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Filters and ultrafilters

Let S be a non-empty set. A filter on S is a
non-empty subset F of P(S) such that:

(1) 0 g F,
(2) E,Fe F=FEnNnFeclF,
(3) E€¢P(S),Fe F,EDF=FE¢cF.

The family of all filters on S is a partially
ordered set; a maximal element in this family
is an ultrafilter.

A filter F is an ultrafilter if and only if £ € F or
F € F whenever E,F € P(S) with EUF = S.

Example : {FCS:se F} forseS. Thisis a
fixed ultrafilter; the others are free.

Fact Let x = |S|. Then there are 22" ultra-
filters on S.



Special types of ultrafilters
Let S be a non-empty set.

Definition Take x with Rg < k < |S|. An ultra-
filter U is k-uniform if |U| > k for each v € U.
The set of these is Ux(S). Take Ug = Ux(S)
when k = |S]|.

Definition An ultrafilter U/ is selective if, for
each partition {A; : kK € N} of S, either there
exists kg € N with Ay, € U or there exists U € U
such that [UnN A| <1 for each k£ € N.

Do such exist on S when S is countable?

This is implied by CH and MA, but is not a
theorem of ZFC.

There are many other special ultrafilters - see
Comfort and Negrepontis.



Ultrapowers

Let S be a non-empty set. Then the space RS
is an algebra (over R).

Let & be an ultrafilter on the set S, and let
f,g €RS. Set f e~y gif

{seS:f(s)=g(s)}eU.

Then ~;; IS an equivalence relation, and the
quotient RS/Z/{ of the partially ordered algebra
RS is a totally ordered field, an ultrapower,
or a non-standard model of R; it contains
infinitesimals and infinitely large elements.

Let S be countable. Are the fields R /U the
same as each other? With CH - yes. Without
CH - no, and there is a zoo of them.



Bounded functions

Let ¢>°(S) be the subspace of R® consisting of
the bounded functions in R°. Then ¢£°(S)/U is
a subalgebra of IR%S/M - it consists of the finite
elements of RS/U. It is an integral domain
whose quotient field is R® /U/.

Let A be a (real) algebra. A character on A
is @ homomorphism ¢ : A — R.

Let A be an algebra which is a Banach space
for a norm ||-||. Then (A,|-]||) is a Banach
algebra if ||abl| < ||a]|||b]| for all a,b € A.

Example Set

Mg =sup{|A(s)|: s € S}.

Then |-|g is an algebra norm on £°°(S), and
(£>°(S),|-|g) is a commutative Banach algebra.
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The Banach algebra C(£2)

Let 2 be a comapct space. Then C(S) is the
space of all continuous functions on 2. It is
an algebra for the pointwise product.

Set
| flg = sup{[f(z)|: z € 2}

Then (C(2),|-|q) is a commutative Banach
algebra. For x € Q, the map f — f(x) is a
character on C(€2), and it is easy to see that
every character arises in this way. Let

My =A{f e C(Q): f(x) =0}.

Then M, is a maximal ideal in C(£2), and it is
easy to see that every maximal ideal has this
form.



The dual space of a Banach space
Let £ be a Banach space with a norm || -||.

The space of continuous linear functionals on
E is another Banach space, with norm given

by
Al =sup {|A(z)] sz € E, [[zf| < 1}.

This space is called the dual space, written E’.
The unit ball Efl] of E' is compact in a different
topology - this is the weak-*x topology.

The second dual is E”, and there is a canonical
embedding of E into E”.



The character space of a Banach algebra

Easy fact Each character on a Banach algebra
A is continuous, and so is an element of the
dual space A’. The space & 4 of all characters
IS @ compact Hausdorff space for the weak-x
topology.

Let A be a Banach algebra with compact char-
acter space ® 4. Then the Gelfand transform
a +— a, where

a(p) = pla) (g€ Py),

is a continuous homomorphism from (A, -]
into (C(Q),|-,)-



Stone-Cech compactification

Let S be a non-empty set. We denote the col-
lection of ultrafilters on S by 8S. The subset
of 5S of fixed ultrafilters is identified with S.
Regard an element of 23S as a point u (cor-
responding to the ultrafilter 4). For T C S,
define

T={ucpBS:Tecu}.
Thus S=28S and 0 = 0

Basic fact : (3S is made into a topological
space by taking the family of all sets T as the
base for a topology.

We obtain a compact Hausdorff space - it is
the Stone-Cech compactification of S.

So |8S| = 22",
We write T* =T\ T for T C S.

Fact 35S is the Stone space of the Boolean
algebra P(S).



Extensions of continuous functions

The Stone-Cech theorem Every f € £°°(S)
has an extension to a continuous function

—~

f 8BS =R,
and
‘ﬂﬁs = sup {‘f(u)‘ Tu € ﬁS} = |flg -
Further f is unique.

It follows that ¢°°(S) = C(8S) as algebras and
as Banach spaces.

The space 35 is the compact character space
of the Banach algebra ¢°°(S), and the map

fref, £°08) — C(BS),

IS just the Gelfand transform.
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Maximal ideals

Let S be a non-empty set. For f € R, set
Z(f) = {s € S : f(s) = O}. Let u € BS.

Set MY = {f RS Z(f) € u}.

Then MY is a maximal ideal in R®, and every
maximal ideal has this form.

et M = {f € 62°(S) : F(u) =0} .

Then MY is a maximal ideal in £°°(S), and every
maximal ideal has this form.

Set Ju={f €£>(S): f=0 near u}.

Then Jy is a primeideal in £°°(S), and £°°(S)/Ju
IS an integral domain whose quotient field is
RS /U.

See Dales-Woodin for a discussion of these in-
tegral domains - many of their properties de-
pend on the axioms of set theory that are used.
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Examples of dual spaces

e co(S) is the closed subspace of £°°(S) con-
sisting of functions f such that

{seS:|f(s)] <e}

is finite for each ¢ > 0.

o (1) ={feCY:|flly = Lses |£(s)] < oo},

e fOor a compact space 2, M(L2) is the space of
(complex-valued, regular, Borel) measures on
Q, with with ||u]| = |u| (£2).

Then:
co(S) =¢1(9);
¢1(S) = £°°(S) = C(BS);
C(B8S) = M(BS).
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Semigroups

Let S be a semigroup with operation denoted
by juxtaposition or -. For se€ S and W C S, set

sTIW ={teS:stcW}.
For example, consider S = (N, +).
A semigroup is weakly cancellative if the equa-
tions sz =t and xs = t have only finitely many
solutions for x for each s,t € S.
For example, (N, V), where mVvn = max{m,n}.
Let S be a semigroup. Then

Lg :t—st, Rg:t+—ts.
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Compact right topological semigroups

V' is a compact right topological semigroup
if V is a compact space and a semigroup, and,
further,

e R, iIs continuous for each v € V.

Let S be a semigroup. We wish to make 35S
inNto a compact right topological semigroup for
an operation O such that (S, -) is a dense sub-
set and a subsemigroup of (8S,0), and

e [.; is continuous for each s € S.

Already 8S is a compact space containing S as
a dense subset.
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T he topological method

Let u,v € BS, and take nets (sq) and (tg) in S
with [imq so = u and limgtg =v. Then

udv = Iiorp Iigﬂ Satg -
Similarly,
uov = Iign Iigén Satg -

Is it obvious that O is well-defined and asso-
ciative, and that (38S,0) is a right topological
semigroup? These facts are true.
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T he algebraical-logical method

Let u,v € 35, and let W be a subset of S. We
can show that the following are equivalent:

(a) W belongs to the ultrafilter wOv;
(b) {s€ S:s W e} €u;

(c) there exists U € v and a family

with sVs C W (s € U).

Is it obvious from this that O is associative, and
that (8S,0) is a right topological semigroup?
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T he functional analytic method
Let A be a Banach algebra.

Then A” is a Banach A-bimodule for maps
(a, P)—~a-P, (a,P)—D:a
from A x A” to A",

There are two products on A” extending the
module maps. For A € A’ and a,b € A, define:

(b, a - A) = (ba, A), (b, X - a) = {ab, \),
and then, for ® € A”, we set
(a, A\-P)y=(D,a- )N, (a, P -A)=(P, - a).

Let &, W ¢ A”. Then
(CDIZI\U,)\>=<CD,\|J-)\>, <¢<>W,)\>=(W,>\-¢)
for each \ € A’.

Theorem Both (A”,0) and (A”, ) are

Banach algebras containing A as a closed sub-

algebra. O
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Semigroup algebras

Definition Let S be a semigroup (eg, S = N).
Set

(D ardr) * (3 Bs0s) = > { S arBsdy it € S} .

rs=t

Then A := (¢1(S9), x) is the semigroup alge-
bra of S. This includes the case of the group
algebra ¢1(G) for a group G.

Clearly A is a Banach algebra, containing s € S,
identified with s € A.

The dual module action of s € S on £°°(S) is:

(s - N)(@) = X(ts), (A - s)(t) = A(st)
for t € S. We have
A" = C(BS) = M(BS),

the measures on 38S.
18



The semigroup (3S,0) again

Let S be a semigroup. For u,v € M(3S), we
have definitions of nOv and pu v,

Thus we have the Banach algebra (M(85),0).
A short calculation shows that 6,0, is a char-
acter on C(B8S) for each u,v € 35, say at uOw.
Then (BS,0) is a semigroup containing S as
a dense subsemigroup, and £1(3S) is a closed
subalgebra of M(3S).

We may have worked a bit harder, but now it
is clear that O is associative and that (8S,0)
IS a compact right topological semigroup with
all the required properties.
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Basic properties of the semigroup (5S,0)

The following are well-known and easy. Let S
be an infinite semigroup.

e (3S5,0) is never a group - and it is never
cancellative.

e (8S5,0) is never abelian, even if S is.

e S* is an ideal of (8S,0) if and only if S is
weakly cancellative; in this case L, is continu-
ous on (BS,0) if and only if v € S.

e for S countable and weakly cancellative, we
have SE“Q] nowhere dense in S*.

e (8S,0) has a minimum ideal K(3S), con-
tained in S*.

e there are many idempotents in (85,0) - in-
cluding long decreasing chains thereof for the
ordering p < q iff pg = qp = p.
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More properties of the semigroup (3S,0)
The following is fairly deep

e there is a copy of F5 inside (35,0) whenever
S is cancellative.

The following is very deep.

e The semigroup (8%,0) contains no non-trivial
finite groups (Zelenuk).

The following are open.

e Does there exist u € AN such that u? # u,
but u3 = u??

e DO there exist increasing chains of idem-
potents of length N¢7
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General remarks

(1) Properties of ultrafilters relate to topo-
logical properties of 5S. For example, selective
ultrafilters are P-points in S*.

(2) Quite a few properties of (35,0) are inde-
pendent of ZFC.

(3) The compactness of (8S,0) can be used
to give cheap proofs, and to resolve previously
open questions, in number theory, combina-
torics, Ramsey theory, etc.
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Topological centres of semigroups

Definition Let S be a semigroup. The left
and right topological centres of 35S are

3(0(89) = {s € 85 : sOt = 50t (t € BS)}
and
3((38) = {s € BS : tOs = tOs (t € BS)},

respectively. The semigroup S is
Arens regular if

30 sy = 37 (8s) = B8,

and strongly Arens irregular if

309) =3 (Bs) = 5.

Example Take S = (N,V). Then S is weakly
cancellative; S* is anideal in (85,0); as a semi-
group, it is the left zero semigroup; S is Arens
regular.
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Sample new theorems

Theorem Let S be an infinite, cancellative
semigroup. Then there exist a,b € Ug such
that the only element p € M(S*) such that

pOa=pa and pdOb=ub

is o = 0. So ‘two point masses suffice’ to
establish that S is strongly Arens irregular. O

Theorem Let S be an infinite, weakly can-
cellative semigroup. Then there is a lot of
structure on M(3S) related to differentiability
of measures on £S5, and this gives information
about products of ultrafilters. O
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The set Ug
Facts Let S be an infinite semigroup. Then:

(1) M(BS\Ug) is a || -||-closed subalgebra of
(M(BS), I - 1D

(2) S weakly cancellative = Ug is an ideal in

BS.

(3) S weakly cancellative = M (Ug) is a closed
ideal in M(3S).

Easy for ‘left ideal’; for ‘right ideal’ this solves an open

problem.

(4) S cancellative and |S| a regular cardinal =
UgS* U S*Ug is nowhere dense in Ug.
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