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ABSTRACT. In this paper, we define multi-normed spaces, and investigate some properties of
multi-bounded mappings on multi-normed spaces. Moreover, we prove a generalized Hyers—
Ulam—Rassias stability theorem associated to the Cauchy additive equation for mappings

from linear spaces into multi-normed spaces.

1. INTRODUCTION

In 1940, Ulam [22] first raised the stability problem of functional equations: ‘For which metric
groups G is it true that an e-automorphism of G is necessarily near to an automorphism?’
In the next year, Hyers [9] gave a partial affirmative answer to the question of Ulam in
the context of Banach spaces, and in 1978, Th. M. Rassias [19] formulated and proved the
following theorem, which subsumes Hyers’ theorem in the case where p = 0.

Let E and F be real normed spaces with F' complete, let f : E — F be a mapping such
that, for each fixed x € E, the mapping t — f(tz) is continuous on R, and let € > 0 and
p € [0,1) be such that

(1.1) If(x+y) = fl@) = fWI <e(lzlI” + yl") (z,y € E).

Then there exists a unique linear mapping T : E — F' such that

If (@) = Tz|| < eflal?/(L=2"") (z € E).

In 1990, Th. M. Rassias [20] asked whether such a theorem can also be proved for p > 1.
In 1991, Gajda [7], following the same approach as in [19], gave an affirmative solution to
this question when p > 1, but it was proved by Gajda [7] and Rassias and Semrl [21] that one
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cannot prove an analogous theorem when p = 1. The result of Rassias, which is also true for
p < 0 (where we adopt the convention that ||0]|” = o0), has influenced the development of
what is now called the Hyers—Ulam—Rassias stability phenomenon. In 1994, a generalization
of Rassias’ theorem, the so-called generalized Hyers-Ulam-Rassias stability theorem, was
obtained by Gavruta [8]: he replaced the bound e(||z||” + ||y||?) in (1.1) by a general control
function (x,y).

During the last decades several stability problems of functional equations have been investi-
gated by a number of mathematicians [3, 5, 10, 15, 20]. These results have many applications
in information theory, physics, economic theory and social and behavioural sciences [1, 2].
We briefly mention some applications within the theory of Banach algebras. In each case a
key step is the use of an analogue of our Theorem 3.5.

About 20 years ago, papers appeared dealing with perturbation theory: they asked when
is it true that a mathematical object which satisfies a certain property approximately is
necessarily close to something which satisfies the property exactly. Many of these result are
described in [12]. For example, let A be a Banach algebra, and let T': A — C be a linear
functional such that |T'(ab) — T'(a)T'(b)| < §|T(a)||T(D)| (a,b € A). Then ||T]| < 1+34.
Let A and B be subalgebras of a Banach algbera C' such that A and B are ‘geometrically
close’. Then it often follows (see [12]) that A and B are isomorphic. Similarly, let a Banach
space A have two multiplications that make it into an algebra and are such that the two
products are close as bilinear maps. Then the two algebras so formed often have common
algebraic properties. These ideas a! re related to that of approximately multiplicative maps,
as studied by Johnson in [13] and [14]. A pair (A, B) of Banach algebras is AMNM if, for
each ¢ > 0 and each K > 0, there exists 6 > 0 such that, for each bounded linear map
T : A — B such that ||T]| < K and ||T'(ab) — T(a)T'(b)|| < d|la|| ||b]| for all a,b € A, there
is a bounded homomorphism 6 : A — B such that |7 — 6|] < e. The theorems of Johnson
discuss which Banach algebras are AMNM; the proofs and conditions involve the cohomology
theory of Banach algebras. Related matters involving approximate cohomology groups and
approximate amenability are discussed in [18].

In this paper, following [6], we define multi-normed spaces, and investigate some proper-

ties of multi-bounded mappings on multi-normed spaces. Moreover, we prove a generalized
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Hyers—Ulam—Rassias stability theorem associated to the Cauchy additive equation for map-
pings from linear spaces into multi-normed spaces by using a fixed point approach in the
style of [4, 11, 17]. The theory of multi-normed spaces and of multi-Banach algebras was
originated in [6]. Our expectation is that our Theorem 3.5 will have similar applications to
the above in the theory of multi-normed spaces and algebras.

Let (E,| -]|) be a complex linear space, and let k € N. We denote by E* the linear space
E & --- & F consisting of k-tuples (z1,...,xx), where z1, ...,z € E. The linear operations
on E* are defined coordinatewise. When we write (0,...,0,2;,0,...,0) for an element in
E* we understand that z; appears in the i*" coordinate. The zero element of either E or E*
is denoted by 0. We denote by Ny, the set {1,2,...,k} and by &, the group of permutations
on k symbols; we set T ={z € C: |z] = 1}.

2. MULTI-NORMED SPACES AND MULTI-BOUNDED OPERATORS

We start this section by recalling the notion of a multi-normed space from [6]. Throughout

this section (E, || -||) denotes a complex normed space.

Definition 2.1. A multi-norm on {E™ : n € N} is a sequence

(-1 = - e N)

such that || - ||, is a norm on E™ for each n € N, such that |z||, = ||z| for each x € E, and
such that the following axioms are satisfied for each n € N with n > 2:
(A1)

“(SBU(l), .. ,xg(n))Hn = ||(£U1, ... ,[L’n)Hn (CT €6, x1,...,x, € E);

(A2)
(11, .., 0z, < (mai(]ai]) |(z1,...,2)|l,, (o1,...,0, €C,2q,...,2, € E);
(A3)
(21, ... 201, 0)||,, = (@1, ..., 2n1) |,y (@1, 201 € E);
(A4)
(21, .. o1, o), = (@1, s 2nt)l,,y (21,201 € E).

In this case, we say that ((E*,||-],) : k € N) is a multi-normed space.
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Motivations for the study of multi-normed spaces (and multi-normed algebras) and many
examples are given in [6].

Suppose that ((E™, | -||,) : » € N) is a multi-normed space. The following properties are
almost immediate consequences of the axioms.

(a)

(@, o)l = llzll - (keN, z e E);

(b) Let j,l € N with j <[, and let x1,...,2j,y1,...,y € E be such that {z4,...,2,} C

{v1,...,y}. Then
Il < sl

(c)

k
max [|z ]| < fl(@,.. . 2 < ; lzll < kmax |zl (k €N, 21,..., 2 € E).

It follows from (c) that, if (E, ||-||) is a Banach space, then (E*, ||-|,) is a Banach space
for each k € N; in this case ((E*, | -||,) : k € N) is a multi-Banach space.
Now we recall three important examples of multi-norms for an arbitrary normed space E ;

see [6] for details and many other examples.

Example 2.2. The sequence (|| - ||,, : » € N) on {E™ : n € N} defined by
(21, . za)ll, = max izl (21,20 € B)

is a multi-norm called the minimum multi-norm. The terminology ‘minimum’ is justified by

property (c). O

Example 2.3. Let {(||- || : n € N) : a € A} be the (non-empty) family of all multi-norms

n

on {E™:n € N}. Forn € N, set

(21, .., z)lll, = 21618 (1, .zl (z1,...,2, € E).
Then (|||-]||,, : » € N) is a multi-norm on {E" : n € N}, called the mazimum multi-norm. O
Example 2.4. Let (E, || - ||) be a Banach lattice, and define

I@re )l o= el VoVl | (@, € B).

Then (|| - ||,, : » € N) is a multi-Banach space. O
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Definition 2.5. Let ((E*,||-||,) : k¥ € N) be a multi-normed space. A sequence (z,,) in F is

a multi-null sequence if, for each € > 0, there exists ng € N such that

Sup||($n,...,xn+k_1)||k <e€ (7’L > no).
keN

Let x € E. Then
Lim z, =z

if (z,, — x) is a multi-null sequence; in this case, the sequence (z,,) is multi-convergent to x

in F.

Definition 2.6. Let ((E*,|-||,) : k € N) and ((F*,|-||,) : k¥ € N) be multi-normed spaces,
and let x € E. A mapping f : E — F' is multi-continuous at the point x if Lim f(z,) = f(z)

in F' whenever Limz,, =z in F.

n—oo

Now we give the definition from [6] of a multi-bounded operator between multi-normed

spaces; this is similar to the notion of bounded linear operator between two normed spaces.

Definition 2.7. Let ((E*,|-||,) : k € N) and ((F*,|-|,) : ¥ € N) be multi-normed spaces.

A linear operator T : E — F is multi-bounded if

[(Tzy, ..., Tay)||
Loz, ., my) £ 0 p < 00.
(@1, .- @),

The collection of multi-bounded operators from E to F' is denoted by M(E, F). It is
easy to see that (M(E, F), || - |lms) is a Banach subspace of the Banach space B(E, F') of all

IT|| o := sup sup{

bounded linear operators from E to F', and that M(FE, F') contains all nuclear operators. In

fact, M(E, F) is also a multi-Banach space in a canonical way; see [6, Chapter 4].

Theorem 2.8. Let (E*,|-|,) : k € N) and ((F*,|-|l,) : k¥ € N) be multi-normed spaces.

Then a linear mapping T : E — F is multi-continuous if and only if it is multi-bounded.

Proof. Suppose that T' is multi-bounded, and let (z,,) be a multi-null sequence in E. Then,
for each € > 0, there exists ng € N such that

sup |[(@n, ..., Tnyw—1) |, <€ (n>ny).

keN

But now

SUP (T2, - Tnpit)lly < [Tl e (22 o),
€
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and so (Tx,) is a multi-null sequence in F. Thus 7" is multi-continuous.
Conversely, suppose that T is not multi-bounded. Then, for each n € N, there exists the
positive integer k,, > n such that

(T, ..., Ty, )y,
su
||(!L’1, s 7'Ikn)||k’n

:(ml,...,xkn)%()} >n?.

Hence there exists (i, - - -, Yk,.n) € B such that

I(Ty1ns - Ty, o
>n
115 Y I,

Now set
yj,n .

in = ] € N, ).

" S g, )
Then

1
|(z1m, - - ,kan)Hkn < = and  |[(Txyp, ... ,Tkan)Hkn >1.
Consider the sequence
(Zz') = (SE1,1, s Tl 15 X120+ 3 Thg 25+ -y XAy v oy Thypymy v - - )

in E. We claim that the sequence (z;) is multi-null in £. Indeed, given ¢ > 0, there exists

j € N with j > 2 such that Zl/z’2 < g, and then

i=j
j+n
||(a:1,j7"'7xkj,j7'"7x1,j+n7"'7xkj+n,j+n)”kj+_,_+kj+n < ZH('II,Z7"'7$]€[,Z||]€K
l=j
Jt+n
(2.1) < 7 <e (neN).
l=j

Fix ngo = ki +---+ k;j—1 + 1. For n,k € N with n > ng, choose m € N with
ki+-+kizm>Mn—ki—--—kj_1)+k—1.
Then {zn, ..., znpr-1} S {T15, - s Thyjr -+ s Tljtmy - - s Thyym,j+m s and so it follows from

(2.1) and property (b) that

1 2l < @ty @iyl o, <

Hence supyey [|(2n; - - -, 2ntik—1) ||, < € (n > nyg), and so (z;) is multi-null. The sequence (7'z;)

is clearly not a multi-null sequence in F', and so T is not multi-continuous. 0
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3. GENERALIZED HYERS—ULAM—RASSIAS STABILITY

We begin this section with ‘the alternative of fixed point theorem’ [16]. A generalized metric
space is a pair (X,d), where X is a non-empty set and d : X x X — [0, 00| satisfies the
usual axioms. A map J : X — X is strictly contractive if there exists a ‘Lipschitz constant’

0 < L < 1 such that d(Jz, Jy) < Ld(z,y) (x € X).

Theorem 3.1. Let (X,d) be a complete generalized metric space, and let J : X — X be a
strictly contractive mapping with a Lipschitz constant L < 1. Then, for each element x € X,
either
(F1) d(J"z, J""'z) =00 (n >0), or
(F2) there exists ng > 0 such that:
(F20) d(J"z, J"z) < oo (n >mng);
(F21) the sequence (J"x) converges to a fized point y* of J ;
(F22) y* is the unique fized point of J in the set U = {y € X : d(J™x,y) < o0} ;
(F23)

F23) d(y,y*) < d(y,Jy)/(1—-L) (yeU). O

The following lemma gives a useful strictly contractive mapping. We adopt the convention

that inf ) = oo.

Lemma 3.2. Let k € N, and let E and F be linear spaces such that (F* ||-||) is a Banach
space. Suppose that there exist 0 < M < 1, A >0, and a map v : E¥ — [0,00) such that

V(Az1, . Axg) < AMY (x4, .. 2)  (21,...,2 € E).
Set X :={g: E — F:g(0) =0}, and defined: X x X — [0,00] by

d(g,h) = inf{c >0 : [ (g(z1) = h(z1), ..., g(wr) = h(ar)) |

< e(xy,...,xg) for all zq,..., 2, € E}.

Then (X, d) is a complete generalized metric space, and the mapping J : X — X defined by
(Jg)(x) :=g(A\z)/X (xz € X) is a strictly contractive mapping.

Proof. 1t is easy to see that (X, d) is complete generalized metric space.
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For elements g, h € X with d(g,h) < oo, take ¢ > d(g,h). Then, for each x1,...,x; € E,
we have || (g(x1) — h(xy),. .., g(zx) — h(x)) || < cb(xq,...,2%), and so

IN

H ( (Axq) — —h()\xl) )\g(/\xk) - Xh(/\xk.)) H im/z()\xl, ce sy ATE)
< CM@D(%, s >$k> :

Thus d(Jg, Jh) < cM. Hence d(Jg, Jh) < Md(g,h) for all g,h € X, and so J is a strictly
contractive mapping on X with Lipschitz constant M. [l

Proposition 3.3. Let E be a linear space, and let ((F",||-||,) : n € N) be a multi-Banach
space. Let L,k € N with L > 2, and let there exist 0 < My < 1 and a function ¢ : E** —
[0,00) satisfying

(3.1) o(Lxy, Ly, ..., Lxy, Lyy) < LMop (1,91 - - -, Tk, Yk)

for all xy,...,xk, 01, ...,yx € E. Suppose that f : E — F is a mapping satisfying f(0) =

and
I (F (s + ) — pf (1) — wf () oo flun + pye) — pof () — 10 i) |l
(32) S (;O(mlaylw"vmkayk)
for all p € T and zy,...,25,y1,..-, Y € E. Then there exists a unique linear mapping

T :E — F such that

My

(33) I (Flar) = T, @) = T o < T

¢($1,...,$k),
where
L—-1
w(xlv' - 7$k) = Z(‘O (j%l/L,Qfl/L,jl'g/L,xz/L, s 7jxk/Laxk/L)
j=1
forall xq,...,z, € E.

Proof. Let z1,...,x, € E. Setting u = 1,y; = x1,...,yx = o} in (3.2), we obtain

| (f(2x1) — 2f (1), ..., fRxx) — 2f (x)) ||k < w(21, 21, 2, Tay . . ., T, Tp) -

By using induction one can easily see that

(3.4) | (f(Lay) = Lf(x1), .., f(Lag) = Lf (2x)) [ln < (L, -, Lag) -
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It follows from (3.1) that ¢ (Lxy, ..., Lzy) < LMy(xy, ..., x), and so, by (3.4), we have

IN

H(%fﬂmﬂ-—ﬂxﬁw~7%fﬂww-:ﬂxw) < el In)
(3.5) < Myb(zn, ... zh).

Let X :={g: E — F :¢(0) =0} and d be as in Lemma 3.2, with M and A replaced by
My and L, respectively. Define the mapping Jy : X — X by (Jog)(x) := g(Lz)/L (z € X).
Then Jy is a strictly contractive mapping. By (3.5), we have d(f, Jof) < My < oco. By
Theorem 3.1 (with f for x), there exists ng € N such that the sequence (JJ'f) converges to
a fixed point T of Jy (so that T'(Lx) = LT(x) (x € E)), T is the unique fixed point of Jy
in the set Uy = {g € X : d(J3°f,g) < oo}, and d(g,T) < d(g, Jof)/(1 — My) (g € Up).

Since 7}1_{20 d(JJ f,T) =0, we easily conclude that

lim —f(L"x)

n—00 L

=T(x) (rekE),

where we are using property (a). Clearly d(f, J;3°) < oo, and so f € Uy. Hence

M
d(faT) S 1_M0d(f7J0f) S 1_M07
and so
M
(@) =T, f@) = T(@) o € =400, a) (@, € B),

Fix z,y € EF and p € T. Let us replace all x1,...,x; by L™ and all yq,...,yx by L™y in
(3.2), divide both sides by L", and pass to the limit as n — oo. Then, using property (a)

again, we obtain

: 1 n n n n
T (ne + py) = uT(x) = uT()ll < limsup (L%, L, ..., L'z, L"y)

n—o0o

< limsup MJo(z,y,...,xz,y) =0.

n—oo

Thus T(pux + py) = puT(x) + pT(y) for all u € T and z,y € F.
Next, let £ € C, and take K € N with K > |£|. By an easily geometric argument, one
can see that there are pq, o € T such that 26 = K(u; + po). Using the additivity of T', we
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obtain

= DTt i) = 5 (T () + T(ps)
= Bt =52 £ e

for all x € E. Thus the mapping 7' is linear. If S is another linear mapping satisfying (3.3),
then S(Lz) = LS(x) and so S is a fixed point of Jy. Moreover,

L"Oxl f(L"OJJk) M,
H( T S(xl);...,T—S(a?k) kS 1_M0¢(x1,...,xk)
for all z1,...,x, € E. Hence S is a fixed point of .Jy in the set Uy, and so T'= S. O

Corollary 3.4. Let (E,||-||) be a normed space, and let ((F",|-||,) : n € N) be a multi-
Banach space. Let k € N, p € [0,1), o, >0, and let f: E — F be a mapping satisfying
f(0) =0 and

| (f (e + pyr) — pf (1) — o f (o), - f(pae + pye) — pf (2r) — o f (ye)) e
< a+ Bz’ + [y l” + -+ [lzell” + lyell”)

for all p € T, and x1,..., 2, y1,...,yxr € E. Then there exists a unique linear mapping
T:E — F such that

2o+ B(llwa || + - A+ )

| (Fer) = T, ) = Tag) o < o

forall xq,...,z, € E.
Proof. Set L =2, My =2P~1 < 1, and
Py, ye) = @+ Bl + [yl + - -+l + [lyell”)
so that ¢ satisfies (3.1) in Proposition 3.3. We have
V(. xy) = a+ 2" P8P+ -+ ||lzkl]P) (3, 1 € E),

and so there exists a linear mapping 7" with the required property. 0
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Theorem 3.5. Let ((E™, | -||,) : n € N) be a multi-normed space, let (F",|-,) : n € N)
be a multi-Banach space, let o« > 0, and let f : E — F be a mapping satisfying f(0) =0 and

| (f (s 4 ) — pf (1) = pf (yr)s - f(pag + pye) — pof (o) — pwf (ur) |k < @

forallk e N, p € T and x1,...,2k,Y1,---,yx € E. Suppose that f is multi-continuous at
some point of E. Then there exists a unique multi-bounded linear mapping T : E — F such

that
[f(x) —Tz|| <«

forall x € E.

Proof. By Corollary 3.4 with p = 8 = 0, for each k € N, there exists a unique linear mapping
Ty : E — F such that

| (f(z1) = Trxy, ..oy flog) — Thxw) ||k < (21,...,2, € E).

By (A3), in fact T, =11 (k € N), say T'=T). Therefore ||f(z) —Tz|| < a (x € E).
We shall prove that T is multi-continuous. Indeed, suppose that f is multi-continuous at
o € E, and assume towards a contradiction that 7" is not multi-continuous at 0. Then there

exist a sequence (z,,) in E and n > 0 such that Limx,, = 0 and

n—oo

limsup sup || (Tzy, ..., Txpip-1) || > 7.

n—oo k

Set € > 2a/n. Then

lim sup sup |[(T'(ex,, + x0) — T(x0), - - ., T(eXnip_1 + x0) — T'(x0))||r > 2.
k

n—0o0

For n € N, we have

Sl;p (T(exy +x9) — T(x0),...,T(expnip_1+ x0) — T(x0))|lx
< sup (T (exn + 20) — f(exn + 20),
oo T(exnh-1 + T0) — f(ETnin—1 + 20)) ||
+sup 1(f(exn + 20) — f(2o), - - -, [(ETnir—1 + o) — f(20))l|x

+I(f (o) = T(xo), - -, f (o) = T (o)) lls -
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Since Lim f(ex, + x¢) = f(x0), we have

n—oo

limsup sup ||(T'(ex, + w0) — T'(w0), - -, T(eTpyr—1 + o) — T(20))[lx < 20,

n—oo k

a contradiction. Hence 7" is multi-continuous. By Theorem 2.8, T" is multi-bounded. U

Proposition 3.6. Let E be a linear space, and let ((F",||-||,) : n € N) be a multi-Banach
space. Let L,k € N with L > 2, and let there exist 0 < M; < 1 and a function ¢ : E** —
[0,00) satisfying

1
o(T1, Y1+, T, Yk) < lesO(Lfcl, Ly, ..., Lxy, Lyy)

for all xy,..., x5, y1,...,yx € E. Suppose that f : E — F is a mapping satisfying f(0) =0

and

| (f (uy + pan) — pf (1) — pf (), - - o5 f (uan + pye) — o f (2n) — pf (Ue)) e

(36) S @(xlaylw"amlmyk)

for p = 1,1 and for all xq,..., x5, y1,...,yxr € E. Further, suppose that, for each fixed
x € FE, the function t — f(tz) is continuous on R. Then there ezists a unique linear

mapping T : E — F such that

(3.7) I (f(21) = Ty, flak) = Tae) [k <

1
. _Mll/z(xl,...,xk)

where

~

-1

w(xh s 7xk) = ¥ (jxl/L7xl/L7jx2/Lux2/L7 ce ,jiCk/L,iCk/L>
1

<.
Il

forall xq,...,z, € E.

Proof. Let zy,...,zx € E. Setting = 1,y1 = x1,...,yx = 7% in (3.6), we obtain

I (f(2x1) — 2f (1), ..., f(Rxx) — 2f (x)) ||k < w(21, 21, 2, Tay . . ., T, Tp) -

By using induction, one can see that

I(f(Lay) = Lf(2a), o f(Lak) = L (20) [k

L-1

(3.8) < Z@(j$1,$1,j$2,$27---ajxkyiﬁk)-
=1

<
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Replacing z; (1 <j <k) by z;/L in (3.8), we obtain

(3.9) 1(f (1) = Lf(21/L), .., flan) = Lf (/L)) < @2, 2)

Let X :={g: E — F :g(0) =0} and d be as in Lemma 3.2, with M and )\ replacing
My and 1/L, respectively. Define the mapping J; : X — X by (J1g)(x) := Lg (z/L). Then
Jp is a strictly contractive mapping. By (3.9), we have d(f, J;f) < 1 < oo. Essentially as
in the proof of Proposition 3.3, we see that there exists a mapping T : F — F' such that
T(px+py) = pl'(x) 4+ pT(y) for all z,y € E and p = 1,1, and that T is unique among maps
satisfying (3.7).

Now we use the strategy of [19] to show that T" is linear. Fix xy € F and p € F’. Then
the mapping ® : R — R defined by ®(t) := p(T'(txg)) = lim,, o L"p(f(L "tx)) is additive.
Since ® is the pointwise limit of continuous functions L™ p(f (L~ "tzy)), it is measurable. Thus
the additive mapping ® is continuous, and hence R-linear. For all £ = ay + iay € C, where

ai,as € R, we then have
T(€x) =T(a1x) + 1T (agzr) = a1 T (z) +iaxT (x) = T (x).
Therefore T' is a linear mapping. 0

Corollary 3.7. Let (E,|-||) be a normed space and let ((F",|-|,) : n € N) be a multi-
Banach space. Letk € N, p>1, 3>0, and let f : E — F be a mapping satisfying f(0) = 0

and
| (f (e + pyn) — pf (1) — pwf (o), - f (e + pye) — pf (2r) — o f () e
< B[P + yall” + - + llzall” + lyxll”)

for u = 1,i and for all xy,..., x5, y1,...,yx € E. If for each fivred x € E the function
t — f(tx) is continuous on R, then there exists a unique linear mapping T : E — F such

that
| (f(x1) = T(21), - flan) = Tlaw)) Ik < %(H%Hp + -t [lall)

forall xq,...,z, € E.
Proof. Set

p@nyn s xkye) = BUellP+ yall” + -+ llael” + lyell”)
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and let M; = 2P < 1 in Proposition 3.6. Then
U(@y,.ak) =278+ lall?) (2, @k € B),
and there exists a unique linear mapping 7" with the required property. 0J
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