Weighted convolution algebras on the
rationals

H. G. Dales, Leeds

(work with Haresh Dedania of Gujerat)

BIRS, August 2007



A second dual algebra
Let A be a commutative Banach algebra.

Then A” is a Banach A-module for map
(a, ®) —a - & from Ax A" to A”.

There is a product O on A” of A extending the
module map. Fora,be A, A€ A/, and & € A",
define:

(b, a - Ny =(ba, A), {a, A\-P)=(P,a- ).

Let @, W € A”. Then
(POW, A) =(P, W - X (Aed).

Suppose that & = limgaq and ¥ = Iimﬁ bﬁ for
nets (aq) and (bg) in A. Then

SOV = Iimlimaabﬁ.
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The centre

Definition The (topological) centre s

34 ={vecA  vov=wvoo (Vveda)}.

The algebra A is Arens regular if 3(A") =
A" and strongly Arens irregular = SAI if
3(A" = A.

Fact (Pym) A is Arens regular if and only if, for
each pair {(am), (bp)} of bounded sequences in
A and each ) € A’, the two repeated limits

lim lim {(ambn, A) and Iim |lim {(ambn, )
m—oo nNn—oo n—oeo m—oo

are equal whenever they both exist.

A subset V of A” is determining for the topo-
logical centre if ® € A whenever
POV =wvoOod for all v e V.

Similar definitions, involving the left and right
topological centres arise when A is not necess-
arily commutative.



Weighted ¢1l-spaces

Let w: S — (0,00) be a function. Then A, =
¢1(S,w) with

Ifll, = > 1f()]w(s) < oo

seS

Clearly (£1(S,w),]-|l.,) is a Banach space. The
dual is A/, = £°°(S,1/w), with the norm also
denoted by ||-||,, so that

[All, = sup{|A(s)| /w(s) : s € S}.
Set E, :=cg(S,1/w). As a Banach space,

For s € S, the normalized point mass at s is
53 — 53/(.4)(8)

There is an obvious map

O : f— flw, £%(S)— A,.

Recall that ¢1(8) = ¢°°(S8) = C(BS) and that
01(8)" = M(3S).



Weighted semigroup algebras
Let S be an abelian semigroup. A weight on
Sisamap w:S — (0,00) such that

w(is+1t) <w(s)w(t) (s,tes).

Then (Aw,|l-]|l,) is @ commutative Banach al-
gebra.

Set Qt* = {p/q:p,q €N, coprimel.
On QT*°, etc., we have we have

The character space of £1(9) is ®g, identified
with the space of semi-characters, i.e., non-
zero homomorphisms ¢ : S — (D, -).

We say that w is semisimple/Arens regular/SAl,
etc. if A, has the corresponding property.

Define  vs = inf{w(s™)1/?:n e N} (s € 9).
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Elementary facts

1) S abelian. Then w is semisimple iff, for each
s #*= t, there exists ¢ € dg with p(s) # p(t),
and vs > 0 for all s e S.

2) For S = QT*, w is semisimple iff

vs = inflw@®t: teQt*} (seQT*).
Each weight on Q+‘ is radical or semisimple.

3) Let w be a weight on QT°®. Then the
following are equivalent:

(a) there exist a,b € QT*® with a < b such
that inf{w(s) : s € QT* N (a,b)} > 0O

(b) there exists ¢ € QT* such that
inf{w(s) :s € QT*N(0,¢)} > 0;

(c) liminf,_ g4 w(s) > 1.

Are there any weights on Q1® which fail these
conditions?



Notation

For a weight w on a (non-abelian) S, set

w(st)
w(s)w(t)
Thus 0 < Q(s,t) <1 (s,t€S5).

Q(s,t) = (s,t € S).

Let u,v € BS, say u = limgsq and v = limgtg
(weak-x). Then define

Q(u,v) = lim Ii/l;n Q(sa,t3) -

For ¢1(Z), Q(u,v) = 1 for u,v € BZ and ¢1(Z)
is strongly Arens irregular. But take the weight
to be

wa(n) = (14 n))* (n€Z),

where a > 0. Then Q(u,v) =0 (u,v € BZ\ Z)
and ¢1(Z,w.) is Arens regular.



Weakly diagonally bounded weights

Let w be a weight on a semigroup S, and take
T CS.

Then w is DB = diagonally bounded on T if
Q(s,t) >1/dp >0 (se S, teT).

For a group, this is equivalent to the condition
that w(Hw(t—1) <dp (teT).

Now w is WDB = weakly diagonally bounded
on T if
Q(u,v) >1/ep >0 (ue S* ,veT”).

Explicitly: for each € > 0O, there is a cofinite
subset Sg C S such that, for each s € Sp, there
is a cofinite subset 75 C T such that

Q(s,t) > (L —¢e)/ep (XeTs).

This is definitely a weaker condition than DB,
as we shall see later.



A theorem on the topological centre
Write T for the weak-* closure of {6; : t € T'}.

Theorem Let S be an infinite, countable, can-
cellative, abelian semigroup (e.g., Q1*), and
suppose that w is a weight S that is WDB on
an infinite subset T', with bound ¢ > 1. Take
n € N with n > ¢p. Then there is a subset V
of T5 with |V| = n that is determining for the
topological centre.

The proof is a variation of one in a memoir
with Lau and Strauss for the group algebras
1(@).

Actually we need a somewhat more technical
version of the above.

Is there an example where we cannot take
cr = 17 Can we always find 2 points that
determine the centre?

Similar results when w is DB by Neufang and
by Filali and Salmi.



Sketch of the proof

There are ai,...,an, € TT such that aq,...,an
are right cancellative in S and such that

(BSoa;))N(BSoa;) =0 (i#7).
Set v; = 6[(a;) and V = {vy,...,vn}.

Take ® € A”, norm 1, with oo v =vo,P for
all ve V.

There are \; € £°°, with norm 1, disjoint sup-
ports K;, so that (1 —¢)/cp < (P Owv;, Ajw)|.

For each f in the linear span of the point
masses on 85, norm 1, split f as f1+---+ fn
with f; on K;. There exists 5 with Hf]H < 1/n.
Take some limits. Then
1l —¢
cr
a contradiction for suitably small € > 0. O
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An example on Z

Each n € Z with n = 0 can be written as

r

n — Z €j2aj,
j=1

where ¢; € {—1,1} and a; € ZT for each j € N,
and where a1 > a> > --- > a,. Define n(n) to
be the minimum such r, and set w = exp(n).

Set T = {2%: ke N}. Then w is DB on T with
dr = €2, but w is WDB on T with ¢ = 1. So
the centre of ¢1(Z,w)" is specified by 2 points.

[Fix n € Z as above. For each k£ € N with
k>a1+ 1, we have Q(n,28) =1, so w is WDB
on T.]

[Is (¢1(Z,w)”,0) semismple?]
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Examples on Q
Take p/q € Q (with ¢ € N and p,q coprime).

Take w(p/q) to be

g or 1l4logq or 14 |p|l+g¢q.

Then w is a weight on Q.

Let T = {1/r : r € P}. Then our weights are
all WDB by 1, but not necessarily DB, on T.

[Set w(p/q) = q. For s =p/q € Q, take
Ts=A{1/r:reP,r>q};

since pr+q and gr are coprime, Q(s,t) = 1 when ¢ € T,.]

All the weights are SAI, and 2 points determine
the centre.
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A radical example on N

A radical weight on N cannot be DB. But there
is a radical weight on N that is WDB. One
needs an inductive construction of a rapidly
increasing sequence (my;) and a weight with
special values on the points m;. Then w is
radical and ¢1(N,w) is SAL

Continuous weights on Rt

Let w be a continuous weight on R+, and re-
strict it to Qt®, so that w is weight on Q7®°.
Then w is SAI on Qt*. For example, set

w(s) = exp(—s*) (s Q™)

to get a radical example.
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Conditions for Arens regularity

The following is an old result of Craw and
Young (1974).

Theorem Let w be a weight on a cancellative,
abelian semigroup S. Then w is Arens regular
if and only if €2 O-clusters on S x S, in the sense
that

mMm—oo N—00
whenever (xm,) and (yn) are sequences of dis-
tinct elements of S.

For example, let w be a weight on QT*® such
that w is bounded on Q1*® N (a,b) for some
a,b € R with O < a <b. Then w is not Arens
regular.

But

w(n) = exp(—n?) (neN)

is a radical Arens regular weight on N. (cf. this
weight on Qt°.)
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More weights on Qt*°

We look for (radical) weights on QT* that are
neither Arens regular nor SAI

This is the case for w(s) = 1/(m-+1)! whenever
seQt®and m<s<m+1 for some me Zt.

Also wi(s) = exp(—s2) (s € QF*) is the re-
striction of a continuous weight on IR{+, and so
SAI, and wo(p/q) = 1 4+ 1ogq is a SAI weight,
but their product wqwo is neither Arens regular
nor SAI

Let
() =exp (2 + ) (s€QF)

and wy(p/q) =1+ 10gq. Then wiws is an
explicit Arens regular weight on Q71°.

[Can you find a weight wy which is the restric-
tion of a continuous weight on Rt to Qt*® and
an SAI weight on wo, on Q1°® such that wiws is
Arens regular?]
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An intermediate weight on N

It seems to be quite hard to construct a weight
w on N such that w is neither Arens regular nor
SAIL

We fix a very rapidly increasing sequence (ay),
and then define

n(2") =a, (keZ™)

and

n(2"+2) =ap+a; (k€EN,j=0,...,k—1).

Then we make 7 linear between these points,
save that 7n is linear between

2F+21 a4+ ap_q) and (2FT1 8,

where (i is much bigger than ap + op_1, but
much smaller than oy .

16



An intermediate weight on N -continued

We must check that n(s+t) > n(s) + n(t) for
s,t € N (a little complicated).

Set w = exp(—n), a weight on N.
Since n(2F)/2F > 2k, the weight is radical.

Since Q(2™,2™) = 1 for all m,n € N, the weight
IS not Arens regular.

Let C,, , = n(2F+2F"14y) —n(2F4+2F1)—n(y).
Then
lim Iim Cy = Ilim liminfC, = oo,
Y—0 k—oo k—oo Y00
which is enough to show that the weight is not
SAIL
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A strange weight on Q1*

In my book, page 159, there is a failed attempt
to exhibit a weight on Q1* with

lim inf = 0.
im in w(s)

Theorem There is a weight w on Q1° with the
following properties:

(i) w is radical, but not uniformly radical;

(ii) limsupw(s) = oo and liminfw(s) = 0O;
s—0+ s—0+

(i) inf{w(s) : s € QT* N (a,b)} = 0 and
sup{w(s) : s € Qt* N (a,b)} = oo for each a,b
with O < a < b;

(iv) the only compact element in £1(Q1®, w) is
0;

(v) w is strongly Arens irregular.
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T he construction

Choose a strictly increasing sequence (qj) of
prime numbers with g1 > 3 such that

qi/qi+1 0 and qiy1> G+ 1)g; (JEN).

Given a = (a1,...,am) and 8 = (81,...,08n) in
(Z1T)<w, set

N (e, ﬁ)_.zaze — Z]ﬁ]

=1 1=1

and
m

emm—z%+z@

=1 j=1 4j+1

Some calculations show that, for each x € Qt*°,
there exists f(x) € R such that N(a,3) > f(x)
whenever (o, 3) = .

Now for each z € Q7T*°, set
n(z) = inf{N(a,B) : (e, B) = z},

so that n is well-defined and subadditive.
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T he construction - conclusion

We set w = expmn, so that w is a weight on

Qte.

We see that

so that limsupw(s) = co.
s—0-+

Also

77( ar, ):—k,
Q41

and so liminfw(s) = 0.
s—0+

We can also check that w is WDB on the in-
finite set T" = {qi/qx+1 : k € N} with bound
cr = 1 (but it is not DB on any infinite set).
Thus w is SAI, and again 2 points determine

the centre.
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