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Abstract

In this paper we review recent progress we have made of trying to understand
granular chute flow using multi-scale modeling techniques.

We introduce the discrete particle method (DPM) and explain how to construct
continuum fields from discrete data in a way that is consistent with the macroscopic
concept of mass and momentum conservation. We present a novel advanced contact
detection method that is able of dealing with multiple distinct granular components
with sizes ranging over many orders of magnitude. We discuss how DPM simula-
tions can be used to obtain closure relations for continuum frameworks (the mapping
between the micro-scale and macro-scale variables and functions): the micro-macro
transition. This enables the development of continuum models that contain infor-
mation about the micro-structure of the granular materials without the need for a
priori knowledge.

The micro-macro transition will be illustrated with two granular flow problems:
The first is shallow granular flows where the main unknown in the continuum models
is the macro-friction coefficient. We investigate how this depends on both the prop-
erties of the flow particles and the surface over which the flow is taking place. The
second problem is that of gravity-driven segregation in poly-dispersed granular flows.
In both these problems we consider small steady-state periodic box DPM simulations
to obtain the closure relations.

Finally, we discuss the issue of the validity of these closure-relations for complex
dynamic problems, that are a long way from the simple period box from which
they were obtained. For simple situations these pre-computed closure relations hold;
but, in more complicated situations heterogeneous multi-scale modelling (HMM) is
required. In HMM, macro-continuum and micro models are dynamically coupled
with two-way feedback between them. The coupling is done in selective regions in
space and time, thus reducing computational expense and allowing simulation of
complex granular flows. In the future, we aim to develop an open-source numerical
package for HMM and we conclude by outlining current progress and the challenges
that are still to be overcome.

1 Introduction

Granular materials are everywhere in nature and many industrial processes use materials
in granular form, as they are easy to produce, process, transport and store. Many natural
flows are comprised of granular materials and common examples include rock slides than
can contain many cubic kilometres of material. Granular materials are, after water, the
second most widely manipulated substance on the planet [? ]; however, the field is con-
siderable behind the field of fluids and currently no unified continuum description exists,
i.e. there is no granular Navier-Stokes style constitutive equations. However, simplified
descriptions do exist for certain limiting scenarios: examples include rapid granular flows
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were kinetic theory is valid, e.g., [27, 31] and shallow dense flows where shallow-layer mod-
els are applicable, e.g., [43, 20, 4]. For the case of quasi-static materials the situations is
even more complicated and, here, more research on a continuum description is required.

Flows in both nature and industry show highly complex behaviour as they are influence
by many factors such as: poly-dispersity, in size and density; variations in density; non-
uniform shape; complex basal topography; surface contact properties; coexistence of static,
steady and accelerating material; and, flow obstacles and constrictions.

Discrete particle methods (DPMs) are a very powerful computational tool that allows
the simulation of individual particles with complex interactions, arbitrary shapes, in arbi-
trary geometries, by solving Newton’s laws of motion for each particle, e.g., [59]. How to
capture these elaborate interactions of sintering, complex (non-spherical) shape, breaking
and cohesional particles, by the contact model, is an active area of research and many
steps forward have recently been made. DPM is very power and flexibility tool; however,
it is very computationally expensive. With the recent increase in computational power
it is now possible to simulate flows containing a few million particles; however, for 1mm
particles this would represent a flow of approximately 1 litre which is many orders of
magnitude smaller than the flows found in industrial and natural flows.

Continuum methods are able to simulate the volume of real industrial or geophysical
flows, but have to make averaging approximations reducing the properties of a huge number
of particles to a handful of averaged quantities. Once these averaged parameters have been
tuned via experimental or historical data, these models can be surprisingly accurate; but,
a model tuned for one flow configuration often has no prediction power for another setup.
Therefore, it is not possible in this fashion to create a unified model capable of describing
a new scenario.

DPM can be used to obtain the mapping between the microscopic and macroscopic
parameters allowing determination of the macroscopic data without the need for a pri-
ori knowledge. In simple situations, it is possible to pre-compute the relations between
the particle and continuum (micro-macro transition method); but, in more complicated
situations fully-hybrid heterogeneous multi-scale modeling (HMM) is required, [57]. For
the micro-macro transition, discrete particle simulations are used to determine unknown
functions or parameters in the continuum model as a function of microscopic particle pa-
rameters and other state variables; these mappings are referred to as closure relations,
e.g., [51, 50]. In HMM, continuum and micro-scale models are dynamically coupled with
two-way feedback between the computational models. The coupling is done in selective
regions in space and time, thus reducing computational expense and allowing simulation
of the complex granular flows.

The ultimate aim of this research would be to determine the unknowns (material/contact
properties) in the contact law from a few standard experiments on individual particles.
Our approach is illustrated in Figure 1. The idea is we obtain the particle material prop-
erties from small (individual particle experiments), we use this information to determine
the parameters of the contact model for the DPM simulations. We then preform small
scale periodic box particles simulations and use this data to determine unknowns in the
continuum models (i.e to close the model). It is then expected that this closed continuum
model is able to simulation the flow of the same particles in more complex and larger sys-
tems. The validity of this closed model will be investigated by comparing its results with
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Single Particle Experiments
Material properties

Large scale continuum

Material properties

Micro-Macro

Single Particle Experiments

Large Scale Experiments

Small periodic DPM

Large (full scale) DPM

Small periodic DPM Large scale continuum

Material properties

Compare Compare

(a)

HMM

(b)

Experimental DPM simulation Large scale continuum computation

Figure 1: Illustration of the modeling philosophy undertaken in this research. Solid lines
indicate the main steps of the method and dashed lines the verification steps. (a) shows
the idea for the micro-macro transition and (b) for heterogeneous multi-scale (HMM)
modeling.
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both computationally expensive large-scale simulations and experiments. For situations
were this one-way couple micro-marco approach fails we will use the computationally more
expensive two-way coupled HMM to simulate the flow.

1.1 Outline

It is possible to apply HMM or micro-macro methods to completely general three-dimensio-
nal Cauchy mass and momentum equations and use the DPM to determine the unspecified
constitutive relations for the stresses; however, we will not take this approach. We will
focus on scenarios were simplifying approximations are made which lead to continuum
models (still containing undetermined quantities) that are valid only in certain limits.

In this paper we discuss the approach we are taking, review the current steps we have
made and discuss the future directions and open issues with this approach. Firstly, we will
consider shallow granular flows (of major importance to many areas of geophysics) and
secondly, gravity-driven segregation of poly-dispersed granular material. For the second
problem, the efficiency of DPM becomes an issue and a new algorithm will have to be
considered.

The outline for the rest of the paper will be: §2 introduction to DPM, §3 how to
construct continuum fields from discrete particle data (how to preform the micro-macro
transition); §4 the micro-macro transition for shallow granular flows; §5 DPM simula-
tions with wide particle distribution; §5 collision detection; §6 micro-macro transition for
segregating flows; and §7 future prospects and conclusions.

2 Introduction to DPM

In the discrete particle method, often called the discrete element method, Newton’s laws
are solved for both translations and rotational degree of freedom. The problem is fully
determined by specifying the forces and torques between two interacting particles. Here,
we will briefly review three commonly used contact laws for almost spherical granular
particles: linear spring-dashpot, Hertzian springs and plastic models.

Each particle i has diameter di, density ρi, position ri, velocity vi and angular velocity
ωi. Since we are assuming that particles are almost spherical and only slightly soft, the
contacts can be treated as occurring at a single point. The relative distance between two
particles i and j is rij = |ri−rj |, the branch vector (the vector from the centre of particle i
to the contact point) is bij = −(di−δnij)n̂ij/2, where the unit normal is n̂ij = (ri−rj)/rij ,
and the relative velocity is vij = vi − vj , and the overlap is

δnij = max(0, (di + dj)/2− rij).

Two particles are in contact if their overlap is positive. The normal and tangential relative
velocities at the contact point are given by

vnij = (vij · n̂ij)n̂ij , and vtij = vij − (vij · n̂ij)n̂ij + ωi × bij − ωj × bji.

The total force on particle i is a combination of the contact forces fnij+f tij between two
particles i and j in contact and external forces, which for this investigation will be limited
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to gravity, mg. Different contact models exist for the normal, fnij , and tangential, f tij ,
forces. For each contact model, when the tangential-to-normal force ratio becomes larger
than a contact friction coefficient, µc, the tangential force yields and the particles slide, and
we truncate the magnitude of the tangential force as necessary to satisfy |f tij | ≤ µc|fnij |.
We integrate the resulting force and torque relations in time using Velocity-Verlet and
forward Euler [2] with a time step ∆t = tc/50, where tc is the collision time (see e.g. [29]),

tc = π/

√
kn

mij
−
(
γ n

2mij

)2

, (1)

with the reduced mass mij = mimj/(mi +mj).
For the spring-dashpot case [6, 29, 59] the normal, fnij(sd), and tangential, f tij(sd), forces

are modeled with linear elastic and linear dissipative contributions, hence

fnij(sd) = knδnijn̂ij − γnvnij , f tij(sd) = −ktδtij − γtvtij , (2)

with spring constants kn, kt and damping coefficients γn, γt. The elastic tangential
displacement. δtij , is defined to be zero at the initial time of contact, and its rate of
change is given by

d

dt
δtij = vtij − r−1ij (δtij · vij)nij . (3)

In eq. (3), the first term is the relative tangential velocity at the contact point, and the
second term ensures that δtij remains normal to nij , see [59] for details. This model is
designed to model particles that are elastic, but dissipated with clearly defined coefficient
of restitution, ε.

For the Hertzian case we modify the interaction force with

f
n/t
ij(Hertz) =

√
δnij/df

n/t
ij(sd), (4)

see e.g., [12]. This models follows from the theory of elasticity and takes account of the
full non-linear elastic response.

Finally, for the plastic case (designed to capture small plastic deformation) we modify
the normal force using the (hysteretic) elastic-plastic form of Walton and Braun e.g. [29,
56]; therefore, in the normal direction a different spring constant is taken for loading and
unloading/reloading of the contact and no dash-pot is used i.e.,

fnij(p) =


kn1 δ

n
ijn̂ij if kn2 δ

e
ij ≥ k1δnij

kn2 δ
e
ijn̂ij if kn1 δ

n
ij > kn2 δ

e
ij > 0

0 if 0 ≥ kn2 δeij

, (5a)

f tij(p) = f tij(sd) = −ktδtij − γtvtij , (5b)

with δeij = δnij − δmaxij (1− kn1 /kn2 ) and, δmaxij = max δnij is the maximum overlap during
the contact. Unlike [29, 56], we take kn2 to be constant, so that the normal coefficient of
restitution is given by εn =

√
kn2 /k

n
1 . However, for enduring contacts the dissipation is

smaller than in the spring-dashpot case, since oscillations on the unloading/reloading (kn2 )
branch do not dissipate energy. For a more detailed review of contact laws, in general, we
refer the reader to [29].
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3 The Micro-macro transition

For both the micro-macro transition and HMM, one of the biggest challenges is how to
obtain continuum fields from large amounts of discrete particle data.

There are many papers in the literature on how to go from the discrete to the contin-
uum: binning micro-scale fields into small volumes [24, 45, 28, 30], averaging along planes
[52], or coarse-graining spatially and temporally [3, 46, 16]. Here, we use the coarse-
graining approach described by [58] as this is still valid within one course-graining width
of the boundary.

The coarse-graining method has the following advantages over other methods: (i) the
fields produced automatically satisfy the equations of continuum mechanics, even near the
flow base; (ii) it is neither assumed that the particles are rigid nor spherical; and, (iii)
the results are even valid for single particles as no averaging over groups of particles is
required. The only assumptions are that each particle pair has a single point of contact
(i.e., the particle shapes are convex), the contact area can be replaced by a contact point
(i.e., the particles are not too soft), and that collisions are not instantaneous.

3.1 Notation and basic ideas

Vectorial and tensorial components are denoted by Greek letters in order to distinguish
them from the Latin particle indices i, j. Bold vector notation will be used when conve-
nient.

Assume a system given by Nf flowing particles and Nb fixed basal particles with
N = Nf + Nb. Since we are interested in the flow, we will calculate macroscopic fields
pertaining to the flowing particles only. From statistical mechanics, the microscopic mass

density of the flow, ρmic, at a point r at time t is defined by

ρmic(r, t) =

Nf∑
i=1

miδ (r − ri(t)) , (6)

where δ(r) is the Dirac delta function and mi is the mass of particle i. The following
definition of the macroscopic density of the flow is used

ρ(r, t) =

Nf∑
i=1

miW (r − ri(t)) , (7)

thus replacing the Dirac delta function in (6) by an integrable ‘coarse-graining’ function
W whose integral over space is unity. We will take the coarse-graining function to be a
Gaussian

W (r − ri(t)) =
1

(
√

2πw)3
exp

(
−|r − ri(t)|

2

2w2

)
(8)

with width or variance w. Other choices of the coarse-graining function are possible, but
the Gaussian has the advantage that it produces smooth fields and the required integrals
can be analysed exactly. According to Goldhirsch [16], the coarse-grained fields depend
only weakly on the choice of function, and the width w is the key parameter.
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It is clear that as w → 0 the macroscopic density defined in (8) reduces to the one in
(7). The coarse-graining function can also be seen as a convolution integral between the
micro and macro definitions, i.e.,

ρ(r, t) =

∫
R3

W(r − r′)ρmic(r′, t) dr′. (9)

3.2 Mass balance

Next we will consider how to obtain the other fields of interest: the momentum density
vector and the stress tensor. As before, all macroscopic variables will be defined in a way
compatible with the continuum conservation laws.

The coarse-grained momentum density vector p(r, t) is defined by

pα(r, t) =

Nf∑
i=1

miviα(t)W(r − ri), (10)

where the viα’s are the velocity components of particle i. The macroscopic velocity field
V (r, t) is then defined as the ratio of momentum and density fields,

Vα(r, t) = pα(r, t)/ρ(r, t). (11)

It is straightforward to confirm that equations (7) and (10) satisfies exactly the continuity
equation

∂ρ

∂t
+
∂pα
∂rα

= 0, (12)

with the Einstein summation convention for Greek letters.

3.3 Momentum balance

Finally, we will consider the momentum conservation equation with the aim of establishing
the macroscopic stress field. In general, the desired momentum balance equations are
written as,

∂pα
∂t

= − ∂

∂rβ
[ρVαVβ ] +

∂σαβ
∂rβ

+ tα + ρgα, (13)

where σαβ is the stress tensor, and gα is the gravitational acceleration vector. Since we
want to describe boundary stresses as well as internal stresses, the boundary interaction
force density, or surface traction density, t, has been included, as described in detail in
[58].

Expressions (10) and (11) for the momentum p and the velocity V have already been
defined. The next step is to compute their temporal and spatial derivatives, respectively,
and reach closure. Then after some algebra, see [58] for details, we arrive at the following
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expression for the stress

σαβ = −
Nf∑
i=1

Nf∑
j=i+1

fijαrijβ

∫ 1

0

W(r − ri + srij) ds

−
Nf∑
i=1

Nb∑
k=1

fbikαbikβ

∫ 1

0

W(r − ri + sbik) ds−
Nf∑
i

miv
′
iαv
′
iβWi. (14)

Equation (14) differs from the results of [16] by an additional term that accounts for
the stress created by the presence of the base, as detailed in [58]. The contribution to
the stress from the interaction of two flow particles i, j is spatially distributed along the
contact line from ri to rj , while the contribution from the interaction of particles i with
a fixed particle k is distributed along the line from ri to the contact point cik = ri + bik.
There, the boundary interaction force density

t =

Nf∑
i=1

Nb∑
k=1

fikW(r − cik). (15)

is active, measuring the force applied by the base to the flow. It has nonzero values
only near the basal surface and can be introduced into continuum models as a boundary
condition.

The strength of this method is that the spatially coarse-grained fields by construction
satisfy the mass and momentum balance equations exactly at any given time, irrespective
of the choice of coarse-graining function. Further details about the accuracy of the stress
definition (14) are discussed in [58]. The expression for the energy is also not treated in
this publication, we refer the interested reader to [3].

4 Shallow granular flows

4.1 Background

Shallow-layer granular continuum models are often used to simulate geophysical mass
flows, including snow avalanches [5], dense pyroclastic flows, debris flows [9], block and
ash flows [8] and lahars [61]. Such shallow-layer models involve approximations reducing
the properties of a huge number of individual particles to a handful of averaged quantities.
Originally these models were derived from the general continuum incompressible mass and
momentum equations, using the long-wave approximation [43, 20, 4] for shallow variations
in the flow height and basal topography. Despite the massive reduction in degrees of
freedom made, shallow-layer models tend to be surprisingly accurate, and are thus an
effective tool in modelling geophysical flows. Moreover, they are now used as a geological
risk assessment and hazard planning tool [8]. In addition to these geological applications,
shallow granular equations have been applied to analyse small-scale laboratory chute flows
containing obstacles [20], wedges [22, 19] and contractions [55], showing good quantitative
agreement between theory and experiment.
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We will consider flow down a slope with inclination θ, the x-axis downslope, y-axis
across the slope and the z-axis normal to the slope. In general, the free-surface and base
locations are given by z = s(x, y) and z = b(x, y), respectively. Here, we will only consider
flows over rough flat surfaces where b can be taken as constant. The height of the flow
is h = s − b and velocity components are u = (u, v, w)T . Depth-averaging the mass and
momentum balance equations and retaining only leading and first order terms (in the ratio
of height to length of the flow) yields the depth-averaged shallow-granular equations, e.g.,
[20], which in one-dimension are given by,

∂h

∂t
+

∂

∂x
(hū) +

∂

∂y
(hv̄) = 0, (16a)

∂

∂t
(hū) +

∂

∂x

(
αhū2 +K

g

2
h2 cos θ

)
= Sx, (16b)

where g is the gravitational acceleration, ū the depth-averaged velocity and the source
term is given by

Sx = gh cos θ

(
tan θ − µ ū√

ū2 + v̄2

)
Before these equations can be solved, closure relations need to be specified for three un-
knowns: the velocity shape factor, α, the ratio of the two diagonal stress components, K,
and the friction, µ, between the granular materials and the basal surface over which it
flows.

These closure relations can either be postulated (from theory or phenomenologically),
or determined from experiments or DPM simulations. Our philosophy was to determine
these unknown relations using small-scale periodic box simulations DPMs similar to the
ones used by Silbert et al. [12].

Below some of the main findings are summarised. Initially, we consider only the spring-
dashpot contact model and looked at the closures across different basal surfaces, [59]. The
chute is periodic and of size 20d×10d in the x×y-directions, with inclination θ, see Figure
4.1. In this case flow particles are monodispersed. The base was created from particles
and roughness was changed by modifying the ratio of the size of base and flow particles,
λ.

4.2 Closure for K

For the shallow layer theory presented in (16), K, is the ratio of two stress component
K = σxx/σzz. First the K was found to be linear in the inclination angle and independent
of λ (for all but the smooth base case of λ = 0),

Kfit = 1 + (θ − d1)/d0, (17)

with d0 = 132◦ and d1 = 21.30◦.

4.3 Closure for µ

By far the most studies closure relation for shallow granular flows is the basal friction
coefficient µ. In the early models a constant friction coefficient was assumed [? 43], i.e.,
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Figure 2: DPM simulation for N= 17.5*200, inclination θ = 24o and the diameter ratio
of free and fixed particles, λ = 1, at time t = 2,000; gravity direction g as indicated. The
domain is periodic in x- and y-directions. In the z-direction, fixed particles (black) form
a rough base while the surface is unconstrained. Colours indicate speed: increasing from
blue via green to orange.

µ = tan δ, where δ is a fixed basal frictional angle. For these models, steady uniform flow
is only possible at a single inclination, δ, below which the flow arrests, and above which
the flow accelerates indefinitely. Detailed experimental investigations [15, 40, 41] for the
flow over rough uniform beds showed that steady flow emerges at a range of inclinations,
θ1 < θ < θ2, where θ1 is the minimum angle required for flow, and θ2 is the maximum
angle at which steady uniform flow is possible. In [41], the measured height hstop(θ) of
stationary material left behind when a flowing layer has been brought to rest, was fitted
to

hstop(θ)

Ad
=

tan(θ2)− tan(θ)

tan(θ)− tan(θ1)
, θ1 < θ < θ2, (18)

where d is the particle diameter and A a characteristic dimensionless scale over which
the friction varies. They also observed that the Froude number, F = u/

√
gh cos θ, scaled

linear with this curve

F =
βh

hstop(θ)
− γ , θ1 < θ < θ2, (19)

where β and γ are two experimentally determined constants. From these relations you
can show that the friction closure is given by

µ(h, F ) = tan(θ1) +
tan(θ2)− tan(θ1)

βh/(Ad(F + γ)) + 1
. (20)

This experimentally determined law has previously been shown to hold from DPM
simulations e.g. [12]. In [51, 59] we investigate how the parameters A, θ1, θ2, β and γ
change as a function of the contact friction between bed and flowing particles, the particle
size ratio λ and even the type of contact law. The main conclusion were:
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Figure 3: Flow velocity profiles for varying height for 4000 particles and λ = 1. We observe

a Bagnold velocity profile, u = 5
3 ū
(

1−
(
h−z
h

)3/2)
, in the bulk, a linear profile near the

surface and a convex profile near the base (z < b1hstop(θ)/h) with b1 = 9.42

• The law (18) holds for the spring-dashpot, plastic and Hertizian contact models

• The properties of the basal particles have very little affect on the macroscopic friction

• The geometric roughness λ is more important than the contract friction in the in-
teraction law, µc.

• The coefficient of restitution of the particles only affects β, not the friction angle.

Full details of the values of A, θ1, θ2, β and γ as a function of both macro- and microscopic
parameters can be found in [51, 59].

4.4 Closure for α

Finally, we consider the closure the velocity shape factor. This is the shape of the velocity
profile with height and is defined as

α =
1

h

∫ s
b
u2 dz(∫ s

b
udz

)2 . (21)

This was done in two steps: firstly, it was observed that the vertical flow velocity
structure contained three parts, see Figure 4.4 for details. These were then fitted separately
and from these fits the shape factor α was computed. The values of α as a function of
height and angle, θ, is shown in Figure 4.4.
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Figure 4: Shape factor α from simulations (markers), for case λ = 1, and fit α(h, θ) (dotted
lines). For comparison, plug flow α = 1, Bagnold profile α = 1.25 and lines profile α = 1.5.

4.5 Future directions

We have now established closure relations for shallow-granular flows and the natural ques-
tion of the range of validity of closure relations derived from this small steady periodic
box simulations. This closed continuum model has recently been implemented in an in-
house discontinous Galerkin finite element package, hpGEM [39, 54]. A series of test cases
and currently being investigated include complicated features with contractions and ob-
stacles. The results of this closed model are compared with computationally expensive
full-scale DPM simulations of the same scenarios. This comparison and verification set is
represented by the dashed lines in Figure 1.

It is anticipated that this closured continuum model will work fine for simple flow
scenarios; however, for complex flow containing particle free regions and static materials
it is likely to fail. In this situation a fully two-way coupled HMM code will have to be
developed. More discussion of problems associated with the development of this code can
be found in §7.

5 Collision detection

The performance of the DPM computation relies on several factors, which include both the
contact model and the contact detection algorithm. The collision detection of short-range
pairwise interactions between particles in DEM is usually one of the most time-consuming
tasks in computations [60]. If you were to undertake the task of collision detection in a
naive fashion you would have to perform N2 checks were N is the number of particles;
however, this becomes impractical even for relatively small systems.

The most commonly used method for contact detection of nearly mono-sized particles
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with short-range forces is the Linked-Cell method [23, 1]. Due to its simplicity and high
performance, it has been utilised since the beginning of particle simulations, and is easily
implemented in parallel codes [14, 48].

Nevertheless, the Linked-Cell method is unable to efficiently deal with particles of
greatly varying sizes [26], which will be the case in the next problem considered. This can
effectively be addressed by the use of a multilevel contact detection algorithm [38], which
we review here. This advanced contact detection algorithm is already implemented in
Mercury [? ], the open-source code developed here, and that is used for all the simulations
in this paper. An extensive review of various approaches to contact detection is given in
[34]. The performance difference between them is studied in [35, 36, 42].

5.1 Algorithm

The present algorithm is designed to determine all the pairs in a set of N spherical particles
in a d-dimensional Euclidean space that overlap. Every particle is characterised by the
position of its centre xp and its radius rp. For differently-sized spheres, rmin and rmax
denote the minimum and the maximum particle radius, respectively, and σ = rmax/rmin
is the extreme size ratio.

The algorithm is made up of two phases. In the first ‘mapping phase’ all the parti-
cles are mapped into a hierarchical grid space (subsection 5.1.1). In the second ‘contact
detection phase’ (subsection 5.1.2) for every particle in the system the potential contact
partners are determined, and the geometrical intersection tests with them are made.

5.1.1 Mapping phase

The d-dimensional hierarchical grid is a set of L regular grids with different cell sizes.
Every regular grid is associated with a hierarchy level h ∈ 1, 2, ..., L, where L is the integer
number of hierarchy levels. Each level h has a different cell size sh ∈ R, where the cells are
d-dimensional cubes. Grids are ordered with increasing cell size so that h = 1 corresponds
to the grid with smallest cell size, i.e., sh < sh+1. For a given number of levels and cell
sizes, the hierarchical grid cells are defined by the following spatial mapping, M , of points
x ∈ Rd to a cell at specified level h:

M : (x, h) 7→ c = (bx1/shc , ..., bxd/shc , h), (22)

where bxc denotes the floor function.1 The first d components of a (d + 1)-dimensional
vector c represent cell indices (integers), and the last one is the associated level of hierarchy.
The latter is limited whereas the former are not.

It must be noted that the cell size of each level can be set independently, in contrast
to contact detection methods which use a tree structure for partitioning the domain [13,
42, 53], where the cell sizes are taken as double the size of the previous lower level of
hierarchy, hence sh+1 = 2sh. The flexibility of independent sh allows one to select the
optimal cell sizes, according to the particle size distribution, to improve the performance
of the simulations. How to do this is explained in [38].

1The largest integer not greater than x.
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Figure 5: A 2-dimensional two-level grid for the special case of a bi-disperse system with
cell sizes s1 = 2rmin = 3 (a.u.), and s2 = 2rmax = 8 (a.u.). The first level grid is plotted
with dashed lines while the second level is plotted with solid lines. The radius of the
particle B is rB = 4 (a.u.) and its position is xB = (10.3, 14.4). Therefore, according
to Eqs. (23) and (24), particle B is mapped to the second level to the cell cB = (1, 1, 2).
Correspondingly, particle A is mapped to the cell cA = (4, 2, 1). The cells where the
cross-level search for particle B has to be performed from (1,3,1) to (5,6,1) are marked in
grey, and the small particles which are located in those cells are dark (green). Note, that
in the method of Iwai et al [26] the search region starts at cell (1, 2, 1), i.e., one more layer
of cells (which also includes particle A).
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Using the mapping M , every particle p can be mapped to its cell:

cp = M(xp, h(p)), (23)

where h(p) is the level of insertion to which particle p is mapped to. The level of insertion
h(p) is the lowest level where the cell is big enough to contain the particle p:

h(p) =

{
min

1≤h≤L
h : sh ≥ 2rp

}
. (24)

In this way the diameter of particle p is smaller or equal to the cell size in the level of
insertion and therefore the classical Linked-Cell method [1] can be used to detect the
contacts among particles within the same level of hierarchy.

Figure 5 illustrates a 2-dimensional two-level grid for the special case of a bi-disperse
system with rmin = 3/2, size ratio σ = 8/3, and cell sizes s1 = 3, and s2 = 8. Since
the system contains particles of only two different sizes, two hierarchy levels are sufficient
here.

5.1.2 Contact detection phase

The contact detection is split into two steps, and the search is done by looping over all
particles p and performing the first and second steps consecutively for each p. The first
step is the contact search at the level of insertion of p, h(p), using the classical Linked-
Cell method [1]. The search is done in the cell where p is mapped to, i.e., cp, and in its
neighbour (surrounding) cells. Only half of the surrounding cells are searched, to avoid
testing the same particle pair twice.

The second step is the cross-level search. For a given particle p, one searches for
potential contacts only at levels h lower than the level of insertion: 1 ≤ h < h(p). This
implies that the particle p will be checked only against the smaller ones, thus avoiding
double checks for the same pair of particles. The cross-level search for particle p (located
at h(p)) with level h is detailed here:

1. Define the cells c start and c end at level h as

c start := M(x −c , h), and c end := M(x +
c , h), (25)

where a search box (cube in 3D) is defined by x ±c = xp ± α
∑d
i=1 ei, with α =

rp + 0.5sh and ei is the standard basis for Rd. Any particle q from level h, i.e.,
h(q) = h, with center xq outside this box can not be in contact with p, since the
diameter of the largest particle at this level can not exceed sh.

2. The search for potential contacts is performed in every cell c = (c1, ..., cd, h) for
which

cstarti ≤ ci ≤ cendi for all i ∈ [1, d], and cd+1 = h < h(p), (26)

where ci denotes the i-th component of vector c. In other words, each particle which
was mapped to one of these neighbour cells is tested for contact with particle p. In
Fig. 5, the level h = 1 cells where that search has to be performed (for particle B)
are marked in grey.
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To test two particles for contacts, first, the axis-aligned bounding boxes (AABB) of
the particles [33] are tested for overlap. Then, for every particle pair which passed this
test, the exact geometrical intersection test is applied.2 Since the overlap test for AABBs
is computationally cheaper than for spheres, performing such test first usually increases
the performance.

5.2 Performance results

In this section we present numerical results on the performance of the algorithm when
applied for bi-disperse particle systems, i.e., two different sizes, as will be consider for the
segregation case in the next section. For such systems, the cell sizes of the two-level grid
can be easily selected as the two diameters of each particle species. However, for some
situations this may be not as efficient as the use of the single-level Linked-Cell method, as
we show below. How the algorithm performs for poly-disperse systems and how to select
optimal cell sizes and number of levels for such systems is shown in ??.

We use homogeneous and isotropic disordered systems of colliding elastic spherical
particles in a unit cubical box with hard walls. The motion of particles is governed by
Newton’s second law with a linear elastic contact force during overlap. For simplicity,
every particle undergoes only translational motion (without rotation) and gravity is set
to zero. For more details on numerical procedure and preparation of initial configurations
see [38].

We consider a bi-disperse size distribution with the same volume of small and large
particles. This distribution can be characterised by only one parameter, σ, which is the
ratio between small and large particle radius, i.e., in this convention 0 < σ ≤ 1. The
considered systems have volume fraction close to the jamming density. Namely, the volume
fraction of systems with σ = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2 is ν ≈ 0.631, 0.635, 0.642,
0.652, 0.665, 0.682, 0.703, 0.723, respectively. For the influence of the volume fraction on
the performance of the algorithm, see [37].

Figure 6 shows the speed-up S of the two-level grid relative to the single-level grid
(Linked-Cell method). For similar sizes of particles, i.e., σ < 0.7, the use of the two-level
grid slightly (within 40%) slows down the performance of the algorithm. This is due to
the overhead associated with cross-level tests. With increasing difference in particle size,
i.e., decreasing σ, the speed-up is increasing. For σ ≤ 0.7 the speed-up exceeds unity
and the use of the two-level grid becomes advantageous. The maximum speed-up of 22 is
achieved in the case of the lowest considered σ = 0.2. Much higher speed-up is expected
for σ � 0.2.

6 Micro-macro for segregation flows

6.1 Background

Except for the very special case of all particles being identical in density and size, seg-
regation effects can be observed in granular materials. In both natural and industrial

2Particles p and q collide only if ‖xp − xq‖ < rp + rq , where ‖·‖ is Euclidean norm.
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Figure 6: The speed-up S of the two-level grid relative to the single-level grid (Linked-Cell
method) for bidisperse systems with different size ratios σ. The number of particles used
is N = 128 000 for σ ≥ 0.4, N = 256 000 for σ = 0.3 and N = 768 000 for σ = 0.2. Three
independent runs were performed for every σ and the average CPU time values are used
for the calculation of S.

situations, segregation plays an important, but poorly understood, role on the flow dy-
namics [25, 47]. There are many mechanisms for the segregation of dissimilar grains in
granular flows; however, segregation due to size-differences is often the most important
[11]. We will focus on dense granular chute flows where kinetic sieving[32, 44] is the dom-
inant mechanism for particle-size segregation. The basic idea is: as the grains avalanche
down-slope, the local void ratio fluctuates and small particles preferentially fall into the
gaps that open up beneath them, as they are more likely to fit into the available space
than the large ones. The small particles, therefore, migrate towards the bottom of the flow
and lever the large particles upwards due to force imbalances. This was termed squeeze
expulsion by Savage and Lun [44].

The first model of kinetic sieving was developed by Savage and Lun [44], using a
statistical argument about the distribution of void spaces. Later, Gray and Thornton
[21] developed a similar model from a mixture-theory framework. Their derivation has
two key assumptions: firstly, as the different particles percolate past each other there is a
Darcy-style drag between the different constituents (i.e., the small and large particles) and,
secondly, particles falling into void spaces do not support any of the bed weight. Since the
number of voids available for small particles to fall into is greater than for large particles,
it follows that a higher percentage of the small particles will be falling and, hence, not
supporting any of the bed load. In recent years, this segregation theory has been developed
and extended in many directions: including the addition of a passive background fluid [49],
the effect of diffusive remixing [18], and the generalisation to multi-component granular
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flows [17]. We will use the two-particle size segregation-remixing version derived by Gray
and Chugunov [18]; however, it should be noted that Dolgunin and Ukolov [10] were
the first to suggest this form, by using phenomenological arguments. The bi-dispersed
segregation-remixing model contains two dimensionless parameters. These in general will
depend on flow and particle properties, such as: size-ratio, material properties, shear-
rate, slope angle, particle roughness, etc. One of the weaknesses of the model is that
it is not able to predict the dependence of the two parameters on the particle and flow
properties. Here is summarise the main results of [50] were the ratio of these parameters
was determined from DPM simulations.

The two-particle segregation-remixing equation [18] takes the form of a non-dimensional
scalar conservation law for the small particle concentration φ as a function of the spatial
coordinates x̂, ŷ and ẑ; and, time t̂,

∂φ

∂t̂
+

∂

∂x̂
(φû) +

∂

∂ŷ
(φv̂) +

∂

∂ẑ
(φŵ)− ∂

∂ẑ
(Srφ (1− φ)) =

∂

∂ẑ

(
Dr

∂φ

∂ẑ

)
, (27)

where Sr is the dimensionless measure of the segregation-rate, whose form in the most
general case is discussed in Thornton, Gray and Hogg [49] and Dr is a dimensionless
measure of the diffusive remixing. In (27), ∂ is used to indicate a partial derivative, and
the ‘hat’ a dimensionless variable; x̂ is the down-slope coordinate, ŷ the cross-slope and ẑ
normal to the base coordinate. Furthermore û, v̂ and ŵ are the dimensionless bulk velocity
components in the x̂, ŷ and ẑ directions, respectively. The conservation law (27) is derived
under the assumption of uniform porosity and is often solved subject to the condition that
there is no normal flux of particles through the base or free surface of the flow.

We limit our attention to small-scale DPM simulations, periodic in the x and y-
directions, and investigate the final steady-states. Therefore, we are interested in a steady-
state solution to (27) subject to no-normal flux boundary condition, at ẑ = 0 (the bottom)
and 1 (the top), that is independent of x̂ and ŷ. Gray and Chugunov [18] showed that
such a solution takes the form,

φ =

(
1− e(−φ0Ps)

)
e(φ0−z)Ps

1− e(−(1−φ0)Ps) + (1− e−φ0Ps) e(φ0−z)Ps
, (28)

where Ps = Sr/Dr is the segregation Péclet number and φ0 is the mean concentration
of small particles. This solution represents a balance between the last two terms of (27)
and is related to the logistic equation. In general, Ps will be a function of the particle
properties, and we will use DPM to investigate the dependence of Ps on the particle size
ratio σ = ds/dl. It should be noted that σ has been defined such that it is consistent
with the original theory of Savage and Lun [44]; however, with this definition only values
between 0 and 1 are possible. Therefore, we will present the results in terms of σ−1, which
ranges from 1 to infinity.

6.2 The Micro-Macro transition

Figure 7 shows a series of images from the DPM simulations at different times and values
of σ−1. The simulations take place in a box, which is periodic in x and y, is 5ds wide
and 83.3ds long, inclined at an angle of 25o to the horizontal. The base was created by
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Figure 7: A series of snapshots from the DPM simulations with large (orange) and small
(blue) particles. The rows correspond to distinct particle sizes and columns to different
times. Along the top row σ−1 = 1.1, middle row σ−1 = 1.5 and bottom row σ−1 = 2;
whereas, the left column is for t = 1, middle t = 5 and right t = 60.
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Figure 8: Plots of the small particle volume fraction φ as a function of the scaled depth
ẑf . The black lines are the coarse-grained DPM simulation data and the blue lines are
the fit to Eq. (28) produced with MATLAB’s non-linear regression function. For the fit
only Ps is used as a free parameter. Dotted lines shows the 95% confidence intervals for
the fit.

adding fixed small particles randomly to a flat surface. The simulations are performed
with 5000 flowing small particles and the number of large particles is chosen such that the
total volume of large and small particles is equal, i.e., φ0 = 0.5 (to within the volume of
one large particle).

Figure 8 shows a fit of Eq. (28) to the small particle volume fraction for several cases.
The fit is performed using non-linear regression as implemented in MATLAB. The fit is
reasonable in all cases, especially considering there is only one degree of freedom, Ps. From
these plots it is possible to obtain Ps as a function of σ−1 and this was found to be given
by

Ps = Pmax(1− e−k(σ
−1−1)) (29)

where k = 5.21 is the saturation constant and Pmax = 7.35. Need to check it these number
are right

6.3 Future directions

For the segregation case the micro-macro transition has been shown to be useful in estab-
lishing the relations between the parameters that appear in the continuum descriptions
and the material parameters of the particles. Additionally, in this case, a highlight a dis-
crepancy between the particles simulations and theory, see Figure 8. Further analysis of

20



the simulations data has shown that this discrepancy arises because the particle diffusion
is not constant with depth as assumed by the model. Therefore, for this situation the
model been improving to capture the full dynamics in this situations.

From a modeling point of view one of the open-topic at the moment is the determination
of segregation shallow-water models, see e.g., [? ], but this is beyond the scope of this
review.

7 Future prospective and conclusions

Here, we have shown that continuum parameters such as the macroscopic friction can
be accurately extracted from particle simulations. We have shown that the micro-macro
transition can be achieved using small particle simulations, i.e., we can determine the
closure relations for a continuum models as a function of the microscopic parameters. Here,
this one-way coupling from micro- to macro-variables was achieved for steady uniform
flows, but can in principle be used to predict non-uniform steady and time-dependent
flows, provided that the variations in time and space are small. Comparisons with large-
scale experiments and large DPM simulations are needed to determine the amount of
spatial and temporal variance for which the steady uniform closure laws hold, as indicated
in Figure 1a.

However, for strongly varying flows, such as arresting flows, avalanching flows, flow
near boundaries or near abrupt phase changes (dead zones, shocks), no closure relations
in functional form are known. For this situation, we propose to couple a continuum solver
with a particle solver in ‘complex’ regions where the closure relations cannot be predicted,
see Figure 1b. If these complex regions are small, one can use a two-way boundary
coupling, where a particle solver is used in the complex region and a continuum solver in
the remaining domain, with an overlapping region where both solvers are used and where
the two methods are coupled by using suitable boundary conditions. If the complex regions
are too large to be solved by particle simulations, one can use a continuum solver where a
small particle simulation is run each time the closure relations need to be evaluated. This
particle simulation is two-way coupled to the continuum solution in the sense that it has
to satisfy the parameters set by the continuum solution (such as height, depth-averaged
velocity and depth-averaged velocity gradient and boundary conditions) and return the
closure relations (such as friction and velocity shape factor).

The next versions of both the in-house continuum solver hpGEM, [54], and DPM code
Mercury, [? ] are designed such that they can be easily coupled and hence used to form
the basis of a granular HMM code.
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