
SUPERROSY GROUPS AND FIELDS1. Rosiness, NIP, fsg
T - a �rst order theory
C - a monster model of TDe�nition T is rosy if there is a ternary rela-tion |⌣

∗ on subsets of Ceq satisfying all the basi
properties of forking independen
e in simple the-ories ex
ept for the independen
e theorem. |⌣
∗is 
alled an independen
e relation.Fa
t There exists the strongest independen
e re-lation, so-
alled þ-forking, denoted by |⌣

þ.De�nition Thorn U -rank is a fun
tionUþ: 
omplete types → Ord ∪ {∞} de�ned by:Uþ(a/A) ≥ α + 1 i� there is B ⊇ A su
h thatUþ(a/B) ≥ α and a 6 |⌣
þ
A B.

De�nition Uþ(D) := sup{Uþ(d/A) : d ∈ D}for any A-de�nable set D.
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De�nition T is superrosy if Uþ(a) ∈ Ord forevery a ∈ C.
o−minimal

rosy

simple

stable
superrosy

superstable

supersimple?

De�nition T has NIP if there is no formula
ϕ(x, y) for whi
h there are sequen
es 〈ai〉i∈ω and
〈bw〉w⊆ω su
h that ϕ(ai, bw) ⇐⇒ i ∈ w.

o−minimalstable

simple

rosy

NIP
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G - a group interpretable in CDe�nition G has fsg (�nitely satis�able gener-i
s) if there is p ∈ S(C) implying 'x ∈ G' and asmall model M ≺ C su
h that for all g ∈ G thetranslate gp is �nitely satis�able in M .Examples: stable groups (in parti
ular alge-brai
 groups), 
ompa
t Lie groupsDe�nitionG00 is the smallest type-de�nable sub-group of bounded index in G, if su
h exists.Fa
t If T has NIP or G has fsg, then G00 exists.De�nition A formula ϕ(x), or the set ϕ(G), isleft generi
 if �nitely many left translates of ϕ(G)
over G. A type is left generi
 if every formulain it is left generi
.Fa
t If G has fsg, then a global generi
 type ex-ists, and every generi
 type is �nitely satis�ablein a small submodel.Remark Assume G has fsg. If G00 is de�nable,there is only one generi
 type in G00.3



2. Rosy groups (EKP)Proposition A rosy group has u

 (the uniform
hain 
ondition).Proposition A superrosy group has ωd

.Fa
t If G is a group with NIP, then for ea
h for-mula ϕ there is n ∈ ω su
h that any �nite familyof ϕ-de�nable subgroups is an interse
tion of nmembers of the family.Corollary A rosy group with NIP has i

 (theuniform 
hain 
ondition on interse
tions of uni-formly de�nable groups).De�nition Let G be a rosy group. We say that
p ∈ S(A) is left þ-generi
 if for all a, b ∈ G with
a |= p and a |⌣

þ
A b one has b · a |⌣

þA, bProposition In any rosy group, a global þ-generi
exists.The proof uses suitably de�ned strati�ed lo
al þ-ranks that witness þ-forking.4



Question Suppose G is a rosy group. Does thereexist a ∗-generi
 type with respe
t to an abstra
tindependen
e relation |⌣
∗?Many basi
 results 
on
erning simple groups aretrue for rosy groups. However, we do not knowa good notion of a stabilizer of a type and we donot have any version of Zilber's Inde
omposablesTheorem.
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3. Groups of Uþ-rank 1 (EKP)
G- a group interpretable in a monster model ofa rosy theory TProposition If G 
ontains a þ-generi
 involu-tion, then it 
ontains a þ-generi
 element g su
hthat [G : C(g)] < ω.Corollary If T satis�es NIP and G has a þ-generi
 involution, then G is abelian-by-�nite.Theorem If T has NIP, G has fsg, and Uþ(G) =
1, then G is abelian-by-�nite.Sket
h of the proof. Assume for a 
ontradi
tion itis false. Taking the 
entralizer 
onne
ted 
ompo-nent and quotienting by its �nite 
enter, we 
anassume that every non-trivial element of G hasa non-trivial, �nite 
entralizer. We show thatthere are only �nitely many 
onjuga
y 
lasses,and 
on
lude that G00 is de�nable. By fsg, thereis only one generi
 in G00. Then we produ
e a
ontradi
tion using the �rst proposition. �6



More generally:Theorem If T satis�es NIP, G has hereditarilyfsg and 0 < Uþ(G) < ∞, then G 
ontains anin�nite de�nable abelian subgroup.Theorem If T satis�es NIP, G has fsg, and Uþ(G) =
ωα, then G is abelian-by-�nite.Theorem If T satis�es NIP, G has fsg, and atleast one þ-regular þ-generi
 type, thenG is abelian-by-�nite.Conje
ture In ea
h result, the hypothesis 'Ghas fsg' may be repla
ed with 'G is de�nablyamenable', i.e. there is a left invariant, �nitelyadditive probability measure on de�nable subsetsof G.Then we have a notion of generi
 with respe
tto the measure. The main obsta
le is that wedo not have uniqueness of su
h generi
s even if
G = G00.
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4. Groups of Uþ-rank 2 (EKP)
G - a group interpretable in a monster model ofan arbitrary theory T .Theorem If T satis�es NIP, G has hereditarilyfsg, and Uþ(G) = 2, then G is solvable-by-�nite.Some ideas are taken from the proof that ea
h
onne
ted group of Morley rank 2 is solvable.The main obsta
le in 
omparison with the Mor-ley rank 2 
ase is that a þ-generi
 may not begeneri
 and there may be many þ-generi
s evenin the 
onne
ted 
omponent.The stru
ture of the proof is as follows. We sup-pose for a 
ontradi
tion that G is not solvable-by-�nite. First we de�ne Borel subgroups (albeitin a slightly di�erent manner from that whi
h isused in the Morley rank 2 
ase be
ause we do nothave de�nable 
onne
ted 
omponents), and westudy their properties. Then we use them to �ndinvolutions. In the last part of the proof we useBorels, involutions and some parti
ular fun
tion8



that 
omes from the theory of bla
k box groupsto get a �nal 
ontradi
tion.De�nition We say that a subgroup B of G isa Borel if it is a minimal in�nite interse
tion of
entralizers, i.e. B is the interse
tion of 
entraliz-ers, it is in�nite and for every 
entralizer C either
C ∩ B = B or C ∩ B is �nite.Conje
ture Suppose T has NIP and Uþ(G) =
2. If every de�nable subgroup of G is de�nablyamenable, then G is solvable-by-�nite.
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5. Getting �elds in groupsGeneral question: Given an in�nite group 〈G, ·〉,when does there exist an in�nite �eld interpretablein 〈G, ·〉?We will assume that G is �nite dimensional, i.e.of �nite Uþ-rank.Ne
essary 
ondition: G is not abelian-by-�nite.Classi
al and new results:�nite MR o-minimal Uþ
< ω and NIPnon solvable-by-�nite partial results Yes partial resultssolvable-by-�nite andnon nilpotent-by-�nite Yes Yes Yesnilpotent-by-�nite ??? Yes ???
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6. Getting �elds in 
lassi
al situationsWe work in a monster model C of a theory T .De�nition If G is a de�nable group a
ting de�n-ably and by automorphisms on a de�nable group
H , then we say that H is G-minimal if H is in�-nite and does not have in�nite, proper, de�nablesubgroups invariant under the a
tion of G.Fa
t 1 Assume T is of �nite MR. Let A and
M be in�nite, de�nable, abelian groups, A a
tfaithfully and de�nably on M by automorphisms,and M be A-minimal. Then there is an in�nite�eld K interpretable in C. Moreover, 〈K, +〉 =
〈M, +〉 and 〈A, ·〉 →֒ K∗.Main tools: I

 and Zliber's Inde
omposablesTheoremIn o-minimal stru
tures there is no ZIT.New tool: ∨-de�nable rings
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De�nition We say that a ring 〈R, ·, +〉 is a ∨-de�nable (or rather ∨-interpretable) ring if R =⋃
i∈I Xi where Xi's are A-de�nable subsets ofsome sort of C

eq for some set A (and for every
i, j ∈ I there is k ∈ I su
h that Xi∪Xj ⊆ Xk),and the restri
tions of addition and multipli
a-tion to Xi × Xj are de�nable fun
tions.Fa
t 2 (T o-minimal) Let R be a ∨-de�nableintegral domain of positive dimension. Then the�eld of fra
tions of R is interpretable in C.Main tool: 
ertain topology on∨-de�nable ringsde�ned by means of the o-minimal topologyFa
t 3 Fa
t 1 holds if T is o-minimal.The proof uses Fa
t 2 and the topology on ∨-de�nable rings.
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Let G be an in�nite group interpretable in C.Some variants of Fa
t 1 give:Fa
t 4 (T of �nite MR) Assume G is solvable butnot nilpotent-by-�nite. Then an in�nite �eld isinterpretable in 〈G, ·〉.Fa
t 5 (T o-minimal) If G is not abelian-by-�nite, then an in�nite �eld is interpretable in
〈G, ·〉.
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7. Getting �elds in rosy theories (K)We work in a monster model C of a rosy theory
T .De�nition If X =

⋃
i∈I Xi where all Xi's arede�nable over A, then Uþ(X) := sup{Uþ(Xi) :

i ∈ I}.Theorem 1 Let R be a ∨-de�nable integral do-main of positive �nite Uþ-rank. Then its �eld offra
tions is interpretable in C.Sket
h of the proof. R =
⋃

i∈I Xi where Xi's arede�nable over A. Let fr : R → R be de�ned by
fr(x) = rx. Then fr ↾ Xi, i ∈ I , are de�nable.Let D := Xi be su
h that Uþ(D) = Uþ(R).Claim 1 For all a, b ∈ R \ {0} we have (Da −
Da) ∩ (Db − Db) 6= {0}.Proof of Claim 1. The fun
tion f : D ×D → Rde�ned by f (r1, r2) = r1a + r2b is de�nable.Sin
e Uþ(D×D) = 2Uþ(D) > Uþ(D) = Uþ(R),14



f is not inje
tive.Thus there are distin
t (r1, r2), (r
′
1, r

′
2) ∈ D×Dsu
h that r1a + r2b = r′1a + r′2b. Therefore,

(r1− r′1)a = r1a− r′1a = r′2b− r2b = (r′2− r2)b.Put c = r1a − r′1a = r′2b − r2b ∈ (Da − Da) ∩
(Db − Db).As a, b 6= 0 and (r1 − r′1 6= 0 or r′2 − r2 6= 0),and R is an integral domain, we get c 6= 0. �Choose any a ∈ R\{0} and put X = Da−Da.Claim 2 For all r1, r2 ∈ R \ {0} we have r1X ∩
r2X 6= {0}.By Claim 2, the �eld of fra
tions F 
an be iden-ti�ed with (X × (X \ {0}))/ ∼, and so it isinterpretable. �Theorem 2 Let A and M be in�nite, de�nable,abelian groups su
h that A a
ts faithfully and de-�nably on M as a group of automorphisms, Mis A-minimal and Uþ(M ) is �nite. Then there isan in�nite �eld interpretable in C.15



The proof is mu
h more general and simpler thanin the �nite MR 
ase, it uses Theorem 1 and the
ompa
tness theorem.Proof.For a ∈ A:
Fix(a) := {m ∈ M : am = m} <def M .For m ∈ M :
Stab(m) := {a ∈ A : am = m} <def A.Claim 1 There are m1, . . . ,mn ∈ M su
h that
Stab(m1) ∩ · · · ∩ Stab(mn) = {e}.Proof of Claim 1. For any a ∈ A, Fix(a) is aproper, de�nable subgroup of M invariant un-der A. So by A-minimality of M , Fix(a) is �-nite. Take any in�nite 
ountable set S. Then⋂

m∈S Stab(m) = {e}. So Stab(m1) ∩ · · · ∩
Stab(mn) = {e} for some m1, . . . ,mn ∈ S. �Let R be the ring of endomorphisms of M gen-erated by A. Then R is an integral domain.Claim 2 Every element r ∈ R is determined by
(r(m1), . . . , r(mn)). 16



Proof of Claim 2. If not, there is r ∈ R \ {0}su
h that r(m1) = · · · = r(mn) = 0. Sin
e Ris 
ommutative, we get that ker(r) is a proper,de�nable and invariant under A subgroup of M
ontaining {m1, . . . ,mn}. So
Am1 + · · · + Amn ⊆ ker(r).By Claim 1, the fun
tion a 7→ (am1, . . . , amn)is an inje
tion from A to Mn. So there is i su
hthat Ami is in�nite, and hen
e ker(r) is in�nite.This 
ontradi
ts the assumption that M is A-minimal. �Claim 3 The ring R is ∨-de�nable, 
ontained in

Mn with the addition inherited from Mn, and
0 < Uþ(R) < ω.Proof of Claim 3. Let H = 〈A(m1, . . . ,mn)〉,a ∨-de�nable subgroup of Mn. By Claim 2,the fun
tion f : R → H ⊆ Mn de�ned by
f (r) = (r(m1), . . . , r(mn)) is a bije
tion. Wede�ne a ring multipli
ation on R so that f isa ring isomorphisms. We 
he
k that R is ∨-de�nable and of positive �nite Uþ-rank. �By Claim 3 and Theorem 1, we get a �eld. �17



Moreover, K 
an be 
hosen so that 〈K, +〉 =
M/M0 for some �nite subgroup M0 of M in-variant under A and A/A0 is de�nably embed-dable in K∗ for some �nite subgroup A0 of A.In fa
t, the a
tion of A on M indu
es a faithfuland de�nable a
tion of A/A0 on M/M0 by auto-morphisms, and after the embedding this a
tionbe
omes the s
alar multipli
ation.Theorem 3 Let G be a group of �nite Uþ-rankde�nable in C and suppose that T has NIP. As-sume that G is solvable-by-�nite but not nilpotent-by-�nite. Then there is an in�nite �eld inter-pretable in 〈G, ·〉.The proof uses Theorem 2, but it is more 
ompli-
ated than in the �nite MR 
ase. We need NIPto have i

 and the existen
e of G00.
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Non-solvable 
ase
G - a group interpretable in CFa
t If T is stable and G is a transitive groupof permutations of a strongly minimal set, then
MR(G) ∈ {1, 2, 3}. If MR(G) ∈ {2, 3}, thenthere is an in�nite �eld interpretable in C.Fa
t If G is a simple group of Morley rank n > 0
ontaining a subgroup of Morley rank n−1, thenthere is an in�nite �eld interpretable in C.From now on suppose T has NIP, and G hashereditarily fsg.Theorem 4 Assume 1 < Uþ(G) < ∞, and Ga
ts de�nably on a de�nable set S of Uþ-rank1 so that there is s ∈ S su
h that no in�nitesubgroup H of Gs (with Uþ(G) − Uþ(H) ≤ 2)of �nite index in an interse
tion of stabilizers ofpoints in S has normalizer of �nite index in G.Then there is an in�nite �eld interpretable in C.
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Corollary 5 Assume Uþ(G) < ∞, and S is ade�nable set of Uþ-rank 1 on whi
h G a
ts de�n-ably so that GS is �nite. If G is not solvable-by-�nite, then an in�nite �eld is interpretable in C.Corollary 6 Assume Uþ(G) = n + 1, and thereis a de�nable subgroup H with Uþ(H) = n. Let
Z =

⋂
g∈G Hg. If G/Z is not solvable-by-�nite,then an in�nite �eld is interpretable in 〈G, ·〉.Proof. Apply Corollary 5 for G/Z a
ting on

G/H . �Corollary 7 Suppose Uþ(G) = 3, there is a de-�nable subgroup H of Uþ-rank 2, and G is notsolvable-by-�nite. Then there is an in�nite �eldinterpretable in 〈G, ·〉.Conje
ture The assumptions of Theorem 4 [Corol-lary 5, Corollary 6℄ imply Uþ(G) ∈ {1, 2, 3}.
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8. Superrosy �elds with NIP (EKP)Main 
onje
ture (EKP) Ea
h superrosy �eldwith NIP is either real or algebrai
ally 
losed.Theorem (KP) Ea
h superrosy �eld with NIPwhose additive group satis�es fsg is algebrai
ally
losed.
K - an in�nite superrosy �eld with NIPProposition (K) K = Kn−Kn for every nat-ural number n > 0.Main tool: Generi
s with respe
t to measuresConje
ture Assume √

−1 exists in K. Thenfor every natural number n and a ∈ K∗ we have
K = Kn − aKn.This 
onje
ture implies that if √−1 ∈ K, then
Br(K) is trivial.
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Some very re
ent results (to be 
he
ked)
K - an in�nite superrosy �eldProposition (K) Every valuation v on K has adivisible value group.Conje
ture (K) Assume K has NIP. Then theresidue �eld of every non-trivial valuation on Kis either real or algebrai
ally 
losed.Theorem (K) The 
onje
ture is true in the 
aseof char(K) 6= 0.

22



9. Groups of automorphisms (KP)Fa
t Any de�nable group of de�nable automor-phisms of an in�nite superstable �eld is trivial.
K - a superrosy �eld with NIP
G - a de�nable group of de�nable automorphismsof KConje
ture (KP) G is �nite.Proposition (KP) If char(K) 6= 0, then forany σ ∈ G we have [K : Fix(σ)] < ω.Proposition (K) Assume that Uþ(K) < ω. If
char(K) = 0 or F p ⊆ K, then G is �nite.
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