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Characteristic 0

Examples of Ax-Schanuel inequalities

(K, ¢) is a differential field, C — constants, @ C C. Let
x=(x1,....,xn) € K"y =1, ¥n)s 2= (21,...,25) € (K*)".
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Characteristic 0
Examples of Ax-Schanuel inequalities

(K, ¢) is a differential field, C — constants, @ C C. Let
x=(x1,....,xn) € K"y =1, ¥n)s 2= (21,...,25) € (K*)".

Theorem (Ax)

If (0x; = y,- ) icn and (0x;)i<n are Q-linearly independent, then
trdegc(x,y) = n+ 1.
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Characteristic 0

Examples of Ax-Schanuel inequalities

(K, ¢) is a differential field, C — constants, @ C C. Let
x=(x1,....,xn) € K"y =1, ¥n)s 2= (21,...,25) € (K*)".

Theorem (Ax)

If (0x; = 8;’_"'),-@ and (0x;)i<n are Q-linearly independent, then
trdegc(x,y) = n+ 1.

Theorem (Torus version of Ax Theorem)

Ifa € C\ Q%, (% = a%);¢, and (%"),—gn are Q-linearly

1

independent, then trdegc()l/, z)=>n+1
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Characteristic 0

Algebraic non-example

The scheme of Ax-Schanuel inequalities
Good differential equation + linear independence = large trdeg.
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Characteristic 0

Algebraic non-example

The scheme of Ax-Schanuel inequalities
Good differential equation + linear independence = large trdeg.

ay,

For any y € G(K), 2‘9}_” and trdeg(y, y?) < n. But for a

generic y, (7),@ is Q—Ilnearly independent.
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Characteristic 0

Algebraic non-example

The scheme of Ax-Schanuel inequalities
Good differential equation + linear independence = large trdeg.

ay,

For any y € G(K), 2‘9}_” and trdeg(y, y?) < n. But for a

generic y, (7),@ is Q—Ilnearly independent.

Bad differential equation

For any a € Q, 377 = a% (i < n) is not a differential equation
giving Ax-Schanuel inequalities.
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Non-algebraic non-example

For the differential equation % = \@% take:
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Characteristic 0

Non-algebraic non-example

For the differential equation % = \@% take:

® Vi,)2 such that %:1’%:\/5_'_1

0 z1 =y Yy, 2= yiyn.
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Characteristic 0

Non-algebraic non-example

For the differential equation % = \@% take:

° }/1;)/2 SUCh that 3y1 = 1’ ?}/};2 \/i_'_ 1

°© 7=y Y27 22 = y1)y2.

Then %, 8;/2 are Q-linearly independent, trdeg(x,y) < 2 and:

821 f + 1—-1= \f@n? 822 f@yg
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Characteristic 0

Non-algebraic non-example

For the differential equation 9z — \@% take:

Zj

° }/1;)/2 SUCh that 3y1 = 1’ ?}/};2 \/i_'_ 1

°© 7=y Y27 22 = y1)y2.
Then %, a}f are Q-linearly independent, trdeg(x,y) < 2 and:

821 f + 1—-1= \f@n? 822 f@yg

Here “z = yV2", z is not of the form f(y) for an algebraic
morphism f.
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Towards general formulation of Ax

Assume for a while C = C.

Analytic maps
o Ax is related with exp : G4(C) — GJ,(C) — analytic
homomorphism.
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Characteristic 0

Towards general formulation of Ax

Assume for a while C = C.

Analytic maps
o Ax is related with exp : G4(C) — GJ,(C) — analytic
homomorphism.

@ “Torus AX" is related with G],(C) 5 x — x* € G](C) — local
analytic homomorphism.
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Characteristic 0

Towards general formulation of Ax

Assume for a while C = C.

o Ax is related with exp : G4(C) — GJ,(C) — analytic
homomorphism.

@ “Torus AX" is related with G],(C) 5 x — x* € G](C) — local
analytic homomorphism.

| \

Relating analytic maps with differential equations

For A, B commutative algebraic groups over C and
¢ : A(C) — B(C) local analytic, we need to define the differential

equation of ¢.
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Logarithmic derivative

Definition

For a commutative algebraic group A over C, there is a canonical
0-definable homomorphism /40 : A(K) — ToA(K) called
logarithmic derivative.
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Characteristic 0
Logarithmic derivative

For a commutative algebraic group A over C, there is a canonical
0-definable homomorphism /40 : A(K) — ToA(K) called
logarithmic derivative.

Logarithmic derivative and homomorphisms

For a homomorphism of algebraic groups ¢ : A — B, the following
diagram is commutative:

ToA(K) -2~ ToB(K)

IABT IBé)T

A(K) —2~ B(K)
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Characteristic 0

Differential equation

Analytic maps and tangent spaces

@ Any local analytic homomorphism ¢ : A(C) — B(C) induces a
linear map ¢’ : ToA(K) — ToB(K).
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Characteristic 0
Differential equation

Analytic maps and tangent spaces

@ Any local analytic homomorphism ¢ : A(C) — B(C) induces a
linear map ¢’ : ToA(K) — ToB(K).
@ But there is no function ¢ : A(K) — B(K).
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Characteristic 0
Differential equation

Analytic maps and tangent spaces

@ Any local analytic homomorphism ¢ : A(C) — B(C) induces a
linear map ¢’ : ToA(K) — ToB(K).
@ But there is no function ¢ : A(K) — B(K).

Definition

The differential equation of ¢ is Igd(y) = ¢'(1ad(x)).
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Characteristic 0
Differential equation

Analytic maps and tangent spaces

@ Any local analytic homomorphism ¢ : A(C) — B(C) induces a
linear map ¢’ : ToA(K) — ToB(K).
@ But there is no function ¢ : A(K) — B(K).

Definition
The differential equation of ¢ is Igd(y) = ¢'(1ad(x)).

The solution set of this equation corresponds (up to constants) to
the graph of the non-existing function ¢ : A(K) — B(K).
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Characteristic 0

Examples of differential equations

For exp : G2(C) — GJ(C) its differential equation is:
d(xi) = %,i < n, since exp/(0) = 1.
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Characteristic 0

Examples of differential equations

For exp : G2(C) — GJ(C) its differential equation is:
d(xi) = %,i < n, since exp/(0) = 1.

V.

For G,(C) 3 x — x* € G,(C) its differential equation is:
o) o)
yi

= i < n, since (x*)]az1 = a.

A\
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Characteristic 0

Good analytic maps

The scheme of Ax-Schanuel inequalities
Good differential equation + linear independence = large trdeg.
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Characteristic 0

Good analytic maps

The scheme of Ax-Schanuel inequalities
Good differential equation + linear independence = large trdeg.
Good analytic maps?

@ Since our differential equations come from analytic maps, we
need to specify which analytic maps are good.
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Characteristic 0

Good analytic maps

The scheme of Ax-Schanuel inequalities
Good differential equation + linear independence = large trdeg.

Good analytic maps?

@ Since our differential equations come from analytic maps, we
need to specify which analytic maps are good.

e If ¢ is algebraic, then (x, ¢(x)) is always a solution of the
differential equation of ¢, hence algebraic ones are not good.
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Characteristic 0

Good analytic maps

The scheme of Ax-Schanuel inequalities
Good differential equation + linear independence = large trdeg.

Good analytic maps?

@ Since our differential equations come from analytic maps, we
need to specify which analytic maps are good.

e If ¢ is algebraic, then (x, ¢(x)) is always a solution of the
differential equation of ¢, hence algebraic ones are not good.

Definition

¢ is nowhere algebraic if there are no algebraic subgroups

Ag < A, By < B and no algebraic epimorphism 1 : Ag — B/B°
such that ¢/ — ¢’ : ToAg — To(B/Bo) has a non-trivial kernel.
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Ax's theorem for nowhere algebraic ¢

Assume A, B are commutative algebraic groups of dimension n,
¢ : A(C) — B(C) is local analytic and nowhere algebraic and
(x,y) satisfies the differential equation of ¢. If trdegg(x,y) < n,
then there is a proper algebraic subgroup By < B such that

y € ¢ + By(K) for some c € B(C).
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Characteristic 0

Ax's theorem for nowhere algebraic ¢

Theorem (K.)

Assume A, B are commutative algebraic groups of dimension n,
¢ : A(C) — B(C) is local analytic and nowhere algebraic and
(x,y) satisfies the differential equation of ¢. If trdegg(x,y) < n,
then there is a proper algebraic subgroup By < B such that

y € ¢ + By(K) for some c € B(C).

Remark

For B = GJ, y is in a constant coset of a subtorus if and only if

(%),gn are Q-linearly dependent.
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Essentially different algebraic groups

Definition
A, B are essentially different, if for any algebraic subgroup
H < Ax B, H is of the form Ay x Bp.
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Characteristic 0

Essentially different algebraic groups

A, B are essentially different, if for any algebraic subgroup
H < Ax B, H is of the form Ay x Bp.

If A, B are essentially different, then any non-zero local analytic
¢ : A(C) — B(C) is nowhere algebraic.
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Characteristic 0

Essentially different algebraic groups

A, B are essentially different, if for any algebraic subgroup
H < Ax B, H is of the form Ay x Bp.

If A, B are essentially different, then any non-zero local analytic
¢ : A(C) — B(C) is nowhere algebraic.

Example (essentially different algebraic groups)

o A= G], B - semi-abelian (Jonathan's talk).
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Characteristic 0

Essentially different algebraic groups

A, B are essentially different, if for any algebraic subgroup
H < Ax B, H is of the form Ay x Bp.

If A, B are essentially different, then any non-zero local analytic
¢ : A(C) — B(C) is nowhere algebraic.

Example (essentially different algebraic groups)

o A= G], B - semi-abelian (Jonathan's talk).
o A=GJ, B - abelian.

Kowalski Ax's Theorem for iterative Hasse fields



Characteristic 0

No common quotients

Definition

A, B have no common quotients, if for any infinite algebraic group
G there are no algebraic epimorphisms A, B — G.
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Characteristic 0

No common quotients

A, B have no common quotients, if for any infinite algebraic group
G there are no algebraic epimorphisms A, B — G.

Fact

If A, B are essentially different and B has no vectorial quotients,
then any non-zero local analytic ¢ : A(C) — B(C) is nowhere
algebraic.
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Characteristic 0

No common quotients

A, B have no common quotients, if for any infinite algebraic group
G there are no algebraic epimorphisms A, B — G.

If A, B are essentially different and B has no vectorial quotients,
then any non-zero local analytic ¢ : A(C) — B(C) is nowhere
algebraic.

Example (algebraic groups with no common quotients)

o Essentially different algebraic groups.

Kowalski Ax's Theorem for iterative Hasse fields



Characteristic 0

No common quotients

A, B have no common quotients, if for any infinite algebraic group
G there are no algebraic epimorphisms A, B — G.

If A, B are essentially different and B has no vectorial quotients,
then any non-zero local analytic ¢ : A(C) — B(C) is nowhere
algebraic.

Example (algebraic groups with no common quotients)

o Essentially different algebraic groups.
o A= G}, B - a non-split extension of a semi-abelian variety by
a vector group (Bertrand's Ax).
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o If a € C and [Q(«) : Q] > n, then the local analytic map
Gh(C) > x+— x* € G(C)

is nowhere algebraic.
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Characteristic 0

o If a € C and [Q(«) : Q] > n, then the local analytic map

Gh(C) > x+— x* € G(C)

is nowhere algebraic.

@ The local analytic map

G2(C) 5 x — xV2 € G2,(C)

is not algebraic and not nowhere-algebraic.
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Other constants

What if constants do not coincide with C? Two equivalent
solutions.
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Characteristic 0

Other constants

What if constants do not coincide with C? Two equivalent
solutions.

Talk only about linear maps on tangent spaces.
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Characteristic 0

Other constants

What if constants do not coincide with C? Two equivalent
solutions.

Talk only about linear maps on tangent spaces.

Replace “local analytic” with “formal” (stop worrying about
convergence). Over C these two notions are equivalent.
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Positive characteristic

Hasse derivations needed

Assume char(K) = p > 0. Then for each x € K?, 9(x) =0, so K
is algebraic over C and the statement of Ax is meaningless.
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Positive characteristic
Hasse derivations needed

Assume char(K) = p > 0. Then for each x € K?, 9(x) =0, so K
is algebraic over C and the statement of Ax is meaningless.

Replace derivation 0 with a Hasse derivation D = (Dj)i<, i.e.:
each D; : K — K is additive, Dy is the identity map,

Di(xy) = D Dua(x)Dim(y),

n+m=i

D,‘ (@) Dj = <I _1_J> D,'+j.

Let C be the constant field of all D;. Then K is usually not
algebraic over C.
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Positive characteristic

Logarithmic derivative in the Hasse case

@ Replace the tangent space TV(K) = V(K[X]/X?) with
Arc V(K) = V(KI[[X]]).
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Positive characteristic

Logarithmic derivative in the Hasse case

@ Replace the tangent space TV(K) = V(K[X]/X?) with
Arc V(K) = V(K][[X]])-

e If Ais a commutative algebraic group, then ArcA — A is a
group homomorphism which splits.
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Positive characteristic

Logarithmic derivative in the Hasse case

@ Replace the tangent space TV(K) = V(K[X]/X?) with
Arc V(K) = V(K][[X]])-

e If Ais a commutative algebraic group, then ArcA — A is a
group homomorphism which splits.

@ Uy, denotes Arcg A, the fiber over 0.
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Positive characteristic

Logarithmic derivative in the Hasse case

@ Replace the tangent space TV(K) = V(K[X]/X?) with
Arc V(K) = V(K][[X]])-

e If Ais a commutative algebraic group, then ArcA — A is a
group homomorphism which splits.

@ Uy, denotes Arcg A, the fiber over 0.

IDa : A(K) — Ua(K) is the HS-logarithmic derivative — the
composition of D : A(K) — Arc A(K) and Arc A(K) — Ua(K).
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Positive characteristic

Logarithmic derivative in the Hasse case

@ Replace the tangent space TV(K) = V(K[X]/X?) with
Arc V(K) = V(KI[[X]]).

e If Ais a commutative algebraic group, then ArcA — A is a
group homomorphism which splits.

@ Uy, denotes Arcg A, the fiber over 0.

IDa : A(K) — Ua(K) is the HS-logarithmic derivative — the
composition of D : A(K) — Arc A(K) and Arc A(K) — Ua(K).

IDg,(x) = (Di(x))i>1, /Dg,(x)=( Dilx)

X

)it
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Positive characteristic

HS-differential equations of formal maps

Any formal map ¢ : A — B induces an algebraic homomorphism
U¢ o UA — UB.
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Positive characteristic

HS-differential equations of formal maps

Any formal map ¢ : A — B induces an algebraic homomorphism
U¢ o UA — UB.

Definition

The HS-differential equation for ¢ is Us(IpA(x)) = IpB(y).
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Positive characteristic

HS-differential equations of formal maps

Any formal map ¢ : A — B induces an algebraic homomorphism
U¢ o UA — UB.

Definition

The HS-differential equation for ¢ is Us(IpA(x)) = IpB(y).

As before, the solution set of the HS-differential equation for ¢
may be thought of the graph (up to C) of the non-existing
function ¢ : A(K) — B(K).
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Positive characteristic

Formal maps in positive characteristic

Example (of formal maps)

@ There is a formal isomorphism between G, and an ordinary
elliptic curve.
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Positive characteristic

Formal maps in positive characteristic

Example (of formal maps)

@ There is a formal isomorphism between G, and an ordinary
elliptic curve.

@ There are no non-zero formal maps between G, and G, (no
exp in positive characteristic)
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Positive characteristic

Formal maps in positive characteristic

Example (of formal maps)

@ There is a formal isomorphism between G, and an ordinary
elliptic curve.

@ There are no non-zero formal maps between G, and G, (no
exp in positive characteristic)

o 3%, XP" is a formal endomorphism of G,.

Kowalski Ax's Theorem for iterative Hasse fields



Positive characteristic

Formal maps in positive characteristic

Example (of formal maps)

@ There is a formal isomorphism between G, and an ordinary
elliptic curve.

@ There are no non-zero formal maps between G, and G, (no
exp in positive characteristic)

o 3%, XP" is a formal endomorphism of G,.

Definition

¢ is nowhere algebraic if there are no algebraic subgroups

Ao < A, By < B and no algebraic epimorphism 1 : Ag — B/B°
such that Uy, : Ua, — Up/p, has a non-trivial kernel.
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Positive characteristic

lterative Ax?77?

Ax in arbitrary characteristic (in progress again)

Assume A, B are commutative algebraic groups of dimension n,
¢ : A — B is formal, nowhere algebraic and (x, y) satisfies the
differential equation of ¢. If trdegp(x, y) < n, then there is a
proper algebraic subgroup By < B such that y € ¢ + By(K) for
some ¢ € B(C).
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Positive characteristic

lterative Ax?77?

Ax in arbitrary characteristic (in progress again)

Assume A, B are commutative algebraic groups of dimension n,
¢ : A — B is formal, nowhere algebraic and (x, y) satisfies the
differential equation of ¢. If trdegp(x, y) < n, then there is a
proper algebraic subgroup By < B such that y € ¢ + By(K) for
some ¢ € B(C).

Problems

| A

@ Problems with the proof.
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Positive characteristic

lterative Ax?77?

Ax in arbitrary characteristic (in progress again)

Assume A, B are commutative algebraic groups of dimension n,
¢ : A — B is formal, nowhere algebraic and (x, y) satisfies the
differential equation of ¢. If trdegp(x, y) < n, then there is a
proper algebraic subgroup By < B such that y € ¢ + By(K) for
some ¢ € B(C).

Problems

| A

@ Problems with the proof.
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