Approximate amenability for Banach
sequence algebras

H. G. Dales, R. J. Loy, and Y. Zhang

ABSTRACT. We consider when certain Banach sequence algebras
A on the set N are approximately amenable. Some general results
are obtained, and we resolve the special cases where A = (P for
1 < p < oo, showing that these algebras are not approximately
amenable. The same result holds for the weighted algebras £P(w).

1. Introduction

The concept of amenability for a Banach algebra A, introduced by
Johnson in 1972 [7], has proved to be of enormous importance in Ba-
nach algebra theory (see [1], for example). In [3] several modifications
of this notion were introduced; in this paper we shall focus on one
of these, that of approzimate amenability. We recall the definition in
Definition 1.1, below.

Let A be an algebra, and let X be an A-bimodule. A derivation is
a linear map D : A — X such that

D(ab) =a - D(b)+ D(a) - b (a,be A).

Forz € X, setad, :a—a-z—x-a, A— X. Then ad, is a
derivation; these are the inner derivations.

Let A be a Banach algebra, and let X be a Banach A-bimodule. A
continuous derivation D : A — X is approzimately inner if there is a
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net (z,) in X such that

D(a) =lim(a - x4 — 24 - a) (a € A),

[0}

so that D = lim, ad,,, in the strong-operator topology of B(A).
The dual of a Banach space X is denoted by X’; in the case where
X is a Banach A-bimodule, X’ is also a Banach A-bimodule. For the

standard dual module definitions, see [1].

DEFINITION 1.1. [3] Let A be a Banach algebra. Then A is approx-
imately amenable if, for each Banach A-bimodule X, every continuous
derivation D : A — X' is approximately inner.

The qualifier sequential prefixed to the above definition specifies
that there is a sequence of inner derivations approximating the given
continuous derivation.

We remark that, in [3], the notion of uniform approximate amenabil-
ity was also introduced: a Banach algebra A is uniformly approximately
amenable if, for each Banach A-bimodule X, each continuous deriva-
tion D : A — X' is the limit of a sequence of inner derivations in
the norm topology of B(A, X’). In fact, it has recently been shown
independently by Pirkovskii [10] and Ghahramani [4] that a uniformly
approximately amenable Banach algebra is already amenable.

Of course, each amenable Banach algebra is approximately amen-
able. Some approximately amenable Banach algebras which are not
amenable are constructed in [3]. For example, let (A,) be a sequence
of unital, amenable Banach algebras. Then the sum ¢¢(A4,) is always
approximately amenable, but is not necessarily amenable [3, Example
6.1]. Further, it has been shown by Ghahramani and Stokke [5] that
the Fourier algebra A(G) is approximately amenable for each amenable,
discrete group G, but it is known that A(G) is not always amenable for
an amenable group G [9]. Examples of semigroup algebras of the form
¢1(S) that are approximately amenable but not amenable are given in
[2]. Nevertheless there is something of a shortage of ‘natural” examples
of approximately amenable Banach algebras which are not amenable.
In this paper, we shall consider when certain Banach sequence algebras
on N are approximately amenable, a question left open in [3]. In part-
icular, we shall consider the standard Banach sequence algebras /7 =
(P(w), where 1 < p < 0o and w is a weight on N.
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2. Basic constructions

When determining whether or not our Banach algebras are approx-
imately amenable, we shall work from a characterization of approx-
imately amenable Banach algebras which is a modification of that given
in [3].

Let A be Banach algebra. The projective tensor product A®A is a
Banach A-bimodule, under the operations defined by

cra®b=ca®b, a®b-c=a®bc (a,b,ceA),

and there is a continuous linear A-bimodule homomorphism 7 : AQA —
A such that m(a ® b) = ab (a,b € A) [1].

PROPOSITION 2.1. Let A be a Banach algebra. Then A is approz-
imately amenable if and only if, for each € > 0 and each finite subset
S of A, there exist F € A® A and u,v € A such that 7(F) = u+v
and, for each a € S:

i) [[a-F-F-a+u®a—a®v| <e;
(ii) |la — aul|| <€ and ||la —va| < €.

PROOF. Suppose that A is approximately amenable. Then by [3,
Corollary 2.2] there are nets (M,) in (A®A)", and (U,) and (V,) in A”
such that, for each a € A:

(i)a-My—M,-a+U,®a—a®V, —0;
(i) a—a-Uy—0and a—V,-a—0;

(iii) 7" (My) — Uy — Vo — 0.

(This corrects a typographical error in [3].) In each case convergence
is in the || - ||-topology.

Let Y denote the Banach space (ARA) ® A ® A@® A. For each
a € A, define a convex set in Y by setting

K,={(a-m —m-a+u®a—a®w,
a—au, a—va, 7(m) —u—v):me ARDA, u,v € A}.
For the specified finite subset S of A,

K::H{Ka:aES}

is a convex set in the Banach space Y. The conditions above show
that the weak closure of K in Y contains the zero element 0 of Y¥. By
Mazur’s theorem, it follows that 0 belongs to the || - ||-closure of K in
YS. Thus, with e > 0 as specified, there exist ' € AQA and u,v € A
such that clauses (i) and (ii) of the proposition are satisfied and, further,
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such that ||7(F) —u —v|| < e. By modifying F' and u slightly, we may
suppose, further, that ' € A ® A and that 7(F) = u + v.

Conversely, suppose that the condition in the proposition is satis-
fied. Consider the set D := (0,1) x F(A), where F(A) is the family of
finite subsets of A, and order D by setting

(€1,51) < (€2,52) whenever e >ey and S; CS;.

Then (D, <) is a directed set. The conditions show that there exist
nets (F,) in A®A, and (uy), (va) in A such that 7(F,) = us + v, and
such that, for each a € A, we have:

a-Fo—F,-a+u,00—a®@v, —0;
a—au, — 0, a—v,a—0.

Thus we have satisfied the conditions of [3, Corollary 2.2], and so A is
approximately amenable. 0

COROLLARY 2.2. Let A be a Banach algebra with identity e. Then
A is approximately amenable if and only if, for each ¢ > 0 and each
finite subset S of A, there exists G € A® A with 7(G) = e and such
that

la-G—G-a||<e (a€Sf).
PROOF. Suppose that such a G exists, and set u = v = e and
F=G+e®e. Then n(F) =u+ v, and F,u,v satisfy the conditions
of Proposition 2.1.

Conversely, suppose that F,u,v satisfy the above condition for a
finite subset S and with €/3|e|| replacing e, and set

G=F—-u®e—ecRQut+e®e.
Then 7(G) = e, and
la-G—G-a|| <|la-F—F-a+u®a—a®v| +|la—aul|+|la—va| < e,
and so A is approximately amenable by Proposition 2.1. 0
For comparison, we recall [1], [8] that a Banach algebra A is amen-
able if and only if there is a constant C' > 0 such that, for each € > 0

and each finite subset S of A, there exists FF € A® A with |F|| < C
such that, for each a € S, we have:

(i) fla- F=F-al <e;
(i) |a —am(F)| < €.
We remark that (ii) of Proposition 2.1 is exactly the condition that
A has both left and right approximate units [1, Definition 2.9.10]. We
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do not know whether or not an approximately amenable Banach alge-
bra necessarily has (two-sided) approximate units.

We now give a variation of Proposition 2.1 in the case where A
is commutative. For each Banach algebra A, there is an isometry ¢ :
ARA — A®A such that la®b) =b®a (a,b € A).

PROPOSITION 2.3. Let A be a commutative Banach algebra. Then

A is approximately amenable if and only if, for each ¢ > 0 and each
finite subset S of A, there exist FF € A® A with o(F)=F andu € A
such that w(F) = 2u, and, for each a € S:

i) la-F—F-a+u®a—a®u| <e;
(ii) @ —aul| <e.
PROOF. Since A is commutative,
a-F)=uF)-a (a€AFcARA).

Suppose that A is approximately amenable, and take ¢ > 0 and
a finite subset S of A. By Proposition 2.1, there exist F, u, and v
satisfying conditions (i) and (ii) of that result. For each a € S, we
have
lo(F)-a—a-u(F)+a®Qu—v®al <e.
Set G = (F + «(F))/2 and w = (u + v)/2. Then «(G) = G and
7(G) = 2w. Further,

la-G—G-a+w®a—a®w| < ¢ and |a—aw| <e.
Thus the specified conditions are satisfied (with w for w).
The converse is immediate. O
3. Banach sequence algebras

We now introduce the specific algebras that will be considered in this
paper. As usual cop will be the subalgebra of C" consisting of sequences
having finite support.

DEFINITION 3.1. A Banach sequence algebra on N is a Banach
algebra A which is a subalgebra of CY such that coy C A.

For example, ¢y = ¢o(N) and ¢ = ¢?(N) for 1 < p < 0o are Banach
sequence algebras on N.
Let (A, |- ]|) be a Banach sequence algebra on N. Then

lall = laly  (a € A),

where | - |y denotes the uniform norm on N. In the case where c¢gy is
dense in A, the algebra A is natural on N [1, Proposition 4.1.35].



6 H. G. DALES, R. J. LOY, AND Y. ZHANG

Throughout we write 9; for the characteristic function of {i} for
1 € N, and set

en:iéi (n e N),
i=1

so that (e,) C cpo C A. When convenient we identify a € A both as
the sequence (a;) and as the formal sum ), a;6;. We shall also identify
A ® A with a space of functions on N x N by setting

(a®0b)(i,j) = ab; (a,be A, i,jeN);

in particular, §; ® 6; = 0 ;), the characteristic function of {(¢,j)},
for 4,7 € N. We shall also sometimes write F' =}, . F'(i,7)d( ) for
Fe Coo & Cop- Note that

(CLF)(Z7.]) = azF(lmj)? (Fa>(17j) = CL]F(Z,j) (Z7j € N)»
and that 7(F) = >, F(i,1)d;.

DEFINITION 3.2. Let A be a Banach sequence algebra on N, and let
a € A. For F € cyg ® cog, set

Ay(F)=a-F—F-a+n(F)®a—a®mn(F).
Clearly A, (F) € coo ® coo whenever a € cqp.

PROPOSITION 3.3. Let A be a Banach sequence algebra with cog
dense in A. Then A is approximately amenable if and only if, for each
e > 0 and each finite subset S of A, there ewists ' € cog @ coo with
L(F) = F such that, for each a € S:

(1) AP <5
(ii) |la —aw(F)|| <e.

PROOF. Suppose that A is approximately amenable, and take e > 0
and a finite subset S of A. Let F' and u be given by Proposition 2.3.
Since ¢y is dense in A, the space oy ® cgo is dense in A® A, and so we
can replace F' by an element G € ¢ ®@ coo such that (i) and (ii) of that
proposition remain true, with v = 7(G)/2 replacing u. Now replace G
by
noting that the number of non-zero summands in the above sum is
finite. This does not affect clauses (i) or (ii) of Proposition 2.3, and
now 7(H) = v. Thus conditions (i) and (ii) of the current proposition
are satisfied.

The converse is similar. O
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We shall later consider only Banach sequence algebras A which are
self-adjoint. In such a situation the map a +— @ is necessarily continuous
on A. It follows that we may replace F' by F + F, and so take F to be
real-valued. Similarly, we may also suppose that the elements of the
‘test sets’ S are real-valued.

PROPOSITION 3.4. Let A be a Banach sequence algebra. Suppose
that there is 1 > 0 such that, for each € > 0 and each finite subset S
of A, there exists u € cog with

lull =7 and fla —aull - fJul| <e. (3.1)
Then A is approximately amenable.
Proor. Take u as given by (3.1), with € replaced by en/2. Set
F=u@u+> (u—u) 6.
Then 7(F') = u and, for each a € S, we have
la-F—F-a—a®@u+tu®al =lau®@u—a@u+u®a—u®aul| <e

and |la — aul| < . By Proposition 3.3, A is approximately amenable.
The converse is immediate. 0

More general forms of this result for Banach function algebras on
discrete spaces can be shown by the same sort of argument; see, for
example, [5, Proposition 3.16].

We make the conjecture that the sufficient condition in Propos-
ition 3.4 is in fact also necessary for A to be approximately amenable.
Indeed, we do not know an example of a Banach sequence algebra
which is approximately amenable, but which does not have a bounded
approximate identity. It is also conceivable that each Banach sequence
algebra A such that cgo is dense in A and A = A? is approximately
amenable.

COROLLARY 3.5. Let A be a Banach sequence algebra such that
A has a bounded approximate identity contained in coy. Then A 1is
sequentially approximately amenable.

PROOF. It is standard that A has a sequential bounded approx-
imate identity, say (un), in coo [1, Corollary 2.9.18], and satisfying
inf,, ||u,|| > 1. Let {z,, : n € N} be a countable dense subset of A.
Then, for each n € N, there exists ¢ = i(n) such that ||z; — z;u;m)| <
1/n for 1 < j < n. Following Proposition 3.4, we set

Fy = tin) ® Uitn) + D jen(Wigny 5 — Uiy 1)05 ® G5 -
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Then, for each a € A and € > 0, we have
la- Fn—F, - a—a® Ui + g @ al| = 2||aumy — all - |uml <&

for n sufficiently large. Thus (F,, u)) gives a sequence with the re-
quired properties of [3, Corollary 2.2]. The sequential variant of [3,
Theorem 2.1] holds (with the same argument), and so A is sequentially
approximately amenable. O

Special cases of the above corollary have been shown in [4], where
it is also shown that the converse holds for certain Banach sequence
algebras.

We wish to stress that the function F' specified in Proposition 3.3
must satisfy conditions (i) and (ii) for each finite collection S of ele-
ments. The following shows that, for many Banach sequence algebras
A, we can find F' to satisfy these conditions for each single element
a € A. Indeed the Banach sequence algebra ¢! satisfies the conditions
of Proposition 3.6 below, but we shall see that it is not approximately
amenable. To determine whether or not such an algebra A is approx-
imately amenable, we must look at sets S with at least 2 elements.

We introduce the following notation. Let A be a Banach sequence
algebra on N. For each a € A and each finite or cofinite subset T" of N,
set

PT:aHZi{aiéi:ieT}, A— A.
We also write P, = Py, ny and @, = I — P, for n € N. The family C
of cofinite subsets of N will be directed by reverse set inclusion.

PROPOSITION 3.6. Let A be a Banach sequence algebra, and let
a € A. Suppose that

lim{||Pcal| : C €C} =0. (3.2)
Then, for each € > 0, there exists F € cog ® coo such that
|ALF)|| <e and |a—an(F)||<e. (3.3)

PROOF. Let {B; :i € Z"} be the partition of N such that a takes
the constant value a; on B; for ¢ € N, such that a takes the value 0 on
By, and such that a; # a; whenever i, j € Z" and i # j. Note that, by
(3.2), each B; for i € N is finite. For n € N, set

D,=|JB; and E,= |J B,
i=1 i=n+1
and set p(n) = min E,, so that u(n) — oo as n — oo.
Fix ¢ > 0, and take ny € N such that |Pral| < € for each cofinite
subset C' of N with min C' > ng. Next choose ny € N such that n; > ng
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and p(ny) > ng. Set C' = E,, U(ByN[ny,o0)), so that D, is finite and
C' is cofinite with min C' > ngy. Take u to be the characteristic function
of D,,, so that
a —au = axnnp,, = Pea,
and hence
|la — au|| = || Pcal| < e.
By (3.2), we may choose my € N with mg > ny and such that
’Dn1| ’ ||Qmoa” <€/2‘ (34)
Now define F' as follows.
(a) For j, k < ny, set
F =1 on B x By;
(b) for j < my and ny < k < my, set

j p—

on B X By;
a; — ag
(¢) by symmetry for k£ < ny and n; < j < mgp; and
(d) at remaining points, F' = 0.
Note that u € cgg, F' € coo ® coo, and 7(F) = u. Set A, = A, (F).
Clearly A, is zero except on the sets (B; x By) U (B x Bj) where
7 <ny and k > my. On the set

(Us)-(uz)

we see that a- F'— F'-a and a ® u are zero, and that u®a = u ® @, a.
A similar formula holds when j and k are interchanged. Note that
Qmea ® u and u ® @Q,,a have disjoint supports in N x N. Thus

18l = 2Qma®ul = 2| Y {Qua®d ire Dy}
< 2|Dn |- [|@moall < &
by (3.4). This establishes (3.3). 0

Note the explicit dependence of F' on the element @ in clause (b),
above. One is tempted to try the ‘more obvious’ definition

A= {1 (i.j <n),

0 (otherwise) ,

for suitably large n € N, so that 7(F') = e,. In this case, F'is indepen-
dent of a. Suppose that S is a finite subset of ¢y (rather than A). Then
our function F' satisfies (i) and (ii) of Proposition 3.3 for each a € S
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(for sufficiently large n € N). However this choice of F' does not work
for all @ € A. For example, take A = ¢!, and set a = Zj %65 € A.
Then

1Al = DY i7PI0 @en —en®@s =20 Y ;77 >4
j=n+1 j=n+1
for each n € N.

In fact, let A = ¢!, and let S be a finite subset of A2, Then we
claim that for each ¢ > 0, there exists F' € A® A such that (3.3) holds
for each a € S. This may add some credence to our conjecture that
A? = A for an approximately amenable Banach sequence algebra.

To prove this claim, we first recall Pringsheim’s theorem: for a
monotonic decreasing sequence (a;) € A, one has lim; ia; = 0.

Now take a = (a;) € A with 0 <a; <1 (i € N). Certainly a; — 0,
and so there is a permutation o of N such that a,;) < ag;) for j >
in N. Thus ia,; — 0. Fix ¢ € (0,1), and take n € N such that
Jao() < /2 for j >mnandalso 3322 a; <e. Set B=o0(N,)UN,,
where N,, = {1,...,n}. Then set u = yp, the characteristic function

of B, and
1 (i,jeB),
Fij = :
’ 0 (otherwise) .

We see that
oo 9 o
5 1= |B|Z{a?:iEN\B}§2n Z afr(j) S% Z <.
J=n+l j=n+1
Thus

|a> F—F-a*>+u®ad® —a® @ul| =2||Qpd®| |ul| = s < e,

and we have built in the fact that |la* — ua?|| < e. It follows that the
conditions of (3.3) are satisfied for a?.

For finitely many elements in A2, it suffices to consider the case
where each of them is real-valued, and hence we need only consider dif-
ferences of finitely many squares of non-negative elements of A, say the
elements are aV, ... a®. We then have finitely many permutations
o1,...,0, of N that respectively render each of these latter sequences
decreasing. We argue as above, with n € N chosen so that, for each
1 < i<k, we have jag?(j) < ¢/2k for j > n and also Z;’inﬂ ag»z) < e.
Finally, we set

k
B=N,U| o '(N,).
=1
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The above claim now follows.

4. Approximate amenability for /7

Take 1 < p < oo. Then ¢? is a Banach sequence algebra, and cyy is
dense in ¢P. These algebras are discussed in [1, Example 4.1.42].

It is well known that /7 is weakly amenable, but not amenable.
Clearly the sequence (e,) is an approximate identity for ¢? such that
lenll, = /P (n € N). Certainly each a € P satisfies equation (3.2)
above.

It is shown in [3, Example 6.3] that ¢? is not sequentially approx-
imately amenable. In this section we show that ¢? is not approximately
amenable.

To this end, some preliminaries and further notations are needed.

First, note that the map

T: 0P x P = (P(NxN):T(z,y)(3,7) = zy;,
is bilinear with ||T'|| = 1, and so there is a map
T:?&0” — (PN x N)
with T(z @ y) = T'(z,y) (x,y € (7) and || T|| = 1. Let H € coo @ cop.

Then
Y HGEHI < |H]" (4.1)
i7j
where ||H| denotes the norm of H in ¢?®(P. (Of course, equality
holds in the case where p = 1.)

Fix throughout v, = and set v = (v;). Note that ~ is

J(G+1)
positive, decreasing, and satisfies
kv < Z Vi - (4.2)
Jj=k+1

Now let n = (n;) € ¢! be positive and decreasing, and define ele-
ments a, b in £P by

a= 0 0, b= 0.
j=1 j=1

We show that, for a suitable choice of  and for a certain € > 0, there
is no element F € ¢y ® cgg such that both the following inequalities
are true:

[Aa(E)|| + [ Ae(F)]| < e (4.3)
|la —7(Fal|| + ||b — 7(F)b|| < e. (4.4)
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It would then follow from Proposition 3.3 that ¢? is not approximately
amenable.

Throughout, we set u = m(F). As we remarked earlier, we may
suppose that F' (and u) are real-valued.

We first make a small reduction. We may suppose that ¢ < ni/ P,
Now assume that F satisfies (4.4), with e replaced by /2. Then
ni/p(l —up) < n}/p/Q, and so u; > 1/2. By replacing v and F by
u/uy and F'/uq, respectively, we find new elements F' € ¢y ® ¢oo and
u € cgo such that 7(F') = v and

ur =1 and [[Au(F)]| + [|A(F)] <e.

Thus we may always suppose that u; = 1.

We shall need to estimate |A,| = ||AL(F)|| for z = a,b, and for
this we shall use (4.1). Thus we require lower bounds for |A,(m,n)|
for m,n € N.

First consider the points (2i — 1,25), where 7,5 € N. For con-
venience, define s = Fy;_; 9;. We calculate the values

A2 = 1,25) = )P (s — uyy) ,

Ap(2i —1,25) = ﬁ;/p(uziq —s).

In the case where ¢ < j, so that n; > n;, geometrical considerations
show that

|8 — ug;[Pni + |ugi—1 — s[Pn; > m; (Jugi1 — U2j|/2)p .
In a similar manner, the points (2¢,2j — 1) taken with i < j — 1 and
J > 2, so that n; > n;, lead to the estimate

|t — U2j—1‘p7]i + Jug; — t|p77j > 1 (Jugi — Uzj—1|/2)p )
where t = F2i,2j71'

[At the points (2¢ — 1,25 — 1) and (2i,27), where 7,7 € N, we have

ANa(2i — 1,25 = 1) = (0" = 0}/") Faio195-1 — 1) /

) =
Au(2,2) = (07 = 0)?) Faing — 0} Puns + )Pz

Aa(2i,27) = Ap(2i — 1,25 — 1) = 0.
Since n; # n; for ¢ # j, there are choices of the values of F' at the points
(20— 1,25 — 1) and (2i,2j) giving zero values to both A, and A, at all
these points. We shall not use this fact.]
For u = (u;) € cqo, set

P L/p
Ugj—1 + 7" Ugi—1,

J

o) j 00 7j—1
Dp(n,u) = Z n;j Z Ui — us|” + Z n; Z |[ug; — ugj 1|, (4.5)
j=1 =1 j=2 =1
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It follows from (4.1), the above estimates, and the simple inequality

(el + 18107 = lledl” + 18]" (o, 8 € C),

that

Z([Aa(E) + 1A (F))" = Pp(n,u) -
Set

0,(n) = inf{®,(n,u) : u € coo, uy = 1}.
We seek to show that, for suitable choice of 7, we have 6,(n) > 0, for
then (4.3) fails for any & with 0 < £ < min{6,(n)"/?,n,"}/2, and so (P
is not approximately amenable.

We note that ®,(n, u) is reduced if every value of u; outside [0, 1]
is replaced by its nearest neighbour in [0,1]. Thus we may suppose
throughout that

0<u; <1 (ieN).

For d > 2, consider the set

Se={u€cp:u=1u€[0,1] (i=1,...,d),u; =0 (i >d)}.
Certainly

ag =min{®,(n,u) :u € Sq} >0,
and this minimum is attained. The question is whether or not

lim ag > 0.

d—o0

Suppose for the moment that p = 1, and take n = . Thus, in this
case, ®1(n,u) from (4.5) becomes

00 J 00 Jj—1
Dy (y,u) = Z%‘ Z |ugi—1 — ug;| + Z%‘ Z |ugi — ugj1].
J=1 i=1 Jj=2 =1

Consider the values of ®;(v,u) for sequences u € Sy, where d > 2.
Indeed, take such a point v with ug > 0. We claim that, by setting
ug = 0, the value of ®;(7,u) is reduced.

To establish this claim, first suppose that d = 2k+1 for some k € N.
By the change specified, we first increase each term in the summand

k
Vk+1 Z |U2¢ - u2k+1|
i=1

by at most wusori1Vkr1, and so the sum itself increases by at most
kusgi1ve+1.- On the other hand, we decrease the term

Z ’Yj’uzkﬂ - U2j’ = ( Z ”Yj) U241



14 H. G. DALES, R. J. LOY, AND Y. ZHANG

by ugky; times the sum Z]Oik 4175 of the tail. Other terms are not
affected. However, for each k € N, we have

By <k < Y
j=k+1

by (4.2), and so, in total, the value of ®;(v, u) has been decreased.
Now suppose that d = 2k for some k£ € N. By the change specified,
we firstly increase each term in the summand

k
Yk Z ’U2z‘—1 - U2k|
i=1

by at most ugryk, and so the sum itself increases by at most kuogys.
On the other hand, we decrease the term

o0

Z 7j|U2k - Uzj—1|

j=k+1

by w9 times the sum Z;’;k 4175 of the tail. Other terms are not af-
fected. Once again, (4.2) ensures that the value of ®1(7,u) has been
decreased.

By continuing, we see that, subject to the constraints we have im-
posed, and in particular that u € cyp and u; = 1, the minimum value
of ®1(~,u) is attained at the point v = (1,0,0,...), and so

01 =®1(v,0) = Z% =1.
=1

Hence we obtain the required contradiction, at least in the case where
p=1.

Now consider the case where p > 1. Again we should like to show
that 6,(n) > 0 for suitable n. The above method for the case that p =1
does not now work; indeed the minimum value min{®,(n, u) : v € Sz}
need not occur at the point v = (1,0,0,...), and in fact, perhaps
surprisingly, it does not necessarily occur at a decreasing sequence u of
Sq. In fact we cannot explicitly calculate 6,(n), but we obtain a lower
bound by the use of Holder’s inequality.

With 1/p+ 1/qg = 1, choose a > 0 so small that 1 — pa/q > 1/2.
Then we have

5= ijyj“a < oo and ny;*pa/q < 00,
=1 =1
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and so, in particular, the formula 7; = 'y;_pa/q (j € N) defines a se-
quence 1 € ¢! which is positive and decreasing.
Note that
1 1
+a+<1_2a)_:m:1
4q 4q p pq
i/ (+a)/q : _

and that v; = n;"" - v; . For each v € cyy with u; = 1 we apply

Holder’s inequality to the sequence (z,y,), where (x,.) has generic term
n;/p|u2i_1 — ug;| or njl-/p|u2i — ug;1], and (y,) has the corresponding

generic term 777 Thus we obtain

00 i 0o j—1
L<@u(yu)= D oy ) Jusies —uggl + 5 Y Jusi — gy
Jj=1 i=1 J=2 i=1

o j 0o j—1 1/q
< (S o
j=1 i=1 j=2 i=1

< (25)1/11(1)1)(77’ u>1/p :

It follows that 6,(n) > (26)7/¢ > 0, as required.
Thus we have the following result.

THEOREM 4.1. The Banach sequence algebras (P(N), 1 < p < oo,
are not approximately amenable.

It is immediate that ¢7(S) is not approximately amenable for any
infinite set .S, since there is a continuous epimorphism ¢?(S) — (?(N).

Take 1 < p < c0. In [3, Corollary 7.1] it was shown that the Banach
algebras (P are essentially amenable, that is, any derivation into the
dual of a neo-unital bimodule is inner. From Theorem 4.1 we conclude
that essential amenability does not imply approximate amenability. It
also follows by the Plancherel theorem that L?(T) fails to be approx-
imately amenable, though by [6, Theorem 4.5] it is pseudo-contractible,
that is, it admits a central (unbounded) approximate diagonal.

We finally consider a weighted variant of the ¢? algebras.
Let w € [1,00)N. For p > 1, we consider

(Pw)y={feC": f.-wer}

where f - w denotes the sequence with the ith coordinate (f - w)(i) =
fiw; (i € N). With the norm

||f||p,w =|f - WHp (f € P(w)),
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(P(w) is a Banach algebra under pointwise operations. As previously,
the map T (P(w) x (?(w) = (P (w ®w) = {P(w ® w,N x N) given by

T(x,y)(i,j) = wy;  (2,y € L7(w), 4,5 €N)

defines a contractive operator T: (7(w)®(P(w) — (P(w ® w), where
w ® w denotes the weight on N x N such that w ® w(i,j) = ww,
(7,7 € N). As for the case of {7, we aim to show that for some £ > 0
and elements a,b € (P(w), there is no F' € oy ® cyp such that both the
following inequalities are true:

18a(F)llpwsw + [[A6(F)lpwes < €;
la = m(F)allpw + 1o = m(F)bllpe <€
We take v = (v;) and n = (n;) the same as in the proof of Theo-
rem 4.1. Set

/ Uz " Ui

n; = y N = (] € N) )
! ng—l ! ng
and define
a= Z(ﬁ})l/pfszjfl , b= Z(’?;/)l/pfszj ;
=1 =1

so that a,b € ¢P(w). Now for F' € coo®coo and u = w(F'), then following
the same argument as in the proof of Theorem 4.1, we find that

(| Aa(F)llpwew + 1A6(F)lpwsw)” = ®p(n, u)

where ®,(n, u) is given by Equation (4.5). This finally shows that the
value of ||A.|lpwsw + [[A]|pwsw is bounded away from 0 as a function
of F' € cog ® cop. We therefore conclude with the following theorem.

THEOREM 4.2. The Banach sequence algebras (?(w), 1 < p < oo,
are not approximately amenable for any weight w. 0
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