0}.

Suppose that A has a right identity p, and define

ρ(x) = (e[ − p)⊗ x (x ∈ E) ,

so that ρ ∈ AB(E, A[ ⊗̂E) because ρ(a · x) = a · ρ(x) = 0 (a ∈ A, x ∈ E),
and ρ is clearly a right inverse to π. Thus E is projective in A−mod.

Suppose that either A or E has the approximation property and that E
is projective in A−mod. Take x ∈ E \ {0}. By Proposition 1.2(ii), there
exists T ∈ AB(E, A[) with Tx 6= 0, say Tx = ze[ − p, where z ∈ C and
p ∈ A. We have za = ap (a ∈ A), and so either z = 0 and Ap = {0} or
z 6= 0 and p/z is a right identity for A.

For T ∈ B(A[, E), define ρ[(T ) = T (e[) ∈ E. Since E is trivial, we
have ρ[(a · T ) = a · ρ[(T ) = 0 for each a ∈ A and T ∈ B(A[, E), and also
(ρ[ ◦ Π[)(x) = x (x ∈ E). Thus ρ[ is a left inverse to Π[, and hence E is
injective. Similarly, E ′ is injective in mod−A, and so E is flat.

Thus we easily find examples where the trivial module is injective and
flat, but not projective.

(iii) Let A = c 0, and set F = A[, so that F = c. Clearly, A ∈ A−mod
and A is essential and faithful; also F ∈ A−mod.

We claim that A is not injective. For let T ∈ AB(A, F ) be the natural
embedding of c 0 in c ; T is admissible because c 0 has codimension 1 in c.
Assume towards a contradiction that A is injective, so that there exists

13



R ∈ AB(F, A) with R ◦ T = IA, and set α = (αk) = R(1), where 1 denotes
the sequence (1, 1, . . . ) in c. For k ∈ N, set δk = (δj,k : j ∈ N). Then

δk = R(δk) = R(δk · 1) = δk · α = αkδk (k ∈ N) ,

and so αk = 1 (k ∈ N), a contradiction of the fact that α ∈ c 0.
On the other hand, A is a projective module in A−mod. For define

ρ :
∞∑

k=1

αkδk 7→
∞∑

k=1

αkδk ⊗ δk, c 0 → c 0 ⊗̂ c 0 .

Let α ∈ c0 with |α|N = 1. Then ρ(α) is a 1-diagonal element in the sense
of [7, II.2.43], and so, by [7, II.2.44], ‖ρ(α)‖π ≤ 1. (See also [2, Proposition
A.3.68].) Thus ρ ∈ B(A, A ⊗̂A). Clearly ρ is a left A-module morphism,
and so ρ ∈ AB(A, A ⊗̂A). Also π ◦ ρ = IA. Thus ρ is a right inverse to π,
and so A is projective by Proposition 1.2(i). For these remarks, see [7, IV,
Example 5.10].

Thus A is projective, but not injective, in A−mod.
We shall also see, by combining Theorem 3.1 with Theorem 3.8, that,

in the case where G is an infinite, compact group, C0(G) is a projective,
but not injective, left L1(G)-module. Also, by combining Theorem 2.4 with
Corollary 4.8, we shall see that ` 1(G) is a projective, but not injective, left
` 1(G)-module for each non-amenable group G.

(iv) Set A = ` 1, with coordinatewise multiplication, and set E = c0, so
that E ∈ A−mod and E is essential and faithful. By exactly the argument
in (i), E is not injective.

The dual of the module E is the algebra A itself. Since A does not
have an identity, it follows from Proposition 1.8 that A is not injective, and
so E is not flat. Indeed a stronger result is true: there is no continuous
linear map ρ : B(A, A) → A with ρ ◦ Π = IA. To see this, first note
that Π(δj)(δk) = δj,kδk (j, k ∈ N). Assume that there exists such a map
ρ, and set fn =

∑n
j=1 δj/j ∈ A and Tn = Π(fn) for each n ∈ N. Set

αn
j,k = Tn(δj)(δk) (j, k, n ∈ N). Then Tn = (αn

j,k) is the diagonal operator
with αn

j,j = 1/j for j = 1, . . . , n and αn
j,j = 0 for j > n. Thus (Tn) converges

to the diagonal operator T = (αj,k) in B(A, A), where αj,j = 1/j for j ∈ N,
and hence fn → ρ(T ) in A, a contradiction because (fn) is not a Cauchy
sequence in A.

(v) Let A = C(I), the Banach algebra of all continuous functions on I =
[0, 1], and let E be the Banach space (L2(I), ‖ · ‖2). Then E ∈ A−mod−A,
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where the module product is pointwise multiplication. Clearly, the dual
module E ′ is E itself (with the same operations).

The algebra A is amenable [2, Theorem 5.6.2(i)], and so, by Proposition
1.11, the module E is injective in A−mod.

Assume towards a contradiction that E is a projective module in A−mod.
By Proposition 1.2(ii), there exists T ∈ AB(E, A) such that T (1) 6= 0; here
1 denotes the element of E which is constantly equal to 1 on I. Next set
f = T (1) ∈ A. Then there exists s ∈ (0, 1) with f(s) 6= 0. Let (fn) be a
sequence of functions in A such that fn(s) = 1 (n ∈ N) and ‖fn‖2 → 0 as
n →∞. Then

fnf = T (fn · 1) = T (fn) (n ∈ N) ,

and so |fnf |I ≤ ‖T‖ ‖fn‖2 → 0 as n →∞. However,

|fnf |I ≥ |fn(s)f(s)| = |f(s)| (n ∈ N) ,

a contradiction.
Thus E = E ′ is injective and flat, but neither E nor E ′ is projective in

A−mod.
We shall also see, by combining Theorem 2.6, Corolllary 2.5, and Corol-

lary 4.7, that, in the case where G is an amenable, but not discrete, locally
compact group, M(G) is an injective and flat, but not projective, left L1(G)-
module.

(vi) Set A = L1(G) and E = C0(G) ∈ A−mod, where G is a non-
compact, locally compact group. Then we shall prove in Theorem 3.1 that
E is not projective and in Theorem 3.8 that E is not injective. However,
by Corollary 4.7, E is flat if and only if G is an amenable group. Thus, for
example, c0(F2) is neither flat nor injective in ` 1(F2)-mod; here, F2 is the
free group on two generators, so that F2 is a non-amenable group.

(vii) Suppose that G is a non-amenable locally compact group. Then,
by Theorem 2.4, L∞(G) is injective, but, by Corollary 4.7, L∞(G) is not
flat in L1(G)-mod.

We conclude that the only general relationship between the notions ‘E
is projective’, ‘E is injective’, and ‘E is flat’ for E ∈ A−mod is the trivial
one that E is flat whenever E is projective; counter-examples to all other
possible inclusions are given by one or more of the above examples.
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2 The modules L1(G) and M(G)

Let G be a group. For S, T ⊂ G, we set ST = {st : s ∈ S, t ∈ T}, S2 = SS,
and S−1 = {s−1 : s ∈ S}; S is symmetric if S = S−1. The characteristic
function of the set S is denoted by χS.

Let G be a locally compact group. We write L1(G) for L1(G, m), where
m is left Haar measure on G. In the case where G is infinite and compact,
we suppose that m(G) = 1; in the case where G is discrete, we suppose that
m({s}) = 1 for each s ∈ G.

The Banach algebra (L1(G), ? ) has a bounded approximate identity
contained in C00(G) [2, Theorem 3.3.23], and so we have L1(G)[2] = L1(G).
The algebra L1(G) has an identity if and only if G is a discrete group; in
this latter case, we denote L1(G) by ` 1(G).

We write L∞(G) for L∞(G, m) = L1(G)′, the dual module of L1(G).
The left and right module operations of L1(G) on L∞(G) are given by the
formulae

(f · λ)(t) =

∫
G

f(s)λ(ts) dm(s) ,

(λ · f)(t) =

∫
G

f(s)λ(st) dm(s) ,

 (t ∈ G) , (2.1)

where f ∈ L1(G) and λ ∈ L∞(G). The space C0(G) is a closed L1(G)-
submodule of the Banach left L1(G)-module L∞(G), and C0(G) is essential
and faithful.

Let f be a function on G, and let s ∈ G. The left-translate Lsf of f is
defined by

(Lsf)(t) = f(s−1t) (t ∈ G) .

We note that
Ls(f ? g) = Lsf ? g (f, g ∈ L1(G)) . (2.2)

We denote by M(G) the measure algebra of the locally compact group G,
so that M(G) is the algebra of all complex-valued, regular Borel measures
on G, with norm ‖ · ‖ given by ‖µ‖ = |µ| (G) (µ ∈ M(G)), and the product
µ ? ν of µ, ν ∈ M(G) specified by

(µ ? ν)(B) =

∫
G

ν(s−1B) dµ(s)
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for each Borel subset B of G. For details, see [2, §3.3].
We regard L1(G) as a complemented, closed ideal in M(G) and ` 1(G)

as a complemented, closed subalgebra of M(G), as in [2, Theorem 3.3.36].
For s ∈ G, we denote by δs the element of M(G) which is the point mass at
s; clearly, for each f ∈ L1(G), we have

(δs ? f)(t) = f(s−1t) = (Lsf)(t) (t ∈ G) ,

so that δs ? f = Lsf and ‖Lsf‖1 = ‖f‖1 for each s ∈ G. We shall usually
write s ? f for δs ? f.

There is always one character on a measure algebra M(G); this is the
augmentation character ϕG, defined by

ϕG : µ 7→ µ(G), M(G) → C .

The restriction of ϕG to L1(G) has the form

ϕG : f 7→
∫

G

f(t) dm(t), L1(G) → C . (2.3)

Let 1 denote the element of L∞(G) that is constantly equal to 1. Then it
follows from equations (2.1) that

f · 1 = 1 · f = ϕG(f)1 (f ∈ L1(G)) . (2.4)

The space C is an L1(G)-bimodule for the operation given by

f · z = z · f = ϕG(f)z (z ∈ C, f ∈ L1(G)) ;

as such it is denoted by CϕG
.

Let E be an essential Banach left L1(G)-module. Then the module op-
eration extends so that E is a unital Banach left M(G)-module; the module
operation satisfies

µ · (f · x) = (µ ? f) · x (µ ∈ M(G), f ∈ L1(G), x ∈ E) .

Similarly, if E is a Banach right L1(G)-module, then E is a unital Banach
right M(G)-module. Further, E is an M(G)-bimodule when E is an L1(G)-
bimodule. For these remarks, see [2, Theorem 5.6.34].

For example, C0(G) is an essential Banach L1(G)-bimodule, and so it is
a unital Banach M(G)-bimodule; its dual space is M(G), and the M(G)-
module products are just the usual products in M(G). As we said in
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§2, L 1(G) is a closed ideal in M(G), and hence an M(G)-bimodule; thus
L∞(G) = L 1(G)′ and L∞(G)′ = L1(G)′′ are M(G)-bimodules.

Let E be Banach left M(G)-module. We often write s · x for δs · x
when s ∈ G and x ∈ E; similarly, we write x · s in the case where E
is a Banach right M(G)-module. The element x ∈ E is left-invariant if
s · x = x (s ∈ G). We note that

(λ · s)(t) = λ(st), (s · λ)(t) = λ(ts) (s, t ∈ G)

for each λ ∈ L∞(G).
Let E be a Banach left L1(G)-module. As a Banach space, we have

L1(G) ⊗̂E ∼= L1(G, E). The module action is now given by

(f · F )(t) =

∫
G

f(u)F (u−1t) dm(u) (t ∈ G) (2.5)

for f ∈ L1(G) and F ∈ L1(G, E). Further, in the case where E ⊂ Cb(G),
we have

π(F )(t) =

∫
G

F (s)(ts) dm(s) (t ∈ G) (2.6)

for F ∈ L1(G, E).

Definition 2.1 Let G be a locally compact group. An element Λ of L∞(G)′

is a mean on L∞(G) if 〈1, Λ〉 = ‖Λ‖ = 1. The group G is amenable if there
is a left-invariant mean on L∞(G).

Let G be a locally compact group. We set

P (G) = {f ∈ L1(G) : f ≥ 0, ‖f‖1 = 1} .

We shall use the following characterization of the amenability of G given in
[15, Proposition (0.8)]; it is called Reiter’s condition.

Proposition 2.2 Let G be a locally compact group. Then G is amenable if
and only if there is a net (hα) in P (G) such that limα ‖Lshα − hα‖1 = 0 for
each s ∈ G. 2

The following famous theorem of Johnson [9] (see also [2, Theorem 5.6.42]
and [7, VII, Proposition 2.35]) determines when L1(G) is amenable; for a
characterization of the groups G such that the measure algebra M(G) is
amenable, see [3].
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Theorem 2.3 Let G be a locally compact group. Then the following are
equivalent:

(a) the Banach algebra L1(G) is amenable;

(b) the locally compact group G is amenable;

(c) the module CϕG
is flat in L1(G)–mod. 2

Set E = L1(G) itself, so that E ∈ L1(G)–mod, and E is an essential
left L1(G)-module. We record the following standard theorem, given in [7,
IV.2.17] and [2, Theorem 3.3.32], for example.

Theorem 2.4 Let G be a locally compact group. Then L1(G) is a projective,
and hence a flat, left L1(G)-module, and L∞(G) is an injective left L1(G)-
module. 2

Corollary 2.5 Let G be a locally compact group such that G is either
amenable or discrete. Then M(G) is a flat left L1(G)-module.

Proof Suppose that G is amenable. Then L1(G) is an amenable Banach
algebra, and so M(G) is flat by Proposition 1.11.

Suppose that G is discrete. Then M(G) = ` 1(G), which is a flat left
` 1(G)–module by Theorem 2.4. 2

We conjecture that, in fact, M(G) is a flat left L1(G)-module for each
locally compact group G.

We can also easily determine when M(G) is projective.

Theorem 2.6 Let G be a locally compact group. Then M(G) is a projective
left L1(G)-module if and only if G is discrete.

Proof Set A = L1(G) and B = M(G) ∈ A−mod, so that B is a unital
Banach algebra containing A as a closed ideal.

Suppose that G is discrete, so that A = B = ` 1(G). Then A is a unital
Banach algebra, and so A is projective in A−mod.

Conversely, suppose that G is not discrete. By [2, Corollary 3.3.24], B
is faithful in A−mod, and certainly dim (B/A) ≥ 2, and so, by Proposition
1.3, B is not projective in A−mod. 2

It follows easily from Corollary 1.9 that the Banach algebra L1(G) can
only be injective in L1(G)-mod in the case where G is discrete; we shall
determine when L1(G) is injective in Theorem 4.9.
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Theorem 2.7 Let G be a locally compact group, and suppose that L1(G)′′

is projective in L1(G)-mod. Then G is a discrete group that contains no
infinite, amenable subgroup.

Proof Set A = L1(G) and B = (A′′, 2 ).
First assume towards a contradiction that G is not discrete, so that

A is not unital; A has an approximate identity bounded by 1, so that B
has a right identity, say Φ0, with ‖Φ0‖ = 1. The algebra B is a Banach
M(G)-bimodule, and the map µ → µ · Φ0, M(G) → B, is an isometric
embedding. Indeed, B is identified with the semi-direct product M(G) n I
for a certain closed ideal I in B. Clearly AB ⊂ A n I. Set Φ1 = s · Φ0 for
some s ∈ G \ {eG}. Then f · Φ1 = (f ? s) · Φ0 = f ? s ∈ A (f ∈ A), and
{Φ0 + AB, Φ1 + AB} is linearly independent in B/AB. By Corollary 1.4,
B is not projective in A−mod, a contradiction. Thus G is discrete.

Second, suppose that G is discrete. Assume towards a contradiction
that G contains an infinite, amenable subgroup H, and let R : A → ` 1(H)
be the restriction map, so that R(s ? f) = s ? R(f) (s ∈ H, f ∈ A).
There is a canonical isometric embedding ι : ` 1(H) → A, and the map
ι′′ : ` 1(H)′′ → A′′ is also an isometric embedding; clearly, we have ι(s ? f) =
s ? ι(f) (s ∈ H, f ∈ ` 1(H)), and so

ι′′(s · Λ) = s · ι(Λ) (s ∈ H, Λ ∈ ` 1(H)′′) .

Let Λ0 ∈ ` 1(H)′′ be a left-invariant mean on `∞(H). Then ι′′(Λ0) is a non-
zero element of B. By Proposition 1.2(ii), there exists T ∈ AB(B, A) such
that T (ι′′(Λ0)) 6= 0 in A. There exists s0 ∈ G such that g0 6= 0, where
g0 = R(T (ι′′(Λ0)) · s0). Consider the map

V : Λ 7→ R(T (ι′′(Λ)) · s0), ` 1(H)′′ → ` 1(H) .

We have V (s · Λ) = s · V (Λ) (s ∈ H, Λ ∈ ` 1(H)′′), and so g0 is a non-zero
element of ` 1(H) such that s ? g0 = g0 (s ∈ H). But there is no such
element in ` 1(H) because H is infinite, the required contradiction.

The result follows. 2

Let G be a group such that `1(G)′′ is projective. Then certainly each
element of G has finite order. An example of an infinite group G0, called
Ol’shanskii’s group, with the property that every proper subgroup is finite,
is given in [12]. It is remarked at the end of the paper [13] that this group
is not amenable (the proof uses a condition of Grigorchuk that is discussed
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in [15]). Thus certainly G0 has no infinite, amenable subgroup. We do not
know whether or not `1(G0)

′′ is projective in `1(G0)-mod.

3 The modules C0(G) and L∞(G)

Let G be a locally compact group. The main thrust of the present section
is to determine when C0(G) is either projective or injective in L1(G)-mod.

Theorem 3.1 Let G be a locally compact group, and let E be a closed, left
L 1(G)-submodule of L∞(G) such that C00(G) ⊂ E ⊂ Cb(G). Then E is
projective in L 1(G)-mod if and only if G is a compact space.

Proof Set A = L1(G). We shall determine when the map π ∈ AB(A[ ⊗̂E, E)
is a retraction; the result will then follow from Proposition 1.2(i).

Suppose first that the group G is compact, so that C(G) = E ⊂ A,
m(G) = 1, and the constant function 1 belongs to E. We have A ⊗̂E ∼=
L1(G, E).

For λ ∈ E, define ρ(λ) : G → E by

ρ(λ)(s)(t) = λ(ts−1) (s, t ∈ G) .

Then ρ(λ) ∈ C(G, E) because E = C(G), and so ρ(λ) ∈ L1(G, E). Clearly
‖ρ(λ)‖ ≤ |λ|G. Thus ρ ∈ B(E, L1(G, E)).

Also, for g ∈ A and λ ∈ E, we see, using equations (2.1) and (2.5), that

ρ(g · λ)(s)(t) = (g · λ)(ts−1)

=

∫
G

g(u)λ(ts−1u) dm(u)

=

∫
G

g(u)ρ(λ)(u−1s)(t) dm(u)

= (g · ρ(λ))(s)(t) (s, t ∈ G) ,

and so ρ(g · λ) = g · ρ(λ), whence ρ ∈ AB(E, L1(G, E)). Finally, it follows
from equation (2.6) that

((π ◦ ρ)(λ))(t) =

∫
G

ρ(λ)(s)(ts) dm(s) =

∫
G

λ(t) dm(s) = λ(t) (t ∈ G)
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for λ ∈ E, and so π ◦ ρ = IE. Thus π is a retraction. (This conclusion also
follows from the facts that L1(G) is biprojective whenever G is compact [7,
IV, Theorem 5.13] and from [7, IV, Theorem 5.3], which shows that, in this
case, each essential module in L1(G)-mod is projective.)

For the converse, assume towards a contradiction that E is a projective
left A-module, but that G is not compact.

Let V and W be compact, symmetric neighbourhoods of eG such that
V 2 ⊂ W , and take f ∈ C00(G) with f(G) ⊂ I, with f(eG) = 1, and
with supp f ⊂ V , such that |f |G = 1, such that ‖f‖1 ≤ 1, and such that
supp (f · f) ⊂ W . Clearly f · f 6= 0, and so, by Proposition 1.2(ii),
there exists T ∈ AB(E, A[) with T (f · f) 6= 0. By replacing T by the map
λ 7→ (Tλ) ? h, E → A, for suitable h ∈ A, we may suppose that T (E) ⊂ A.
Set η = ‖f ? Tf‖1 /2 > 0.

Fix k ∈ N, and choose g ∈ C00(G) such that ‖Tf − g‖1 < 1/k and
‖f ? (Tf − g)‖1 < η, so that ‖f ? g‖1 > η. Set K = supp g. Since G is
not compact, there exist s1, . . . , sk ∈ G such that the sets sj(V ∪ K)2 are
pairwise disjoint for j = 1, . . . , k. Set fj = sj ? f (j = 1, . . . , k). Since the
sets s1V, . . . , skV are pairwise disjoint, we have∣∣∣∣∣

k∑
j=1

fj

∣∣∣∣∣
G

= 1 and

∥∥∥∥∥
k∑

j=1

fj · g

∥∥∥∥∥
1

= k ‖f · g‖1 .

Now set λ =
∑k

j=1 fj · f ∈ C00(G), so that |λ|G = |f · f |G, which is
independent of k. However,

‖Tλ‖1 =

∥∥∥∥∥
k∑

j=1

fj ? Tf

∥∥∥∥∥
1

≥

∥∥∥∥∥
k∑

j=1

fj ? g

∥∥∥∥∥
1

− 1

= k ‖f ? g‖1 − 1 > kη − 1 .

Thus kη ≤ ‖T‖ |f · f |G + 1. This holds for each k ∈ N, the required
contradiction. 2

The above theorem applies to the module E = C0(G). It also ap-
plies to the following closed, left L1(G)-submodules of Cb(G): E = Cb(G);
E = LUC(G), the bounded, left uniformly continuous functions (so that
λ ∈ LUC(G) if and only if λ ∈ Cb(G) and the map t 7→ Ltλ, G → Cb(G),
is continuous); E = AP (G), the almost periodic functions on G (so that
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λ ∈ AP (G) if and only if λ ∈ Cb(G) and the set {Ltλ : t ∈ G} is rela-
tively compact in (L∞(G), ‖ · ‖∞); E = WAP (G), the weakly almost peri-
odic functions on G (so that λ ∈ WAP (G) if and only if λ ∈ Cb(G) and the
set {Ltλ : t ∈ G} is relatively compact in L∞(G) with respect to the weak
topology).

The above theorem does not deal with the case where E = L∞(G). In
fact, this module is rarely projective, as Theorem 3.3, below, shows.

Lemma 3.2 Let G be a compact group. Suppose that L∞(G) is a projective
L1(G)-module. Then there is a projection of L∞(G) onto C(G).

Proof Set A = L1(G) and E = L∞(G). Since E is projective, it follows from
Proposition 1.2(i) that there exists ρ ∈ AB(E, A[ ⊗̂E) such that π ◦ ρ = IE.
Thus there exists T ∈ B(E) such that

ρ(λ)− eA ⊗ Tλ ∈ A ⊗̂E (λ ∈ E) .

It follows that λ − Tλ ∈ π(A ⊗̂E) = AE (λ ∈ E). By [2, Proposition
3.3.13], AE ⊂ C(G). Set Pλ = λ − Tλ (λ ∈ E), so that P ∈ B(E, C(G)).
Now suppose that λ ∈ C(G), and take (eα) to be a bounded approximate
identity in A. Then eα · λ → λ in C(G) because A · C(G) = C(G) by [2,
Proposition 3.3.23]. Hence

ρ(λ) = lim
α

ρ(eα · λ) = lim
α

eα · ρ(λ) ∈ A ⊗̂E ,

and so Tλ = 0 and Pλ = λ. Thus P : L∞(G) → C(G) is a projection. 2

Theorem 3.3 Let G be a locally compact group. Then L∞(G) is a projec-
tive L1(G)-module if and only if G is finite.

Proof Certainly L∞(G) is a projective L1(G)-module when G is finite.
For the converse, first suppose that G is not compact. Then the second

part of the proof of Theorem 3.1 produces a contradiction. Thus G is
compact. Now Lemma 3.2 shows that there is a projection of L∞(G) onto
C(G), again a contradiction of Proposition 1.14 in the case where G is
infinite. Hence G is finite. 2

We now consider when the left L1(G)-module C0(G) is injective.
In the case where G is a finite, and hence amenable, group, L1(G) is

amenable and C0(G) is a dual module, and so, by Proposition 1.11, C0(G)

23



is injective. We now show that C0(G) is not injective whenever the group
G is infinite; as a first step, we shall show that it suffices to establish this
in the special case where G is σ-compact.

Let G be an infinite locally compact group, and let {si : i ∈ N} be an
infinite subset of G. The group G contains a compact, symmetric neighbour-
hood K of eG. Define a sequence (Kn) of compact subsets of G inductively
by setting K1 = K ∪ {s1, s

−1
1 } and

Kn+1 = (Kn ∪ {sn, s
−1
n })Kn (n ∈ N) .

Finally, set H =
⋃
{Kn : n ∈ N}. Then H is an infinite, σ-compact set, and

H is an open and closed subgroup of G. Further, we can write

G =
⋃
{sH : s ∈ S} =

⋃
{Hs−1 : s ∈ S}

for a suitable subset S of G. (The above is essentially [8, Theorem (5.7)].)
The restriction of m to the family of Borel subsets of H is a left Haar measure
on H, and so we can identify L1(G) with ` 1(S, L1(sH)) as a Banach space.
Similarly, we can identify C0(G) with c0(S, C0(sH)).

Lemma 3.4 Assume that the Banach left L1(G)-module C0(G) is injective.
Then the Banach left L1(H)-module C0(H) is also injective.

Proof We write BG and BH for B(L1(G), C0(G)) and B(L1(H), C0(H)),
respectively; we write IG and IH for the identity maps on C0(G) and C0(H),
respectively; and we write ΠG : C0(G) → BG and ΠH : C0(H) → BH for the
appropriate canonical embeddings.

Take T ∈ BH . For each s ∈ S, there is a corresponding linear map

Ts ∈ B(L1(s−1H), C0(Hs)) ,

so that Ts(f) = s−1 · T (s ? f) (f ∈ L1(s−1H)), and there is a map

T̃ =
⊕

{Ts : s ∈ S} ∈ BG

which is defined ‘coordinatewise’. Obviously, the map

Q : T 7→ T̃ , BH → BG ,
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is an isometric linear operator. Further, Q is a morphism of left L1(H)-
modules. To see this, take an element f ∈ L1(G), say f =

∑
s∈S fs, where

fs ∈ L1(s−1H) (s ∈ S), take g ∈ L1(H), and take T ∈ BH . Then

Q(g · T )(f) =
∑
s∈S

s−1 · ((g · T )(s ? fs)) =
∑
s∈S

s−1 · T ((s ? fs) ? g)

=
∑
s∈S

s−1 · T (s ? (f ? g)s) = (g · Q(T ))(f) ,

as required.
Let I : C0(H) → C0(G) be the natural embedding, and let R : C0(G) →

C0(H) be the restriction map, so that R ◦ I = IH . Take λ ∈ C0(G), say
λ =

∑
s∈S λs, where λs ∈ C0(Hs), so that R(λ) = λe, and take g ∈ L1(H).

Then R(g · λ) = (g · λ)e = g · λe = g · R(λ), and so R is a morphism of
left L1(H)-modules.

We claim that Q ◦ ΠH = ΠG ◦ I : C0(H) → BG. Indeed, take λ ∈ C0(H)
and f ∈ L1(G), say f =

∑
s∈S fs, where fs ∈ L1(s−1H). Then

(Q ◦ ΠH(λ))(f) =
∑
s∈S

(s−1 · ΠH(λ))(s ? fs) =
∑
s∈S

s−1 · ((s ? fs) · λ)

=
∑
s∈S

fs · λ =
∑
s∈S

(f · λ)s = (ΠG ◦ I(λ))(f) ,

and so the claim follows.
By Proposition 1.7, there is a continuous morphism ρG : BG → C0(G)

with ρG ◦ ΠG = IG. Define

ρH = R ◦ ρG ◦ Q : BH → C0(H) .

Then ρH is a continuous linear operator which is a morphism of left L1(H)-
modules, and, further,

ρH ◦ ΠH = R ◦ ρG ◦ Q ◦ ΠH = R ◦ ρG ◦ ΠG ◦ I = IH ,

so that ΠH is a coretraction. By Proposition 1.7, C0(H) is injective. 2

We also require a technical lemma.
Let G be a locally compact group, and let E ∈ L1(G)−mod. Set B =

B(L1(G), E), and take T ∈ B. Then T has support in B for a Borel subset
B of G, written supp T ⊂ B, if Tf = 0 in E whenever f ∈ L1(G) with
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f | B = 0; T has compact support if there is a compact subset K of G such
that supp T ⊂ K.

Now suppose that (Tn) is a bounded sequence in B such that supp Tn ⊂
Bn (n ∈ N) for a pairwise disjoint family {Bn : n ∈ N} of Borel subsets of
G. In this case, define

Tf =
∞∑

n=1

Tnf (f ∈ L1(G)) .

Then Tf ∈ E, and T ∈ B with ‖T‖ = sup n∈N ‖Tn‖ ; we set T =
∑∞

n=1 Tn.
Let (tn) be a sequence in G. Then we say that

Lim
n→∞

tn = ∞

if, for each compact subset K of G, we have tn 6∈ K eventually.

Lemma 3.5 Let G be a locally compact group which is σ-compact and
non-compact. Let ρ : B(L1(G), C0(G)) → C0(G) be a continuous lin-
ear operator which is a left L1(G)-morphism. Then ρ(T ) = 0 whenever
T ∈ B(L1(G), C0(G)) and T has compact support.

Proof Write B = B(L1(G), C0(G)), and suppose that T ∈ B is such that
supp T ⊂ K, where K is a compact subset of G.

Set λ0 = ρ(T ) ∈ C0(G), and assume towards a contradiction that λ0 6= 0.
Then there exists f ∈ L1(G) such that f · λ0 6= 0 and supp f ⊂ L for a
certain compact subset L of G. Next set g = f · λ0; by modifying f , we
may suppose that g(eG) = 1.

We shall construct by induction a sequence (tn) in G, and then set

xm,n = ((tn ? f) · λ0)(t
−1
m ) = g(t−1

m tn) (m,n ∈ N) ,

so that xm,m = 1 (m ∈ N). We choose the sequence (tn) to satisfy the
following conditions:

(i) |xm,n| ≤ 1/2|m−n|+2 for m, n ∈ N with m 6= n;

(ii) the subsets KL−1t−1
n are pairwise disjoint in G;

(iii) Lim n→∞ tn = ∞.

Such a construction is possible because K and L are compact, G is σ-
compact, and g vanishes at infinity.
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For each n ∈ N, set Tn = (tn ? f) · T , so that ‖Tn‖ = ‖f · T‖ (n ∈ N),
and hence (αnTn) is a bounded sequence in B whenever (αn) ∈ `∞. Further,
supp αnTn ⊂ KL−1t−1

n (n ∈ N) for each such sequence (αn), and so it
follows from (ii), above, that we can define

∑∞
n=1 αnTn in B.

Define

Q1 : (αn) 7→
∞∑

n=1

αnTn, `∞ → B ,

so that Q1 ∈ B(`∞,B), and define

Q2 : λ 7→ (λ(t−1
n ) : n ∈ N), C0(G) → c0 ,

so that Q2 ∈ B(C0(G), c0); we note that Q2λ ∈ c0 (λ ∈ C0(G)) because
Lim n→∞ t−1

n = ∞ by (iii), above. Finally, consider the operator

Q3 = Q2 ◦ ρ ◦ Q1 : `∞ → c0 .

We claim that Q := Q3 | c0 : c0 → c0 is invertible in B(c0). In fact,

Q(α)m =
∞∑

n=1

αnxm,n (m ∈ N)

for each α ∈ c0, and so Q has the form Ic0 − S, where S ∈ B(c0) satisfies
the condition

‖S‖ = sup
m∈N

∑
{|xm,n| : n ∈ N \ {m}}

≤
∑

{2−|m−n|−2 : n ∈ Z \ {m}}
≤

∑
{2−n−2 : n ∈ Z \ {0}} = 1/2 ,

and so Q is invertible, giving the claim.
It follows that there is a projection on `∞ with range c0, a contradiction

of Proposition 1.12. Hence ρ(T ) = 0, as required. 2

Proposition 3.6 Let G be a locally compact group which is σ-compact and
non-compact. Then the left L1(G)-module C0(G) is not injective.

Proof We write A = L1(G), E = C0(G), and B = B(A, E). The canonical
embedding is Π : E → B, so that

Π(λ)(f)(t) =

∫
G

f(s)λ(ts) dm(s) (t ∈ G) (3.1)
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for λ ∈ E and f ∈ A.
Assume towards a contradiction that E is injective, so that, by Prop-

osition 1.7, there exists ρ ∈ AB(B, E) with ρ ◦ Π = IE.
Since G is σ-compact and non-compact, there is a sequence (Kn) of

compact subsets of G such that Kn ( int Kn+1 (n ∈ N) and

G =
⋃
{Kn : n ∈ N} .

For each n ∈ N, set Ln = Kn \ Kn−1 (with L1 = K1), so that Ln is a
non-empty Borel set in G, and take kn ∈ C00(G) such that kn(G) ⊂ I,
kn | Kn = 1, and supp kn ⊂ Kn+1. Then define Qn : L∞(G) → B by

Qn(λ)(f)(t) =

∫
Ln

f(s)λ(ts)kn(ts) dm(s) (t ∈ G)

for λ ∈ L∞(G) and f ∈ A. As a function of t on G, Qn(λ)(f) is continuous
by [2, Proposition 3.3.13], being a convolution of a function in A with a
function in L∞(G). Also Qn(λ) ∈ B with ‖Qn(λ)‖ ≤ ‖λ‖∞, and so we see
that Qn ∈ B(L∞(G),B) with ‖Qn‖ ≤ 1. Finally, supp Qn(λ) ⊂ Ln.

For each λ ∈ L∞(G), the sequence (Qn(λ)) is bounded in B and is such
that supp Qn(λ) ⊂ Ln (n ∈ N); since {Ln : n ∈ N} is a pairwise disjoint
family of Borel subsets of G, we can define

Q(λ) =
∞∑

n=1

Qn(λ) ∈ B .

Clearly, Q is a linear operator with ‖Q(λ)‖ = sup n ‖Qn(λ)‖ ≤ ‖λ‖∞, and
so we see that Q ∈ B(L∞(G),B).

Consider the composition ρ ◦ Q ∈ B(L∞(G), E). We shall prove that

(ρ ◦ Q) | E = IE .

In fact, it suffices to show that (ρ ◦ Q)(λ) = λ (λ ∈ C00(G)). Thus,
take λ ∈ C00(G), and choose n0 ∈ N such that supp λ ⊂ Kn0 . Define
T = Qλ − Πλ. We claim that supp T ⊂ Kn0 . Indeed, take f ∈ A with
f | Kn0 = 0. Then

Tf = lim
n→∞

n∑
m=n0

∫
Lm

f(s)λ(ts)(km(ts)− 1) dm(s) .
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Consider the expression r := λ(ts)(km(ts)− 1) for m ≥ n0. If ts ∈ G \Kn0 ,
then λ(ts) = 0. If ts ∈ Kn0 , then km(ts) = 1. Thus r = 0 in each case, and
so Tf = 0. This establishes the claim. By Lemma 3.5, ρ(T ) = 0, and so
ρ(Qλ) = ρ(Πλ) = λ, as required. Thus C0(G) is not injective.

We have shown that ρ ◦ Q is a projection of L∞(G) onto C0(G), a
contradiction of Proposition 1.13. 2

Proposition 3.7 Let G be an infinite and compact group. Then the left
L 1(G)-module C(G) is not injective.

Proof This is more elementary version of Proposition 3.6: we now define
Q = Π, where Π is specified in equation (3.1), now for λ ∈ L∞(G) and
f ∈ A, and then follow the final part of the above proof. We again obtain a
projection of L∞(G) onto C(G), and this is a contradiction of Proposition
1.14. 2

Theorem 3.8 Let G be a locally compact group. Then the left L1(G)-
module C0(G) is injective if and only if G is finite.

Proof We have remarked that C0(G) is injective whenever G is finite.
Assume towards a contradiction that G is infinite and that C0(G) is

injective. By Lemma 3.4, there is an open and closed subgroup H of G such
that H is infinite and σ-compact and C0(H) is an injective L1(H)-module.
In the cases where H is not compact and compact, respectively, this is a
contradiction of Propositions 3.6 and 3.7, respectively, and so C0(G) is not
injective in both cases. 2

4 Amenability and injectivity

Again let G be a locally compact group. Let us consider a left L1(G)-
module E which is the dual of a right L1(G)-module. In the case where
G is amenable, it follows from Proposition 1.11 that E is injective. In this
section, we shall seek a form of converse to this result. In particular, we
shall show that the left L1(G)-modules M(G) and L 1(G)′′ are each injective
if and only if the group G is amenable.
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Definition 4.1 Let G be a locally compact group, and let E be a Banach left
L1(G)-module. An element λ ∈ E ′ is an augmentation-invariant functional
if

〈f · x, λ〉 = ϕG(f)〈x, λ〉 (f ∈ L1(G), x ∈ E) .

The module E is augmentation-invariant if there is a non-zero, augmentation-
invariant functional in E ′.

Example 4.2 Let G be a locally compact group.

(i) Set E = L∞(G). An element Λ ∈ E ′ is augmentation-invariant if and
only if Λ · f = ϕG(f)Λ (f ∈ L1(G)), and this is just the classical definition
of a topologically right-invariant mean, as given in [15], for example. Thus
the module E is augmentation-invariant if and only if G is an amenable
group [15, Corollary (1.10)].

(ii) Set E = M(G), a faithful L1(G)-module. Then λ = ϕG is a non-zero
augmentation-invariant functional in E ′ because

ϕG(f ? µ) = ϕG(f)ϕG(µ) (f ∈ A, µ ∈ M(G)) ,

and so M(G) is augmentation-invariant.

(iii) Set E = L∞(G)′, again a faithful L1(G)-module. Let λ be the
constant function 1 on G, regarded as an element of L∞(G), and hence as
an element of E ′ = L∞(G)′′. To see that λ is an augmentation-invariant
functional in E ′, we must check that

〈1 · f, Φ〉 = ϕG(f)〈1, Φ〉 (f ∈ A, Φ ∈ E) .

But this follows from equation (2.4), and so the module L∞(G)′ is augment-
ation-invariant.

(iv) In a similar way, each of the modules Cb(G)′, LUC(G)′, AP (G)′,
and WAP (G)′ is augmentation-invariant. 2

Again let G be a locally compact group, and set A = L1(G). We fix
E ∈ A−mod and s ∈ G. We have defined the left-translate Lsf = s ? f of
f ∈ A. We recall the definitions of the right-translate T · s of T ∈ B(A, E)
and the left-translate s · Λ of Λ ∈ B(A, E)′. Indeed,

(T · s)(f) = T (Lsf) (f ∈ A) , 〈T, s · Λ〉 = 〈T · s, Λ〉 (T ∈ B(A, E)) .
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We note that, for f, g ∈ A, we have

((T · s) · f)(g) = (T · s)(f ? g) = T (Ls(f ? g))

= T (Lsf ? g) = (T · Lsf)(g) , (4.1)

where we are using equation (2.2), and so (T · s) · f = T · Lsf (f ∈ A).
We also define f� for f ∈ A by the formula

f�(s) = f(s−1)∆G(s−1) (s ∈ G) ,

where ∆G is the modular function on G (so that f� = f ∗, where f 7→ f ∗ is
the standard involution on A, as defined in [2, Definition 3.3.16]). Clearly
the map f 7→ f� is a linear isometry on A, and we have f�� = f (f ∈ A)
and (f ? g)� = g� ? f� (f, g ∈ A). Further, ϕG(f�) = ϕG(f) (f ∈ A).

For T ∈ B(A, E), we define T� ∈ B(A, E) by setting

T�(f) = T (f�) (f ∈ A) ,

so that the map T 7→ T� is a linear isometry on B(A, E) and

(T · f)� = f� · T� (f ∈ A) .

Now suppose that the module E ∈ A−mod is augmentation-invariant,
take a non-zero, augmentation-invariant functional λ0 ∈ E ′, and then take
x0 ∈ E with 〈x0, λ0〉 = 1. Set

T0 = Π(x0) ∈ B(A, E) .

Assume that E is faithful and injective. By Proposition 1.7, there exists
ρ ∈ AB(B(A, E), E) with ρ ◦ Π = IE; in particular, ρ(T0) = x0. We shall
consider the element T�0 ∈ B(A, E). After adjustment of λ0 and x0 by
suitable non-zero constants, we may suppose that

‖T0‖ = ‖T�0 ‖ = 1 . (4.2)

Lemma 4.3 There exists a left-invariant element Λ0 ∈ B(A, E)′ such that
〈T�0 , Λ0〉 = 1.

Proof First consider the element λ0 ◦ ρ ∈ B(A, E)′. For each f ∈ A and
T ∈ B(A, E), we see that

(λ0 ◦ ρ)(f� · T�) = ϕG(f)(λ0 ◦ ρ)(T�) (4.3)
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because 〈f� · ρ(T�), λ0〉 = ϕG(f�)〈ρ(T�), λ0〉.
Now define Λ0 by setting

〈T, Λ0〉 = 〈T�, λ0 ◦ ρ〉 (T ∈ B(A, E)) .

Then Λ0 ∈ B(A, E)′ and 〈T�0 , Λ0〉 = 〈T0, λ0 ◦ ρ〉 = 〈x0, λ0〉 = 1.
Take f ∈ A with ϕG(f) = 1. Then, for each T ∈ B(A, E), we have

〈T · f, Λ0〉 = 〈f� · T�, λ0 ◦ ρ〉 = 〈T�, λ0 ◦ ρ〉 = 〈T, Λ0〉

by (4.3). This implies that, for each s ∈ G, we have

〈T, Ls(Λ0)〉 = 〈T · s, Λ0〉 = 〈(T · s) · f, Λ0〉
= 〈T · Lsf, Λ0〉 = 〈g · T�, λ0 ◦ ρ〉 ,

by (4.1), where g = (Lsf)�, and so

〈T, Ls(Λ0)〉 = 〈g · ρ(T�), λ0〉 = 〈ρ(T�), λ0〉

because ϕG(g) = 1 and λ0 is augmentation-invariant.
Finally, we see that

〈T, Ls(Λ0)〉 = 〈T�, λ0 ◦ ρ〉 = 〈T, Λ0〉 (s ∈ G)

for each T ∈ B(A, E), and so Ls(Λ0) = Λ0 (s ∈ G), as required. 2

The further assumption for the next lemma is that E is a dual module,
say E = F ′, where F ∈ mod−A. As in §1, B(A, E) ∼= (A ⊗̂F )′ as a Banach
space. Set X = A ⊗̂F and σ = σ(X, X ′), the weak topology on X. For
s ∈ G, we define

Ls(f ⊗ y) = Lsf ⊗ y (f ∈ A, y ∈ F ) ,

so that 〈T, Lsx〉 = 〈T · s, x〉 (x ∈ X, T ∈ B(A, E)), as before.

Lemma 4.4 There is a net (vα) in X such that 〈T�0 , vα〉 = 1 for each α
and such that limα ‖Lsvα − vα‖π = 0 for each s ∈ G.

Proof First, a net (uα) is indexed by the family of all pairs

α = ({s1, . . . , sk}, {T1, . . . , T`}) ,
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where {s1, . . . , sk} is a finite subset of G such that s1 = eG and {T1, . . . , T`}
is a finite subset of B(A, E), with the ordering specified by the inclusion of
the two components of the pair. For each such α, choose uα ∈ X such that
〈T�0 , uα〉 = 1 and 〈Tj · si, uα〉 = 〈Tj · si, Λ0〉 (i = 1, . . . , k, j = 1, . . . , `) ,
where Λ0 ∈ X ′′ was specified in Lemma 4.3.

For each s ∈ G and T ∈ B(A, E), we have

〈T, Lsuα〉 = 〈T · s, uα〉 = 〈T · s, Λ0〉 = 〈T, Ls(Λ0)〉 = 〈T, Λ0〉 = 〈T, uα〉

for each sufficiently large α, and so limα(Lsuα − uα) = 0 in (X, σ).
Let {s1, . . . , sk} be a finite subset of G. Consider the Banach space

Y =
⊕k

i=1 Xi, where Xi = X (i = 1, . . . , k) and we are taking the ` 1-sum,
and also consider the linear operator

W : x 7→ (Ls1x− x, . . . , Lsk
x− x), X → Y .

The set C = {x ∈ X : 〈T�0 , x〉 = 1} is convex in X, and so W (C) is also
convex in Y . We have shown that 0 belongs to the σ(Y, Y ′)-closure of W (C)
in Y . But, by Mazur’s theorem (see [2, Theorem A.3.29(ii)]), it follows that
0 belongs to the ‖ · ‖-closure of W (C) in Y . The existence of the required
net (vα) follows. 2

In the following lemma, we maintain the above hypotheses that G is a
locally compact group and that E = F ′ is a faithful, augmentation-invariant,
and injective module in L1(G)-mod.

Lemma 4.5 There is a net (hα) in P (G) such that limα ‖Lshα − hα‖1 = 0
for each s ∈ G.

Proof The space X = A ⊗̂F = L 1(G) ⊗̂F is now identified with the space
L1(G, F ). Let (vα) be the net in L1(G, F ) specified in Lemma 4.4, and set

kα(t) = ‖vα(t)‖F (t ∈ G)

for each α, so that (kα) is a net in A. For each α, we have from (4.2) that

〈kα, 1〉 =

∫
G

kα(t) dm(t) = ‖vα‖F ≥ |〈T�0 , vα〉| = 1 .

Set hα = kα/〈kα, 1〉. Then 〈hα, 1〉 = 1 and hα ≥ 0, and so hα ∈ P (G).
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Now take s ∈ G. We have (Lsvα)(t) = vα(s−1t) (t ∈ G), and so
(Lshα)(t) = hα(s−1t) (t ∈ G). It follows that

‖Lshα − hα‖1 ≤ ‖Lskα − kα‖1 ≤
∫

G

‖(Lsvα − vα)(t)‖F dm(t)

= ‖Lsvα − vα‖π ,

and so limα ‖Lshα − hα‖1 = 0, as required. 2

Theorem 4.6 Let G be a locally compact group, and let E be a Banach
left L1(G)-module such that E is the dual of a Banach right L1(G)-module.
Suppose that E is faithful and augmentation-invariant. Then E is injective
if and only if G is amenable.

Proof Suppose that G is amenable. By Theorem 2.3, L1(G) is an amenable
Banach algebra, and so, by Proposition 1.11, the dual module E is injective.

Conversely, suppose that E is injective. Then the above analysis applies,
and so there is a net (hα) in P (G) as specified in Lemma 4.5. By Proposition
2.2, the group G is amenable. 2

An analogous result holds if we exchange ‘right’ and ‘left’ in the above
theorem.

Corollary 4.7 Let G be a locally compact group. Then the following con-
ditions are equivalent:

(a) the group G is amenable;

(b) M(G) is injective as a Banach left L1(G)-module;

(c) L∞(G) is flat as a Banach left L1(G)-module;

(d) C0(G) is flat as a Banach left L1(G)-module.

Proof We have remarked that M(G) and L∞(G)′ satisfy the conditions
on the module E in the theorem. Thus equivalences (a)⇔(b)⇔(c) follow
immediately from that result. Since M(G) = C0(G)′ is injective as a right
L1(G)-module if and only if G is amenable, we also have (a)⇔(d). 2

Corollary 4.8 Let G be a group. Then ` 1(G) is injective as a Banach
` 1(G)-module if and only if G is amenable. 2
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Theorem 4.9 Let G be a locally compact group. Then L1(G) is injective
as a Banach left L1(G)-module if and only if G is discrete and amenable.

Proof The algebra L1(G) has a bounded approximate identity, and so it
follows from Corollary 1.9 that L1(G) is unital, and hence that G is discrete,
in the case where L1(G) is injective. The result now follows from Corollary
4.8. 2

Corollary 4.10 There a locally compact group G such that L1(G) is not
injective, but L1(G)′′ is injective, in L1(G)-mod.

Proof Take G to be a locally compact group which is amenable, but not
discrete. 2

5 The modules Lp(G)

There is a further class of modules that we investigate. Let G be a locally
compact group, and take p ≥ 1, and let E = Lp(G) be the Banach space
Lp(G, m). Then Lp(G) is a faithful, essential Banach L 1(G)-bimodule for
the products (f, g) 7→ f ?p g and (f, g) 7→ g ?p f from L 1(G)× E into E,
where f ?p g = f ? g and g ?p f is specified by

(g ?p f)(t) =

∫
G

g(ts−1)f(s)∆(s−1)1/p dm(s) (t ∈ G) .

See [2, Theorem 3.3.19] for further details.
Take p > 1, and let q be the conjugate index to p. Then the dual of the

bimodule (Lp(G), ?p ) is (Lq(G), ·q ) for a certain module operation ·q, and
the dual of (Lq(G), ·q ) is (Lp(G), ?p ) (see [2, p. 381]).

The following theorem confirms a conjecture of Selivanov [19, p. 166].

Theorem 5.1 Let G be a locally compact group, and take p with 1 < p < ∞.
Then Lp(G) is projective in L 1(G)-mod if and only if G is a compact space.

Proof This is almost the same as the proof of Theorem 3.1, and we shall
omit the details. Set A = L 1(G) and E = Lp(G).

Suppose first that G is compact. For g ∈ E, now define ρ(g) ∈ L 1(G, E)
by

ρ(λ)(s)(t) = λ(st) (s, t ∈ G) .
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Then it is easily checked that ρ is a right inverse to π ∈ AB(A[ ⊗̂E, E), and
so E is projective by Proposition 1.2(i).

For the converse, again assume towards a contradiction that E is pro-
jective, but that G is not compact.

Choose f ∈ C00(G), T ∈ AB(E, A[), k ∈ N, and g ∈ C00(G) as
in the proof of Theorem 3.1, so that ‖f · f‖p 6= 0, and again set η =
‖f ? Tf‖1 /2 > 0 and fj = sj ? f (j = 1, . . . , k) for suitable s1, . . . , sk ∈ G.
Now we have ∥∥∥∥∥

k∑
j=1

fj · f

∥∥∥∥∥
p

= k1/p ‖f · f‖p ,

and we conclude that kη ≤ k1/p ‖T‖ ‖f · f‖p+1. This holds for each k ∈ N,
again a contradiction. 2

Again, a very small variation of the above proof shows that (Lq(G), ·q )
is injective in L 1(G)-mod if and only if G is compact.

We now fix p with 1 < p < ∞, and seek to determine when the module
L p(G) is injective. Since L p(G) is a dual module, it follows from Theorem
2.3 and Proposition 1.11 that this is the case whenever G is an amenable
locally compact group. We conjecture that the converse is also true, but
we are not able to prove this. Indeed, we are only able to make reasonable
progress in the case where G is discrete, and so we suppose this henceforth.

Throughout, we set A = ` 1(G) and E = ` p(G), so that E is a left
A-module for the operation ? .

We begin with a lemma. For n ∈ N, we set

Dn = {(d1, . . . , dn) : dj = ±1 (j = 1, . . . , n)} .

Lemma 5.2 Fix n ∈ N, λ1, . . . , λn ∈ E, and s1, . . . , sn ∈ G, and set

C = max


∥∥∥∥∥

n∑
i=1

diλi

∥∥∥∥∥
p

: d = (d1, . . . , dn) ∈ Dn

 .

Then ∥∥∥∥∥
n∑

i=1

λi(si)δsi

∥∥∥∥∥
p

≤ C .
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Proof The result is trivial in the case where n = 1, and so we may suppose
that n ≥ 2.

Take d ∈ Dn, and set xj,d =
∑n

i=1 diλi(sj) (j = 1, . . . , n). By hypothesis,
we have

∑n
j=1 |xj,d|p ≤ Cp. Since there are 2n elements in Dn, we have

n∑
j=1

∑
d∈Dn

|xj,d|p ≤ 2nCp .

We can write the term
∑

d∈Dn
|xj,d|p as

2
∑

d∈Dn−1

∣∣∣∣∣λn(sn) +
n−1∑
i=1

diλi(sn)

∣∣∣∣∣
p

.

The set Dn−1 can be partitioned into two disjoint sets S and T such that
T = {−d : d ∈ S}, and |S| = |T | = 2n−2. Since the function t 7→ |t|p is
convex on R, we have 2 |a|p ≤ |a + b|p + |a− b|p (a, b ∈ R), and so

∑
d∈Dn−1

∣∣∣∣∣λn(sn) +
n−1∑
i=1

diλi(sn)

∣∣∣∣∣
p

≥ 2n−2 · 2 |λn(sn)|p .

A similar estimate holds for |λj(sj)|p for j = 1, . . . , n−1, and so we see that

2n

n∑
j=1

|λj(sj)|p ≤
n∑

j=1

∑
d∈Dn

|xj,d|p ≤ 2nCp .

Hence we have
∑n

j=1 |λj(sj)|p ≤ Cp, which is a reformulation of the claimed
inequality. 2

We now consider the space B = B(A, E). We recall that

‖U‖ = sup {‖U(δt)‖p : t ∈ G}

for each U ∈ B. We shall identify B with a space of functions contained in
CG×G.

Let U : G×G → C be a function. For s, t ∈ G, define

Ut : s 7→ U(t, s), U s : t 7→ U(t, s), G → C .

For U ∈ B, define

U(t, s) = U(δt)(s) (s, t ∈ G) .
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We obtain a space, also called B, of functions on G×G; the space is charac-
terized by the property that Ut ∈ E (t ∈ G) and ‖U‖ = sup t∈G ‖Ut‖p < ∞.
Note that the function

(t, s) 7→ U(t, rs), G×G → C ,

belongs to B whenever U ∈ B and r ∈ G, and that the norm is unchanged.
For U ∈ CG×G and r ∈ G, define

U (r)(t, s) = δr,sU(t, s) (s, t ∈ G) ,

so that U (r) is equal to the product of U and the characteristic function of
the ‘horizontal slice’ G× {r} in G×G. For each s, t ∈ G, we have

U(t, s) =
∑
r∈G

U (r)(t, s) .

Let U ∈ B and r ∈ G. Then U (r) ∈ B with
∥∥U (r)

∥∥ ≤ ‖U‖. Since

|U r(t)| =
∥∥∥U (r)

t

∥∥∥ ≤ ‖Ut‖ (t ∈ G), we have U r ∈ `∞(G) with ‖U r‖∞ ≤ ‖U‖.
Further, the map U 7→ U r, B → `∞(G), is a linear surjection.

Let U ∈ CG×G. For each r ∈ G, we define

(r · U)(t, s) = U(tr, s) (r, s, t ∈ G) . (5.1)

In the case where U ∈ B, the above map is precisely the action of A on B.
Also define

Q(U)(t, s) = U(t, t−1s) (s, t ∈ G) ,

so that Q is a linear map on CG×G. Suppose that U ∈ B. Then, for each
t ∈ G, we have Q(U)t ∈ E with ‖Q(U)t‖p = ‖Ut‖p, and so Q(U) ∈ B with
‖Q(U)‖ = ‖U‖. This shows that Q is a linear isometry on B.

Take λ ∈ CG. Then we define

λ̃(t, s) = λ(s) (s, t ∈ G) .

In the case where λ ∈ E, we have λ̃ ∈ B with
∥∥∥λ̃∥∥∥ = ‖λ‖p, and the map

λ 7→ λ̃, E → B, is a linear isometry.
Let λ ∈ E. We recall that (Πλ)(δt) = t ? λ (t ∈ G), and so we see that

Q(λ̃)(t, s) = λ(t−1s) = (Πλ)(t, s) (s, t ∈ G). Thus

Q(λ̃) = Πλ (λ ∈ E) . (5.2)
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We shall also require a further modification of the space B.
For each U ∈ CG×G, define

S(U)(t, s) = U(ts−1, s), S−1(U)(t, s) = U(ts, s) (s, t ∈ G) .

Then S and S−1 are linear maps on CG×G, and S−1 really is the inverse of
S. We note that

(Q ◦ S−1)(U)(t, s) = U(s, t−1s) (s, t ∈ G) (5.3)

because the composition of the maps (t, s) 7→ (t, t−1s) and (u, v) 7→ (uv, v)
is the map (t, s) 7→ (s, t−1s) on G×G. We define

S(B) = {S(U) : U ∈ B} .

Then S(B) is a linear subspace of CG×G, linearly isomorphic to B.
For U ∈ CG×G and r ∈ G, define

(LrU)(t, s) = U(t, r−1s) (s, t ∈ G) ,

so that each Lr is a linear map on the space CG×G and an isometry on B.
We claim that

(Q ◦ S−1 ◦ Lr)(U) = r · ((Q ◦ S−1)(U)) (r ∈ G) (5.4)

for each U ∈ CG×G. This holds because the two maps (t, s) 7→ (s, t−1s) 7→
(s, r−1t−1s) and (t, s) 7→ (tr, s) 7→ (s, (tr)−1s) on G×G are equal; we have
used equation (5.3) here.

Note that

(S−1(U))(r) = S−1(U (r)) and Lu(U
(r)) = (LuU)(ur) (5.5)

and that
(S−1(U))r = r · U r and U r = (LuU)ur (5.6)

for each u ∈ G.
Let r, s, t ∈ G and λ ∈ E. Then clearly (Q(λ̃(r)))(t, s) is equal to λ(r)

when s = tr and to 0 otherwise, and so, by (5.2), we have

Q(λ̃(r)) = λ(r) Π(δr) (r ∈ G, λ ∈ E) . (5.7)
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We now consider when the module E = ` p(G) is injective. Since E is
a faithful module, this is the case if and only if there exists ρ ∈ AB(B, E)
with ρ ◦ Π = IE.

Let ρ be such a map, and define

ρ = ρ ◦ Q : B → E .

Certainly ρ ∈ B(B, E) and ‖ρ‖ = ‖ρ‖. For λ ∈ E, we have

ρ(λ̃) = ρ(Q(λ̃)) = (ρ ◦ Π)(λ) = λ ,

where we are using (5.2). Also ρ ◦ S−1 is a map from S(B) to E such that

(ρ ◦ S−1)(LrU) = ρ(r · ((Q ◦ S−1)(U))) = r ? (ρ ◦ S−1)(U) (r ∈ G) (5.8)

for each U ∈ S(B); here we are using (5.4).
Again take U ∈ B. The next step is to define

ρ1(U)(s) = ρ(U (s))(s) (s ∈ G) .

We note that ρ1(U
(s))(t) = 0 (t ∈ G \ {s}). We claim that ρ1(U) ∈ E. To

see this, take s1, . . . , sn to be distinct elements of G, take (d1, . . . , dn) ∈ Dn,
and set V =

∑n
i=1 diU

(si), so that ‖V ‖ ≤ ‖U‖. Then clearly ρ(V ) ∈ E with

‖ρ(V )‖p ≤ ‖ρ‖ ‖U‖ .

By applying Lemma 5.2 with λi = ρ(U (si)) for i = 1, . . . , n, we see that∥∥∥∥∥
n∑

i=1

ρ(U (si))(si)δsi

∥∥∥∥∥
p

≤ ‖ρ‖ ‖U‖ .

This shows that ∥∥∥∥∥
n∑

i=1

ρ1(U)(si)δsi

∥∥∥∥∥
p

≤ ‖ρ‖ ‖U‖ .

But this is true for each choice of s1, . . . , sn ∈ G, and so ρ1(U) ∈ E with
‖ρ1(U)‖ ≤ ‖ρ‖ ‖U‖, as claimed. It follows that ρ1 ∈ B(B, E) and that
‖ρ1‖ ≤ ‖ρ‖.

We also note that

ρ1(U)(s) = ρ1(U
(s))(s) (s ∈ G, U ∈ B) . (5.9)
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For each r ∈ G and λ ∈ E, we have ρ1(λ̃)(r) = ρ(Q(λ̃(r)))(r) = λ(r) by
(5.7), and so

ρ1(λ̃) = λ (λ ∈ E) . (5.10)

The final map that we define is

ρ2 = ρ1 ◦ S−1 : S(B) → E .

We now combine equations (5.4), (5.5), and (5.8) in the following calcu-
lation. Let U ∈ S(B) and r ∈ G. Then, for each s ∈ G, we have

ρ2(LrU)(s) = ρ((S−1(LrU))(s))(s) = ρ(S−1((LrU)(s)))(s)

= (ρ ◦ S−1)(Lr(U
(r−1s)))(s) by (5.5)

= (r ? (ρ ◦ S−1)(U (r−1s)))(s)

= ((ρ ◦ S−1)(U (r−1s)))(r−1s) = (r ? ρ2(U))(s) .

Hence we see that

ρ2(LrU) = r ? ρ2(U) (r ∈ G, U ∈ S(B)) . (5.11)

We can now reformulate the condition that E be injective.

Theorem 5.3 Let G be a group, and take p with 1 < p < ∞. Suppose that
the Banach left ` 1(G)-module ` p(G) is injective. Then there are a bounded
linear operator P : `∞(G, ` p(G)) → ` p(G) and Λ ∈ `∞(G)′ such that the
following conditions are satisfied:

(a) P (U)(r) = 〈r−1 · U r, Λ〉 (r ∈ G, U ∈ `∞(G, ` p(G)));

(b) 〈1, Λ〉 = 1.

Proof Set A = ` 1(G), E = ` p(G), and B = `∞(G, ` p(G)), with the above
identifications.

Suppose that E is injective, and take P to be the map ρ1 ∈ B(B, E) of
the above analysis. Let U ∈ B. For each s ∈ G, the element P (U (s)) ∈ E
has the form αsδs for some αs ∈ C with |αs| ≤ ‖P‖ ‖U‖. The map U 7→ αs

is clearly linear. We set 〈U s, Λs〉 = αs.
We note that P (U)(s) = 〈U s, Λs〉 (s ∈ G); this follows from equation

(5.9).
Let ρ2 = P ◦ S−1 : S(B) → E, as above. Then it follows from (5.6) that

ρ2(U)(s) = 〈(S−1(U))s, Λs〉 = 〈s · U s, Λs〉 (s ∈ G) .
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For each r, s ∈ G and V ∈ S(B), we have

(r ? ρ2(V ))(s) = ρ2(V )(r−1s) = 〈r−1s · V r−1s, Λr−1s〉

and also, by (5.6), we have

(r ? ρ2(V ))(s) = 〈s · (LrV )s, Λs〉 = 〈s · V r−1s, Λs〉 .

Set λ = r−1s · V r−1s. Then we have shown that

〈λ, Λr−1s〉 = (r ? ρ2(V ))(s) = 〈s · V r−1s, Λs〉 = 〈r · λ, Λs〉 .

We define Λ ∈ `∞(G)′ to be Λe, where e is the identity of G. For
each U ∈ B, we have P (U)(r) = 〈U r, Λr〉 = 〈r−1 · U r, Λ〉 (r ∈ G). This
establishes clause (a).

Take U = δ̃e, so that U is the constant function 1 on G × G, and U e is
identified with the sequence which is constantly 1 in `∞(G). Then

〈1, Λ〉 = P (U)(e) = δe(e) = 1 .

This establishes clause (b). 2

Let F2 denote the free group on two generators (denoted by a and b).
This group is the standard example of a group which is not amenable. We
now show that Theorem 5.3 is already sufficient to show that the module
` p(F2) is not injective in ` 1(F2)-mod whenever 1 < p < ∞.

The group F2 consists of the set of words in the two letters a and b and
their inverse a−1 and b−1, together with the empty word, which is denoted
by e. We take each word to be reduced; the product of two words is formed
by juxtaposition and reduction to the corresponding reduced form. For
k ∈ Z \ {0}, we denote by Ak the set of words that end in ak, and we set

B =
⋃
{Ak : k ∈ Z \ {0}}, A0 = F2 \B .

Thus A0 is the set of words which end in bn for some n ∈ Z \ {0}, and
{Ak : k ∈ Z} is a partition of the group F2 into pairwise disjoint subsets.
Clearly Aja

k = Aj+k (j, k ∈ Z) and Bb ⊂ A0. We also set

Bk := Bbak ⊂ A0a
k = Ak (k ∈ N) .

The subsets B1, B2, B3, . . . of F2 are pairwise disjoint.
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Proposition 5.4 Take p with 1 < p < ∞. Then the Banach left ` 1(F2)-
module ` p(F2) is not injective.

Proof Assume towards a contradiction that the module ` p(F2) is injective.
By Proposition 5.3, there are an operator P : `∞(F2, ` p(F2)) → ` p(F2) and
Λ ∈ `∞(F2)

′ such that clauses (a) and (b) of that proposition are satisfied
(with G = F2).

Since {A0, B} is a partition of F2 and since 〈1, Λ〉 = 1, we see that either
〈χA0 , Λ〉 6= 0 or 〈χB, λ〉 6= 0.

We suppose first that c 6= 0, where c = 〈χB, λ〉.
Fix n ∈ N, and set S = {bak : k = 1, . . . , n}. For s, t ∈ G, define

U(t, s) = χBs(t). For each t ∈ G, we have t ∈ Bs for at most one value of
s ∈ S, and so ‖Ut‖p ≤ 1; for some values of t, we have t ∈ Bs for some
s ∈ S, and so ‖Ut‖p = 1 in these cases. Thus U ∈ B and ‖U‖ = 1. Clearly

U (s)(t, s) = χBs(t) (s, t ∈ G), and so it follows from clause (a) of Theorem
5.3 that

P (U)(s) = 〈s−1 ? χBs, Λ〉 = 〈χB, Λ〉 = c (s ∈ S) .

Thus ‖P (U)‖p ≥ c |S|1/p = cn1/p. This is true for each n ∈ N, a contra-
diction, and so ` p(F2) is not injective.

A similar contradiction arises in the case where 〈χA0 , Λ〉 6= 0. 2

We now introduce a rather strange condition that is related to the
amenability of a group G. Recall that G is amenable if and only if it
satisfies Følner’s condition: for each ε > 0 and each finite subset F of G,
there is a non-empty, finite subset S of G such that

|Sx∆Sy| < ε |S| (x, y ∈ F ) .

Here ∆ denotes the symmetric difference of two sets. (See [15, Chapter 4],
for example.)

Let S be a set, and let n ∈ N. We denote by Pn(S) the family of all
subsets of S with cardinality n.

Definition 5.5 Let G be a group. Then G is pseudo-amenable if, for each
ε > 0, there exists n0 ∈ N such that, for each n ≥ n0 and each F ∈ Pn(G),
there exists a non-empty, finite subset S of G such that |SF | < εn |S|.
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It is easy to see that an amenable group is pseudo-amenable. Indeed, let
G be an amenable group, and take ε > 0. Choose n0 ∈ N such that εn0 > 2.
Take n ≥ n0 and F := {t1, . . . , tn} ∈ Pn(G). By the Følner condition, there
is a non-empty, finite subset S of G such that 2 |Sx∆Sy| < ε |S| for each
x, y ∈ F . Then

SF =
n⋃

i=1

Sti ⊂ St1 ∪ (St1∆St2) ∪ · · · ∪ (Stn−1∆Stn) ,

and so |SF | ≤ |S| + (n− 1)ε |S| /2 < εn |S|. This shows that G is pseudo-
amenable.

Lemma 5.6 Each subgroup of a pseudo-amenable group is pseudo-amenable.

Proof Let G be a pseudo-amenable group, and let H be a subgroup of
G. We shall show that H is pseudo-amenable; we may suppose that H is
infinite.

We write G as the disjoint union of sets sαH for a family {sα} in G.
Take ε > 0. Then there exists n0 ∈ N such that, for each n ≥ n0 and

each F ∈ Pn(H), there exists a non-empty, finite subset S of G such that
|SF | < εn |S|. Set Sα = S ∩ sαH, so that Sα 6= ∅ for only finitely many
values of α; for each such α, choose tα ∈ H so that the sets Tα := tαs−1

α Sα

are pairwise disjoint subsets of H. Take T to be the union of the sets Tα,
so that T ⊂ H and |T | = |S|. Then

|TF | ≤
∑

α

|TαF | =
∑

α

|SαF | = |SF | < εn |S| = εn |T | ,

and so H is pseudo-amenable. 2

Lemma 5.7 Let G be a pseudo-amenable group. Then, for each ε > 0
and each k ∈ N, there exists n0 ∈ N such that, for each n ≥ n0 and each
F1, . . . , Fk ∈ Pn(G), there exists a non-empty, finite subset S of G such that
|SFj| < εn |S| (j = 1, . . . , k).

Proof Let ε > 0 and k ∈ N. Then there exists n0 ∈ N such that, for each
m ≥ n0 and each F ∈ Pm(G), there exists a non-empty, finite subset S
of G such that |SF | < (ε/k)m |S|. Now take F1, . . . , Fk ∈ Pn(G), and set
F = F1 ∪ · · · ∪ Fk, so that F ∈ Pm(G) for some m ∈ N with n ≤ m ≤ kn.
Then, for j = 1, . . . , k, we have |SFj| ≤ |SF | ≤ (ε/k)kn |S| = εn |S|, as
required. 2
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Lemma 5.8 The group F2 is not pseudo-amenable.

Proof Set ε = 1/3. For n ∈ N, consider the two sets F1 = {ba, . . . , ban}
and F2 = {aba, . . . , aban}, so that F1, F2 ∈ Pn(F2).

Assume towards a contradiction that there is a non-empty, finite subset
S of F2 with

|SFi| < εn |S| = mn/3 (i = 1, 2) ,

where |S| = m. Define Sj = S ∩ Aj (j ∈ N), where Aj was defined above.
There exists j ∈ {0,−1} such that |Sj| ≤ m/2; we have |S \ Sj| ≥ m/2. Set
T = Sa−jb and T0 = T ∩ A0, and consider the translation τ : s 7→ sa−jb on
F2. Clearly τ(S \ Sj) ⊂ T0, and so |T0| ≥ m/2. We have SF1−j =

⋃n
i=1 Tai,

and so
⋃n

i=1 T0a
i ⊂ SF1−j. However, T0a

u ∩ T0a
v = ∅ whenever u, v ∈ Z

with u 6= v, and |T0a
u| = |T0| for u = 1, . . . , n, and so |SF1−j| ≥ mn/2, a

contradiction of the fact that |SF1−j| < mn/3.
Thus, for each n ∈ N, we have sets F1, F2 ∈ Pn(F2) such that the

inequality |SFi| < εn |S| fails for at least one of i = 1 and i = 2. By Lemma
5.7, the group F2 is not pseudo-amenable. 2

The following result follows from Lemmas 5.6 and 5.8.

Theorem 5.9 Let G be a group containing the group F2 as a subgroup.
Then G is not pseudo-amenable. 2

We do not know whether or not every pseudo-amenable group is already
amenable. In particular, we do not know whether or not Ol’shanskii’s group
G0, mentioned in §2, is pseudo-amenable.

We shall now prove that G is pseudo-amenable whenever ` p(G) is injec-
tive in ` p(G)-mod. First we require some further notation.

Let G be a group, and let S be a subset of G. We set

BS = `∞(G, ` p(S)) = B(A, ` p(S)) ,

and we regard BS as a closed subspace of B. Recall that q is the conjugate
index to p. We set

XS = ` 1(G, ` q(S)) ;

for x ∈ XS, we write x(t, s) for x(δt)(s) when t ∈ G and s ∈ S, so that

‖x‖ =
∑
t∈G

(∑
s∈S

|x(t, s)|q
)1/q

.
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The dual space X ′
S of XS is clearly isometrically isomorphic to BS; the

action of U ∈ BS on x ∈ XS is given by the formula:

〈x, U〉 =
∑
t∈G

∑
s∈S

x(t, s)U(t, s) .

We shall also regard XS as a closed linear subspace of X ′′
S = B′S. The weak-∗

topology on BS is denoted by σ.
We denote by ` 1

00(G) and P00(G) the sets of elements in ` 1(G) and P (G),
respectively, which have finite support.

The following two proofs were suggested by classical proofs of the condi-
tions of Reiter and Følner for the amenability of a group; see [15, (0.7) and
(4.27)], for example.

Proposition 5.10 Let G be a group, and take p with 1 < p < ∞. Suppose
that the Banach left ` 1(G)-module ` p(G) is injective. Then there is a con-
stant C > 0 such that, for each m ∈ N and each F ∈ Pm(G), there exists
x0 ∈ XF and g0 ∈ P00(G) such that the following conditions are satisfied:

(a) x0(t, s) = g0(ts) (t ∈ G, s ∈ F );

(b) 〈g0, 1〉 = 1;

(c) ‖x0‖ ≤ Cm1/q.

Proof We fix P and Λ as in Theorem 5.3, and set C = 2 ‖P‖. As before
we set A = ` 1(G) and E = ` p(G).

Now take m ∈ N and F ∈ Pm(G).
Set τ(f) =

∑
s∈F f(s) (f ∈ E), and set µ = (τ ◦ P ) | BF . Then we see

that µ ∈ B′F with ‖µ‖ ≤ m1/q ‖P‖ and that

〈U, µ〉 =
∑
s∈F

〈s−1 · U s, Λ〉 (U ∈ BF ) .

Consider the convex set

K = {g ∈ ` 1
00(G) : 〈g, 1〉 = 1, ‖g‖1 ≤ 2 ‖Λ‖}

in A. There is a net (gα) in K such that limα gα = Λ in the weak-∗ topology
on A′′ = `∞(G)′. Also there is a net (xβ) in (XF )[‖µ‖] such that limβ xβ = µ
in (B′F , σ). In fact, we can suppose that (xβ) is indexed by the same directed
set as (gα), and we write (xα) for the former net.
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For each Φ ∈ A′′, we set

〈U, W (Φ)〉 =
∑
s∈F

〈s−1 · U s, Φ〉 (U ∈ BF ) .

Then W (Φ) ∈ B′F with ‖W (Φ)‖ ≤ m ‖Φ‖ for each Φ ∈ A′′, and hence
W ∈ B(A′′,B′F ) with ‖W‖ ≤ m. For each g ∈ A and U ∈ BF , we have

〈U, W (g)〉 =
∑
s∈F

〈s−1 ·U s, g〉 =
∑

s∈F,r∈G

U(rs−1, s)g(r) =
∑

s∈F,t∈G

U(t, s)g(ts) ,

so that W (g)(t, s) = g(ts) (t ∈ G, s ∈ F ).
It is clear that limα W (gα) = W (Λ) = µ, where we are taking the limit

in (B′F , σ). Thus
lim

α
(W (gα)− xα) = 0

in (B′F , σ). This shows that 0 belongs to the σ-closure of the convex set
W (K)− (XF )[‖µ‖]. By Mazur’s theorem, 0 belongs to the ‖ · ‖-closure of
the same convex set.

Take h ∈ K and y ∈ XF with ‖y‖ ≤ ‖µ‖ and ‖W (h)− y‖ ≤ ‖µ‖,
so that ‖W (h)‖ ≤ 2 ‖µ‖. We can write h = h1 − h2 + i(h3 − h4), where
h1, . . . , h4 ∈ ` 1

00(G) and also ‖hj‖1 ≤ ‖h‖1 and hj ≥ 0 for j = 1, . . . , 4. We
see that 〈h1, 1〉 ≥ 1. Set

g0 = h1/〈h1, 1〉 ∈ P00(G) ,

and define x0 = W (g0) ∈ XF , so that x0(t, s) = g0(ts) (t ∈ G, s ∈ F ),
giving clause (a). Clearly 〈g0, 1〉 = 1, and so clause (b) holds. Finally,

‖x0‖ ≤ ‖W (h1)‖ ≤ ‖W (h)‖ ≤ 2 ‖µ‖ ≤ Cm1/q ,

giving clause (c). 2

Proposition 5.11 Let G be a group, and take p with 1 < p < ∞. Suppose
that the Banach left ` 1(G)-module ` p(G) is injective. Then there is a con-
stant C > 0 such that, for each m ∈ N and each F ∈ Pm(G), there exists a
non-empty, finite subset S of G with |SF | < C |S|m1/q.

Proof Let C be as in Proposition 5.10. Take m ∈ N and F ∈ Pm(G), so
that F−1 ∈ Pm(G), and let x0 ∈ XF−1 and g0 ∈ P00(G) be as in Proposition
5.10.
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We can write

g0 =
n∑

j=1

αjχSj
/ |Sj| ,

where S1 ⊂ S2 ⊂ · · · ⊂ Sn ⊂ G, where α1, . . . , αn > 0, and
∑n

j=1 αj = 1.
For convenience, set Sn+1 = G.

Let t ∈ G. Choose j0 to be the least element of the set {1, . . . , n + 1}
such that t ∈ Sj0F . This implies that, for each j ∈ {j0, . . . , n + 1}, there
exists sj ∈ F−1 with χSj

(tsj) = 1, and hence that

max
s∈F−1

x0(t, s) = max
s∈F−1

g0(ts) =
n∑

j=j0

αj/ |Sj| .

Hence
n∑

j=1

αjβj =
∑
t∈G

max
s∈F−1

x0(t, s) ≤ ‖x0‖ ≤ Cm1/q ,

where βj = |SjF | / |Sj| (j = 1, . . . , n). Since
∑n

j=1 αjβj is a convex com-
bination of the numbers β1, . . . , βn, there exists j ∈ {1, . . . , n} such that
βj ≤ Cm1/q. Set S = Sj. Then |SF | < C |S|m1/q, as required. 2

Theorem 5.12 Let G be a group, and take p with 1 < p < ∞. Suppose
that the Banach left ` 1(G)-module ` p(G) is injective. Then the group G is
pseudo-amenable.

Proof Let C be the constant prescribed in Proposition 5.11. Take ε > 0,
and choose n0 ∈ N such that Cn1/q < εn (n ≥ n0). Now take n ≥ n0

and F ∈ Pn(G). By Proposition 5.11, there is a non-empty, finite subset
S of G with |SF | < C |S|n1/q, and so |SF | < εn |S|, proving that G is
pseudo-amenable. 2

We conjecture that, under the conditions of the above theorem, G must
be an amenable group. If this were true, ` p(G) would be injective in ` 1(G)-
mod if and only if G is amenable.

6 Summary

We summarize our results in the following table, which gives necessary and
sufficient conditions for the specified Banach left L1(G)-module in the first
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column to have the specified homological property in the top row. In the
table, we take p with 1 < p < ∞. The indication (1) means that the result
holds whenever G is amenable and whenever G is discrete; we conjecture
that it holds for all G. The indication (2) means that the result holds in
the case where G is amenable; we conjecture that the converse is true. (In
the discrete case, G must be pseudo-amenable.) The indication (3) means
that the result implies that G is discrete and contains no infinite, amenable
subgroup; we conjecture that in fact it implies that G is finite. The numbers
in the boxes are those of the theorems in which the result is established.

projective injective flat

L1(G) all G 2.4 G discrete and amenable 4.9 all G 2.4
C0(G) G compact 3.1 G finite 3.8 G amenable 4.7
L∞(G) G finite 3.3 all G 2.4 G amenable 4.7
M(G) G discrete 2.6 G amenable 4.7 (1) 2.5
L1(G)′′ (3) 2.7 G amenable 4.7 (2) 1.11
Lp(G) G compact 5.1 (2) 1.11 (2) 1.11
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