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Tsunami Wave Amplification

1 One-Dimensional Linear Shallow Water Equations

Linear shallow water equations (LSWE) describe the the motion of waves travelling on the free surface of

a liquid, such as sea water. They govern the motion of small-amplitude waves on shallow water, in which

shallow signifies that the horizontal length scales of the motion are much larger that the vertical ones.

Consequently, very long tsunami waves a few meters in height and tens of kilometers in length on the deep

ocean are still considered shallow water waves. Likewise roll waves seen on our car window as ripples on

water sheets during heavy rain are also shallow water waves, but often nonlinear ones.

In one, horizontal spatial dimension with coordinate x, the relevant variables are the deviation η = η(x, t)

of the free surface from rest, given a rest depth function D = D(x), and the velocity u = u(x, t) = ∂xφ with

velocity potential φ = φ(x, t). The variational/extremization principle for the LSWE reads as follows
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with the acceleration due to gravity g = 9.8m/s2. Consider a domain x ∈ [0, L] with solid walls such that

u = 0 at x = 0, L. We require initial conditions for η and φ, but also suitable endpoint conditions at final

time T .

1. Derive the equations of motion for the LSWE from (1). What are these suitable endpoint conditions?

2. Substitute the Galerkin expansions ηh(x, t) =
∑

j ηj(t)ϕj(x) and φh(x, t) =
∑

j φj(t)ϕj(x) with test

and basis functions ϕ(x) into (1) and derive a corresponding discrete variational/extremization principle

for ηj(t) and φj(t). Subsequently, derive the resulting system of ordinary differential equations from

the discrete variational/extremization principle for the LSWE, using (defined) global matrices.

3. Define the non-negative linear and quadratic Bernstein polynomials as basis functions, and make a

sketch —on a reference element with reference coordinate ζ ∈ [−1, 1]. Explain the mapping between

real elements and reference elements. Derive the global matrices involved in the discretization using

the local, elemental matrices involved.

4. Use a modified midpoint rule (here equivalent to Crank-Nicolson) as time discretization. Analyze the

stability of the scheme.

5. Verify that when the depth D(x) is constant

η(x, t) = A cos (κx) cos (ωt) and φ(x, t) = −
(
Ag/(cκ)

)
cos (κx) sin (ωt), (2)

with wave frequency ω = cκ, wave number κ = 2πn/L, wave speed c =
√

gD and integer n > 0,

are solutions of the partial differential equations ∂tφ + gη = 0 and ∂tη + ∂x(D∂xφ) = 0, for suitable
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boundary conditions. Test your numerical scheme against these solutions for n = 1, 2, 3. Show for

one case that your solutions are second order in space and time using L2– and L∞–norms. First test

your scheme for linear basis functions showing second-order accuracy in space, and then for quadratic

ones showing third-order accuracy in space. Take, e.g., L = 2000km, constant depth D0 = 1km and

A = 2m. One can first make the equations dimensionless.

6. Consider the following tsunami case, for which we do not have an exact solution. Consider a domain

of length L = 2000km, constant depth D0 = 1km till x = B = 800km, and then linear decrease the

depth till 20m. Start with an ”N–wave” as initial condition

η(x, 0) = Af(x)/S with f(x) =
d
dx

exp
(
−(x− x0)2/w0

2
)

and S = max
(
f(x)

)
, (3)

and zero φ with, say, A = 2m, x0 = 200km, and w0 = 40km. Artificially extend the domain for x < 0

and at some time artificially eliminate the backward travelling signal (so it does not interfere with

the forward propagating one), or employ an open boundary and a smarter yet more difficult approach

using the exact solution of the LSWE over constant depth as a sum of a forward and a backward

propagating wave: Du + cη = κ+(x − ct) and Du − cη = κ−(x + ct) for some functions κ±(·), from

which η and φ can be constructed by subtraction and summation, et cetera. Perform and check your

numerical simulations. Plot the maximum wave height versus depth during your simulation, over the

time before wave reflection, the time after wave reflection, and the total time. What is the predicted

wave height for the coast guard station at x = L? Discuss the limitations of the numerical modelling

and the use of the LSWE.

2 Two-Dimensional Linear Shallow Water Equations

1. Repeat the above for the two-dimensional linear shallow water equations. Use quadrilaterals. First

consider the nearly linear basis functions and obtain second-order spatial accuracy. Use similar test

solutions as in one dimension. (Perhaps make the initial condition two dimensional but very long.)

2. Bonus question: Extend this two-dimensional case to third-order accurate basis functions.
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