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Notation and basic definitions

(G , ·, . . .) - a group with some first order structure

G ∗ - saturated extension of (G , ·, . . .) (model monstrum, κ-saturated,
κ-strongly homogeneus)

A ⊆ G ∗ some small set of parameters (|A| < κ)

Definition

G ∗0
A =

⋂
{H < G ∗ : H is A-def. and [G ∗ : H] < ω}

G ∗00
A =

⋂
{H < G ∗ : H is A-type def. and [G ∗ : H] < κ}

G ∗∞
A =

⋂
{H < G ∗ : H is Aut(G ∗/A)-invariant and [G ∗ : H] < κ}(=

G ∗000
A )

We say, that G ∗0 exists, if for every small A ⊆ G ∗, G ∗0
A = G ∗0

∅.
Similarly for G ∗00 and G ∗∞.
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Motivating problem

Example

Let G = (S1, ·,Pn)n∈N,

where Pn = {x ∈ S1 : d(x , e) < 1
n}. Then

G ∗ = G ∗0 6= G ∗00 = G ∗∞ =
⋂
n∈N

Pn

Problem

Find an example of group for which G ∗00 6= G ∗∞, or at least G ∗00
A 6= G ∗∞

A

for some A.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 4

/ 12



Motivating problem

Example

Let G = (S1, ·,Pn)n∈N, where Pn = {x ∈ S1 : d(x , e) < 1
n}.

Then

G ∗ = G ∗0 6= G ∗00 = G ∗∞ =
⋂
n∈N

Pn

Problem

Find an example of group for which G ∗00 6= G ∗∞, or at least G ∗00
A 6= G ∗∞

A

for some A.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 4

/ 12



Motivating problem

Example

Let G = (S1, ·,Pn)n∈N, where Pn = {x ∈ S1 : d(x , e) < 1
n}. Then

G ∗ = G ∗0

6= G ∗00 = G ∗∞ =
⋂
n∈N

Pn

Problem

Find an example of group for which G ∗00 6= G ∗∞, or at least G ∗00
A 6= G ∗∞

A

for some A.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 4

/ 12



Motivating problem

Example

Let G = (S1, ·,Pn)n∈N, where Pn = {x ∈ S1 : d(x , e) < 1
n}. Then

G ∗ = G ∗0 6= G ∗00 = G ∗∞ =
⋂
n∈N

Pn

Problem

Find an example of group for which G ∗00 6= G ∗∞, or at least G ∗00
A 6= G ∗∞

A

for some A.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 4

/ 12



Motivating problem

Example

Let G = (S1, ·,Pn)n∈N, where Pn = {x ∈ S1 : d(x , e) < 1
n}. Then

G ∗ = G ∗0 6= G ∗00 = G ∗∞ =
⋂
n∈N

Pn

Problem

Find an example of group for which G ∗00 6= G ∗∞, or at least G ∗00
A 6= G ∗∞

A

for some A.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 4

/ 12



Basic properties of connected compotents

G ∗∞
A ⊆ G ∗00

A ⊆ G ∗0
A are normal subgroup of G ∗, with index < 2|L(A)|

G ∗∞
A = G ∗00

A or [G ∗00
A : G ∗∞

A ] ≥ 2ℵ0

(|A| ≤ ℵ0) G ∗00
A = G ∗0

A or [G ∗0
A : G ∗00

A ] ≥ 2ℵ0

If Th(G , ·, . . .) is small and |A| ≤ ℵ0, then G ∗∞
A = G ∗00

A = G ∗0
A

existence G ∗∞ ⇒ existence G ∗00 ⇒ existence G ∗0

(Wagner) If Th(G , ·, . . .) is supersimple, then G ∗∞ = G ∗00 = G ∗0

If Th(G , ·, . . .) has NIP, then G ∗∞ exists (the proof is based on the
similar proof of Shelah, when additionally G is abelian)
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Other description of G ∗∞
A

Definition

The set P ⊆ G is thick if P = P−1 and there is a natural number N such
that for any sequence g0, . . . , gN−1 ∈ G there exist i < j < N such that

g−1
i · gj ∈ P.

E.g. every subgroup of finite index is thick.

Lemma

XΘA
=

⋂
{P ⊆ G ∗ : P is A-def. and thick }

G ∗∞
A = 〈XΘA

〉
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The strategy

Lemma (Newelski)

G ∗∞
A is type definable (G ∗∞

A = G ∗00
A ) ⇐⇒ G ∗∞

A = (XΘA
)n for some

natural n

In order to find a group G ∗, satisfying G ∗00
A 6= G ∗∞

A , it is enough to find
(by compactness), for every natural n, a group Gn, such that XΘAn

generates G ∗∞
An

in at least n steps.
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Two-step cases

Remark

If G satisfies one the following conditions

Th(G , ·, . . .) is simple,

G is definably compact, definable in an o-minimal expansions of RCF ,

(G , <, +, . . .) is an o-minimal expansion of an ordered group
(G , <, +),

there exist p ∈ S(G ∗) such that the sets G ∗ · p and Aut(G ∗) · p are
bounded,

then
G ∗∞

A = (XΘA
)2 = G ∗00

A .
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Almost strongly simple groups

Trivial observation: if G ∗ is a simple (in the algebraic sense) group, then
G ∗∞ exists and is equal to G ∗ (e.g. PSLn(K ), when K is a saturated field)

G ∗/Z (G ∗) is simple ⇔ ∃N ∀g ∈ G ∗ \ Z (G ∗)
(
gG∗ ∪ g−1G∗)N

= G ∗

We call such groups N-almost strongly simple (N-a.s.s.). It is a first
order condition in the language of groups.

The above equivalence is not true in general: SO3(R) is simple but
not a.s.s.

Remark

G is N-almost simple, then if G ∗ is saturated extension (a monster model)
of an arbitrary first order expansion (G , ·, . . .) of G , then G ∗∞ exists and

G ∗ = G ∗∞ = (XΘA
)4N .
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G ∗∞ exists and is equal to G ∗ (e.g. PSLn(K ), when K is a saturated field)

G ∗/Z (G ∗) is simple ⇔ ∃N ∀g ∈ G ∗ \ Z (G ∗)
(
gG∗ ∪ g−1G∗)N

= G ∗

We call such groups N-almost strongly simple (N-a.s.s.). It is a first
order condition in the language of groups.

The above equivalence is not true in general: SO3(R) is simple but
not a.s.s.

Remark

G is N-almost simple, then if G ∗ is saturated extension (a monster model)
of an arbitrary first order expansion (G , ·, . . .) of G , then G ∗∞ exists and
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Absolutely connected groups

Definition

G is N-absolutely connected (N-a.c.) when for every G ∗ - saturated
extension of an arbitrary first order expansion (G , ·, . . .) of G , G ∗∞ exists
and

G ∗ = G ∗∞ = (XΘA
)N .

Remark

G is N-absolutely connected ⇔ for every thick subset P ⊆ G , PN = G .

Let f : G � H be an epimorphism of groups.

G is N-a.c., then H is also N-a.c.

H is N1-a.c. and ker(f ) is N2-a.c., then G is (N1 + N2)-a.c.
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Examples of absolutely connected groups

Example

almost strongly simple groups, e.g. SLn(K ),Spn(K )

Symλ(κ) = {x ∈ Sym(κ) : | supp(x)| < λ} (Bertram, Moran, Droste,
Goebel)

GL(V ), where dim(V ) = ∞
extension of a.c. group by a a.c. group and image of a a.c. group

Question

Is there any abelian a.c. group?

i.e. is there any a.c. group G such that
[G ,G ] 6= G (non-perfect group a.c. group)
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The strategy - revised

If G is N-absolutely connected, then

G ∗ = G ∗∞ = (XΘA
)N =

⋂
{PN : P is A-def. and thick}.

Therefore, if for some thick subset P ⊆ G

Pn 6= G ,

then in the expansion (G , ·,P), the set XΘ∅ generates G ∗∞ in at least
n-steps.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 12

/ 12



The strategy - revised

If G is N-absolutely connected, then

G ∗ = G ∗∞ = (XΘA
)N =

⋂
{PN : P is A-def. and thick}.

Therefore, if for some thick subset P ⊆ G

Pn 6= G ,

then in the expansion (G , ·,P), the set XΘ∅ generates G ∗∞ in at least
n-steps.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 12

/ 12



The strategy - revised

If G is N-absolutely connected, then

G ∗ = G ∗∞ = (XΘA
)N =

⋂
{PN : P is A-def. and thick}.

Therefore, if for some thick subset P ⊆ G

Pn 6= G ,

then in the expansion (G , ·,P), the set XΘ∅ generates G ∗∞ in at least
n-steps.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 12

/ 12



The strategy - revised

If G is N-absolutely connected, then

G ∗ = G ∗∞ = (XΘA
)N =

⋂
{PN : P is A-def. and thick}.

Therefore, if for some thick subset P ⊆ G

Pn 6= G ,

then in the expansion (G , ·,P), the set XΘ∅ generates G ∗∞ in at least
n-steps.

Jakub Gismatullin (Mathematisches Institut der Universität Freiburg Instytut Matematyczny Uniwersytetu Wroc lawskiego)Connected components of groups
Around classification theory University of Leeds 2008 12

/ 12


