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ABSTRACT. Let X be a smooth affine irreducible curve over C, and let D =
D(X) be the ring of global differential operators on X. In this paper, we give
a geometric classification of left ideals in D and study the natural action of the
Picard group of D on the space J(D) of isomorphism classes of such ideals.

We recall that, up to isomorphism in the Grothendieck group Ko(D), the
ideals of D are classified by the Picard group of X: there is a natural fibration
~: J(D) — Pic(X), whose fibres are the stable isomorphism classes of ideals
of D (see [BW]). In this paper, we refine this classification by describing the
fibres of 4 as unions of finite-dimensional algebraic varieties Cr, (X, Z), which
we call the Calogero-Moser spaces. We define these varieties as representation
varieties of deformed preprojective algebras over a certain extension of the
ring of regular functions on X. As in the classical case (see [Wi]), we prove
that Cn(X,Z) are smooth affine irreducible varieties of dimension 2n. Our
results generalize the description of left ideals of the first Weyl algebra A1 (C)
in [BW1, BW2]; however, our methods are different.

1. INTRODUCTION

Let X be a smooth affine irreducible curve over C, and let D = D(X) be the ring
of global differential operators on X. In this paper, we give a geometric classification
of left ideals in D and study the natural action of the Picard group of D on the
space of isomorphism classes of such ideals. Our results generalize the classification
of left ideals of the first Weyl algebra A;(C) in [BW1] and [BW2]; however, our
methods are rather different.

As shown in [BW1, BW2], the ideal classes of A; are parametrized by finite-
dimensional algebraic varieties C,, called the Calogero-Moser spaces. The starting
point for the present paper was the observation of Crawley-Boevey (see [CB1])
that the same varieties C,, parametrize finite-dimensional irreducible representations
of certain (infinite-dimensional) algebras associated to graphs. Specifically, the
algebras in question are the deformed preprojective algebras TI*(Q) of [CBH]; the
corresponding graph @ is the framed affine Dynkin diagram of simplest type Ao.

Trying to understand the relation between the ideals of A; and irreducible repre-
sentations of I1*(Q), we came up with a new construction of the Calogero-Moser cor-
respondence, which, besides the Weyl algebra, applied to noncommutative Kleinian
singularities corresponding to other Dynkin diagrams (see [BCE]). In this paper,
we develop a geometric version of this construction in which graphs are replaced
by algebraic curves.
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We begin with an informal survey of our results. Let J(D) be the set of iso-
morphism classes of left ideals in D. Since D is a Noetherian hereditary domain,
every ideal of D is a projective D-module of rank 1, so J(D) can be equivalently
defined as the set of isomorphism classes of such modules. The Grothendieck group
Ko(D) of finite rank projective D-modules is isomorphic to the algebraic K-group
Ko(X) of X, while Ko(X) = Z ® Pic(X), where Pic(X) is the Picard group of
X. Combining these isomorphisms, we may assign to each ideal class [M] € I(D)
an element of Pic(X) which determines [M] up to equivalence in Ky(D). In other
words, there is a natural map 7 : J(D) — Pic(X), whose fibres are precisely the
stable isomorphism classes of ideals in D (see [BW]). To classify the ideals of D we
thus need to describe the fibres of ~.

We approach this problem in two steps. First, we introduce the Calogero-Moser
spaces C,(X,Z) for an arbitrary curve X and a line bundle Z on X, building on the
observation of Crawley-Boevey. For any associative algebra B, there is a “universal”
construction of deformed preprojective algebras II*(B) over B, with parameters
A € C®z Ko(B) (see [CB] and Section 2.1 below). Using this construction, we
define C,(X,Z) as representation varieties of II*(B) over a triangular matrix ex-
tension of the ring A = O(X) of regular functions on X by the line bundle Z. This
extension B = A[Z] abstracts the idea of “framing” a quiver by adding a distin-
guished new vertex ‘oo’ and arrows from oo ; geometrically, it can be thought of as
a noncommutative “thickening” of Spec(A x C) = X | | pt, the trivial one-point
extension of X. We note that C,(X,Z) behave functorially with respect to Z, so
the quotient spaces C,,(X,Z) := Cn(X,Z)/Autx(Z) depend only on the class of 7
in Pic(X).

Next, by functoriality of IT*-construction, there is a natural map of deformed
preprojective algebras II*(B) — II'(A) , lifting the extension B — A, while IT*(A)
can be identified with the ring of differential operators on X (see [CB]). The re-
sulting homomorphism @ : TI*(B) — D allows one to relate the representation
categories of II*(B) and D in a fairly interesting way. To be precise, we will prove
that the canonical functors (LO*, 6, , RA') induced by @ between the derived cat-
egories D~ (Mod II) and D~ (Mod D) satisfy the recollement axioms for abstract tri-
angulated categories in the sense of [BBD]. Originally, these axioms were designed
to imitate a natural structure on the derived category D(Shx) of abelian sheaves
arising from the stratification of a topological space into a closed subspace and its
open complement; in [BBD], they were used to construct nontrivial ¢-structures in
D(Shx) associated with perverse sheaves. In an algebraic setting similar to ours,
the recollement axioms were first studied in [CPS].

The functor 8, yields a fully faithful embedding of D~ (Mod D) into D~ (Mod II)
as a “closed stratum”, while the induction functor LO* : D~ (ModIl) — D~ (Mod D)
is an algebraic substitute for the restriction of a sheaf to that stratum. This
last functor plays a key role in our construction: it transforms irreducible II1*(B)-
modules (viewed as 0-complexes in D~ (Mod II)) to projective D-modules (located
in degree —1 in D~ (Mod D)), inducing natural maps wy, : Cn(X,Z) — v }[Z]. The
amalgamation of these maps for all n > 0 turns out to be a bijection

w: |_| Cn(X,T) 5y M),

n>0
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which gives a desired geometric description of the fibration v over a given [Z] €
Pic(X). In the special case when X is the affine line, Pic(X) is trivial: there is
only one fibre, and as shown in [BCE], the map w agrees with the Calogero-Moser
map constructed in [BW1, BW2].

By analogy with geometry, we can view finite-dimensional irreducible I1*(B)-
modules as “perverse sheaves” in D~ (ModII), with projective D-modules being
their spaces of sections in the “closed stratum” D~ (Mod D). The Calogero-Moser
correspondence amounts then to the observation that such “sheaves” are determined
by their restriction to D~ (Mod D), which resembles the behavior of locally constant
sheaves in the geometric setting.

Instead of focusing on individual fibres, one can also define the space C,(X)
by amalgamating C,,(X,Z)’s over the entire Pic(X). We will show then that, for
each n > 0, there is a natural action on C,(X) of the Picard group Pic(D) of the
category of D-modules, and the maps w,, : C,(X) — J(D) are equivariant under
this action. This generalizes another aspect of the Calogero-Moser correspondence
for the Weyl algebra. Finally, for an arbitrary curve X, we will give an explicit ring-
theoretic description of w in terms of determinants of generalized Calogero-Moser
matrices, extending our earlier calculations in [BC] for A;.

We now proceed with a detailed summary of the contents of the paper.

Section 2 is preparatory: it introduces notation and reviews the material needed
for the rest of the paper. In Section 2.1, we recall the definition of deformed pre-
projective algebras of [CB] and prove some general results on their representations.
In Section 2.2, we define one-point extensions of associative algebras and, in Sec-
tion 2.3, review the construction of representation varieties. While most results in
these sections are known, some are (apparently) new. In particular, Theorem 2.2
and Proposition 2.1 on lifting representations of II* as well as Proposition 2.3 on
representation varieties did not appear in the literature (although for the path al-
gebras of quivers, the last two propositions can be found in [CB2]). We prove these
results in a greater generality than needed in the present paper with a hope that
they may be useful in other applications.

In Section 3, after some recollections on differential operators on curves (Sec-
tion 3.1) and K-theoretic classificaion of ideals of D (Section 3.2), we define the
Calogero-Moser spaces Cp, (X, Z) and establish their basic geometric properties (Sec-
tions 3.3 and 3.4). In particular, Proposition 3.1 implies that the varieties C,, (X, 7)
are non-empty and parametrize the isomorphism classes of simple representations
of I*(B). Lemma 3.3 shows that C,(X,Z) and C,(X,Z) are (non-canonically) iso-
morphic for any line bundles Z and J. Finally, Theorem 3.2 — the main result of
this section — says that C,(X,Z) are smooth irreducible varieties of dimension 2n.
This theorem is a generalization of a well-known result of Wilson [Wi.

The main results of the paper are gathered in Section 4. First, in Section 4.1, we
explain the relation between the algebras II*(B) and D and their representation
categories. Proposition 4.1 asserts that the derived category D~ (ModII) admits
an algebraic stratification (recollement in the sense of [BBD]), with D~ (Mod D)
being its ‘closed’ stratum. Although, strictly speaking, this result is not used in the
main part of the paper, it provides a conceptual explanation for our construction.
Next, in Section 4.2, we describe a natural action of the Picard group Pic(D) on
the (reduced) Calogero-Moser spaces C,,(X). This construction heavily relies on
earlier results of Cannings-Holland [CH1] and Wilson [BW]. Finally, in Section 4.3,
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we state the main theorem of this paper (Theorem 4.2), which describes the key
properties of our Calogero-Moser map w: the injectivity of w, : Cn(X,Z) —
v~ HZ] for each n > 0, the bijectivity of w = | |,~,w;, over each fibre v~[Z], and
the equivariance of w under the action of Pic(D) across the fibres.

The proof of Theorem 4.2 occupies the whole of Section 5. We refer the reader
to the introduction of that section for a summary of the proof. Here we only
mention a few results that play a role in our arguments. First of all, in many
calculations of Section 5, we use the explicit presentation of the algebras II*(B)
given in Proposition 5.1. This presentation can be viewed as a generalization of
Crawley-Boevey’s description of deformed preprojective algebras over the path al-
gebras of quivers (see [CB], Theorem 3.1). To prove the surjectivity of the map w
we use a certain ‘projective’ completion of filtered D-modules. In Section 5.3, we
define this operation in purely algebraic (categorical) terms; however, it can also
be described in the language of noncommutative projective geometry (see [BC],
Appendix). Another important result in Section 5.3 is Proposition 5.3. The proof
of this proposition is based on a general homological principle for lifting represen-
tations of B to II*(B), which can be summarized by saying that such liftings are
controlled by the Hochschild homology of B. We use this principle repeatedly in
the present paper (see, e.g., Theorem 2.2). The injectivity of w is proved in Sec-
tion 5.4: the key result here is Lemma 5.12 on uniqueness of the induced filtrations
on ideals of D. In a weaker form, this lemma first appeared in [BW2] (Lemma 10.1)
and was further refined in [NS] (Lemma 3.2). Finally, in Section 5.5, we show that
the action of Pic(D) on C,(X) is well-defined, and the map w is equivariant. Our
proofs of these results depend on the structure of the group Pic(D) and do not ap-
ply automatically to all curves: the affine line A' has to be excluded. The reason
for excluding A is that Pic(D) has a richer structure in that case and a different
description (cf. [CH1]). Still, by a theorem of Stafford [St], we know that Pic(D)
is isomorphic to Aut(D) in the case of the Weyl algebra, so the equivariance of w
for Al follows from the results of [BW1, BW2].

In Section 6, we give an alternative description of the map w by constructing
some distinguished representatives for the isomorphism classes in J(D). The main
result of this section (Theorem 6.1) clarifies and generalizes calculations of [BC] in
the case of the Weyl algebra (see loc. cit., Section. 4). In the end of Section 6,
we consider a number of explicit examples: perhaps, the most interesting one is a
general plane curve (see Section 6.2.3). For such curves, the representation varieties
Cn(X,Z) can be naturally described in terms of matrices, generalizing the classical
Calogero-Moser matrices, and the map w is given by an explicit formula involving
characteristic polynomials of these matrices (see 6.2.3, (6.20)). This formula can
be viewed as a generalization of Wilson’s formula for the (rational) Baker function
of the KP hierarchy in the theory of integrable systems (see [Wi]).

The last section of the paper is an appendix written by G. Wilson. It clarifies the
relation between deformed preprojective algebras and rings of differential operators
on curves, which, strictly speaking, we did not use in this paper but probably
should have. As explained above, our Calogero-Moser map w is naturally induced
by the algebra extension @ : II*(B) — D. Unfortunately, this extension is not
entirely canonical: it depends on the choice of an identification of II'(A) with D,
the ring of differential operators on the algebra of regular functions on X. By a
theorem of Crawley-Boevey (see [CB], Theorem 4.7), II*(A) is indeed isomorphic
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to D as a filtered algebra, but, in general, there seems to be no natural isomorphism
between these algebras. To remedy this problem, one should replace D by the ring
D(Q%Q) of twisted differential operators on half-forms. As it was first observed
by V. Ginzburg (see [G], Sect. 13.4), TI*(A) is canonically isomorphic to D(Qf);
however, the construction of the isomorphism depends on a fact (Proposition A.1
below) whose proof in [G] is not quite satisfactory. A complete proof can be found
in the Appendix, which may be read independently of the rest of the paper.

In the end, we mention a few open questions. First of all, in the existing litera-
ture, there are several different definitions of the Calogero-Moser spaces for algebraic
curves. One is proposed by Etingof (see [E], Example 2.19) as a generalization of
the ordinary Calogero-Moser spaces associated to Cherednik algebras (see [EG]).
Another, due to Ginzburg (see [BN], Definition 1.2), employs a Hamiltonian re-
duction and is close in spirit to the original definition in [KKS]. It is more or less
clear that these definitions agree with ours (and each other), but it might be inter-
esting to construct canonical isomorphisms between them. This would clarify the
question (originally posed in [EG], see also [BGK]) on the relation between projec-
tive D-modules on curves and irreducible representations of generalized Cherednik
algebras. In the Weyl algebra case, this question was addressed in [BCE].

Next, there is an alternative description of torsion-free D-modules on curves, due
to Ben-Zvi and Nevins (see [BN]). They use methods of noncommutative projective
geometry (specifically, a noncommutative version of Beilinson’s resolution), which is
by now a conventional approach to this kind of moduli problems (see [LeB], [KKO],
[BW2], [BGK], [NvdB], [NS] and references therein). In [BN], a more general
(and slightly different) question on classifying “D-bundles” of an arbitrary rank is
addressed; however, in the rank one case, the resulting classification appears to be
more complicated than ours (in particular, no explicit map similar to w arises in this
classification). Comparing our construction to that of [BN] and, more generally, to
other approaches to moduli problems in noncommutative geometry, seem to be an
interesting problem.
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and comments. We are especially indebted to G. Wilson: without his ideas, ques-
tions and encouraging criticism this paper would have probably never appeared.
We also thank G. Wilson for kindly providing the appendix.
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NOTATION AND CONVENTIONS

Throughout this paper, we work over the base field C. Unless otherwise specified,
an algebra means an associative algebra over C, a module over an algebra A means a
left module over A, and Mod(A) denotes the category of such modules. All bimodules
over algebras are assumed to be symmetric over C, and we use the abbreviation ®
for ®¢c whenever it is convenient.

2. PRELIMINARIES

2.1. Deformed preprojective algebras. If A is an algebra, its tensor square A®?
has two commuting bimodule structures: one is defined by a.(x ® y).b = ax ® yb
and the other by a.(z ® y).b = xb ® ay, where a,b € A. We will refer to these
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structures as outer and inner respectively. Any bimodule over A can be viewed as
either left or right module over the enveloping algebra A° := A ® A° of A. Now,
if we interpret the outer bimodule structure on A®? as a left A°-module structure
and the inner as a right one, then the canonical map A®? — A°, zQy— x®1y°,
is an isomorphism of A°-bimodules. We will often use this isomorphism to identify
A®Z 2 fe

The space Der(A, A®?) of linear derivations A — A®? taken with respect to the
outer bimodule structure on A®? is naturally a bimodule with respect to the inner
structure; thus, we can form the tensor algebra TaDer(A, A®?). If A is unital, there
is a canonical element in Der(A, A%?): namely the derivation A = Ay : A — A®?]
sendingz € Ato (z®1—1®x) € A®2. For any A\ € A, we can consider then the
2-sided ideal (A — ) in TyDer(A, A®?) and define the quotient algebra

(2.1) M (A) := TyDer(A, A%?) /(A = \) .

It turns out that, up to isomorphism, IT*(A4) depends only on the class of A in
the Hochschild homology HH((A) := A/[A, A] (see [CB], Lemma 1.2). Moreover,
instead of elements of HHy(A), it is convenient to parametrize the algebras (2.1) by
the elements of C®z Ky(A), relating this last vector space to HHy(A) via a Chern
character map. To be precise, let Try : Ko(A) — HHg(A) be the map, sending
the class of a projective module P to the class of the trace of any idempotent
matrix e € Mat(n, A), satisfying P = A™e. By additivity, this extends to a linear
map C®yz Ko(A) — HHg(A) to be denoted also Try. Following [CB], we call the
elements of C ®z Ko(A) weights and define the deformed preprojective algebra of
weight XA € C ®z Ko(A) by

(2.2) IT*(A) := TaDer(A, A%?) /(A = \) |

where A € A is any lifting of Tra(A) to A. Note, if A is commutative, then
HHp(A) = A, and A is uniquely determined by Tra(A).

We should mention that the algebras II1*(A) are usually ill-behaved unless one
imposes some ‘smoothness’ conditions on A. In this paper, following [KR], we
will refer to an algebra A as being smooth if it is quasi-free and finitely generated.
Technically, this implies that ' A — the kernel of the multiplication map of A —
is a finitely generated projective bimodule.

For basic properties and examples of the algebras IT* (4) the reader is referred to
[CB]. Here, we state only one important theorem from [CB], which will play a role in
our construction. We recall that a ring homomorphism 6 : B — A is called pseudo-
flat if TorP (A, A) = 0 (see [BD]). We also recall that any ring homomorphism
6 : B — A induces a homomorphism of abelian groups 6* : K¢(B) — Ky(A), which
extends (by linearity) to a map of C-vector spaces 0* : C®zKy(B) — C®z Ko(A).

Theorem 2.1 ([CB], Theorem 9.3 and Corollary 9.4). Let § : B — A be a pseudo-
flat ring epimorphism. Then, for any A € C®z Ko(B), there is a canonical algebra
map 0 : TIN(B) — 1IN (A), where N = 0*(X). If B is smooth, then 0 is also a
pseudo-flat epimorphism, and the diagram

]




IDEALS OF DIFFERENTIAL OPERATORS ON CURVES 7

is a push-out in the category of rings.

We now prove a few general results on representations of deformed preprojective
algebras, which may be of independent interest. Our first observation is probably
well-known to the experts (see, for example, [CEG]); we record it to fix the notation.

Lemma 2.1. If A is smooth, then the derivation A4 lies in the commutator sub-
space [A, Der(A, A®%)] of the bimodule Der(A, A®?).

Proof. The multiplication map p : A®? — A is a bimodule homomorphism, pro-
vided A®? is taken with its outer bimodule structure. Composing p with deriva-
tions A — A®? yields a linear map u. : Der(A, A%?) — Der(A, A) with Ay €
Ker(us). A simple calculation shows that u, factors through the canonical pro-
jection Der(A, A®2) — Der(A, A®?)/[A, Der(A, A®?)]. We claim that, when A is
smooth, the induced map fi, : Der(4, A%2)/[A, Der(A, A%?)] — Der(A, A) is an
isomorphism. In fact, identifying A®? = A° and writing Q'A C A° for the kernel of
w, we have Der(A4, A) = Homye(Q'A, A) and Der(4, A®?) =2 Hom4e(Q' A4, A°).
Under the last isomorphism, the (inner) bimodule structure on Der(A4, A®2) cor-
responds to the natural right A°-module structure on (Q'A)* := Hom qe(Q' 4, A°)
and

Der(A, A%?)/[A, Der(A, A®?)] = (Q'A)* ®4¢ A .
The quotient map fi, now becomes the canonical map

(2.4) (A'A)* @40 A — Homye (1A, A) .

Since A is smooth, Q'A is a finitely generated projective A°-module, and hence
(2.4) is an isomorphism. Now, fi, being an isomorphism implies that Ker(u.) =
[A, Der(A, A®?)], so Ay € [A, Der(A, A®?)], as required. O

For any A € A, the algebra I1*(A) is an A-ring: it comes equipped with a
canonical algebra homomorphism A — IT*(A). Every representation of IT*(A4) can
thus be regarded as a representation of A. Conversely, given a representation of A,
one can ask whether it lifts to a representation of II*(A). The following theorem
provides a simple homological criterion for the existence and uniqueness of such
liftings.

Theorem 2.2. Let A be a smooth algebra, and let p: A — End(V') be a represen-
tation of A on a (not necessarily finite-dimensional) vector space V.. Then ¢ can
be extended to a representation of IIN(A) if and only if the homology class of o(\)
in Ho(A, End V) is zero, i.e. o(\) € [o(A), End(V)]. If it exists, an extension of
o to TIN(A) is unique if and only if Hi(A, EndV) =0.

Proof. We will use the same notation as in the proof of Lemma 2.1. Thus, for a fixed
A € A, we identify TTN(A) = Ta(QA)*/(Aa—)\), with Ay € (QLA)* corresponding
to the natural inclusion Q'A < A°. A representation ¢ : A — End(V) can be
extended then to a representation of II*(A) if and only if there is an A-ring map
0: Ta(Q'A)* — End(V), such that 3(A4) = o()\). By the universal property of
tensor algebras, such a map is uniquely determined by its restriction to (Q1A)*.
Thus, regarding End(V') as a bimodule over A via ¢, we conclude that o lifts to
II*(A) iff there is § € Homae((Q'A)*, End V), mapping A4 to o()). Here, the
bimodule End(V') is interpreted as a right A°-module.
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Now, since A is smooth, the canonical map Q!4 — (Q1A)** is an isomorphism,
and we can identify

Hom 4e ((Q*A)*, End V) =2 End(V) ®4e Q' A .
Under this identification, the condition g(A4) = o(\) becomes
(2.5) 3fi®d; € End(V) @ae Q'A = > fiAa(ds) = o(N) .

Tensoring the exact sequence of A°-modules 0 — Q'A4 — A° — A — 0 with
End(V), we get

(2.6) 0 — Hy(A, EndV) — End(V) ®4¢ QA % End(V) 2 Ho(A, End V) — 0,

with map in the middle given by 9: f®d+— fAx(d), and p being the canonical
projection. The condition (2.5) now says that o(\) € Im(9), and, by exactness of
(2.6), this is equivalent to o()\) € Kerp. Thus, ¢ can be extended to IT*(A) if and
only o(\) vanishes in Hy(A, End V).

Note that the fibre of the map 9 over p(A) € End(V) consists of the different
liftings of the given action o to IT*(A). Again, by exactness of (2.6), this fibre can
be identified with H;(A, End V). In particular, if o admits an extension to IT*(A),
this extension is unique if and only if H;(A, EndV) =0. O

As an immediate corollary of Theorem 2.2, we get

Corollary 2.1. If A € C®z Ko(A), then 9 : A — End(V) can be extended to
O*(A) if and only if 0. Tra(X) =0, where o, : HHo(A) — Ho(A, End V) is the
map induced by o on Hochschild homology.

We now apply Theorem 2.2 to finite-dimensional representations. The next result
is a generalization of [CB2], Theorem 3.3, which deals with path algebras of quivers.

Proposition 2.1. Let A be a smooth algebra, and let o : A — End(V) be a
representation of A on a finite-dimensional vector space V. Then, o lifts to a
representation of TIN(A) if and only if the trace of o(\) on any A-module direct
summand of V is zero. Moreover, if o € Rep(A, V) lifts, then the fibre 7~ '(0) of
the canonical map 7 : Rep(ITI*(A), V) — Rep(A, V) is isomorphic to Extly (V,V)*.

Proof. If V is finite-dimensional, the trace pairing on End(V) yields the linear
isomorphism

(2.7) End(V) 5 End(V)*, e [f i+ try(ef)],

where “x” stands for the usual duality with C. Now, if we make End(V)* an A-A-
bimodule in the natural way (i. e., letting (a..b, f) := (¢, o(b)fo(a)) for a,be A
and ¢ € End(V)*), then (2.7) becomes an isomorphism of bimodules. In particular,
it maps bijectively the center of the bimodule End(V') onto the center of the bimod-
ule End(V)*. The center of End(V) is equal, by definition, to End4(V'), while the
center of End(V)* consists of all functionals on End(V'), vanishing on [A, End(V)],
and thus can be identified with (End(V)/[A, End(V)])*. In this way, (2.7) restricts
to an isomorphism End(V) = Hgy(A, End V)*, which, upon dualizing with C,
becomes

(2.8) Ho(A, EndV) 5 Enda(V)*, fr e try(ef)] .
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Now, let ¢ : A — End(V) be a representation of A on V that lifts to II*(A), and
suppose that V has a direct A-linear summand, say W. By Theorem 2.2, the class
of p(A) in Ho(A, End V) is zero, and hence so is its image under (2.8). In other
words, we have try[eo(A)] =0 for all e € End4(V). Taking e € Enda(V) to be
a projection onto W, we get try[eo(A)] = trw[o(A)] = 0, which proves the first
implication of the theorem.

For the converse, it suffices to consider only indecomposable representations of
A. Thus, let p : A — End(V) be such a representation on V. By Fitting’s
Lemma, End4 (V) is then a local ring: every e € Enda(V) can be written as
e =cldy + 6, with ¢ € C and 6 € End4(V) being nilpotent. Now, if we assume
that try[o(A)] =0, then tryleo(A)] =0 for any e € End4 (V). The class of o())
in Ho(A, End V) lies thus in the kernel of (2.8) and hence is zero. By Theorem 2.2,
we conclude that o lifts to a representation of TI*(A).

To prove the last statement, we note that m=!(p) = Hy(A4, End V) in view of
the exact sequence (2.6). Thus, it remains only to show that

(2.9) H, (A, End V) = Exty (V,V)* .

Since V is finite-dimensional, there is a canonical linear isomorphism End(V) 2 V®
V*, which is also a bimodule map if V' and V* are equipped with natural A-module
structures, via g. Using this isomorphism, we identify (see [CE], Corollary 4.4,
p. 170)

Hi(A, End V) 2 H (4, VR V*) 2 Torf (4, V @ V*) = Tor (V*, V) .

Now, since V has a resolution by finitely generated projective modules (for ex-
ample, we may take P®* = [0 — Q'A®4V — A®V — 0]), the isomorphism
Tor (V*, V) = Ext!y(V, V)* is standard homological algebra, see Lemma 2.2 be-
low. (]

Lemma 2.2. Let A be any C-algebra, and let U be an A-module having a resolution
P* — U by finitely generated projective modules. Then, for any A-module V of
finite dimension over C and for all n > 0, we have

Tor(V*,U) = Exty (U, V)* .

Proof. Observe that if dim¢(V) < oo, then dimg[V* ®4 P] < oo for any finitely
generated A-module P. Hence, the natural maps

V*®@aP — (V*®4P)"™ =Homc(V*®4P,C)* =2 Homyu (P, V*™*)* 2 Homuy (P, V)*

are isomorphisms. Applying this to the projective resolution P®* — U, we get
Tor (V*,U) = H,(V* ©4 P*) = H,[Hom4(P*,V)*] = H"[Hom4(P*,V)]* .

Whence Tor’(V*,U) = Exty (U, V)* for all n >0, as required. O

Remark. In the special case, when A is the path algebra of a quiver, Proposi-
tion 2.1 was proven earlier, by a different method, by Crawley-Boevey (see [CB2],
Theorem 3.3). With identifications (2.8) and (2.9), our basic exact sequence (2.6)
becomes

(2.10) 0 — Exty(V, V)* — End(V) @4e Q' A — End(V) — Enda(V)* — 0,

which, in the quiver case, agrees with [CB2], Lemma 3.1.
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2.2. One-point extensions. If A is a unital associative algebra, and I a left
module over A, we define the one-point extension of A by I to be the ring of
triangular matrices

(2.11) Al = ( ol >

with matrix addition and multiplication induced from the module structure of I.
Clearly, A[I] is a unital associative algebra, with identity element being the identity
matrix. There are two distinguished idempotents in A[I]: namely

(2.12) e::<(1) 8) and eoo::<8 ?)

If A is indecomposable (e.g., A is a commutative integral domain), then (2.12) form
a complete set of primitive orthogonal idempotents in A[I].

A module over A[I] can be identified with a triple V = (V, Vo, ¢), where V is
an A-module, V., is a C-vector space and ¢ : I ® V. — V is an A-module map.
Using the standard matrix notation, we will write the elements of V' as column
vectors (v, w)? with v € V and w € V; the action of A[I] is then given by

(2 1)(2)-()

Now, if U = (U, Ux, vv) and V = (V, V., py) are two A[I]-modules, a homo-
morphism U — V is determined by a pair of maps (f, foo), with f € Homa (U, V)
and fo € Home(Us, Vo), making the following diagram commutative

IoU, 2% U

(2.13) lde fool lf

&V Yoy
If V is finite-dimensional, with dim¢cV = n and dimc Ve = neo, we call n =
(n, noo) the dimension vector of V.
The next lemma gathers together a few basic properties of one-point extensions.

Lemma 2.3. (1) A[l] is canonically isomorphic to T;(I), where A := A x C.
(2) If A is smooth and I is a f. g. projective A-module, then A[I] is smooth.
(3) I A[I] is a functor from Mod(A) to the category of associative algebras.
(4) The natural projection 0 : A[I] — A is a flat ring epimorphism.

(5) There is an isomorphism of abelian groups Ko(A[I]) = Ko(A) & Z.

Proof. (1) We identify A with the subalgebra of diagonal matrices in A[I] and I
with the complementary nilpotent ideal I C A[I]:

(2.14) A:(ﬁg), f::(ﬁé).

By the universal property of tensor algebras, the inclusions A < A[I] and I —
A[I] can then be extended to an algebra map ¢ : T;(I) — A[I], which is a required
isomorphism. Indeed, as A[I] = A® 1, it is clear that ¢ is surjective, its kernel
being @,,-, I®™. To see that Ker(¢) = 0, it suffices to see that I ®; I = 0. For
this, we notice that e, € A acts on I as identity on the right and as zero on the
left: thus, if by @ by € I ® 5 I, we have by @ by = bies @ by = by ®@ esoby = 0.
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(2) If I is a f. g. module over A, then I is a f. g. bimodule over A. Hence, if
Ais af. g. algebra, so is A[I] by (1). So it suffices to show that A[I] is quasi-free
if A is quasi-free and I is projective. Again, in view of (1), it suffices to show
that T is a projective A-bimodule (see [CQ], Prop. 5.3). Now, if I is a projective
A-module, then it is isomorphic to a direct summand of a free module A ® V' and
I is isomorphic to a direct summand of Ae ®V ® esoA. The latter is a projective
A-bimodule, since it is a direct summand of A@V ® A.

(3) Any A-module map f : I; — I, gives rise to an A-bimodule map f : [; — I,.
Identifying A[l1] = T;(I) and A[l,] = T;(Iy), we may extend I ~ A[I] to
morphisms by A[f] := T';( f). As T is a functor on bimodules, the result follows.

(4) The projection 6 is given by

0

It is immediate from (2.15) that A = A[I]e as a left A[I]-module. Since e is an
idempotent, A[I]e is projective and hence flat.
(5) The algebra map

(2.16) 6: Al — A, (g lc))»—>(a,c).

has a nilpotent kernel (equal to I). By [B], Proposition IX.1.3, it then induces
isomorphisms K;(A[l]) & K;(A) for all ¢ = 0, 1,2, ... In particular, we have

Ko(A[l]) 2 Ko(A) = Ko(A) B Z. O

(2.15) 0: Al — A, (“ Ié)»—uz.

We will also need the following result relating homological properties of A and
Al].

Proposition 2.2. Let A be a finitely generated hereditary algebra, and let B :=
A[I] be the one-point extension of A by a f. g. projective A-module. Then, for any
finite-dimensional B-modules U = (U,Us) and V = (V, V), we have

(2.17) xp(U,V)=xa(U,V)+dim(Us) [dim(Va) — dim Homu(1,V) ],
where xa and xp denote the Euler characteristics for the Ext-groups over the
algebras A and B respectively.

Proof. Let S := Ce & Ce, € B. Decomposing B = Be ® Bey, and B =
eB @ ex B, we observe that B ®g B = (Be ® eB) & (Beo ® e5,B) as bimodules
over B. The standard resolution of B then reads

(2.18) 0— QLB — (Be®eB) @ (Beo ® €oB) = B — 0,

where Q5B is the kernel of multiplication map B ®s B — B. Tensoring (2.18)
with U on the right and dualizing with V', we get the exact sequence

(2.19) 0 - Homp(U,V) — Homc(U,V) @ Homg(Uso, Voo) —

— Homp(QtB®pU,V) — Exty(U,V) = 0.
To compute the Euler characteristics x g(U, V') we thus need to compute Qg B. To
this end, we will use Lemma 2.3(1) to identify B = T;(I) = A& I, see notation
(2.14). Tensoring then the exact sequence 0 — QLA - A®g A — A — 0 with B
on both sides and restricting to the bimodules of differentials, we get

(2.20) 0-Be;QUA®; B— Q4B — QLB 0.
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Now, observe that QLB = B ®; I®; B (see BD], (17)) and QLA = QL. (A x
C)=Q'A @ QIC = QA (see [BD], (54)). Hence, tensoring (2.20) again with U,
dualizing with V' and identifying terms, we get
(2.21)

0 — Homa (I ® Uso, V) — Homp(QB @5 U, V) — Homs (' A®4 U, V) =0

1\~Tote that no Ext-terms occur in the exact sequence (2.21), since I is a projective
A-bimodule, and Q}&B is then a projective B-bimodule.
Finally, the same procedure applied to 0 — Q'A - A® A — A — 0 yields
(2.22)
0 — Hom (U, V) — Home (U, V) — Homa(Q'A®4 U, V) — Ext4 (U, V) - 0.

Now, since A is finitely generated, Q' A is finitely generated, and the space
Homy (Q'A®4 U, V) = Hom e (Q' A, Home (U, V)

is finite-dimensional. From (2.22), it follows then that x4(U,V) is well-defined.
Also, since T is finitely generated, Hom (I®Uy, V) = Homa (I, V)®@Home (U, C)
is finite-dimensional, and hence so is Homp(Q5B ®p5 U, V), the middle term of
the exact sequence (2.21). It follows from (2.19) that xp(U,V) is well-defined.
Now, summing up the Euler characteristics of all the three sequences (2.19), (2.21)
and (2.22), we get the desired formula (2.17). O

2.3. Representation varieties. Let R be a finitely generated associative alge-
bra. Fix S, a finite-dimensional semisimple subalgebra of R, and V, a finite-
dimensional S-module. By definition, the representation variety Repg(R,V) of
R over S parametrizes all R-module structures on the vector space V extending
the given S-module structure on it. The S-module structure on V' determines an
algebra homomorphism S — End(V) making End(V') an S-algebra. The points of
Repg(R,V) can thus be interpreted as S-algebra maps R — End(V).

If S = C, we simply write Rep(R, V) for Repc(R, V). Choosing a basis in V" and
a presentation of R, say R = C(x1,...,Zm)/I, we can identify in this case

Rep(R,V) ={(X1,...,Xm) € Mat(n,C)™ : p(X1,..., X)) =0, Vpel}.

Thus Rep(R,V) is an affine variety!. In general, for any semisimple S C R,
Repg(R,V) can be identified with a fibre of the canonical morphism of affine vari-
eties 7 : Rep(R,V) — Rep(S,V), and hence it is an affine variety as well.

The group Auts(V) of S-linear automorphisms of V' acts on Repg(R,V) in
the natural way, with scalars C* C Autg(V) acting trivially. We set Gg(V) :=
Autg(V)/C*. Since V is semisimple, V = ), V,*™, with V; non-isomorphic simple
S-modules, and Autg(V) = [[, GL(n;,C). Thus Gg(V) is reductive. The orbits
of Gg(V) on Repg(R,V) are in 1-1 correspondence with isomorphism classes of
R-modules, which are isomorphic to V' as S-modules. The stabilizer of a point
0: R — End(V) in Repg(R,V) is canonically isomorphic to Autr(V,)/C* C
Gs(V), where V, is the left R-module corresponding to ¢. Now, the closure of
any orbit Oy, contains a unique closed orbit, corresponding to a semisimple R-
module with the same composition factors and multiplicities as M. Thus the space
Repg(R,V)// Gg(V) of closed orbits in Repg(R,V) is an affine variety, whose
(closed) points are in bijection with isomorphism classes of semisimple R-modules
M isomorphic to V' as S-modules.

1Here, by an affine variety we mean an affine scheme of finite type over C.
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Typically, representation varieties of R are defined over subalgebras spanned by
idempotents. For example, let {e;};c;r be a complete set of orthogonal idempotents
in R. Set S := @iel Ce; € R. A finite-dimensional S-module is then isomorphic
to a direct sum C™ := @, .; C™, each e; acting as the projection onto the i-
th component. The corresponding representation variety Repg(R,C™), which we
simply denote by Repg(R,n) in this case, parametrizes all algebra maps R —
End(C™), sending e; to the projection onto C™. The group Gg(C™) (to be denoted
Gs(n) ) is isomorphic to [[;.; GL(n;, C)/C*, with C* embedded diagonally.

We will need a few general results on geometry of representation varieties. First,
we recall the following well-known fact.

Theorem 2.3. If R is a smooth algebra, then Rep(R, V) is a smooth variety.
Proof. See, for example, [G], Proposition 19.1.4. O

The next lemma implies that Theorem 2.3 holds also in the relative setting: for
the varieties Repg(R, V') over any semisimple subalgebra S C R. We recall that
Repg(R,V) can be identified with a fibre of the canonical map r : Rep(R,V) —
Rep(S,V), o+ o|s, restricting the representations of R to S.

Lemma 2.4. If o € Repg(R, V) and Rep(R, V) is smooth at o, then so is Repg(R, V).

Proof. Let T, Rep(R, V') denote the tangent space of Rep(R,V) at a point p. We
identify T, Rep(R, V') with the space of derivations Der(R, End V'), where End(V)
is equipped with natural R-bimodule structure via g (see, e.g., [G], Sect. 12.4). The
differential of the restriction map is then given by

(2.23) dr, : Der(R, EndV) — Der(S, EndV), d~—d|s .
We need to show that dr, is surjective.

To this end, we note that Der(R,—) and Der(S,—) are represented by the bimod-
ules Q'R and Q1S, which are related by the cotangent exact sequence (see [CQ],
Prop. 2.9):

(2.24) 0 ResVNS®sR—QUNR—- QLR -0,
where QLR := Ker[R ®s R — R]. Dualizing (2.24) by End(V) and identifying

terms, we get
0 — Derg(R, EndV) — Der(R, EndV) -2 Der(S, EndV) - Exthe(QLR, EndV)

with map in the middle being exactly (2.23). The connecting homomorphism §
sends a derivation d: S — End(V) (or equivalently, the corresponding bimodule
map Q'S — End(V)) to the class of the exact sequence (2.24) pushed out along d.
Now, since S is a separable algebra (see [CQ], Sect. 4), the sequence (2.24) splits,
and the image of § in EXt}{e (QLR, EndV) is zero. This implies the surjectivity of
dr, finishing the proof of the lemma. [

Now, given an algebra A, we set R := TaDer(A4, A®%), see Section 2.1. If
A is finitely generated, then so is R, and we consider the variety Rep(R,V) of
representations of R on a vector space V. Recall that R contains a distinguished
element: the derivation Ay : A — A®? defined by z—2®1—1® . We write

w: Rep(R, V) — End(V), o+ 0(A4),

for the evaluation map at A4 and consider its fibre Fy := p~!{u(€)] for some fixed
representation £ € Rep(R, V).
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Proposition 2.3. Assume that A is a smooth algebra. Then F¢ is smooth at
0 € Rep(R,V) if and only if Endgr(V,) = C.

Proof. First of all, since A is smooth, the bimodule Der(A, A®?) is f. g. projec-
tive, and its tensor algebra R is smooth (see [CQ], Prop. 5.3). Hence, Rep(R,V) is a
smooth variety by Theorem 2.3. By Lemma 2.1, we also have A4 € [A, Der(4, A®?)],
so that try[o(A)] =0 for any ¢ € Rep(R, V). Thus

(2.25) w: Rep(R,V) — End(V) ,

where End(V)g := {f € End(V) : try(f) =0}.

To compute the differential of (2.25) we identify T, Rep(R,V) = Der(R,End V)
as in (the proof of) Lemma 2.4 and also T, End(V) = End(V)o. Then it is easy
to see that

(2.26) dpe : Der(R, EndV) — End(V)o, & 0(Ay).
Now, observe that the map duj dual to (2.26) fits into the commutative diagram

*

* d'uQ *

End(V)§ — Der(R, End V)

(2.27) try i(Tr o)
d

End(V)/C 25+ Der(R, End V)

with vertical arrows being isomorphisms. Here, the map try comes from the
trace pairing on End(V) (and hence, it is obviously an isomorphism), and ad
is induced by the canonical map, assigning to f € End(V) the inner derivation
ad(f) : a + [f, o(a)]. The crucial isomorphism i(Tr&) is constructed explicitly?
in [CEG] (see loc. cit., the proof of Theorem 6.4.3). Instead of repeating this
construction, we simply notice that (2.25) can be interpreted as a moment map for
the natural action of GL(V)/C* on Rep(R, V). The commutativity of the diagram
(2.27) is then equivalent to the defining equation for moment maps (see [CEG],
(6.4.7)).

Now, to finish the proof, it remains to note that F¢ is smooth at g if and only
if du, is surjective. This is equivalent to duj being injective, and hence, in view
of (2.27), to Ker(ad) being zero. Since Ker(ad) = Endr(V)/C, this last condition
holds, and the result follows. ([

3. THE CALOGERO-MOSER SPACES

3.1. Rings of differential operators. Let X be a smooth affine irreducible curve
over C, with coordinate ring O = O(X), and let D = D(X) be the ring of differential
operators on X. We recall that D is a filtered algebra D = J,.~, Dy , with filtration
components 0 C Dy C ... C Dy_1 C Dy, C ... defined inductively by

Dr:={D€cEndcO : [D,fl|€Dy_qforal fecO}.
The elements of Dy are called differential operators of order < k. In particular,
Dy consists of multiplication operators by regular functions on X, i.e. Dy = O,
and D; is spanned by O and the space Der(O) of derivations of O (the algebraic

vector fields on X). As X is smooth, O and Der(QO) generate D as an algebra, and
ring-theoretically D shares many properties in common with the first Weyl algebra

2To avoid confusion, here we use the same notation for this map as in [CEG].
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A;(C). For example, like A;, D is a simple Noetherian domain of global dimension
1; however, unlike A, D has a nontrivial K-group (see, e. g. [Bj], Ch. 2).

We write D := @;-,Di/Dr—1 for the associated graded ring of D: this is
a commutative algebra isomorphic to the coordinate ring of the cotangent bun-
dle T*X of X. Given a D-module M with a filtration {Mj}, we also write
M = @2020 My /My for the associated graded D-module. Using the standard

terminology, we say that {My} is a good filtration if M is finitely generated.

3.2. Stable classification of ideals. Let K((X) and Pic(X) denote the Gro-
thendieck group and the Picard group of X respectively. By definition, Ko(X) is
generated by the stable isomorphism classes of (algebraic) vector bundles on X,
while the elements of Pic(X) are the isomorphism classes of line bundles. As X
is affine, we may (and often will) identify Ko(X) with Ky(O), the Grothendieck
group of the ring O, and Pic(X) with Pic(O), the ideal class group of O. There are
two natural maps rk : Ko(X) — Z and det : Ko(X) — Pic(X) defined by taking
the rank and the determinant of a vector bundle respectively. In the case of curves,
it is well-known that rk @ det : Ko(X) = Z @ Pic(X) is a group isomorphism.
Now, let J(D) denote the set of isomorphism classes of (nonzero) left ideals of D.
Unlike Pic in the commutative case, (D) carries no natural structure of a group.
However, since D is a hereditary domain, J(D) can be identified with the space

of isomorphism classes of rank 1 projective modules, and there is a natural map
relating J(D) to Pic(X):

(3.1) 51 I(D) = Ko(D) s Ko(X) 4% Pic(X) .

The first arrow in (3.1) is the tautological map from J(D) to the Grothendieck
group Ky(D) of the ring D, assigning to the isomorphism class of an ideal its stable
isomorphism class in Ko(D). The second arrow ;! is the inverse of the Quillen
isomorphism ¢, : Ko(X) = Ko(D) induced by the inclusion ¢ : O < D (see
[Q], Theorem 7).

The role of the map v becomes clear from the following result proved in [BW].

Theorem 3.1 (see [BW], Proposition 2.1). Let M be a projective D-module of rank
1 equipped with a good filtration such that M is torsion-free®. Then

(a) there is a unique (up to isomorphism) ideal Zpny C O, such that M is iso-
morphic to a sub-D-module of DIys of finite codimension (over C);

(b) the class of Iar in Pic(X) and the codimension n := dimc [DZy/M] are
independent of the choice of filtration on M, and we have v[M| = [Zp];

(¢) if M and N are two projective D-modules of rank 1, then

[M]=[N]inKoD) <= [In]=[In] in Pic(X) .

Theorem 3.1 shows that the fibres of v are precisely the stable isomorphism
classes of ideals of D: thus, up to isomorphism in Ky(D), the ideals of D are
classified by the elements of Pic(X). Our goal is to refine this classification by
describing the fibres of v in geometric terms. As we will see in Section 4, each fibre
4 ~1[Z] naturally breaks up into a countable union of affine varieties C,,(X,Z). In
the next section, we introduce these varieties and study their geometric properties.

3To define such a filtration it suffices to embed M in D as a left ideal and filter it by the
induced filtration.
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3.3. The definition of Calogero-Moser spaces. Given a curve X with a line
bundle Z, we set A := O(X) and form the one-point extension B := A[Z] of A by
Z. By Lemma 2.3(2), B is a smooth algebra, since so is the algebra A and Z is
a f. g. projective A-module. As in Section 2.2, we will identify the subalgebra of
diagonal matrices in B with A := A x C, and let  : B — A denote the natural
projection, see (2.14). Since 0 is a nilpotent extension, it is suggestive to think of
‘Spec B’ as a (noncommutative) infinitesimal ‘thickening’ of Spec A = X | | pt.
We now prove two auxiliary lemmas. The first lemma implies that B is deter-
mined, up to isomorphism, by the class of Z in Pic(X) and is independent of Z up
to Morita equivalence. The second lemma computes the Euler characteristics for
finite-dimensional representations of B, refining the result of Proposition 2.2.

Lemma 3.1. For line bundles T and J, the algebras A[Z] and A[T] are
(a) Morita equivalent;
(b) isomorphic if and only if J = I7 for some 7 € Aut(X), where I7 := 7*I.

Proof. (a) Given Z and J, we set £ := Homyu(Z, J), which is a line bundle on
X isomorphic to JZIV = J ®4ZV, where IV is the dual of Z. Then, we extend
L to a line bundle over A, letting £ := £ x C, and define P := L ® z B, where
B = A[Z]. Clearly, P is a f. g. projective B-module. On the other hand, since
A is a Dedekind domain, £L® £ = A @ L£?, where £2 = L ®4 L, and hence
L& L~ A® L2, Tt follows that B is isomorphic to a direct summand of P & P,
so P is a generator in the category of right B-modules. By Morita’s Theorem, the
ring B is then equivalent to Endp(P), and we claim that Endg(P) = A[J]. In
fact, Endg(P) = Homp(£ ® ; B, P) = Hom 5(L, P), and since P = L& (0, LT)
as a (right) A-module, we have

Endp(P) ( Endg(ﬁ) E(CI ) ~ ( ’3 g ) —AlT] .

(b) First of all, if J = Z, then A[J] = A[Z] by functoriality of one-point
extensions (see Lemma 2.3(3)). Without loss of generality, we may therefore identify
7T and J with ideals in A. Given an automorphism 7 € Aut(X) = Aut(4), we
have then Z7 = 771(Z), and the map

- a b 7= a) T7Hb)
agl—awy, (o0 ) (7 T

is a required isomorphism.
Conversely, if f: A[Z] — A[J] is an isomorphism of (unital) algebras, then

f(e)z(é 8) and f(eoo):<8 _1b> for some be J .

Indeed, f(e) and f(es) are (nontrivial) orthogonal idempotents in A[J], satisfying
fle)+ f(es) =1, and it is easy to see that the only such idempotents are as above.
Replacing now f by its composition with the inner automorphism A[J] — A[J],
x> uru !, with u = f(e) + e and u™! = f(es) + €, we may assume that
fle) = e and f(ex) = €x. Then f(eA[Z]e) = eAlT]e and f(eA[Z]ex) =
e AlJ] eo . With natural identifications e A[Z]e = A = e A[J]e and e A[Z]ex =
T, eAlJ)exw = J, this yields an automorphism 7 = f~! € Aut(A4) and an
isomorphism of A-modules: J = 7*(7). (]
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Lemma 3.2. For any finite-dimensional B-modules U = (U,Uy,) andV = (V, V),
the Euler characteristics xp(U, V) =3 )+, (=1)* dime Exti, (U, V') is given by

xB(U,V)=dim(Uy) [dim(V) — dim(V)] .

Proof. First, observe that x4(U,V) = 0 for any pair of finite-dimensional A-
modules. Indeed, if U and V have disjoint supports, then

Hom, (U, V) = ExtY{ (U, V) =0,

and certainly xa(U,V) = 0. By additivity of xa, it thus suffices to see that
xA(U,V) =0 for modules U and V supported at one point. If m is the maximal
ideal of A corresponding to that point, we have Ext% (U, V) = Extfgm (U,V) and,
by Lemma 2.2, Ext’y (U, V) 2 Tor™(V*,U)* for all > 0. Thus

Xa(U,V) = xa, (U, V) = > (~1)" dimg Tor/"™ (V*,U) .

The vanishing of x 4 (U, V') follows now from standard intersection theory, since Ay
is a regular local ring of (Krull) dimension 1, while dimg, (U) + dimy, (V*) =0
(see [S], Ch. V, Part B, Theorem 1).

Identifying Z with an ideal in A and dualizing the exact sequence 0 -7 — A —
A/Z — 0 by V, we get

(3.2) dimc Homy (Z,V) = dime(V) — xa(A/Z, V) = dime(V) .
The result the lemma follows now from Proposition 2.2. O

Next, we introduce deformed preprojective algebras over B. For this, we need to
compute the Chern character map Trp : Ko(B) — Ho(B). Recall that Tr, : Ky —
Hy is a natural transformation of functors on the category of associative algebras,
so the algebra map 6: B— A gives rise to the commutative diagram

Ko(B) 5 Hy(B)

a3 L

Tr -
Ko(A) —2> Ho(4)
The two vertical maps in (3.3) are isomorphisms: the first one is given by Lemma 2.3(6),
while the second has the obvious inverse (induced by the natural inclusion A <
B). We will use these isomorphisms to identify Ho(B) = Ho(A) = A C B and
(3.4) Ko(B) 2 Ko(A) 2 Z & Z & Pic(X) .

Now, for any commutative algebra (e.g., 121), the Chern character map factors
through the rank. Hence, with above identifications, Trg is completely determined
by its values on the first two summands in (3.4), while vanishing on the last. Since
Trp[(1,0)] = e and Trp[(0,1)] = ex , the linear map Trp : C®z Ko(B) — Ho(B)
takes its values in the two-dimensional subspace S of B spanned by the idempotents
e and es. Identifying S with C2, we may regard the vectors A := (A, Aoo) = Ae +
Asc€oo € S as weights for the family of deformed preprojective algebras associated
to B:

(3.5) ITI*(B) = TgDer(B, B®?)/(Ap — A) .
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Since A is an integral domain, {e, ex} is a complete set of primitive orthogonal
idempotents in II*(B), and S = Ce @ Ce,, is the associated semisimple subalgebra
of TI*(B).

Now, for each m = (n, n.) € N2, we form the variety Repg(I1*(B),n) of
representations of II*(B) of dimension vector m and, with notation of Section 2.3,
define

(3.6) Cra(X,T) := Repg(I*(B),n)// Gs(n) .

Thus, CpA(X,Z) is an affine scheme, whose (closed) points are in bijection with
isomorphism classes of semisimple II*(B)-modules of dimension vector 7.

Lemma 3.3. For any line bundles T and 7, the schemes Cp A(X,Z) and Cun A (X, T)
are isomorphic.

Proof. By Lemma 3.1, the algebras A[Z] and A[J]| are Morita equivalent: the
corresponding equivalence is given by

(3.7) Mod A[Z] B Mod A[J], V—L@;V,

where £ = JZV x C. The functor (3.7) induces an isomorphism of vector spaces:
Hy(A[Z]) = Ho(A[J]), which restricts to the identity on S ¢ A. By [CB], Corol-
lary 5.5, it can then be extended (non-canonically) to a Morita equivalence between
the algebras II*(A[Z]) and TI*(A[J]) for any A € S. Now, if V = (V, V) with
dime V < 0o, we have L®; V = (JZV @4V, Vi), so by formula (3.2),

dim(c[jIV &A V] = dim¢ HOHIA(IJV, V) = dim@(V) .

This shows that the equivalence (3.7) preserves dimensions, and its extension to II*
induces thus an isomorphism: Cp x(X,Z) = Cox(X,J). O

The next lemma is a generalization of [CBH], Lemma 4.1: it implies that
CnA(X,7) is empty unless A -1 := An + AN 1S zero.

Lemma 3.4. If \-n # 0, there are no representations of II*(B) of dimension n.

Proof. If V.=V @V, is a I[I*(B)-module of dimension vector n, then e and e, act
on V as projectors onto V' and Vi, respectively. The trace of A = Ae+Aex € B
on V is then equal to A - n, and it must be zero by Proposition 2.1. (I

Example 3.1. Let X be the affine line Al. Any line bundle Z on X is trivial.
So, choosing a coordinate on X, we may identify A = Clz] and Z = C[z]. The
one-point extension of A by Z is then isomorphic to the matrix algebra:

Clz] Clx
LR

which is, in turn, isomorphic to the path algebra CQ of the quiver @ consisting of
two vertices {0, co} and two arrows X : 0 — 0 and v: co — 0. In fact, the map
sending the vertices 0 and oo to the idempotents e and ey, in A[Z] and

z 0 0 1
x=(50)  (50)

extends to an algebra isomorphism CQ = AT
Now, let @ be the double quiver of @) obtained by adding the reverse arrows
Y := X* and w := v* to the corresponding arrows of ). Then, for any A =
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Ae+ Aooloo , With (A, Aso) € C?, the algebra II1*(Q) is isomorphic to the quotient
of CQ modulo the relation [X,Y]+ [v,w] = A (see [CB], Theorem 3.1). The ideal
generated by this last relation is the same as the ideal generated by the elements
[X,Y]+vw—Ae and Wv+Ases - Thus, the IT*(Q)-modules can be identified with
representations V = V @ V., of @, in which linear maps X,Y € Hom(V, V), v €
Hom(V,, V), w € Hom(V, V), given by the action of X,Y,v,w, satisfy

(3.8) [X,Y]+vw=Aldy and wv=—A,ldy,_ .

Now, taking XA = (1, —n), it is easy to see that all representations of II*(Q) of di-
mension vector n = (n, 1) are simple, and the representation varieties Cy, x coincide
(in this special case) with the classical Calogero-Moser spaces C,,. This coincidence
was first noticed by W. Crawley-Boevey (see [CB1], remark on p. 45). For expla-
nations and further discussion of this example we refer the reader to [BCE].

Motivated by the above example, we will be interested in representations of
I (B) of dimension n = (n,1). By Lemma 3.4, such representations may exist
only if A=0 or A = (A, —n)), with X\ # 0. In this last case, the algebras I1*(B)
are all isomorphic to each other, so without loss of generality we may assume A = 1.

Proposition 3.1. Let A = (1,—n) and n = (n,1) with n € N. Then, for any
T, the algebra TIN(B) has modules of dimension vector n. Every such module is
simple.

Proof. On any B-module of dimension n, the element A = e —ney, € B will act
with zero trace. Thus, by Proposition 2.1, it suffices to see that there exist inde-
composable B-modules of this dimension vector. Now, as explained in Section 2.2,
a B-module structure on V. =V & V is determined by an A-module homomor-
phism ¢y : ZT®Vy — V. If V is decomposable with dim(Vy,) = 1, then one of
its direct summands must be of the form V' = V' @ V,,, where V' is an A-module
summand of V' of dimension < n. In that case, we have Im(py) C V' C V. Thus,
for constructing an indecomposable B-module of dimension n, it suffices to con-
struct a torsion A-module V of length n together with a surjective A-module map
¢ :Z — V. Geometrically, this can be done as follows.

Identify Z with an ideal in A and fix n distinct points z1, 2, ... 2, on X
outside the zero locus of Z. Let V := A/J, where J is the product of the
maximal ideals m; C A corresponding to z;’s. Clearly, A/J = @& ;A/m; and
dim¢ V = n. Now, since A is a Dedekind domain and Z ¢ m; for any i, we
have (A/J) ®a (A/T) = @7, (A/m;) @4 (A/T) = 0 and Tory (A/J,A/T) =
(INJ)/TJ =0, so the canonical map V ®4Z — V is an isomorphism. On the
other hand, as V' is a cyclic A-module, Z surjects naturally onto V® 4Z . Combining
I —» V®eaZ >V, we get the required homomorphism ¢. This proves the first
part of the proposition.

Now, let V = V @ V., be any II*(B)-module of dimension vector n. Let V'
be a submodule of V' of dimension vector k = (k, k) (say). By Lemma 3.4, we
have then A-k =k —nky, = 0. Since 0 < ks < no = 1, there are only two
possibilities: either k =0 or k = n, i.e. V' is either 0 or V. Hence V is a simple
module. O

Remark. 1. The above argument shows that a B-module V' of dimension vector
n = (n, 1) lifts to a module over II*(B) if and only if it is indecomposable.
2. If V is a B-module with a surjective structure map ¢y : T ® Voo — V|
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then Endp(V) C End(Vy). (This follows immediately from the diagram (2.13),
characterizing B-module homomorphisms.) Thus, the modules V' constructed in

~

the proof of Proposition 3.1 are actually indecomposables with Endg(V) = C.

Definition 1. The variety Cn A(X,Z) with A = (1,—n) and n = (n,1) will be
denoted C,,(X,Z) and called the n-th Calogero-Moser space of type (X,7).

In view of Proposition 3.1, the varieties C,,(X,Z) parametrize the isomorphism
classes of simple TI*(B)-modules of dimension m = (n, 1); they are non-empty for
any [Z] € Pic(X) and n > 0. In the special case, when X is the affine line, C,, (X, I)
coincide with the ordinary Calogero-Moser spaces C,, (see Example 3.1 above).

3.4. Smoothness and irreducibility. One of the main results of [Wi] says that
each C, is a smooth affine irreducible variety of dimension 2n. Theorem 3.2 below
shows that this holds in general, for an arbitrary curve X. To prove the irreducibil-
ity we will use the following simple observation due to Crawley-Boevey.

Lemma 3.5 ([CB2], Lemma 6.1). If X is an equidimensional variety, Y is an irre-
ducible variety and f: X —Y is a dominant morphism with all fibres irreducible
of constant dimension, then X is irreducible.

Theorem 3.2. For each n > 0 and [Z] € Pic(X), Cn(X,Z) is a smooth affine
irreducible variety of dimension 2n.

Proof. The varieties C,,(X,Z) are affine by definition; we need only to show that
these are smooth and irreducible.

Fix n € N and [Z] € Pic(X). To simplify the notation write II for II*(B)
with A = (1,—n). Then, by Proposition 3.1, every II-module V' of dimension
n = (n,1) is simple, so, by Schur Lemma, Endp(V) =2 C and Autp(V) = C*.
The last isomorphism implies that every point of Repg(Il, ) has trivial stabilizer
in Gg(n), i. e. the natural action of GL(n) on Repg (I, n) is free. In that case, by
Luna’s Slice Theorem (see [Lu], Corollaire II1.1.1), the quotient variety C,(X,Z) =
Repg(II,n)// Gs(n) will be smooth if so is the original variety Repg(II,n). Now,
to see that Repg(II,n) is smooth, it suffices to see, by Lemma 2.4, that Rep(II,n)
is smooth, and that follows from Proposition 2.3 of Section 2.3. In fact, let R :=
TpDer(B, B®?), and let o : R — II be the canonical projection. Then o induces
the closed embedding of affine varieties o, : Rep(Il,n) <— Rep(R,n), whose
image is a fibre of the evaluation map (2.25). Since for every o € Im(o.), we have
Endg(V) =2 Endp (V) = C, the assumption of Proposition 2.3 holds, and the result
follows.

Now, we show that C,(X,Z) is irreducible of dimension 2n. For this, we exam-
ine first the varieties Repg(B,n) and Repg(Il, ). Since B is smooth, Repg(B,n)
is smooth, i. e. for every point ¢ € Repg(B,n), we have

(3.9) dim, Repg(B,n) = dim¢ T, Repg(B,n) ,

where dim, stands for the local dimension and 7T, for the Zariski tangent space of
Repg(B,n) at 9. Now, T, Repg(B,n) is canonically isomorphic to Derg(B,End V),
the space of S-linear derivations from B to End(V) (cf. Lemma 2.4). To evaluate
the dimension of this space, we consider the standard exact sequence

0 — Endp(V) — Endg(V) — Derg(B, End V) — H' (B, EndV) — 0,
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which can be obtained by dualizing 0 — Q4B — B®g B — B — 0 with End(V).
Identifying terms Endg(V) 2 Mat(n,C) x C, HY(B, End V) = ExtL(V, V) (see
[CE], Proposition 4.3, p. 170), and using Lemma 3.2, we get

(3.10) dimc Derg(B, End V) =n* + 1 —x5(V,V)=n>+n.

Thus Repg(B,n) is a smooth equidimensional variety of dimension n? +mn. To
see that it is actually irreducible, we apply Lemma 3.5 to the canonical projection
f: Repg(B,n) — Rep(A,n). In this case, the assumptions of Lemma 3.5 are easy
to verify: since X is irreducible, so is clearly Rep(A4,n), and the fibres of f over
each V € Rep(A4,n) can be identified with the vector spaces Hom4(I,V) and,
hence, are all irreducible of the same dimension n, by formula (3.2).

Next, we consider the restriction map = : Repg(Il,n) — Repg(B,n). As
remarked above, the image of 7 consists exactly of indecomposable modules in
Repg(B,n), while each (non-empty) fibre 7=(V) is isomorphic, by Proposi-
tion 2.1, to a coset of Exth(V,V)* and thus, is irreducible of dimension

(3.11)  dim 7~ 5(V) = dim¢ Endg (V) — x5(V,V) = dimc Endp(V) +n —1 .

Now, let U be the subset of Repg(B,n) consisting of modules V' with Endp(V') =
C. As explained in Remark 2 (after Proposition 3.1), this subset is non-empty. By
Chevalley’s Theorem (see, e.g., [CB3], p. 15), the function V — dim¢ Endg(V) is
upper semi-continuous on Repg(B,n), i. e.

{V € Repg(B,n) : dim¢ Endp(V,V) > n}

are closed sets for all n € N. Hence U is open in Repg(B,n) and therefore dense,
since Repg(B,n) is irreducible. As U« C Im(), this implies that 7 is dominant.

Now, 7~1(U) is an open subset of Repg(Il, n), whose local dimension at every
point o € 71 (U) is equal, by (3.11), to

dim, 7~ '(U) = dim U + dim 7~ (7(g)) = dim Repg(B,n) +n =n*+2n .

Thus 7~ '(U) is equidimensional and therefore, by Lemma 3.5, irreducible. We
claim that 7=*(U) is dense in Repg(I,n). Indeed, since Im(7) coincides with the
set of indecomposable B-modules in Repg(B,n), we have

dim 7 (Im(7)\ U) < dim 7~ (U) = n* +2n .

On the other hand, the variety Repg(II,) can be identified with a fibre of the
evaluation map u: Repg(R,n) — Endg(V)o, see (2.25), so any irreducible com-
ponent of it has dimension at least

dim Repg(R,n) — dim Endg(V)o = 2(n?® +n) —n? =n?+2n .

(Here, we calculated dim Repg(R,n) by identifying Repg(R,n) with the cotan-
gent bundle T* Repg(B, n), see [CEG], Sect. 5.) Thus, Repg(Il,n) must coincide
with the closure of 7=(U), and hence is also irreducible of dimension n? + 2n.
This certainly implies the irreducibility of C,(X,Z), since C,(X,Z) is a quotient
of Repg(Il,n) by a free action of Gg(n).

Finally, we have Gg(n) = [GL(n,C) x GL(1,C)]/C* =2 GL(n,C), so

dim C,(X,Z) = dim Repg(Il, n) — dim Gg(n) =n*+2n —n? = 2n .

This completes the proof of the theorem. O
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4. THE CALOGERO-MOSER CORRESPONDENCE

4.1. Recollement. We begin by relating the algebras II*(B) to the ring D of
differential operators on X.

Lemma 4.1. There is a canonical algebra map 0 : TI*(B) — TI'(A), which is a
surjective pseudo-flat ring homomorphism, with Ker(0) = (e ) .

Proof. By Lemma 2.3(4), the canonical projection 6 : B — A, see (2.15), is a
pseudo-flat ring epimorphism. By Theorem 2.1, it extends to an algebra map
0 : TIM(B) — I M (A) (which is also a pseudo-flat ring epimorphism, since B is
smooth, see Lemma 2.3(2)). Since 6 is surjective with Ker(f) = (e, it follows
from the push-out diagram (2.3) that 0 is surjective and Ker(6) = (ew). Finally,
with identifications of Section 3.3, it is easy to see that 6*(X\) =1. O

Next, we recall the following important observation due to Crawley-Boevey.

Theorem 4.1 ([CB], Theorem 4.7). If A = O(X) is a coordinate ring of a smooth
affine curve, then II'(A) is isomorphic (as a filtered algebra) to D = D(X).

We fix, once and for all, an isomorphism* of Theorem 4.1 to identify D = IT*(A).
In combination with Lemma 4.1, this yields an algebra map 0 : II — D. We will
use O to relate the (derived) module categories of II and D, as follows (cf. [BCE]).

First, we let U denote the endomorphism ring of the projective module eyIT:
this ring can be identified with the associative subalgebra eIl ey, of II having e
as an identity element. Next, we introduce six additive functors (6%, 6., 6') and
(ji, 7%, J«) between the module categories of II, D and U. We define 6, : Mod(D) —
Mod(IT) to be the restriction functor associated to the algebra map 6 : II — D.
This functor is fully faithful and has both the right adjoint 8' := Homy (D, — ) and
the left adjoint 6" := D ® —, with adjunction maps %0, ~ Id ~ 0'0, being
isomorphisms. Now we define j* : Mod(Il) — Mod(U) by j*V := e,V . Since
e € Il is an idempotent, j* is exact and has also the right and the left adjoint
functors: j. := Homy(eooIl, —) and ji := Iles ®u — respectively, satisfying
JJe = Id > 5.

The functors (0%, 8., 6') and (ji, j*, j.) defined above induce the six exact func-
tors at the level of derived categories:

LO* Ljy
0. §*
(4.1) D™ (ModD) ——*> D~ (ModIl) —— D~ (ModU) .

Proposition 4.1. The diagram (4.1) is a recollement of triangulated categories (in
the sense of [BBD]).

Proposition 4.1 follows from general results on recollement of module categories
(see [Ko]) and the following observation, the proof of which will be given in Sec-
tion 5.1 (see Lemma 5.4): the multiplication map ITe,, ®y exoII — II fits into the
exact sequence

(4.2) 0= Mew ®u ol TS D0,

4See Appendix and remarks in the Introduction.
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which is a projective resolution of D in the category of (left and right) II-modules.
The existence of resolution (4.2) implies that D has projective dimension 1 in
Mod(IT). Hence Torl(D,D) =0 for all n > 2. On the other hand, by Lemma 4.1,
0 is a pseudo-flat ring epimorphism, which means that Tor{[ (D,D) =0 as well.
Proposition 4.1 follows now from [Ko|, Corollary 14.

As another consequence of the above observation, we obtain

Lemma 4.2. IfV is a finite-dimensional Il-module, then L,0%(V) =0 for n #1
and

(4.3) L10%(V) 2 Ker | Mea @p eV 2 V] :
where p is the natural multiplication-action map.
Proof. Tensoring (4.2) with V yields the exact sequence
OHTorlf(D,V) — Ileg Qu eV -V =DV — 0,
and isomorphisms
Torg(D, V) Torg_l(ﬂ €oo QU e ILLV), n>2.

Since Tley QU esoll is projective (as a right II-module), the last Tor’s vanish.
On the other hand, dim¢ V' < oo implies that D g V = 0, since D has no
nonzero finite-dimensional modules. The result follows now from the definition of
the derived functors: L,0* (V') := Torn(D, V), n>0. O
Remark. Using (4.1), we may define a ‘perverse’ t-structure on D~ (Mod II) by
PDSO(Mod ) := { K* € D~ (ModIl) : j*K* € D=0(U), LO*K®* € D="Y(D)} ,
PDZ0(Mod IT) := { K* € D~ (Mod1l) : j*K* € D=°(U), RO'K* € D="Y(D)} ,
where {D=0(U), D=(U)} and {D=(D), D=°(D)} denote the standard t-structures
on D~ (Mod U) and D~ (Mod D) respectively. Lemma 4.2 shows that the 0-complexes
[0 -V — 0] with dim¢V < oo are in the heart of this ¢-structure. So we may
think of finite-dimensional representations of II as ‘perverse sheaves’ relative to the

stratification (4.1). The functor LO™ is then an algebraic analogue of the restriction
functor of a (perverse) sheaf to a closed subspace.

4.2. The action of Pic(D) on Calogero-Moser spaces. We first recall some
facts about the Picard group Pic(D) of the algebra D and its action on the space of
ideals J(D) (see [BW]). It is known that Pic(D) has rather different descriptions for
the affine line A! and other curves (see [CH1]). Since the case of A! is well studied,
we will assume in this section that X # Al. Our main theorem (Theorem 4.2) still
holds for all curves X, including A'.

In general, Pic(D) can be identified with the group of C-linear auto-equivalences
of the category Mod(D), and thus it acts naturally on J(D) and Ky (D). To be precise,
the elements of Pic(D) are the isomorphism classes [P] of invertible D-bimodules
(with scalars C C D acting symmetrically on both sides), and the action of Pic(D)
on J(D) and Ky(D) is defined by [M]+— [P ®p M]. Clearly, the action of Pic(D)
on Ky(D) preserves rank and hence restricts to Pic(X) through the identification
Ko(D) =2 Ko(X) =2 Z ® Pic(X), see Section 3.2. We have

Proposition 4.2 (see [BW], Theorem 1.1). Pic(D) acts on Pic(X) transitively,
and the map «y : I(D) — Pic(X) defined by (3.1) is equivariant under this action.
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Explicitly, the action of Pic(D) on Pic(X) can be described as follows (cf. [BW],
Prop. 3.1). By [CH1], Cor. 1.13, every invertible bimodule over D is isomorphic to
DL =D R4 L as a left module, while the right action of D on DL is determined
by an algebra isomorphism ¢ : D = Endp(DL), where L is a line bundle on X.
Following [BW], we write (DL), for this bimodule. Restricting ¢ to A yields an
automorphism of X, and the assignment
(4.4) g : Pic(D) — Pic(X) x Aut(X) ,  [(DL),] — ([£], ¢la)
defines then a group homomorphism®. On the other hand, Pic(X) x Aut(X) acts
on Pic(X) in the obvious way, via left multiplication:

(4.5) (L)) : [T] = [£7(D)],

where ([£],7) € Pic(X) x Aut(X) and [Z] € Pic(X). Combining (4.4) and (4.5)
together, we get an action of Pic(D) on Pic(X), which is easily seen to agree with
the natural action of Pic(D) on Ky(D).

Now, given a line bundle Z and an invertible bimodule P = (DL),, , we define

P:=L®;B,,

where £ := L x C, 7 := ¢|a, and B, := A[r(Z)]. By Lemma 3.1(a), P is a
progenerator in the category of right B.-modules, with endomorphism ring

Endp (P) = P®p P*~L®; B, ®; LY = AlJ],
where J := L7(Z). Associated to the bimodule P is thus the Morita equivalence:
Mod(B,) S Mod(AlJ]), V= PRp V=Le;V.
Next, we extend P to a II*(B,)-module by
(4.6) P:=Pop INB,) = Lo;TB,),

which is clearly a progenerator in the category of right II*(B;)-modules. By part
(b) of Lemma 3.1, the algebra B, is isomorphic to B: the isomorphism is given by

(4.7) i BB, (8 IZ)H(T(OCL) T(Cb)>.

Since 7(A) = X for all XA € S, (4.7) canonically extends to an isomorphism of
deformed preprojective algebras: II1*(B) = II*(B, ), which we will also denote by
7. Now, using this last isomorphism, we will regard P as a II*(B)-module and
identify

(4.8)  Endpap)(P)=Le;IMNB)®; LY 2 Fe;INB) 0, F,

where F := L7 = 77'(L) and F = F x C. With identification (4.8), we have the
embedding

(4.9) F1 AT 2 L®; Br®; LY — Endpag) (P)
and, since Endp(FD)=F @, D4 F¥ 2 F®; DRy FV, the natural map
(4.10) 1©0@1: Endg s (P) — Endp(FD)

where 0 is given by Lemma 4.1.

5The homomorphism Pic(D) — Pic(X) x Aut(X) defined in [CH1] differs from (4.4) by an
involution. In this paper, we use the same definition as in [BW].
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On the other hand, ¢(D) = Endp(DL) = LYDL implies D = L (D) LY, so
taking the inverse of ¢ defines an algebra isomorphism

(4.11) p=pt: D FDF' =Endp(FD) .

Combining (4.10) and (4.11) together, we get the diagram of algebra maps
H}\(A[j]) """ > EndHA(B)(P)

(4.12) 01 11®0®1

Endp(FD)

which obviously commutes when the dotted arrow is restricted to (4.9).

Y

Proposition 4.3. There is a unique algebra isomorphism 1 : TI*(A[J]) — Endpa(p)(P) ,
extending (4.9) and making (4.12) a commutative diagram.

We postpone the proof of Proposition 4.3 until Section 5.5. Meanwhile, we note
that the isomorphism ¢ makes P a left II*(A[7])-module and thus a progenerator
from IT*(A[Z]) to ITI*(A[J]). This assigns to P = (DL), the Morita equivalence:

Mod II*(A[Z]) — Mod TI*(A[J]), V— PV,
which, in turn, induces an isomorphism of representation varieties
(4.13) fr: Cu(X,T) S Cu(X,T) .

Remark. We warn the reader that (4.13) depends on the choice of a specific
representative in the class [P] € Pic(D), so, in general, we do not get an action
of Pic(D) on [ i71epic(x) Cn(X,Z). However, we will see below (Lemma 4.3) that
fp induces a well-defined action of Pic(D) on the union of reduced Calogero-Moser
spaces Cp, (X, 7).

Next, we describe an action of the canonical bundle Q' X of X on the varieties
Cn(X,T). We recall that, by [CH1], Theorem 1.15, the group homomorphism (4.4)
is surjective and fits into the exact sequence

(4.14) 1— A 2% 01X 5 Pie(D) L Pic(X) x Aut(X) — 1,

where A := A*/C* is the multiplicative group of (nontrivial) units in A. The
maps dlog and c in (4.14) are defined by

(4.15) dlog: A —» Q'X |, ww— v tdu,

(4.16) c: B'X = Pic(D), ww—[Ds,],

where 7, € Aut(D) is the algebra automorphism acting identically on A and
mapping 9 € Der(A) to w(d)+ d € D;. Since the action of Pic(D) on Pic(X)
factors through g, the image of Q!X in Pic(D) under ¢ stabilizes each point of
Pic(X), and therefore, by equivariance of v, preserves every fibre vy~ 1[Z] C J(D).
Thus, letting T' := Q}(X)/A and identifying I’ with Im(c), we get an action

(4.17) I'x vy YZ] = 47 YZ], [Z] € Pic(X).

Now, let DR'(B) := Q'(B)/[B, Q' B] denote the space of Karoubi-de Rham
differentials of the algebra B = A[Z]. Using the fact that B is smooth, we identify

(4.18)  DRY(B) = B®pe Q'(B) = B ®pge (' B)** = Hompe((Q2'B)*, B) ,
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where B®:= B® B°, and (— )* stands for the duality over B¢. Explicitly, under
the identification (4.18), @ = w (mod[B, Q'B]) € DR'(B) corresponds to the
homomorphism & : QY(B)* — B, § — p[é6(w)].

We let DR'(B) act on T (Q'B)* as follows: if @ € DR'(B), we define &, to
be the automorphism of T (2! B)* acting identically on B and mapping

(B - Bao (Q'B)* — T (Q'B)*, 66— &) +0.

By the universal property of tensor algebras, this uniquely determines &, and it is
clear that this map is bijective. Moreover, if Ap € (2! B)* is the canonical inclusion
Q'B < B¢, then &(Ap) = 0, and hence 7,(Ap) = Ap for any @ € DR'(B). The
assignment @ +— &, defines thus a homomorphism

(4.19) & : DR'(B) — Autp[Ts (' B)*]

from the additive group of DR!(B) to the subgroup of B-linear automorphisms of
Tp(QB)* preserving the element Ap.

Identifying Q' X with the module of Kahler differentials of A, we now construct
an embedding Q' X DRl(B). For this, we consider the exact sequence

(4.20) 0 — HH;(B) % DR'(B) — B — HH(,(B) — 0,

obtained by tensoring 0 — Q'(B) — B® — B — 0 with B, and compose the
connecting map « in (4.20) with natural isomorphisms

(4.21) HH,(B) =~ HH;(A) = Q'X .

The first isomorphism in (4.21) is induced by the algebra projection § : B — A
(see [L], Theorem 1.2.15), while the second by the canonical map: A%®? — Q!X
f®gwr fdg (see [L], Prop. 1.1.10).

Finally, combining (4.19) with (4.20) and (4.21), we define

(4.22) c: Q'X & DRY(B) S Autp[Ts (2'B)*] — Autg[lIN(B)] ,
where the last map is induced by the algebra projection: Tg (Q'B)* — H*(B).
An explicit description of & will be given in Section 5.4 (see Lemma 5.10).

Now, the group Autg[II*(B)] acts on Repg(II*(B),n) in the obvious way: if ¢ :
[I*(B) — End(V) represents a point in Repg(II*(B),n), then 0.0 = g0~ foro €
Autg[II*(B)]. Clearly, this commutes with the Gg(m)-action on Repg(II*(B),n),
and hence induces an action of Autg[II*(B)] on C,(X,Z). Restricting this last
action to Q' X via (4.22), we define

(4.23) of: X = Awt[Co(X,T)], ww[of: o 00,'].
Equivalently, ¢ is defined on C, (X, ) by twisting the structure of II*(B)-modules

by o1, i e. [‘i] — [V”Jl].
Restricting (4.23) further to A, via (4.15), we define the quotient varieties
(4.24) Cn(X,T) :=Cn(X,I)/A .
These varieties come equipped with the induced action of the group I' = Q1 (X)/A .
Lemma 4.3. (1) The action (4.23) agrees with (4.13): if P =Ds, , then
fr=0,VweQX.
(2) The map (4.13) induces an isomorphism of quotient varieties

fp : 8n(‘X,I) :)én(X’j) )
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which depends only on the class of P in Pic(D).

We will prove Lemma 4.3 together with Proposition 4.3 in Section 5.5. Here,
we make only a few remarks. It follows from Lemma 4.3 that the action of A
on C,(X,Z) defined above coincides with the natural action of Aut(Z) = A*, so
C.(X,Z) depends only on the class of Z in Pic(X) and the definition (4.24) agrees
with the one given in the introduction.

For each n >0, let C,,(X) denote the union of reduced Calogero-Moser spaces

over the entire Pic(X):

CuX):= || Cux12),
[Z]€Pic(X)

By part (2) of Lemma 4.3, the assignment [P] +— fp defines then an action of
Pic(D) on Cn(X), and part (1) says that this action restricts to the action of I" on
each individual fibre C,(X,Z), 1. e. fo) =07, forall weT.

4.3. The main theorem. We may now put pieces together and state the main
result of the present paper. We recall the functor LO* = Tor{!(D, —) : Mod(I) —
Mod(D) associated to the algebra homomorphism 6 : II — D: when restricted to
finite-dimensional representations, this functor is given by (4.3).

Theorem 4.2. Let X be a smooth affine irreducible curve over C.
(a) For eachn > 0 and [Z] € Pic(X), the functor (4.3) induces an injective map

Wn : én(XaI) - 7_1[1] )

which is equivariant under the action of the group T.
(b) Amalgamating the maps w, for all n >0 gives a bijective correspondence

w: || Cu(X,7) By T)

n>0

(¢) For any [Z] and [J] in Pic(X) and for any [P] € Pic(D), such that [P]-[Z] =
[J], there is a commutative diagram:

(4.25) Wy, l lwn

where fp is an isomorphism induced by (4.13).

Remark. For technical reasons, we assumed above that X # A!. Theorem 4.2
holds true, however, in general: if X = A!, the map w induced by LO* agrees with
the Calogero-Moser map constructed in [BW1, BW2] (see [BCE], Theorem 1). In
this case, the ring D is isomorphic to the Weyl algebra A; (C), Pic(D) is isomorphic
to the automorphism group Aut(A;) of A; (see [St]) and I' corresponds to the
subgroup of KP flows in Aut(A4;) (see [BW1]). Since Pic(Al) is trivial, the last
part of Theorem 4.2 implies the equivariance of w under the action of Aut(A;).
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5. PROOF OF THE MAIN THEOREM

We proceed in four steps. First, we show that the functor (4.3) induces well-
defined maps @, : Cn(X,Z) — v 1[Z], one for each integer n > 0. Second,
we prove that every class [M] € ~y~![Z] is contained in the image of @, for
some n (which is uniquely determined by [M]). Third, we check that &, fac-
tors through the action of A on C,(X,Z) and prove that the induced map w, :
Cn(X,Z) — y~1[Z] is injective and T'-equivariant. Finally, we prove Proposition 4.3
and Lemma 4.3 of Section 4.2, and show that the diagram (4.25) in Theorem 4.2
is commutative.

We begin by describing the algebras IT* (B) in terms of generators and relations.

5.1. The structure of I1*(B). Recall that, for each A € S, we defined these
algebras by
II*(B) = TgDer(B, B®?)/(Ap — A) ,

where Ap is the distinguished derivation in Der(B, B®?) mapping z — z ®
1 —1®x. Now, Der(B, B®?) contains a canonical sub-bimodule Derg(B, B®?),
consisting of S-linear derivations. We write Agp g : B — B ® B for the inner
derivation z — ade(z), with e ;== e® e+ e ® e € B B. It is easy to see that
Aps(z)=0 forallz € S, s0o Ap s € Derg(B, B®?).

Lemma 5.1. For any A € S, there is a canonical algebra isomorphism
II*(B) = TgDerg(B, B¥?)/(Agps — A) .
Proof. By universal property, the natural inclusion of bimodules
Derg(B, B®?) < Der(B, B®?)

extends to their tensor algebras. Combined with canonical projection, this yields
the algebra map

¢ : TgDerg(B, B®?) — TgDer(B, B¥?) — IIN(B) .
An easy calculation shows that Ap s =eApe+ ex Apes in Der(B, B®?). So
Aps— A =¢e(Ap — A e+ ex(Ap — A) ess belongs to the ideal (A — A) C
TpDer(B, B®%), and hence ¢ vanishes on Ap g — A, inducing an algebra map
(5.1) ¢ : TpDerg(B, B®?)/(Aps — ) — II*(B) .
We will show that ¢ is an isomorphism by constructing the inverse map.
Consider the cotangent exact sequence for the algebra B (cf. [CQ], Prop. 2.9):
OHB®Sle®SBﬂﬂlBHQ§BHO.

Since S is separable, this sequence splits: in fact, the canonical projection B®B —
B ®g B has the distinguished section

(52) B®SB‘—>B®B, b1®5620—>b1'e'b2,

which restricts to the bimodules of differentials QLB < Q!B. On the other
hand, it is easy to see that the image of B ®5 Q'S ®g B in Q'B is equal to
(Be ® e0oB) @ (Beoo ® eB) . Thus, we can identify

A'B=QLB® (Be®esB) @ (Bes ®eB) .
Dualizing this by B ® B and identifying terms, we get an isomorphism
(5.3) Der(B, B®?) = Derg(B, B®?) ® (Bes ® eB) ® (Be ® exB)
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where the spaces of derivations are equipped, as usual, with the inner bimodule

structures, while the last two summands have the obvious (outer) bimodule struc-

ture. Note that Ap corresponds under (5.3) to the element (Ap g, exx®e, eRex) -
Now, the isomorphism (5.3) extends to tensor algebras, identifying

(5.4) TgDer(B, B®?) = TgDers(B, B¥*) @ (e ® €, € ® €5 )

as algebras over B. Under this identification, the ideal (Ap — A) decomposes as
(5.5) (Ap—A)Z(Aps—A) B (ex®e, eQex ),

where the first bracket in the right-hand side stands for an ideal in TgDerg (B, B®?).
Indeed, (Ap — A) is generated in TgDer(B, B®?) by the elements e(Ap — A)e +
€oo(AB —ANéoo, €oo(Ap —A)e and e(Ap — A)es , while under our identification,
these elements correspond to Ap g — A, ex ® e and e ® e respectively.

Now, in view of (5.5), projecting onto the first summand of (5.4) induces an
algebra isomorphism

TpDer(B, B®?)/(Ap — X) = TgDerg(B,B%?)/(Aps—A) ,
which is obviously the inverse of (5.1). This finishes the proof of the lemma. O

By Lemma 5.1, the structure of the algebras II*(B) is determined by the bi-
module Derg(B, B®2). We now describe this bimodule explicitly, in terms of A,
T and the dual module ZV = Homu(Z, A). To fix notation we begin with a few
fairly obvious remarks on bimodules over one-point extensions.

A bimodule = over B is characterized by the following data: an A-A-bimodule
T, a left A-module U, a right A-module V and a C-vector space W given together
with three A-module homomorphisms f; : ZQV — T, fo: TQW — U,
g1 : T®a7Z — U and a C-linear map ¢go : V ®4 Z — W, which fit into the
commutative diagram

Id
ToVe,T 2%

(5.6) f1®a Idl lfz
T®aT 91 U
These data can be conveniently organized by using the matrix notation
_ ( T U >
vw ]’

with understanding that B acts on A by the usual matrix multiplication, via the
maps f1, f2, g1 and go. Note that the components of T' are determined by

IeW

(5.7)

(1]

(5.8) T=eZce, U=¢€eZeyw, V=ecze, W=exZes,

and the commutativity of (5.6) ensures the associativity of the action of B.
With above notation, the bimodule Derg(B, B®?) can be described as follows.

Lemma 5.2. There is an isomorphism of B-bimodules

Der(A, A®?) Der(A,Z ® A) )EB ( IQIV I®A )

Derg(B, B®?) =~
ers(B 5 ( 0 0 VA
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with Ap g corresponding to the element

Ay 0 —> . viow; 0
o o0 )’ 0 1 ’

where {v;} and {w;} are dual bases for the projective A-modules T and .

(5.9)

Proof. We begin by describing the free bimodule B® B : this can be decomposed as
a direct sum of four bimodules Be®eB, Be®eyB, Beo ®eB and Beg, QR eq B,
each of which is easy to identify using (5.8):

o A®A ART ~[0 A
Be®eB:( 0 0 ), Be®eOOB_<O 0),

~f I®A IRT ~(0 I
Beoo®eB—< A T ), Beoo®eooB<O (C)'

The action of B on each of these bimodules is determined by the natural maps
(e. g., for Be®eB, fi, fo and gy are zero, while g1 : AQ AR T = AT is the
canonical isomorphism).

Next, we describe Q4 B, the kernel of the multiplication map pup : B&sB — B.
If we identify

(5.10) BB = (Be@eB)®(Bes®enB) & ( Aod Aol )@( 0z ) :

0 0 0 C
then pp is given by

a1 Q®as a®b 0 m aias ab+m
0 0 L0 ¢ 0 c ’

and the elements of Q5B correspond to pairs of matrices

. (5 en)- (6 )

with w € Q'A, a € A and b € Z. Now, the elements (5.11) with second component
zero form a sub-B-bimodule in Q}.;B , which is the image of the canonical map

. QLA QlA®AI . ARA ART @ 0 7
Lo 0 0 0 0 C )"
Since 7 is projective, Ker(i) = 0, and we have the short exact sequence®

1 1 .
(5.12) OH(QOA QA(;X)AI>AQ};BL<8 g>ao,

where 7 is the projection onto the second summand in (5.10).
Now, it is easy to see that the sequence (5.12) splits, and its splitting is deter-
mined by a choice of dual bases for the projective modules Z and ZV. In fact, if
N N Y% N
{vi}it; C Z and {w;};"; C ZV are such bases (so that b= ;" , w;(b) v, for all

beT), then
(80)-[3 =) (3 0)

6This sequence is isomorphic to the cotangent exact sequence (2.20) constructed in Proposi-
tion 2.2.
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defines a B-bimodule homomorphism

. 0 7 . ARA ART @ 0 7
Lo o 0 0 0oc )
which is obviously a section of 7 with image in Q4B . Thus, with identification
(5.10), we have a decomposition

QA Q'A®AT 07
1P~ A
(5.13) QSB_< 0 0 )@(o 0),

the canonical inclusion Q5B < B ®g B corresponding to the map (i, s).
Now, to describe the bimodule Derg(B, B®?) we dualize (5.13) over B® and use
the canonical isomorphism

(5.14) Derg (B, B®?) = Hompge(Q5 B, B®?) .
After some trivial calculations this yields
Der(4, A%?) Der(A,I® A ITRIV T®Endys(T
(5.15) ( ) ( ) @ A( ) .
0 0 zv Enda(7)
Since A is commutative and Z is a rank 1 projective, the action of A on Z in-
duces an isomorphism A = End(Z), so (5.15) is a required decomposition for

Derg(B, B®?).
The element (5.9) in (5.15) corresponds to the embedding

Q};BﬂB®SB%(Be®eB)@(BeOO®eOOB) — B®B,

which, in turn, corresponds under (5.14) to the element Ap s € Dergs(B, B®?).
This completes the proof of the lemma. O

Now, we fix dual bases {v;}¥; and {w;}Y; for Z and 7V and, combining the
isomorphisms of Lemmas 5.1 and 5.2, identify II*(B) with homomorphic image of

the tensor algebra of the bimodule
Der(A,A%?)® (T ®7IY) Der(4,I@A)®(I®A
s PRI DA To Ve )

With this identification, we have

Proposition 5.1. The algebra TI*(B) is generated by (the images of ) the following
elements

a 0 0 wv; R d 0 0 0
a:= , V= , d:= , W= )
0 0 0 0 0 0 w; 0

where @, V; € B and d, W; € Derg(B, B®2) with d € Der(A, A®2). Apart from
the obvious relations induced by matriz multiplication, these elements satisfy

N N
(5.16) Ag=) %iwi=Xe, Y Wi ¥i=Aoeo
i=1 i=1

where “-7 denotes the action of B on the bimodule Derg(B, B®?).
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Proof. By Lemma 2.3, the matrices {a} and {v;} generate the algebra B, while
{d} and {W;} generate the first and the second bimodule summand of (5.15)
respectively. All together they thus generate the tensor algebra. Now, observe that
the ideal (Ap g — A) in II*(B) is generated by e(Aps —A)e =eApse— Ae
and e (AB,5 — A) €so = € AB,§ €00 — Ao €co , Silice the sum of these elements is
equal to A s — A. With identification of Lemma 5.2, we then have

Ay O N v, ®w; 0 R N
eA € = — = — \Ali-VAVZ‘
o= (30) -2 (07 o) aex

i=1

0 0 N[0 0 N
eooAB,Seoo<0 1)2( );Wi"7m

el 0 w;®av;
whence the relations (5.16). O

and

Remark. The presentation of II*(B) given in Proposition 5.1 is essentially in-
dependent of the choice of dual bases {v;} and {w;} in Z and ZV. To be pre-
cise, changing these bases to {v/} and {w/} (say) results in the automorphism of
IIA(B) that fixes B and ZV elementwise, while mapping d— d— @), where
wi=3,v;i®w; — >, v; ®w;. Note that w belongs to the kernel of the natural
pairing u: Z®ZYV — A. When we apply d to w above, we use the canonical
identification Hom ge(Ker pu, Z ® ZV) = Der(A, A®?) and then replace the tensor
product Z ® Z" by multiplication in TI*(B). In particular, for d = A4, we have
A4 — Ay —w, which agrees with the relations (5.16).

As a simple consequence of Proposition 5.1, we get
Lemma 5.3. If Ao, # 0, the algebra TI*(B) is Morita equivalent to e1I*(B)e.

Proof. By standard Morita theory (see, e.g., [MR], Prop. 3.5.6), it suffices to show
that TI*(B)eI1*(B) = II*(B). This last identity holds in II*(B) if (and only if)
1 € IMNB)elINB), or equivalently, if e, € II*(B)eIl*(B), since e + es = 1.
Now, if A # 0, the second relation of (5.16) can be written as

N

N
1 1
(5.17) €w=EZWi'f’i=EZWi-€~\%,
i=1 i=1
whence the result. O

We may now also show that D has projective dimension 1 in the category of
IT-modules (the fact used in Section 4.1).

Lemma 5.4. The multiplication map 1l e, Qu eIl — I gives a projective reso-
lution of D in the category of (left and right) II-modules, see (4.2).

Proof. Observe that the map 0 of Lemma 4.1 restricts to a surjective algebra homo-
morphism: elle — D, mapping e — 1. If we identify A = eBe C elle via a — a
and 7 2 eBey, C elley, via v — v, then tensoring 0|.r. with Z yields elle ®.p.
eBeow — D47 = DI . Since eBe, is a projective e Be-module, the multiplication
map elle®.pceBes, — elley, is an isomorphism onto its image elleBe, C elle, .
On the other hand, elle,, C elleBey , since epey = f% > epwiev;es for any
p € I, by (5.17). Thus, identifying elle ®.p eBe = elles , we get a surjective
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map of left A-modules: elle,, — DZ. Since DI is projective over A, this last
map has an A-linear section, which we denote by s: DZ — elle,, . Now, consider
the composite map:

(5.18) DI ® esolle LN elles ® exclle — elles Qp esolle
which is a homomorphism of right elle-modules. Since elle,, = elleBe,, =

> ellev;, the elements of elle, can be written as linear combinations of words

(5.19) Pi(a,d)%;, Wi, Po(a,d) Vi, Wi, ... Vi Wi Pu(a,d) v,

elless eooll eco

with Py (a,d) € elle being (noncommutative) polynomials in & and d with a € A
and d € Der(A, A®%). So (5.18) is surjective. On the other hand, using natural
filtrations, it is easy to check that the composition of (5.18) with multiplication
map elle,, ®p esIle — elle is injective. Hence (5.18) is injective and therefore an
isomorphism. This implies that elle., @y eslle is a right projective elle-module
(since obviously so is DI ® exIle), and 0 — elley Qpu exlle — elle 9, D—0
is an exact sequence of elle-modules. By Morita equivalence of Lemma 5.3, the
complex 0 — Iley ®p exIl — II — 0 is then a projective resolution of D in the
category of right II-modules. A similar argument shows that this complex is also a
projective resolution of D as a left II-module. O

5.2. The map w is well-defined. We show that the functor (4.3) maps the II-
modules of dimension vector n = (n, 1) to rank 1 torsion-free D-modules M with
+[M] = [Z].

Let V be a II-module of dimension vector n, and let L := Ile, Qu e V. Write
Vi=eV, Vi i=exV, and similarly L :=eL, Ly, := exL (so that dim V,, =
dim Lo, = 1). Fix a vector £ # 0 in V,, and define a character ¢ : U — C by
w.g = e(u)§ for all u € U . Note that e does not depend on the choice of £ and
uniquely determines L (and V). In fact, we have the isomorphism of II-modules

(5.20) Meoo / Y Mea(u—e(u) S L, [ecc] > oo ®E .
ueU
Now, under the Morita equivalence of Lemma 5.3, the II-module homomorphism
p: L — V transforms to a homomorphism of elle-modules p: L — V', the kernel
of p being isomorphic to the kernel of p, since e, (Ker ) = 0 implies e (Ker p) =
Ker p. Thus

(5.21) LO* (V)= Ker[p: L—V],

which is naturally an isomorphism of D-modules via 0., : elle — D.
Next, we set R := TqDer(A, A%?) and define the algebra map

(5.22) R — elle , aHd,de,

where a € A and d € Der(4, A®?). Extending the notation of Proposition 5.1,
we will write 7 € elle for the image of any element r € R under (5.22). Note
that the canonical projection R —» II'(A) = D factors through (5.22), and the
corresponding quotient map is 6|cre .
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Lemma 5.5. There is an isomorphism of R-modules

(5.23) L~RT ZZR{AAler Zz—: }
j=1

i=1rER
where L is regarded as an R-module via (5.22), and RZ := R®4 .

Proof. As in Lemma 5.4, we identify A = eBe C elle, T & eBey, C elles , and
consider the composite map
(5.24)

RT % elle ®cpe eBeoy —2 elles —2 eHeoo/Z elles (u —e(u))
uelU
where 7 is the tensor product of (5.22) with Z, o is the multiplication map and
w3 is the canonical projection. Now, we have seen in (the proof of) Lemma 5.4
that 7o is surjective (in fact, an isomorphism). On the other hand, (5.19) shows
every element of elley, is congruent (modulo ) . elles(u —e(u))) to a linear
combination of words P(a, d) ¥, with a € A, d € Der(A, A®?) and v € T, which
obviously span the image of w5 o 7y . This implies that (5.24) is a surjective map:
by (5.20), its image is isomorphic to L, while its kernel can be easily calculated,
using the relations (5.16). d

Now, the tensor algebra R has a natural filtration:
A C A@Der(A, A®?) C A @ Der(A, A®?) @ Der(A, A®%)®2 C ...
This filtration induces the usual (differential) filtration on D via the canonical pro-
jection and module filtrations on L and M C L via the isomorphism of Lemma 5.5.

Writing D, L, etc. for the associated graded rings relative to these filtrations, we
have

(5.25) M CL=RI/RANRT = (R/IRAAR)®AZI =D®,I=DT.
It follows from (5.25) that M is a rank 1 torsion-free module (because so is M).

Moreover, since dime L/M = dime L/M < oo, by part (a) of Theorem 3.1 of Sec-
tion 3.2, we conclude y[M] = [Z]. This completes Step 1.

5.3. The map w is surjective. Given a rank 1 torsion-free D-module M, we now
construct a Il-module L, together with a ITI*(B)-module embedding M — L,
such that V' := L/M has dimension (n, 1) and LO*[V] =M.

We begin with some preparations. We let D D @20 0 Dyt* denote the ho-
mogenization (the Rees algebra) of the ring D Wlth respect to its canonical fil-
tration {Dy}, and let GrMod(D) be the category of graded D-modules. There
is a natural homomorphism of graded rings 17 : D — D, mapping at® € Dk to

a(modDy_1) € Dy, Using this homomorphism, we will regard graded D-modules
as objects of GrMod(D D). Since Ker(i) = (t), we may identify D = D/(t). This
implies that D is Noetherian, since so is D (see [L], Prop. 3.5).

Next, following [AZ], we define Tors(D) to be the full subcategory of GrMod(D)
consisting of torsion modules. By definition, M e GrMod(D) is torsion, if for every
m € M there is k,, € N such that Dym = 0 for all k > k,,. By [AZ], Sect. 2,
Tors(D) is a dense localizing subcategory of GrMod(D). So the inclusion functor
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Tors(D) < GrMod(D) has a right adjoint: the torsion functor 7 : GrMod(D) —
Tors(D), which assigns to a graded module M its largest torsion submodule

T(M):{mEM : Dym =0 for all k> 0} .

The functor 7 is left exact, and we write R*r : GrMod(D) — Tors(D) for its right
derived functors.

We also introduce the quotient category Qgr(D) := GrMod(D)/Tors(D) . This is
an abelian category that comes equipped with two canonical functors: the (exact)
quotient functor 7 : GrMod(D D) — Qgr(D) and its right adjoint (and hence left
exact) functor w : Qgr(D) — GrMod(D). The relationship between 7, w and 7 is

described by the following result which is part of standard torsion theory (see, e. g.,
[AZ], Prop. 7.2).

Theorem 5.1. (1) The adjunction map ng; : M — ww(M) fits into the ezxact
sequence
(5.26) 0— 7(M) — M 25 wr(M) - R'+(M) -0,
which is functorial in M € GrMod(D).
(2) For k > 1, there are natural isomorphisms
(5.27) RFw(nM) = R¥ (M) .
In particular, if k > 1, the modules Rkw(ﬂﬁ) are torsion.

Now, given a graded module M = Dz M, and n € Z, we write M[ | =
DPrcz Mk+n and M>n = @k> Mk Both are graded modules, M>n being a
submodule of M. With this notation, we compute R*w(nD), regarding D as a
D-module via the algebra map 17 : D — D.

Lemma 5.6. (1) The canonical map np: D = wn(D)>o is an isomorphism.
(2) RFw(nD)=0 for k>1.

Proof. For graded D-modules M and N, we define (cf. [AZ], Sect. 3)

Homgp (M, N) @ HomGrMod(D)(i NI[K)) ,

keZ

and write Ext (M, N) for the corresponding Ext-groups. Combining [AZ], The-
orem 8.3 and Proposition 7.2, we then identify
(5.28) Rfw(nD) = lim Extf (Dsn, D), YVk>0.

To compute the Ext-groups in (5.28) we use the long cohomology sequence
(5.29)

Mk@ (@n[_n]a @) - M%(@zn, @) - M% (@Zn+17 :’5) - @%Jrl(@n[_n]a @)
arising from the short exact sequence 0 — Dx,4+1 — Dsp — Dy[—n] — 0, and
the following isomorphisms (for n > 0)

and

(5.31) Ext} (D[], D) &

b

0 if m#-n-1
Sym ™(Q'X) if m=-n-1
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where Sym? stands for the ¢-th symmetric power over A. It is easy to see that
(5.29), (5.30) and (5.31), together with (5.28), imply both statements of the lemma.
(In addition, we have w(7D),, = Sym™ "(Q'X) if n < 0.) It remains to prove (5.30)
and (5.31).

First, observe that m%(@n[—n], D) = m% (D, D)[n] for all n > 0, where D,,
is a graded D-module with a single component in degree 0. Such modules arise
from the A-modules by restricting scalars via the algebra projection D — A. So
we can compute @% (T)n, T)) using the spectral sequence

(5.32) Ext!, (D, Ext? (4, D)) = Ext?'(D,, D).
p

To find %(A, D) we identify D with the symmetric algebra Sym 4 (Der A) and
use the canonical resolution of A as a D-module

(5.33) 0 —D®sDer(A)[-1] %D —A—0.

Here the differential m is defined by the multiplication map of D. It follows from

(5.33) that mq@(A D) = 0 for q # 1, so the spectral sequence (5.32) collapses
on the line ¢ = 1, giving isomorphisms

(5.34) Ext5(D,, D) = Homa(D,, Ext; (4, D)),
(5.35) Ext% (Dn, D) = Exty(Dy, Exty (4, D)) =0,
(5.36) Ext¥(D,, D) =0 fork#1,2.

Note that the Ext’; in (5.35) vanishes, since D,, is a projective A-module. Combined
together, (5.35) and (5.36) imply (5.30).
On the other hand, dualizing (5.33), we get

Ext; (A, D) = Coker[D — Homp(D ®4 Der(A)[—1], D)]
Coker [D — (D ®4 Q' X)[1]]
Q' x)[1] .
Hence, it follows from (5.34) that
(5.37)  Exty(Dn[—n], D) = Homa(Dy, Q' X)[n + 1] = Sym™ Q' X)[n+ 1],
which is equivalent to (5.31). This finishes the proof of the lemma. O
Lemma 5.7. If 7 is a flat A-module, then

Rrwn(M ®4T)~ Rrw (xM)@aZ, YEk>0,
for any graded D-A-bimodule M.
Proof. By [AZ], Prop. 7.2(1), we have

Rrwr(M @A T) = lim M%(ﬁzn, M®uT) .

Since ll)n commutes with tensor products, it suffices to prove that

1%

1

(5.38) Ext’ (D5, M ®47) 2 Ext (D5, M) ®4Z forn>0.

Furthermore, by functoriality, it suffices to prove (5.38) only for k¥ = 0. Now, in
this last case, we have the natural map

Homﬁ(ZSZn, M)©asT — Hotnﬁ(ﬁzn, M®asI), fRb—[z— f(z)®b],
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which is known to be an isomorphism if 752n is a finitely presented D-module (see

[Ro], Lemma 3.83). Since D, is an ideal in D, and D is Noetherian, the result
follows. 0

Now, we turn to our problem. As in Section 3.2, we choose a good filtration
{M} on M so that M := @, ., Mi/Mj_1 is a torsion-free D-module. Then, by
Theorem 3.1, there is an ideal Z C A (unique up to isomorphism) and a graded
embedding

(5.39) f:M — DT,

such that dim¢ Coker(f) < co. The filtration {M}} is uniquely determined by M
up to a shift of degree (cf. Lemma 5.12 below); we fix this shift by requiring the
map f to be of degree 0. The dimension n := dim¢ Coker(f) is then an invariant
of M, independent of the choice of filtration.

Since 7 : Id — wm is a natural transformation of functors, the map (5.39) fits

into the commutative diagram

M DI
(540) 77]\7 _ ’I’]@I
wr(i1) 2™, D)

As Ker(f) = 0 and Coker(f) € Tors(D), w(f) and, hence, wr(f) are isomor-
phisms. On the other hand, by Lemma 5.7, the map 75, can be factored as

DI=D®sT Tnel, wr(D) ®a T = wn(DI)
and hence, by Lemma 5.6(1), np; : DI = wm(DI)>o is an isomorphism. Using
these two isomorphisms, we identify
(5.41) wr(M)so 2 DT .
It follows then from (5.26) and the commutativity of (5.40) that 7(M) =0 and
R'7(M)s¢ = Coker(f) = DI/M .
In particular, we have
(5.42) dim¢ R'7(M)so=n .

Next, we set N := Drcz M/M;, and make N a graded D-module in the natural
way, with ¢ € D acting by the canonical projections M/M), — M/Mj41.

Proposition 5.2. The module N has the following properties:

(1) 7(N)=0,

(2) dime R'7(N)_; =n, and dime R'7(N)>_; < o0,

(3) The maps wm(N)g_1 5 wr(N)g are surjective for k> 0.
Proof. (1) Given M e GrMod(D) , we write z'(M) for the largest submodule of M
annihilated by the action of ¢, i. e. z'(M) = Ker(M L, M[l]) Then, if M €
Tors(D) and M +# 0, we have z'(M) # 0. (Indeed, if M +# 0, the submodule Dm
generated by a nonzero element m € M is bounded, so its top graded component
is annihilated by ¢.) Thus the assumption that 7(N) # 0 implies i'(7N) # 0.
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On the other hand, i'(N) = M[1] and 7(M[1]) = 7(M)[1] = 0, so 7(i'N) = 0.
Since i'(7N) = i'(N) N 7(N) = 7(i'N ) we arrive at contradiction. It follows that
7(N) = 0.

(2) For all k € Z, we have the exact sequences 0 — My/My_1 — M/Mp_1 —
M /M, — 0 defined by the filtration inclusions. Combining these together, we get
the exact sequence of graded D-modules

(5.43) 0—>M—N[-1]5N—-0.

Since T(J\Nf) = 0, applying the torsion functor 7 to (5.43) yields

(5.44) 0 — R'7(M) — R'7(N[-1]) = R'7(N) — R*r(M) — ...

By Theorem 5.1(2) and Lemma 5.7, the last term of (5.44) can be identified as
R*7(M) = R'w(nM) = R'w[r(DI)] = R'w(nD) @4 T ,

so R?7(M) =0 by Lemma 5.6(2). We get thus the exact sequence

(5.45) 0 — R'7(M)— R'7(N[-1]) & R'7(N) — 0.

Now, (5.42) implies that R'7(M)>0 is bounded: i. e. there is an integer d > 0, such

that R'7(M), # 0, while R'7 (M) =0 for all k> d. It follows then from (5.45)
that ¢ acts as a unit on R'7(N)s4: in particular, we have i'(R'7(N)>q) = 0.
But R't ( )>d is a submodule of R'7(N), which, by definition, is torsion. Hence,

i'(R'7(N)sq) = 0 forces R'7(N)s>q = 0. Now, in degree d, the exact sequence
(5.45) reads

0— R'7(M)q — R'7(N)g—1 — R'7(N)g =0
In other words, R*7(M)q = R'7(N)4_; is an isomorphism. Hence
dimg R'7(N)g_1 = dime R'7(M)g < oo .

Similarly, if d > 1, then, for Kk =d — 1, we have the exact sequence

0— RlT(M)d_l — RlT(ﬁ)d_g — RIT(N)d_l —0,
with first and last terms being finite-dimensional. It follows that

dime RlT(ﬁ)d,g = dime R*7(M)gq_1 + dime R'7(M)4 < oo .

Continuing this way, we get

d
dime R'7(N)j-1 =Y _dime R'7(M); , k=0,1,...,d.
j=k

In particular, dime R'7(N)_; = dime R'7(M)so = n by (5.42), and
dlm(ch > 1—Zdlm(c k 1 <0 .

(3) Applying wm to (5.43) gives rise to the exact sequence

~ t

(5.46) 0 — wr(M) — wr(N[-1]) > wr(N) — Rlw(xM) — ...
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Since 7(M) = m(DI), we have wr(M)so = wn(DI)so = DI, see (5.41), and
Rlw(nM) = R'w(mDI) = R'w(nD)®4Z = 0 by Lemma 5.6(2). Hence, truncating
(5.46) at negative degrees, we get the exact sequence

(5.47) 0 — DT — wr(N[~1])50 = wr(N)so — 0 .

The last statement of the proposition follows. ([

Next, we consider the functorial exact sequence (5.26), with M = N. By
Proposition 5.2(1), the first term of this sequence is zero, so we have

(5.48) 0— N2 wr(N) = R'7(N) -0,

Since the canonical filtration on M is positive, ]Vk = M for all k < 0. Thus,
setting L := wm(N)_; and V := R'7(N)_1, we get from (5.48) the exact sequence
of A-modules

(5.49) 0-MLL-V 0.

Now, replacing A by its one-point extension B = A[Z], we lift (5.49) to an
exact sequence of B-modules, as follows. First, we regard M as a B-module by
restricting scalars via the algebra homomorphism 6 : B — A, see (2.15). Next,
we set L := L & C and make L a B-module by defining its structure map ¢ :
I®C =T — L to be the degree 0 component of the canonical embedding DI
wr(N[— 1)>0 in (5.47). Every A-module homomorphism M — L extends then to
a unique B-module homomorphism M — L, since Hom4 (M, L) = Homp(M, L)
via f +— (f,0). In particular, the map n in (5.49) extends to an embedding
n: M — L, and we write V := L/M for the cokernel of n. Clearly, V=2V &C
as a vector space, and dim(V') = (n, 1), by Proposition 5.2(2). Summing up, we
have constructed an exact sequence of B-modules

(5.50) 0-MLL-V -0,

with the quotient term being of dimension (n,1).

Now, recall that, by Lemma 4.1, # extends to an algebra map 6 : II*(B) —
'(A) = D, where A = (1,—n). We will regard the D-module M as a II*(B)-
module by restricting scalars via 6.

Proposition 5.3. The B-module structure on L defined above admits a unique
extension to II*(B), making n: M — L a homomorphism of II*(B)-modules.

We will give a homological proof of this proposition, using Theorem 2.2 of Sec-
tion 2.1. As explained in (the proof of) Theorem 2.2, a II*(B)-module structure
on a B-module M is determined by an element of End(M) ®pge Q! B, lying in the
fibre of A(= A-Id) under the evaluation map

(5.51) Onr 2 End(M) @ e QY(B) — End(M) , f®d— fAg(d) .

In particular, the given II* (B)-module structure on M is determined by an element
Sy € End(M) ®@pe QY(B), such that 9p(5p7) = Idps . The B-module embedding
1 induces an embedding of B-bimodules: End(M) — Hom(M, L), and hence
the natural map

(5.52) End(M) ®pge Q1(B) <« Hom(M, L) ®@pe Q'(B) .
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Since Q(B) is a projective bimodule, this last map is also an embedding, and
we identify End(M) ®@ge QY(B) with its image in Hom(M, L) ® ge Q(B) under
(5.52).

Now, consider the commutative diagram

End(L) ®@pe Q' (B) g Hom(M, L) ® ge Q*(B)
(5.53) (9Ll 8M,Ll
End(L) - Hom(M, L)

where Opr is the evaluation map at Ap, m, is the restriction (via n), and
7, :=n,®Id. Note that n, and 7, are both surjective. With above identification,
we have

(5.54) N.(A) =0m,L(0m) =7,

and our problem is to show that there is a unique element &z, € End(L)®pge Q'(B),
such that

(5.55) Op(6r) =X and 9,(6L) =0 .

To solve this problem homologically, we interpret the top and the bottom rows
of (5.53) as 2-complexes of vector spaces X*® and Y'*, with nonzero terms in degrees
0 and 1 and differentials 7, and 7n,, respectively. The pair of maps (9r, Om,1)
yields then a morphism of complexes 9° : X*®* — Y* with mapping cone

(5.56) @) =0-x" L xtgye Loyt g

By definition, the differentials in C*(9) are given by d~! = (-7, d)7 and d° =
(Om.L, M) - So (5.54) can be interpreted by saying that (—dy,A) € X' @YY isa
0-cocycle in C*(9). Then, the cohomology class

(557) C(A, 6M) = [(—(51\4, )\)]

represented by this cocycle, vanishes in h°(C*®) if and only if there is d; € X°
such that d='(6r) = (=6, A), i. e. (5.55) holds. Clearly, if it exists, such dr, is
unique if and only if d~! is injective, i. e. if and only if h=1(C*) = 0.

Now, the canonical exact sequence of complexes 0 — Y* — C* — X°*[1] —» 0
associated to the mapping cone yields the long cohomology sequence

(5.58) 0 — h 1 (C*) — Ker(7,) — Ker(n,) — h°(C*) = 0.

Dualizing (5.50) by L and tensoring with Q!(B), we identify the two terms in the
middle of (5.58) as

Ker(n,) =2 Hom(V,L) and Ker(f,) = Hom(V, L) ®@pe Q'(B) .
The map between these terms then becomes
(5.59)  Ov.r: Hom(V,L)®pe Q'(B) — Hom(V, L), f®d— fAg(d) .

A simple calculation (see the proof of Theorem 2.2) shows that Ker(dy ) and
Coker(0y 1) are naturally isomorphic to the 1-st and 0-th Hochschild homology of
the B-bimodule Hom(V', L). Hence, by exactness of (5.58), we have

R°(C*) = Hy(B, Hom(V,L)) and h~'(C*)=H,(B, Hom(V,L)) .

Proposition 5.3 thus boils down to proving Lemma 5.8 and Lemma 5.9 below.
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Lemma 5.8. H;(B, Hom(V,L))=0.

Proof. Recall that L := wn(N)_1. Now, in addition, we set Ly := wm(N)o
and make this a B-module by restricting scalars via 6 : B — A. Then, the A-
module homomorphism ¢; : L — Ly induced by the action of ¢ extends to a
unique B-module homomorphism L — Lj, which we denote by ¢t. (Indeed, the
commutativity of the diagram (2.13) for L — Ly amounts to tz, o o = 0, which is
true in view of our definition of ¢.) By Proposition 5.2(3), the map ¢, is surjective,
and hence so is t. It is easy to see that Ker(t) & Bey, as a B-module, so we have
a short exact sequence

(5.60) 0— Besw - L5 Lo—0.
Since Be, is projective, tensoring (5.60) with V* := Hom(V, C) yields
0 — Torf (V*, L) — Tory (V*, Ly) — V*®pBes — V*®@pL — V*®@pLy — 0.
On the other hand, if V' is finite-dimensional, we have natural isomorphisms
H,(B, Hom(V, M)) =~ H,(B,M ® V*) = Tor? (B, M ® V*) = Tor?(V*, M) |,
for all » > 0 and an arbitrary B-module M (see [CE], Cor. 4.4, p.170). The above
exact sequence can thus be identified with
(5.61)0 — Hy (B, Hom(V, L)) — Hy (B, Hom(V, Ly)) —

Ho(B, Hom(V, Bew,)) — Ho(B, Hom(V, L)) — Ho(B, Hom(V, Ly)) — 0 .

Hence, to prove the lemma it suffices to show that H; (B, Hom(V, Ly)) = 0, which
is equivalent to

(5.62) Tor? (V*, Ly) = 0.
Since Lg is an A-module, we can compute this last Tor, using the spectral sequence
(5.63) Tor;} (Tor} (V*, A), L) = Tor? ,(V*, Lo)

associated to the algebra map 6 : B — A. By Lemma 2.3(4), this map is flat, so
the spectral sequence (5.63) collapses at ¢ = 0, giving an isomorphism

(5.64) Tor?(V*, Ly) = Tor{ (V*, Lo) .

Now, for each k& > 0, we set Ly := wn(N); and write F) for the kernel of the
k ~ ~
map Lg X, Ly, induced by the action of t* € D on wn (V). By Proposition 5.2(3),
the maps th are surjective for all £ > 0, and thus 0 = Fy C F; C F, C ... is an
A-module filtration on Lg. We claim that this filtration is exhaustive, so that

(5.65) lim F}, = U F,=1Lg .
k=0

Indeed, by Proposition 5.2, the kernel of the map 7 : Nzo — ww(ﬁ)zo is zero,
while its cokernel RlT(ﬁ )>0 is bounded. Hence, for any a € Lg, we can find
k € N, such that t*a is contained in the image of 7, i. e. t*a = n(m) for some
m € M/Mj,. Now, the filtration on M is exhaustive, hence there exists n > k,
such that m is represented (mod Mjy) by some element m € M, . It follows that
"k = 0 in N, and therefore t"a = t"*n(m) = n(t"*m) = 0. This means
that a € F,,, so {F}} is exhaustive.
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Now, by (5.47), for all k > 0, we have exact sequences
(5.66) 0— Fy — Fpi1 — Dp 1T —0.

Since Djy1Z are projective A-modules for all & > 0, it follows, by induction,
that F} are also projective (and hence, flat) A-modules for k£ > 1. The direct
limits of families of flat modules are flat, so by (5.65), Lo is a flat A-module.
Thus Tor‘f‘(V*7 Lo) =0, and (5.62) follows from (5.64), finishing the proof of the
lemma. ([l

Lemma 5.9. ¢(X, 0p) =0 in Ho(B, Hom(V,L)).
Proof. By (5.61) and (5.62), we have the exact sequence
(5.67)

0 — Ho(B,Hom(V, Bey,)) < Ho(B, Hom(V, L)) Loy Ho(B,Hom(V, Ly)) — 0,
where ¢, is induced by the inclusion ¢ : Be,, — L and t, by the projection
t: L — Ly in (5.60).

We show first that t.(c(\, dp7)) = 0. For this, we consider the commutative
diagram

Hom(L, L) ®pe Q1(B) % Hom(M, Lo) @ e Q'(B)
(568) 6L,Lol 8M’Lol
.

Hom(L, Ly) Hom(M, Ly)

which is the image of (5.53) under the natural projection by ¢. Under this projec-
tion, the equations (5.54) become

where ¢, : Hom(M, L)®pe Q' (B) — Hom(M, Lo)®pe Q! (B) is defined by f®w +—
(tof)®w . Now, t induces a morphism of mapping cones associated to the diagrams
(5.53) and (5.68), which, in turn, induces a map t, on their cohomology. The class
t.(c(A, dpr)) € Ho(B,Hom(V, Ly)) can thus be interpreted as the obstruction for
the existence of an element dr, 1, € Hom(L, L) ®pe Q' (B), satisfying

(5.70) 6L,L0(5L,L0) =t and 1:[*((5[,7[,0) = t*((SM) .

We will show that t.(c(\, dpr)) =0 by constructing such an element explicitly.
Recall that we have identified D = TI!'(A) as filtered A-rings. Combined with

the canonical projection R := TqDer(A, A®?) — II'(A), this identification yields

a filtered homomorphism R — D, which, by the universal property of tensor

algebras, lifts to a graded algebra homomorphism

(5.71) R—1D.
In degree zero, (5.71) equals Id 4 , while in degree one, it is the restriction of R — D
to Der(A, A®?), which is a surjective bimodule homomorphism onto D; (see [CB],
Lemma 4.6). Since D is generated by elements of degree zero and one, (5.71) is
surjective (in particular, ¢ € D is the image of Ay).

We will regard graded ’5—m0(11iles as graded R-modules by restricting scalars via

(5.71). Any graded R-module M = @, ., M} determines (and is determined by)
a family of A-bimodule homomorphisms

Der(A, A®?) — HOIn(Mk, M;H_l) , keZ.
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In particular, M = wr(N) yields
(5.72) Der(A, A®?) — Hom(L, L) , Ax—tr .

We will regard (5.72) as a homomorphism of B-bimodules by restricting the action
of A (on both sides) via § : B — A. Since 0 is a pseudo-flat ring epimorphism,
there is a canonical map

(5.73) Der(B, B®?) — Der(A,A®?), Ap— Ayu,

which is also a B-bimodule homomorphism (cf. [CB], the proof of Lemma 9.2).
Combining (5.72) and (5.73), we get

Der(B, B®?) — Hom(L, Ly) , Ap—tr,
and hence an element
(5.74) 011, € Hompe(Der(B, B®?), Hom(L, L)) = Hom(L, Ly) ®pe Q(B) .
Now, consider the exact sequence of B-modules
(5.75) 0-L%L—-L/L—0,

where L is viewed as a B-module via 6, and « is the natural inclusion with cokernel
L/L = C. Dualizing a by Lo and tensoring with Q!(B), we get the commutative
diagram

Hom(L, Lo) @ e Q(B) X% Hom(L, Lo) ©pe Q1 (B)

(5.76) oL L, l OL,Lo l
Hom(L, Ly) & Hom(L, Lo)

with Or,1,(01,1,) = o (t) =tr. Since e € B acts as identity on Ly and as zero
on L/L, we have

Ho(B, Hom(L/L, Lo)) = (L/L)" ®p Lo =0 .
Hence, there is an element dr, 1, € Hom (L, Lo)®peQ (B), such that dr, 1, (0L 1,) =

t and &.(dr,1,) = 0L, - We claim that this element satisfies (5.70).
In fact, since 7 = o7, we have

M.(0L,L0) = [i1+ © 6] (0L,10) = 71+ (0L.Lo) 5

where 7, : Hom(L, Ly) ®pge Q'(B) — Hom(M, Ly) @ge Q'(B) is induced by
the inclusion M < L. On the other hand, t.(0a) = t.(0ar), where ¢, :
Hom(M, L) ®pge Q'(B) — Hom(M, L) ®pe Q'(B) is induced by the projection
L — Lg. Now, for any d € Der(B, B®?), we compare
(5.77)  [1(0r,2,)l(d) =dron=mnotaody =ty onody = [t(3nm)](d) ,
where dj, € Hom(L, L) and dp; € End(M) are the maps induced by d via (5.73),
and ¢, € Hom(L, Lo), ta € Hom(M, M/M,) are induced by the action of ¢ € D
on w 7r(]\~f ) and N, respectively. The second and the third equalities in (5.77) follow
from the fact that N < wn(N) is a homomorphism of graded D-modules.

Thus, the existence of 0r 1, implies that ¢.(c(X,da)) = 0. Returning to (5.67),
we see then that ¢(\,dy) is contained in the image of ¢y, i. e. ¢(A;dpr) = ¢4(€)
for some ¢ € Ho(B,Hom(V, Beo,)) . Now, to show that ¢ =0 we define the trace
map

Tr: Hom(V, Bes) — Hom(V,L) — End(V) - C, f—try[moerof],
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where ¢ : Bes, — L is the embedding defined in (5.60), w : L — V is the
canonical projection in (5.50), and try is the usual trace on V. Since ¢ and 7 are
homomorphisms of B-modules, this induces a linear map

Tr, : Ho(B,Hom(V, Bey,)) <= Ho(B,Hom(V, L)) == Hy(B, End(V)) 2% C .
We claim that Tr, is an isomorphism. Indeed, it is easy to see that Tr, # 0, while
Ho(B,Hom(V,Bey)) 2 V* ®p Bew 2 Ve 2 (e V) 2 C .

Now, since won =0, we have m,.(c(X,dp)) =[A-Idyv ], and hence
Tr.(¢) :=try[me ta(€) ]| = tryv[mo(c)| = try[A-Idy | = 0.

It follows that ¢ = 0 and c¢(\, dp) = 0, finishing the proof of the lemma and
Proposition 5.3. (]

Now, by Proposition 5.3, the given B-module structure on V = L/M extends
to a (unique) II1* (B)-module structure, making (5.50) an exact sequence of II*(B)-
modules. Tensoring this exact sequence with ey, II, we get an isomorphism of U-
modules e, L = e,V , and thence an isomorphism of II-modules Iley, ®u €oo L =
Heo @y €00V, where I = II*(B) and U = ey lles . The last isomorphism fits
into the commutative diagram

Ileo QU el = Tleg QU eV

(5.78) 1133 By
iy
L 14
where py and py are the natural multiplication-action maps. We claim that pp,
is an isomorphism. Indeed, by Morita equivalence (see Lemma 5.3), it suffices to
show that ey : elles ®u eso L — L is an isomorphism of elle-modules. Filtering
elleq, ®p e L as in Section 5.2 and L as in (the proof of) Lemma 5.8, it is easy to
see that ep, preserves filtrations inducing an isomorphism on the associated graded
modules (these last modules are both isomorphic to DT, cf. (5.25) and (5.66)).

Hence epy, is an isomorphism. It follows now from (5.78) that Ker(w) = Ker(uy, ),
and thus M = LO* (V). This completes Step 2.

5.4. The map w is injective and I'-equivariant. For two II-modules V and V'
of dimension vector n = (n, 1), we will show that

(5.79) LO* (V)= LO* (V') <+ V' =2V forsome w=u ‘ducQ'X,

where V7 denotes the Il-module V twisted by an automorphism o € Autg IT1*(B).
We begin by describing the action (4.22) in terms of generators of II*(B) (see
Proposition 5.1).

Lemma 5.10. The homomorphism o : Q'X — AutgII is given by
(580)  ou(@)=a, ou() =%, ou(W) =1, ou(d)=d+w(d),
where w € Q'X acts on d € Der(A, A®?) wvia the natural identification

Q'X = DRY(A) = Hom 4e ((Q'A)*, A) = Hom e (Der(A4, A®?), A) , cf. (4.18).
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Proof. By Lemma 5.1, we can define (4.22) in terms of relative differentials
(5.81) o: Q'X -% DRY(B) -Z Autp[Ts(QLB)*] — Autg IT(B) .

Tensoring then 0 — QLB — B®g B — B — 0 with B and using the identification
(4.21), we get the exact sequence

0—Q'X % (Q4B), — Ho(B,B®s B) — Ho(B,B) — 0.

It is easy to see from (5.10) that B®g B — B induces an isomorphism Hy(B, B®g
B) = Hy(B,B). Hence, by exactness of the above sequence, a is an isomor-
phism as well. Explicitly, with identification (5.13), the elements of (QLB); =
QLB/[B,Q%B] can be represented by matrices & = (?)J 8) with w € (Q'A),,

and « is given by w — @ mod [B, QL B]. It follows then that o, acts on II*(B) as
described in (5.80). O

We may also describe the algebra map 6 : [I*(B) — D of Lemma 4.1 in terms
of generators of IT1*(B):

(5.82) 0(a)=a, 6d)=d, 0()=0(W)=0,

where @ and d denote the classes of a € A and d € Der(A, A%?) in T4Der(A, A®?)
modulo the ideal (A4 — 1). The first and the second equations in (5.82) are
immediate from (2.3), while the last two follow from the relations V;e0 = ¥;,
eoo\?vi = \X’l .

Comparing now (5.80) and (5.82), we get

Lemma 5.11. The group homomorphism & : Q'X - AutgIl — AutcD in-
duced by o is given by

(5.83) Gu(a)=a, &,(0)=0+w(9),
where a € A, 0 € Der(A) and w e N'X .

In particular, if w = dlog(u) = v~ ldu € Q*X for some u € A, then G, (a) =
a =uau"! (since A is commutative), and &,,(9) = udu~!. Thus, the induced
action of A C Q!X on D is given by inner automorphisms. (In contrast, A does
not act by inner automorphisms on the whole of II*(B).)

Now, by functoriality, V' = V¢ implies L' = L°% and LO* (V') = LO*(V)°~
for any w € Q'X. So the map C,(X, Z) — J(D) induced by LO* is equivariant
under the action of Q'X. On the other hand, LO*(V) is a D-module, on which
the twisting by w acts via (5.83), 1. e. LO* (V)% = LO* (V)% . It is well-known
(and easy to check) that the inner automorphisms induce trivial auto-equivalences
of module categories, so if w = u~ldu with u € A, then LO*(V)°~ = LO* (V).
This proves the implication “<" in (5.79) and, in combination with Step 1, yields
a I'-equivariant map

(5.84) W Cn(X,T) — v HT] .

It remains to show that w,, is injective. We will need the following lemma, which
is a mild generalization of [BW2], Lemma 10.1, and [NS], Lemma 3.2. Our proof
below uses the arguments of [NS].
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Lemma 5.12. Let M be a (nonzero) ideal of D equipped with two good filtrations
{My} and {M]}, such that the associated graded modules M and M’ are both
torsion-free. Then, there is ko € Z , such that My = Mé7k0 forallk € Z.

Proof. Since { My} is a good filtration, M is finitely generated and, hence, bounded
from the left. Fix a nonzero element mo € M, and let ko := deg(mg) — deg’(my),
where deg and deg’ denote the dergee functions for the given filtrations on M. Now,
since D is an Ore domain, for any nonzero m € M , we can find nonzero a € D and
b € D such that amg = bm. This implies gr(a)gr(mo) = gr(b) gr(m) # 0, since
{Mj} is torsion-free, and therefore

(5.85) deg(a) + deg(mp) = deg(amg) = deg(bm) = deg(b) + deg(m) .
Similarly, replacing {M}} by {M/} in the above argument, we get
(5.86) deg(a) + deg’(mg) = deg(b) + deg’(m) .

Comparing (5.85) and (5.86) yields deg(m) — deg’(m) = deg(mg) — deg’(mo).
Thus, for any nonzero m € M, we have deg(m) — deg’(m) = ko, the integer ko
being independent of m. This implies

me M, < deg(m) <k & deg'(m)<k—ky & meM,_, .
so that M = M,’kko for all k € Z, as claimed. O

Now, given two II-modules V and V" of dimension n, we set L := e, ®pesV,
L:=eL, M := LO*(V), and similarly for V’. In addition, we denote by n: M <
L and n: M < L the natural inclusions (and similarly for M").

Proposition 5.4. If M = M’ as D-modules, then L = L' as B-modules.

Proof. First, we show that every D-module isomorphism f : M — M’ lifts to an
A-module isomorphism fr : L — L', making commutative the diagram

L fL L/

(5.87) UI In’
M —f> M’

To this end, we identify the module L as in Lemma 5.5 and filter it as in (the end of)
Section 5.2: thus, L = RT/3, see (5.23), with filtration FoL :=7 (modX), FiL :=
T + Der(A, A®2)T (mod ), etc. Now, we set L = @Drcz, L/FiL and define the
structure of a graded R[t]-module on L by letting t act by the canonical projections
L/FyL — L/Fy1L,and d € Der(A, A®2) by [z]y — [d-2]pi1, where [z] € Ly
is the class of x € L mod FyL. By (5.23), we have A4 -2 = x (mod FyL) for all
z€L,so Agla], = [a]upr = t]z]x for all k > —1. Since R[t]/(As—1t) =D, we
may (and will) regard E2_1 as a graded D-module.

Next, we equip M with the induced filtration M} := M N Fj, L via the inclusion
n: M < L,and set N := Prcz M/My. The map 7 naturally extends to
a graded embedding 7 : N < Z, and N becomes a graded D-module via the
induced action of R[t] on L. It follows from (5.25) that M := Dz M /My is

a torsion-free D-module, and hence 7(NN) = 0 by Proposition 5.2(1).
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Now, let ng : N < wr(N) be the completion of N relative to Tors(D), see
(5.26). Ring-theoretically, this can be characterized as the largest essential ex-
tension of N in GrMod(M) with cokernel in Tors(D). Since Coker[ : ]\72_1 —
ZZ_I] is finite-dimensional, ng extends through 7, giving an embedding: f2_1 —
ww(ﬁ )>—1. We claim that this embedding is an isomorphism. Indeed, in degree
(—1), we have

wr(N)-1/Loy = wr(N)-1/L = (wr(N)_1/M)/(L/M) ,

while, by Proposition 5.2(2), dimg¢ [wr(N)_1/M] = n = dime [L/M]. Hence
L_1 = wr(N)_;. On the other hand, by (5.47), for each k > 0, the kernel of the
projection ww(N)k,l/Ek,l 5 ww(ﬁ)k/zk is isomorphic to DyZ/Ly , while, by
(5.25), this last quotient is zero. It follows, by induction, that Lj 2 wm(N)j for
all k > —1, and thus Z>,1 o ww(ﬁ)>,1.

Now, replacing L byiL’ , wWe repeag the above construction. The D-module M’
comes then equipped with two filtrations: one is induced from L’ via the inclusion
n: M — L ie M| :=MnNF,L, and the other is transferred from M via the
given isomorphism f : M — M’. Both these filtrations satisfy the assumptions
of Lemma 5.12 and, hence, coincide up to a degree shift. This last shift is equal
to 0, since both M’ and f(M) have finite codimension in T, so M = f(Mg)
for all £ € Z. The map f extends then to an 1somorphlsm of graded D-modules
f: N — N’ and further, by functoriality, to wr(f) : wr(N) — wr(N'). As a
result, we get the commutative diagram

G wr(f)

Ly y — wm(N)> oy —= wn(N')>y — L5,

(5.88) Tn T
Ns_, Ns_y

~, _

with all horizontal arrows being isomorphisms. The graded components of f , N
and 77 in degree (—1) are precisely the maps f, n and 7’ . So restricting to degree
(—1) and composing the first two maps at the top of (5.88) with the inverse of the
third yields a required extension fr : L — L' in (5.87).

Now, with our identifications of L and L’, the B-module structures on L and
L' are determined (up to isomorphism) by the triples (L, C, ¢) and (L', C, ¢),
where ¢ : T — L and ¢ : T < L' are the canonical embeddings with
images Fol and FyL' respectively. Since FpL is the kernel of the projection
L_1 — Lg induced by the action of ¢ on L, the map fr restricts to FyL, giving
an isomorphism fr|o : FoL — FoL'. Letting u := (¢')"! frlo ¢ € Auta(Z) and
identifying Aut4(Z) = Enda(Z)* = A* via the action map, we have u¢’ = p'u =
fr ¢ . Hence

(5.89) g:=@w'fy,Id): LeC—L aC

makes (2.13) a commutative diagram and thus defines an isomorphism of B-modules
L = L. Summing up, if f: M = M’ is an isomorphism of D-modules, then
g: L = L’ is an isomorphism of B-modules. Note, however, that g does not
restrict to f through the inclusion n: M — L. [
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Now, keeping the notation of Proposition 5.4, consider two II-modules V' and
V' of dimension n, with M = M’. Fix an isomorphism f: M — M’ and define
g as in (5.89). Taking w = u 'du € Q'X and twisting n by o0 = 0, € AutgII,
consider the diagram

LO‘ g L/

(5.90) n] In'

me L
We claim that (5.90) is a commutative diagram of II-module homomorphisms, with
horizontal arrows being isomorphisms.

To see this, we recall that ¢ induces on D the inner automorphism: D +—
uDwu~!. The multiplication map u~!: M° — M is then a D-module (and a for-
tiori II-module) isomorphism. The bottom arrow in (5.90) is thus the composition
of two II-module isomorphisms, and hence a II-module isomorphism as well. On
the other hand, by definition, o acts as the identity on B C II. So, if we restrict
to B-modules, the fact that (5.90) is a commutative diagram in Mod(B) follows
immediately from commutativity of (5.87) and (5.89).

Now, identifying M° = M’ via fu~! and L° = L' via g in (5.90), we get
two (a priori different) II-module structures on L’. Both of these are extensions
of the given II-module structure on M’ via n’. Hence, by Proposition 5.3, they
coincide. It follows that g : L — L' is an isomorphism of II-modules, which, by
commutativity of (5.90), induces a required isomorphism V' 2 V', This completes
Step 3.

5.5. The equivariance of w under the action of Pic(D). We begin with Propo-
sition 4.3 and Lemma 4.3. As in Section 4, we will assume that X # Al. By [CH1],
Prop. 1.4, the automorphism group of the algebra D is then isomorphic to the
semi-direct product Aut(X) x 21X : the isomorphism is given by

(5.91) Aut(X) x Q' X Z Aut(D), (v, w)—va, ,

where 7 € Aut(D) : D — vDv~!, and &, is defined by (5.83). Note that &
identifies Q' X with the subgroup of automorphisms of D acting as identity on A.

Now, if F is a line bundle on X, the algebra Endp(FD) is canonically isomor-
phic to the ring of twisted differential operators on X with coefficients in F. As X
is an affine curve, this last ring is isomorphic to D, so the set of all algebra isomor-
phisms: D — Endp(FD) is non-empty and equals 1 Aut(D), where 1) is a fixed
isomorphism. By [CH1], Theorem 1.8, the isomorphism ¢ can be chosen in such
a way that ¥g |4 = Id: specifically, fixing dual bases for F and FV, say {a;} C F
and {3;} C FV, and identifying Endp(FD) = FDF" as in Section 4.2, we define
Yo : D = Endp(FD) by

(5.92) dola) =a, o(0)=_ a;idfp;,
where a € A and 9 € Der(A). With (5.91), every isomorphism ¢ : D —

Endp(FD) can then be decomposed as

(5.93) Y =1hovo, ,
where v € Aut(X) and w € Q' X are uniquely determined by ).
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Proof of Proposition 4.3. Given a line bundle Z and an invertible bimodule P =
(DL),, with ¢ : D = Endp(DL), we set 7 := p|a, J := LT(T), F = LT =
77 HL), and ¢ = ¢! : D — Endp(FD), as in Section 4.2. To construct the
isomorphism 1; , satisfying the conditions of Lemma 4.3, we decompose 1 as in
(5.93), and extend each decomposition factor through 6 individually. Since vy and
7., act on A as identity, we have v = |4 = 771,50 7 = 77! in (5.93). Thus, we
set
’(Z = ’(Zo 7:_1 Oy »

where o, € Autg[lI*(A[J])] is defined in Section 4.2 (see (4.22), with B replaced
by A[J]) and 7! : TI*(A[J]) = OMA[J7]) is the isomorphism induced by 71 :
AlT) — A[T7], see (4.7). The commutativity of the middle square of the diagram

~—1

NALT]) 24 TMALT) e TNAWTT]) 2% Bndyps ) (P)
(5.94) al el el el
D > D T D Yo, Endp(FD)

is immediate, while the leftmost square commutes by Lemma 5.11. It remains to
define the isomorphism vy . To this end, we identify

Endpa () (P) 2 F @3 TN B) @5 F (see (4.8))
Since J7 = L7 T = FZ, we have then the natural embedding
(5.95) AT 2 FR; B0 F — Fe;INB) )z FY,

which we take as a definition of 1, on A[J7]. This does not depend on the choice
of dual bases, and induces the identity map on A, as required.

Next, we construct a bimodule isomorphism:
(5.96) Ders(A[FI), A[FI)®?) — F @ ; Ders(B, B®?) @ ; F ,

using the dual bases for 7 and Z. By Lemma 5.2, we first identify the domain of
(5.96) with

(597) ( Der(A, A®2) Der(A, FI ® A) ) D ( FI®(FI)V FI®A )
0 0 (FI)V A
and the codomain with
F ® Der(A4,A®?) @ F¥  Der(A,I® F) FI® (FI)Y FI®A
( 0 0 ) s> ( (FI)V A ) '
The first summand of (5.97) is generated (as a bimodule over A[FZ]) by the el-

ements d € eDer(A, A%?)e (see Proposition 5.1): with above identifications, we
define the map (5.96) on this first summand by

i d 0 Zza,@)d@ﬂz 0
(5.98) d_(() O)’_)( 0 R
while letting it be the identity on the second. Obviously, this yields an isomorphism
of bimodules and, together with (5.95), induces the required algebra map 1t .

The commutativity of the last square of the diagram (5.94) is verified by a simple
calculation, using formulas (5.82).
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To complete the proof of Proposition 4.3, it remains to show the uniqueness of {/zv
For this, we will argue as in the proof of Proposition 5.3. Consider the commutative
diagram

Endpp () (P) ®aj7e Q' (A[T]) Endp(FD) @47 Q' (A[T])

(5.99) Op l o: l
1601
Ends (g (P) 2ve - Endp(FD)

where Endp(P) is regarded as a right module over A[7]° via (4.9). The maps dp
and J¢ in (5.99) are given by f®d — fA(d) and 0 is induced by 1®60®1. Now,
given 1, the set of all algebra homomorphisms 1 : II*(A[J]) — Endpa g (P),
satisfying the conditions of Lemma 4.3, can be identified with a common fibre of
dp and 0: i. e., the subset of elements § € Endy(P) ®@afg)e QH(A[T]), such that

op(6)=X-Id and 6(6)=v0 .

We have already seen that this subset is non-empty; on the other hand, by (the
proof of) Proposition 5.3, it is homogeneous under the action of the Hochschild
homology group H;(A[J], Ker 8%), where 8® := 1© 0 ® 1 is the bottom arrow in
(5.99). Thus, it suffices to show that H;(A[J], Ker8¥) = 0. With identification
(4.8), we have

Ker0® = F@; (Ker0) @ ; FV .
Since A[J] = F®; B®; FY, see (4.9), we may identify H,(A[J], Ker %) =
H; (B, Ker 8) . On the other hand, by Lemma 5.4, Ker 8 = TI* (B)eq @y eac 1N (B) ,
which is easily seen to be a flat B-bimodule. Thus H; (B, Ker 8) = 0, as required.
This finishes the proof of Proposition 4.3. U

Proof of Lemma 4.3. (1) We will keep the notation of Proposition 4.3. For P =
D, , we have then £ =2 A, ¢ = 5,, 7 = Idg and ¥ = &,'. Now, since
F = L7 =2 A, we may choose ¢y = Idp. Then ¢ = o ! € Autg[I*(B)], so
the bimodule P is isomorphic to II*(B) with left multiplication twisted by o 1.
Hence, for P = D5, , the isomorphism (4.13) is given by

fpi Ca(X,T) = Cu(X,T), [V]m [V,
which agrees with our definition of ¢ , see (4.23).

(2) For P = (DL),, the isomorphism fp : Co(X,Z) — Cn(X,J) is equivariant

under A in the following sense
(5100) f'pOO':::O':TOf'p s VU€A7
where w = dlog(u) € ' X and w, = dlog[r(u)] € Q' X . Indeed, the composite
map fpoo} isinduced by tensoring II-modules with the bimodule P, = P ®1
I, , on which II*(A[J]) acts on the left via the isomorphism 1. Since 7o, =
0w, T, we have

wPUw = U;l’gZ)P = ’Lbo’;jp = (H/U'“,T) ®H/ (wP) )

where II' := M*(A[J]). Obviously, this implies (5.100). Now, it follows from
(5.100) that fp induces a well-defined map fp on the quotient varieties. To see
that this map depends only on the class [P] € Pic(D), we note that [P] determines
¢ (and hence, 1) = ¢ 1) up to an inner automorphism of D. By Proposition 4.3,
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this means that ¢ (and hence, fp) are determined by [P] up to an automorphism
o, € Autg[Il'] with w = dlog(u) € Q'X, u € A. Since such automorphisms
act trivially on C,(X,Z), the induced map fp is uniquely determined by [P] €
Pic(D). O

Finally, we prove the last part of Theorem 4.2.

Proof of Theorem 4.2(c). Let V be aII*(B)-module, representing a point of C,, (X, T).
The corresponding class w,[V] € y71[Z] can then be represented by an ideal M,
fitting into the exact sequence

(5.101) 0-M—->L—->V -0,

where L = Iles ®pyesV . Now, given an invertible bimodule P € (DL),,, we write
' =TI*(A]J]), U’ = esll’es, and observe that

P @1 (Ilew @u ecoll) @ P* = Men Qur ecoll’

where P is the progenerator from II to II' determined by P. On the other hand,
we have

pPanD 2y (F@zT@n D) = (F @p D) = y(FD) = (DL), =P,

where we use the notation of Proposition 4.3. Tensoring now (5.101) with P shows
that the II"-modules V' := P®pV and M’ := P ®p M fit into the exact sequence

0—-M =L —-V' =0,

with L' = Ileo ®u7 €0V’ . This means that [M’] € y~1[J] corresponds under
wy to [V'] € Ch(X,J), verifying the commutativity of (4.25) and completing the
proof of Theorem 4.2 . O

6. ExpLICIT CONSTRUCTION OF IDEALS. EXAMPLES

6.1. Distinguished representatives. Given a rank one torsion-free D-module
M, we choose an embedding e : M — (@, where @ is the quotient field of the
ring D. As in [BC], we may think of this embedding in abstract terms: as an
injective envelope of M in the category of D-modules. Such an envelope exists
and is uniquely determined by M up to isomorphism in Mod(D). We will fix this
isomorphism at a later stage of our calculation.

Now, regarding M and @ as modules over R = TxDer(A, A®?), we may try to
extend e to L through the embedding n: M <— L. It is easy to see, however,
that such an extension does not exist in Mod(R), since

HOHIR(L, Q) = HomeHe(La Q) = HOHIH(L, Q) = HOHIU(GOOV,GOOQ) =0 )
by Morita equivalence of Lemma 5.3. On the other hand, we have
Lemma 6.1. There is a unique A-linear map ey, : L — @ extending e in Mod(A).

Proof. Let n, : Homyu(L, Q) — Homyu (M, Q) be the restriction map. We have
Ker(n,) =2 Homa(V, Q) = 0, since V is a torsion A-module, while @Q is torsion-
free. On the other hand, Coker(r,) is isomorphic to a submodule of Ext! (V, Q),
while ExtY(V, Q) = 0, since Q is an injective A-module. It follows that 7, is an
isomorphism, and the result follows. ([
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Our aim is to compute ey explicitly, in terms of representation V. First, we
consider the map

(6.1) ad : Homyu (L, Q) — Dera(R, Hom(L, Q)) ,

taking f: L — @ to the inner derivation ads(r)(x) :=rf(z)— f(rz), where r € R
and x € L. Since Ker(ad) =2 Homp(L, @) = 0, the map (6.1) is injective, and
every f € Homa (L, Q) is uniquely determined by ady. In addition, if f restricts
to an R-linear map M — @, then n.(ads) = 0 in Ders(R, Hom(M, Q)), and
ad; is determined by a (unique) derivation in Der4 (R, Hom(V, Q)). This follows
immediately from the exact sequence

0 — Der4(R, Hom(V, Q)) — Dera(R, Hom(L, Q)) - Der (R, Hom(M, Q)) .

Thus, ey, is uniquely determined by a derivation &y € Ders (R, Hom(V, Q)),
satisfying

(6.2) er(rx) —rep(x) =oy(r)[n(z)], VreR, Vzel,

where 7 : L — V is the canonical projection. Furthermore, by the Leibniz rule,
the restriction map

Der (R, Hom(V, Q)) = Hom e (Der(A, A®?), Hom(V, Q))

is an isomorphism: every derivation in Der 4 (R, Hom(V, @))) is uniquely determined
by its restriction to Der(A, A®2). We thus need to compute dy on Der(4, A%?)
only.

Let C(X x X)*® be the subring of rational functions on X x X , regular outside
the diagonal of X x X. Clearly, C(X x X)™8 is closed under the natural left-right
multiplication by A, and thus can be viewed as a bimodule over A. Let b denote
the involution on C(X x X)™# induced by interchanging the factors in X x X .

Lemma 6.2. (1) The assignment
(6.3) v:de[da)/(a®l-1®a)]", acA\C,

defines an injective bimodule homomorphism Der(A, A®?) — C(X x X)*ee.
(2) If ac A, d € Der(A, A®?) and d(a) =), f; ® g; , then

[d,al => g;Aaf;.
J

Proof. We identify A° = A ® A° with the ring O(X x X) = A® A of regular
functions on X x X. Recall that Der(A, A®?) is isomorphic to Hom 4 (Q' A, A®?),
with a homomorphism 6 giving rise to the derivation d with d(a) = 0(a®1—1®a).
Geometrically, we can think of Q!(A) C A%®? as the vanishing ideal of the diagonal
in X x X. Then Q'(A)* := Hom 42 (Q' A4, A®?) can be realized as the subspace of
functions in C(X x X)'8 with (at most) simple poles along the diagonal, and the
canonical pairing between Q!4 and Q!(A)* is given by multiplication in O(X x
X). With this identification, the above isomorphism between Der(A4, A®2) and
Hom e (Q1 A, A%?) becomes the map d — d(a)/(a®1—1®a). Under this map the
left (respectively, right) action of A on the double derivations becomes the right
(respectively, left) action of A on functions on X x X. Thus, twisting this map by
b produces the bimodule homomorphism v.

For the second part, we note that [d, a] lies in the kernel of the homomorphism
R — TI°(A) = R/(A4), therefore, [d,a] = Y, z; Aay; with some z;,y; € A.
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Also, since A is commutative, it follows that [d,a](a) = d(a) - (a®1—1®a). This
implies that >, y; ® x; = Zj £ ® g;, as needed. |

To compute 0y (d) € Hom(V, Q) we identify Hom(V,Q) = Q ® V*. Since V is
an R-module, there is a natural action of R®:= R ® R° on this space:

(6.4) R° — Q®End(V"),

which is the tensor product of the dual representation o* : R° — End(V*) with

composition of the natural maps R — II'(A) 2 D — Q. With an abuse of

notation, we will write a ® b* for the image of an element a ® b° € R°® under (6.4).
Now, restricting (6.4) to A® A C R®, we get a ring homomorphism

(6.5) A®A— Q®End(V*).

Since V is finite-dimensional, the elements a ® 1 — 1 ® a with a € A\ C are mapped
under (6.5) to invertible elements in C(X) ® End(V*) C Q ® End(V*). Hence (6.5)
extends canonically to a ring homomorphism

C(X x X)) — Q@ End(V").
Combining this with (6.3), we get a well-defined bimodule map
(6.6) vy : Der(A, A®?) — Q @ End(V*) ,

which takes A4 to 1 ®Idy~.

We can now express the derivation dy in terms of vy. To this end, we choose
dual bases {v;} and {w;} for Z and ZV; by Proposition 5.1, this gives generators
a, ci, v; and w; for the algebra II. Identifying L., & V,, = C, we think of v; and
w; acting on L as linear maps v; : C — L and w; : L — C, i. e. as elements of L
and L*, respectively. Similarly, when acting on V', the elements ¥; and W; give rise
to vectors v; € V and covectors w; € V*. Note that v; = nv; and w;m = w;, where
m: L — V is the canonical projection. Further, we fix an embedding Z — A
and identify L as in Lemma 5.5. Then we twist e: M <— @ by an automorphism
of @ in such a way that ey (v) =v forallve Z C A C Q. This is possible, since
er : L — @ is an A-linear extension of e, see Lemma 6.1.

With above notation and conventions, we have

Proposition 6.1. The derivation &y : Der(A, A®?) — Q @ V* is given by
(67) (Sv(d) = Z llv(d)[Vi Wl] .

i

Proof. First, we compute 0y (d) for d = A4. By definition, we have
ov(Aa)(m(x)) = eL(Bax) — Aaer(x Z er(viwiz) =Y viwi(z)

where we used the fact that A4 acts as 1+ >, v; w; on L and as the identity on
Q. Replacing w;(x) by w;(m(z)) and thinking of dy (A 4) as an element of Q @ V*,

we get
= Z ViW; .
i

Next, we observe that if r = [d,a] in Der(4, A®?), then &y (r)
dv(a) = 0. On the other hand, [d,a] =", gj Aa f;,s0 v (r) =

[0 ( ) al , since

_Z Sv(Aa) fj-
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Thus, [0y (d),a] = >_, g; 0v(Aa) f;, or, if we think of 5y (d) as an element of Q@ V™,

(1@a —a®1)év(d) =Y g f | dv(Aa).
j

By Lemma 6.2, this implies that dy(d) = vy (d) [6v(A4)], as needed. O

Now, we are in position to state the main result of this section. For v € 7 and
d € Der(A, A®?) | we define the following element of Q:

(6.8) k(d,v) =v—(1®d* —do1) ' sy(d) 1],
where v=n(v) €V and (1®d*—d®1)"! € Q®End(V*).

Theorem 6.1. Let V be a I*(B)-module of dimension n = (n,1) representing
a point i Cn(X,TI). Then the corresponding ideal class w[V] € I(D) can be
represented by the (fractional) ideal M generated by the elements

dety+«(l®a*"—a®1)v, dety«(1®@d* —d®1)k(d,v) ,
where a € A, d € Der(A, A®?) and v € .

Theorem 6.1 needs some explanations.

1. Formally, the element x(d,v) is defined by (6.8) only for those d € Der(A, A®?),
for which 1 ® d* —d ® 1 is invertible in Q ® End(V*). It is easy to see, however,
that the product dety-(1 ® d* —d ® 1) k(d,v) € M makes sense for all d’s (cf.
[BC], Remark 2, p. 83).

2. To generate M as an ideal it suffices to take a, d and v from some (finite)
generating sets of the ring A, the bimodule Der(A, A®?) and the ideal Z.

Proof. To simplify the notation, we will denote the elements of Z (resp., ZV) and
the corresponding elements of V' (resp., V*) by the same letter.

By formula (5.20), the class w(V') can be represented by M = Ker[r: L — V].
Our goal is to show that the two kinds of determinants given in the proposition
generate M := er,(M).

Using the Leibniz rule, for any r € R and m > 1, we have

(6.9 oy (r™) = (Z % ® (r*)m81> oy (1)
s=0

provided 1®@7* —r®1 € Q@ ® End(V*) is invertible.
Consider the characteristic polynomial p(t) = x,(t) := det,(r —tIdy) of r € R
in the representation o : R — End(V). It is obvious that, for any € L, the

_1®(7ﬂ*)”"”—rm(§§)l(S
o lerr—rel

v(r),

element p(r)x lies in the kernel of 7 : L. — V, thus p(r)z € M. To compute its
image under ey, we write
er(p(r)z) = p(rjep(z) +ovp(r)l ez,  Z=m(z).

Using (6.9), we obtain

1@ p(rt) —p(r)®1

6 =
V() = H2L PO

where we used that p(t) = x,(¢t) annihilates r* € End(V*). As a result, taking
r=vel, weget
(6.10) e(xr(r)v) =x,(r) (v-(1®@r" —r® D™y ()l ® v]) e M.

Sy(r)=—(pr)o1er —rel) " év(r),
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Choosing different » € R, we obtain in this way various elements in M. In par-
ticular, taking r = a € A, we have dy(a) = 0, so the formula (6.10) produces the
elements of the first kind y,(a)v € M. Taking r = d € Der(A, A®?), on the other
hand, produces the elements x4(d)rx(d,v), which are the elements of the second
kind in M.

Finally, a simple filtration argument shows that the elements y,(a)v and xq(d)v,
with a, d and v running over the generating sets of A, Der(A4, A®?) and Z, generate
over 11 a submodule N C M of finite codimension in L, t/llerefore, N =M. Thus,
the images of these elements under e, generate M = e, (M). O
6.2. Examples.

6.2.1. The affine line. Let X = Al. Choosing a global coordinate on X, we
identify A = O(X) = C[z]. In this case, Der(4,A4%?) is a free bimodule of
rank 1; as a generator of Der(A, A®?), we may take a derivation y defined by
y(r) = 1® 1. It is easy to check that Ay = yz — zy in Der(A, A®?). The ten-
sor algebra R = TaDer(A, A®?) is isomorphic to the free algebra C(z, y), and
Y (A) = Clz,y)/{zy — yx + 1) is just the Weyl algebra A;(C). The map v of
Lemma 6.2 is given by

(6.11) viy)=(1ler—azx1) v(A)=1.

Any line bundle Z on X is trivial, so we only need to consider B = A[Z] with
Z = A. The n-th Calogero-Moser variety C,, := C, (X, A) can be described as the
space of equivalence classes of matrices

{(X,Y,v,w) : X € End(C"), Y € End(C"), ¥ € Hom(C,C"), w € Hom(C",C)}
satisfying the relation
(6.12) YX - XY =1d, +vw
modulo the natural action of GL,,(C):
(X, Y, 9, W)= (gXg~', gYg™ ", gv, g™ '), g € GL,(C) .

If we choose v = 1 as a generator of Z = A, then the ideal M of D = II'(A)
corresponding to a point (X,Y,v,w) will be given by

(6.13) M =D det(X —x1d,) + D-det(Y —yld,) s,
where
(6.14) k=1-v(Y"-yld,) Y(X' - 21d,) " 'w.

This agrees with the description of ideals of A;(C) given in [BC].

6.2.2. The complex torus. Let X = C*. We identify A = O(X) with Clx, 2z~ ], the
ring of Laurent polynomials. As in the affine line case, the bimodule Der(A, A%?)
is freely generated by the derivation y defined by y(x) = 1 ® 1. The tensor algebra
R = T4Der(A, A®?) is isomorphic to the free product C({z*! y) := Clz,271] %
Cly], and A4 = yz — zy in R. The matrix description of the Calogero-Moser
spaces C,, and the formulas for the corresponding fractional ideals of D = I1*(A) =
C(x*L,y)/(xy — yx + 1) are the same as above, except for the fact that = and X
are now invertible. A new feature is that A has now nontrivial units ", r € Z. The
corresponding group A can be identified with Z and its action on C, is given by

r(X,V, v, w) =X, Y+rX ', v,w), reZ.
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Thus, by Theorem 4.2, the classes of ideals of D = II*(A) are parameterized by
the points of the quotient variety C,, = C,/Z.

It is worth mentioning that one may choose a different generator for the bimodule
Der(A, A®?), taking, for example, z = yx, instead of y. Then Ay = 2z — xza~ !,

which leads to an alternative matrix description of C,, and the corresponding ideals.

6.2.3. A general plane curve. Let X be a smooth curve in C? defined by the equa-
tion F(xz,y) =0, with F(x,y) := Zr,s arsxz"y® € Clz,y]. In this case, the algebra
A = Clz,y]/{(F(x,y)) is generated by z and y and the module Der(A) is (freely)
generated by the derivation 0 defined by

The bimodule Der(A, A®?) is generated by the distinguished derivation A = A 4
and the element z defined by

yel-1ey  yel-10y

T,,S 1—2" s a .CL'T® S
z(m):Zamm y e T Oy ZT’S i id
T8

Z z" ® ys -1 ® xrys Zr,s arsmr ® ys
- TS =

r®l—1Q«x o r®1—-1Q«x

2(y) =

TS

These generators satisfy the following commutation relations

s—1
(6.15) [z, 2] = Z Qrs Z y R AyRaT
k=0

T,

r—1
(6.16) [z, y] = — Z Qs Zysacr_l_lel .
1=0

T8

By Proposition 5.1, the algebra II*(B) is then generated by the elements Z, ¢, 2,
i, w; and A, subject to the relations (6.15), (6.16) and (5.16). The assignment
T x, yr— 1y, 2+— 0, A 1 extends to an isomorphism between IT'(A) and the
ring D of differential operators on X.
The bimodule map v of Lemma 6.2 is given by
S T
(6.17) v(z) = — o sy O 7 R INEE
lezr-2z01)(1y—yx1)

Let us now describe generic points of the representation varieties C,,(X,Z). First,
consider the case when 7 is trivial. Choose n distinct points p; = (24, ;) € X,
i=1,...,n, and define
(6.18)

(X, Y, Z,v,w) € End(C") x End(C™) x End(C") x Hom(C,C™) x Hom(C",C)

by the following formulas

(6.19) X =diag(zy,...,2,), Y =diagys,...,yn), V.= —w=(1,...,1),
_ - F(.T yl) . .
Zi=a; and Z;; = L (for i # j5) ,
T (=) (v — )
where «q,...,q, are arbitrary scalars. Then, a straightforward calculation, using

the relations (6.15) and (6.16), shows that the assignment

=X, g—Y, 22, v—v, Ww—w, A—Id,+7%
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extends to a representation of II*(B), with B = A[A] and A = (1, —n), on the
vector space V =C" @ C.

Remark. The matrix Z defined above is a generalization of the classical Moser
matriz in the theory of integrable systems (see [KKS]).

Now, let Z be an arbitrary line bundle on X. As before, we identify Z with an
ideal in A and assume that the zero set V(Z) of Z does not include the points p; (this
can always be achieved by changing the embedding of Z in A, if necessary). Then,
IV can be identified with a fractional ideal of A generated by rational functions
with poles in V(Z), and the pairing Z x IV — A is given by multiplication in
C(X). The evaluation of v €T at py, ..., p, defines a vector v € C™; in a similar
fashion, any w € ZV defines a row vector w = (Wy,...,w,) € Hom(C", C), with
w; = —w(p;). If {v;}, {w;} are dual bases for Z and Z", then ), v; ® w; gives a
rational function on X x X, which we denote by ¢; the fact that the bases are dual
implies ¢(p, p) =1 for all p € X. As a result, the n x n matrix ), v; W; equals
| — &(pi, pj)ll, with all the diagonal entries being equal to —1.

Now, let X and Y be the diagonal matrices as in (6.19), and let Z be given by

Z“‘ = Qy and Zij = F(xj, yz) Qb(p“ pj) (for 7 75 ]) .
(i —23)(yi — y5)
It is straightforward to check that the assignment

T X, gY, 22, VeV, Wi W, A'—>Idn+2 Vi W;
i

extends to a representation of [I*(B) with B = A[Z].

Remark. In a similar way, one can describe generic points of C,(X,Z) for an
arbitrary (not necessarily plane) curve X.

To illustrate Theorem 6.1 we now describe the fractional ideal representing the
class w[V] for an arbitrary [V] € C,,(X,Z). Again, we consider first the case when
T is trivial. In that case, we identify Z = Z¥ = A and choose v = w = 1 as the
generators of Z and ZV. A II-module V = C" @ C may then be described by the
matrices (6.18), which, apart from (6.15) and (6.16), satisfy the following relations

F(X,Y)=0, [X,Y]=0 and A=Id,+vw.

The dual representation ¢* : TI° — End(V™) is given by the transposed matrices.
Now, formula (6.17) yields

v (z) = —(X' —21d,) "N (Y! — y1d,) ' F(X!, yId,) € C(X)®End(V*),
and the element k = k(z,1) € @, see (6.8), is given by
(6.20) k=14 (2" 21d,) " (X" —21d,) " (V' — yId,) ' F(X?, y1d,) &' .

Thus, if [V] € C.(X,A) is determined by the data (X,Y,Z, ¥, w), the corre-
sponding class w[V] is represented by the (fractional) ideal

(6.21) M =D -det(X —z1d,) +D-det(Y —ylId,) +D-det(Z — 21d,,) & ,

where £ is defined by (6.20).
In the general case, when 7 is arbitrary, x is replaced by

Kk(v) = V+Z (Vt(Zt — z1d,) (Xt - xIdn)_l(Yt — yIdn)_lF()_(t7 y1Id,) v’vﬁ) Vi,
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and the corresponding class w[V] € y71[Z] is represented by

(6.22) M = [D-det(X—z1d,) vi+D-det(Y —yId,) v;+D-det(Z—z1dy) K(vi) ] .

6.2.4. A hyperelliptic curve. This is a special case of the plane curve X described
by the equation y*> = P(z), where P(z) = Y asz® is an arbitrary polynomial
with simple roots. Some of the above formulas simplify in this case, so we write
them down below.

We have A = O(X) = C[z,y]/(y*> — P(z)), and the module Der(A) is freely
generated by the derivation 9 with d(z) = 2y and d(y) = P'(x).

The bimodule Der(A, A®?) is generated by A and the element z defined by

) =y®1+10y, z2@y)=P@E)1-10Px)/(t01-1x1z).

These generators satisfy the following relations

s—1
(6.23) [z, 2] = yA + Ay, [z, y] = Z as Z 2 ALl
1=0

S

The assignment = — z, y — y, 2 — 0, A — 1 extends to an algebra isomorphism:
I'(A) = D.

Given an ideal Z C A, let us fix dual bases {v;} and {w;} for Z and 7V,
respectively. A point of the Calogero-Moser variety C,(X,Z) is determined by the
following data:

1. A representation of A on the vector space V = C™, i.e. a pair of matrices
(X,Y) € End(C") x End(C"), satisfying [X,Y] =0 and Y? = P(X).

2. A pair of A-module maps Z — V and ZV — V*. We write ¥; € V and
w; € V* for the images of the basis elements under these maps.

3. A matrix Z € End(C"), such that X, Y, Z and A:=1d, + >, ¥;W; satisfy
the relations (6.23). (In the simplest case Z = A, the second piece of the data is
simply a pair v € V, w € V*, and we have A = Id,, + vWw.)

In this case, the bimodule map v of Lemma 6.2 is given by

v(2)=1ey+yel)/(1er—221), vy (z)=(X'—zId) (Y +yld),
so that (6.20) becomes
k=1-3(Z" - 21d) " Y (X" —21d) "' (V' + yId) w',
while for the general Z we have

K(v) =v =Y (2" - 21d) (X' = 2Td) ' (Y' + yId) W} ) v;.
The corresponding fractional ideals are given by the same formulas (6.21) and
(6.22).

APPENDIX A. (BY G. WILSON) HALF-FORMS ON RIEMANN SURFACES

In this note I provide a proof for one of the key facts (Proposition A.1 below)
needed to understand the relationship between deformed preprojective algebras and
rings of differential operators. The note owes a great deal to conversations with
Graeme Segal.
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Statement of problem. Let X be a compact Riemann surface, and let A be
the diagonal divisor in X x X . We have the inclusion

Oxxx(—A) = Oxxx(A)

of the sheaf of functions that vanish on A into the sheaf of functions that are
allowed a simple pole on A. The quotient sheaf Oxxx(A)/Oxxx(—A) is sup-
ported on the first infinitesimal neighbourhood A; of A. Similarly, if £ is a line
bundle on X , we have the sheaf Dy (L) of differential operators of order <1 on L.
This is usually regarded as a sheaf on X | but since we can compose a differential
operator with a function either on the left or on the right, it has two commuting
structures of Ox-module, so it too can be regarded as a sheaf on X x X, again
supported on Aj .

Fix a square root /2 of the canonical bundle Qx ; the choice of square root will
be immaterial, because the corresponding sheaves of differential operators D(Ql/ 2)
are canonically isomorphic to each other. Our aim is to understand the following
fact stated in [G].

Proposition A.1. There is a canonical isomorphism (of sheaves over X x X )
X : Oxxx(A)/Oxxx(=A) — Dy(2/?)

A consequence is that the sheaf of deformed preprojective algebras formed from
Ox is canonically isomorphic to the the sheaf D(Q'/2) of differential operators on
Q2. This is explained in [G], Section 13.

The isomorphism in Proposition A.1 does not seem to be a well-known fact, and
at first sight looks puzzling, because there are no half-forms in the left hand side.
The proof sketched in the current version of [G] is not very convincing, so it seems
worth recording the following simple explanation shown to me by Segal: although
Proposition A.1 itself does not look familiar, it can be obtained by combining two
familiar facts, of a slightly different nature. While we are about it, we shall deal
also with a slight generalization, twisting by an arbitrary line bundle £ on X .

We use the following notation: A, is the nth infinitesimal neighbourhood of the
diagonal in X x X , so that we have a canonical identification

(A1) L/L(~(n+1A) ~ L|A, .

The two projections X x X — X are denoted by p; and py. If U is a simply-
connected coordinate patch on X and z is a parameter on U, we write (z1,22)
for the induced parameters on U x U C X x X . The parameter z determines a
trivialization (non-vanishing section) dz of Qx |U . Fixing also an isomorphism’
ko (QY2)®2 ~ Qx, we may choose a trivialization dz'/? of QY2|U such that
k(dz'/? ® dz'/?) = dz (there are only two choices, differing by a sign).

A proof of Proposition A.1. Let £ be a line bundle on X .
Proposition A.2. There is a canonical identification (of sheaves over X x X )

(A.2) Pi(L) @py (L7 @ 0x) (n+1)A)[Ap = Dp(L).

7Of course  is uniquely determined up to a constant multiple. The isomorphism x in Propo-
sition A.1 does not depend on this multiple, but some of the intermediate steps below do.
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Proof. The action of a (local) section of the sheaf on the left of (A.2) on a section
of £ is given by contracting with the factor p5(L£*) and then taking the residue
on the diagonal of the resulting differential. Let us spell that out in more detail in
the case where L is the trivial bundle and n = 1. The sheaf on the left of (A.2) is
then just p3(Qx)(2A) A1 = p3(Qx)(2A) /p5(Qx). In terms of a parameter z,

a local section of this sheaf has the form
d
Mz);z modulo regular terms
(22— 21)

(where ¢ is regular). To see how this acts on a function f(z), we have to calculate
the residue
[(z2)p(21, 22)dz

(22 — 21)?

(#1 is held fixed during the calculation). Expanding
f(z2) = f(z21) + f/(21) (22 — 21) + ...,

€Sz, =z

and
p(z1,22) _  a(z1) . b(21)

(22 — 21)? (2—21)% 22—z
we find that the residue is

a(z)% +b(2)f e

The proposition is now clear. (Il

Now let U be a coordinate patch on X . We consider the classical® differential
~ given in terms of a parameter z by

1/2 ;.1/2
dz'"dz,
21 — 22

(A.3) v o=

It is a non-vanishing section (over U x U) of the line bundle
pi(QY2) @ p3(Q2)(A) .

It depends on the parameter z; however, its restriction to A does not. Indeed,
when we identify Ox« x(—A)|A with the canonical bundle on the diagonal, z1—2z
corresponds to dz, so | A becomes the constant section 1 € O(U) . Furthermore,
because vy is skew in the two variables, its restriction to A; is also independent of
the choice of z. Thus for any sheaf M over X x X , multiplication by v gives a
well-defined global isomorphism

M|AL = M@ pi(Q'?) @ p3(22)(A) A .
In particular, for any line bundle £ over X , we get an isomorphism
(A4)  pi(L) @p3(L)(A) A1 = p(L® Q%) @ p3 (L7 © QV?)(24) | A; .

Tensoring our chosen isomorphism & : (Q'/2)®2 ~ Qx with (QY/2)*, we get an
isomorphism QY2 ~ (QY/2)* @ Qx , and hence for any £ an isomorphism

L5o0N? ~ (L0 ®0x.

8it is the principal part of the Szego kernel on X x X .
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Inserting this into (A.4) and taking account of (A.1) and (A.2) gives us an isomor-
phism (now independent of &)

(A.5) Pi(L) @ p3(L7)(A) /pi(L) @ p3(L7)(—A) =~ Dy (L@ QY?).
Taking £ = Ox , we get Proposition A.1.

Remarks. 1. Reversing the arguments in [G], we easily get from (A.5) a construc-
tion of any D(L) as a sheaf of “twisted deformed preprojective algebras”.

2. The differential « in (A.3) is invariant under a linear fractional change of param-
eter. Thus if we fix a projective structure on X (thought of as an altas with linear
fractional transition functions), then ~ is well-defined globally on some analytic
neighbourhood of A | not merely on A; . This remark is the starting point for the
papers [BR].

3. The considerations above give an explicit formula for the isomorphism x in
Proposition A.1: an element of Oxyx(A)/Oxxx(—A) has a unique local repre-
sentative of the form

a(z1)(z2 — 21)_1 + b(z1) + ...,

and x maps this to the operator
df
1/2 1/2
fdz'"* — (a(z) 7 + b(z)f) dz''= .

In an earlier version of this note I verified Proposition A.1 by checking directly
that the map x defined by this formula is independent of the chosen parameter z;
however, the calculation is surprisingly complicated (and unilluminating).
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