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Abstract. We introduce polynomial time enumeration reducibility (≤pe)
and we retrace Selman’s analysis of this reducibility and its relationship
with non deterministic polynomial time conjunctive reducibility. We dis-
cuss the basic properties of the degree structure induced by ≤pe over the
computable sets and we show how to construct meets and joins. We are
thus able to prove that this degree structure is dense and to show the
existence of two types of lattice embeddings therein.

1 Introduction

Polynomial time enumeration reducibility (≤pe ) was defined by Selman in [Sel78]
as a variant of enumeration reducibility (≤e ) in terms of the non constructive
formulation of the latter given in [Sel71]. Selman showed that ≤pe differs from
the constructive polynomial time bounded variant of enumeration reducibility
(≤NP

c ) introduced by Ladner et al. in [LLS75]. However Selman also showed
that ≤pe and ≤NP

c coincide over the class of sets computable in exponential
time. Now, ≤NP

c is an effective operator based reducibility in the sense that
there exists a computable enumeration of effective operators {Φn | n ∈ ω} such
that for any sets A and B, A≤NP

c B iff A = Φn(B). Accordingly the degree
structure induced by this reducibility over the computable sets is amenable—
see1 [Cop97]—to many of the techniques used in the literature of the well known
polynomial time bounded deterministic reducibilities. The fundamental defini-
tion of ≤pe is however not effective operator based and we possess no reformu-
lation of this definition to suggest otherwise. Indeed, as the reader will observe,
an effective operator based definition of ≤pe would appear highly implausible.
Thus the study of its degree structure requires by definition a different approach.
The primary purpose of the present paper is to elaborate on this point. In par-
ticular, we show that, with the use of results from [Sel78] joins and meets can
be constructed in a uniform manner and that, accordingly, two results on lattice
embeddings due to Ambos Spies [AS85b, AS87] apply in the context of the ≤pe

degrees. However, from a more general viewpoint, this work also shows that there
are two distinct and viable degree structures corresponding to the polynomial
time bounded variants of enumeration reducibility. Moreover, the reader should
note that the fact—as indicated above—that these degree structures coincide

1 Note that Copestake uses the pseudonym ≤P
e for ≤NP

c .



over the class of exponential time sets raises the possibility of the existence of
some structural property distinguishing the associated degrees within the ≤pe

degree structure2.

2 Background and Preliminaries

Basic Notation and Assumptions. Let Σ = {0, 1}. Our basic elements are
finite strings over Σ, the set of which we denote by Σ∗. s, t, x, . . . denote such
strings and |s| denotes the length of string s. Sets of strings are denoted by
A,B, C, . . . and classes of sets by A,B,C, . . . The complement of A in Σ∗ is de-
noted A and the cardinality of any set S is written ‖S ‖. st is the concatenation
of strings s and t, sA is the set { st | t ∈ A } and A ⊕ B is the set 0A ∪ 1B.
The semicharacteristic function of A is defined to be the function sA such that
Dom(sA) = A and sA(x) = 1 for all x ∈ A. The characteristic function of A is
written cA. We assume the standard length lexicographical ordering on strings
(≤L) and we assume the reader to be conversant with the identification of Σ∗

with ω induced by ≤L (so that, for example t = log s makes sense). For any
(total) functions f, g : ω → ω we say that f is O(g) if there exists a constant c
such that f(n) ≤ c·g(n) for all n ∈ ω. We extend this notation in an obvious way
to time bounds. P denotes the class of polynomials in one variable. We assume
the fixed enumeration {pi(n) | i ∈ ω} in P to be defined by pi(n) = ni + i for
all i ∈ ω. We assume the reader to be already familiar with the basic notions of
(time related) complexity theory and with the (oracle) Turing machine model
used in the time bounded context. Accordingly, we use P (NP) to denote the
class of sets computable (acceptable non deterministically) in polynomial time
and EXP to denote the class of sets computable in exponential time. More
generally for any total function t : ω → ω, DTIME(t(n)) denotes the class of
sets computable in time O(t(n)). Note that we assume an effective enumeration
{Vi | i ∈ ω } of NP such that Vi is non deterministically computable in time
pi(n). We say that A is polynomial time many one reducible to B (A≤P

mB) if
A = f−1(B) for some total function f computable in polynomial time. We say
that (total) g is polynomial time constructible (p-constructible) if there exists
p(n) ∈ P such that g(s) is computable in p(|g(s)|) steps for all s ∈ Σ∗.

Coding Finite Sets and Pairs of Strings. Let : Σ∗ → Σ∗ be the
function defined by x = 01 if x = λ and x = x[00/0, 11/1] otherwise. Thus, for
example, if x = 101, x = 110011. Also define the blank (or separator) constant
c = 10.

Define ∞ to be the (fictive) contradictory finite set satisfying ∅ * ∞ * Σ∗.
By convention we suppose that ||∞|| = −1. Then {Ds | s ∈ Σ∗ } is defined to
be the enumeration of finite sets of strings (including ∞) such that

2 If NP = EXP this is trivial since NP is the zero degree in this structure.



Dx =



∅ if x = λ , (Case 1)
{y} if x = y , (Case 2)
Dw ∪ {y} if x = wcy s.t. ||Dw|| ≥ 1

and (∀z ∈ Dw)[ z <L y ] , (Case 3)
∞ otherwise , (Case 4)

for any x ∈ Σ∗. Accordingly, {λ} = D01 , and {y} = Dy for any y ∈ Σ∗. Also,
for any finite set E such that ||E|| ≥ 2, E = Dx iff x = z0cz1 . . . czn (say) ,
such that zi <L zi+1 for all 0 ≤ i < n and Dx = { zi | 0 ≤ i ≤ n }. Observe that
this means that every finite subset D ⊆ Σ∗ is coded in a very simple manner
by exactly one string s. Moreover |s| ≤ 2 · Σz∈D(|z| + 2) ≤ 4 · Σz∈D|z|. Note
that coding and decoding can clearly be effected in polynomial time. Note also
that the presence of ∞ in the above merely means that we restrict codes of all
finite sets D 6= ∞ to an easily (i.e. efficiently) recognisable subset of Σ∗. For any
finite set D, define D+ = { s | 0s ∈ D } and D− = { s | 1s ∈ D } if D 6= ∞,
and D+ = D− = D (= ∞) otherwise. Accordingly two sets of queries Y and
N are uniquely encoded in a string t (in the sense that D+

t = Y and D−
t = N)

of length at most 8 · (Σy∈Y |y|+ Σz∈N |z|).
To keep notation succinct we use 〈 , 〉 to denote polynomial time computable

and invertible bijections (I) from Σ∗ × Σ∗ to Σ∗ and (II) from ω × Σ∗ to Σ∗

(where ω is identified with {0}∗). Note that the context always disambiguates
the meaning of this notation. Note also that in case (I), we can assume that
|s| < |〈s, t〉| and |t| < |〈s, t〉| for any strings s, t ∈ Σ∗.

Enumeration reducibility and non determinism. Assuming the iden-
tification of Σ∗ with ω mentioned above, let A,B be any subsets of Σ∗ and let
f, g be any partial functions from Σ∗ into Σ∗. We suppose the reader to be fa-
miliar with deterministic Turing reducibility ≤T between partial functions and
its non deterministic counterpart ≤NT (for the latter see for example [Coo04]
Section 11.1 or [Har06] Section 2.2.1). Accordingly, for any sets A,B we say
that A is Turing reducible to B (A≤T B) if cA≤T cB . We say that A is com-
putably enumerable in B (A c.e. in B) if there exists a partial function f≤TcB

such that A = Ran(f) or, equivalently, if sA ≤T cB , and we say that A is
computably enumerable (c.e.) if f is partial computable or, equivalently, if sA

is partial computable. We say that A is enumeration reducible to B (A≤eB) if
there exists a c.e. set W such that, for all s ∈ Σ∗,

s ∈ A iff (∃t ∈ Σ∗)[ 〈s, t〉 ∈ W & Dt ⊆ B ] , (2.1)

and we say that partial function f is enumeration reducible to partial function
g (f≤eg) if Graph(f)≤eGraph(g) . McEvoy showed in [McE84] that, f≤eg iff
f ≤NT g for any such functions f and g. It follows that A is enumeration re-
ducible to B iff sA≤NT sB . In contrast to this, we say that A is (setwise) non
deterministic Turing reducible to B (A≤N

TB) if sA≤NTcB . Now, a straightfor-
ward argument shows that f ≤T g iff f ≤NT g provided that Dom(g) is com-



putable3. This means that A c.e. in B iff A≤N
T B and, in particular, that the

class of c.e. sets comprises precisely those sets acceptable by a non determin-
istic Turing machine. This also means that Selman’s definition of enumeration
reducibility [Sel71] is tantamount to saying that A≤eB iff

(∀X ⊆ Σ∗)[ B≤N
TX ⇒ A≤N

TX ] . (2.2)

Turing Reducibilities and Polynomial Time Bounds. Let A and B
be any subsets of Σ∗. We suppose that the reader is conversant with the notion
of a polynomial time (p-time) bounded Turing machine (in which the underlying
program essentially contains a step counting polynomial clock). We say that a
Turing reduction is p-time bounded or, is (effected) in p-time if there is p-time
bounded oracle Turing machine that witnesses the reduction. Accordingly we say
that A is p-time Turing reducible to B (A≤P

T B) if A≤T B (i.e. cA≤T cB) in
p-time. We say that A is (setwise) non deterministic p-time Turing reducible to
B (A≤NP

T B) if A≤N
T B (i.e. sA≤NT cB) in p-time. Moreover, using a standard

result due to Cook [Coo71] and Karp [Kar72] we can stratify the latter in terms
of computation length and ≤P

T . Thus, given any q(n) ∈ P, we say that A is
size q(n) non deterministic p-time reducible to B (A≤NP

T,q B) if there exists
R≤P

TB such that for all x ∈ Σ∗, x ∈ A iff ∃w[ |w| ≤ q(|x|) & R(x,w) ]. We
say that A is non deterministic p-time conjunctive reducible to B (A≤NP

c B)
if sA≤NT sB in p-time. The reader will observe that the present definitions of
≤NP

T and ≤NP
c are straightforward reformulations of the definitions found in the

literature, for example in [LLS75]. Moreover, Ladner et al. and Selman essentially
showed that both reducibilities can be defined in terms of enumeration type
operators4. Accordingly, using the notation defined above (see pages 2-3), we
know that A≤NP

T B iff there is a polynomial p(n) and set V ∈ NP such that,
for all s ∈ Σ∗,

s ∈ A ⇔ (∃t ∈ Σ∗)
(
|t| ≤ p(|s|) & 〈s, t〉 ∈ V & D+

t ⊆ B & D−
t ⊆ B

)
.

(2.3)
Likewise A≤NP

c B iff there is a polynomial p(n) and set V ∈ NP such that, for
all s ∈ Σ∗,

s ∈ A ⇔ (∃t ∈ Σ∗)
(
|t| ≤ p(|s|) & 〈s, t〉 ∈ V & Dt ⊆ B

)
. (2.4)

Moreover, we can define ≤NP
m , the non deterministic version of ≤P

m via (2.4) by
simply replacing the conjunct “Dt ⊆ B” by “t ∈ B”. We use Ψp,V to denote the
set of putative axioms induced by the polynomial p(n) and the set V ∈ NP in
the sense that

Ψp,V = { 〈s, t〉 | |t| ≤ p(|s|) & 〈s, t〉 ∈ V } , (2.5)

and we refer to such sets as np-operators. It is important to note that that
Ψp,V ∈ NP for any polynomial p(n) and V ∈ NP. We assume a fixed effective
3 See Theorem 2.4.5 and Corollary 2.4.6. of [Har06] or, for the case when g is total,

the intuitive argument in Section 11.1 (pages 174-5) of [Coo04].
4 See [LLS75] page 120, [Sel78] page 454 or [Har06] Lemmas 4.2.8-4.2.9.



enumeration of np-operators {Φn | n ∈ ω } defined such that Φn = Ψpi,Vj for
n = 〈i, j〉. Notice that for any n ∈ ω and s, t ∈ Σ∗, if 〈s, t〉 ∈ Φn then |t| ≤ pn(|s|).
Of course, according to the above definitions, these operators can be used in three
different ways. We thus specify Ψp,V to be an np-T-operator if Ψp,V witnesses
(2.3) and we write A = ΨT

p,V (B) for this reduction. We specify np-c-operators
and np-m-operators in a similar manner and we use the notation A = Ψ c

p,V (B)
and A = Ψm

p,V (B) respectively in this case. When no ambiguity arises we drop
the superscripts. Accordingly, for r ∈ {T, c,m} we can view {Φn | n ∈ ω } as
an enumeration of np-r-operators such that A≤NP

r B iff A = Φn(B) for some
n ∈ ω.

Notational Conventions. Our notation is based on that found in [AS99].
Thus for example we use REC to denote the class of computable sets and, for
(R, s) ∈ { (P,T), (NP, c) }, we use 〈RECR

s ,≤〉 to denote the degree structure in-
duced by ≤R

s . We also refer to the latter as the computable r-s-degrees. Likewise
we use aR

s , bR
s , . . . to denote individual degrees and we drop super/subscripts if

the context is unambiguous.

3 Basic Properties of ≤pe

We noted in Section 2 that, for any A,B ⊆ Σ∗, A≤eB iff sA≤NTsB whereas
A≤NP

c B iff sA≤NT sB in p-time. Moreover, this analogy is borne out by the
operator orientated formulations of these reducibilities given by (2.1) and (2.4).
Therefore ≤NP

c can be seen as a polynomial time bounded variant of ≤e . How-
ever, as Selman showed in [Sel78], there exists another distinct polynomial time
bounded variant of ≤e whose definition reflects the non constructive formula-
tion of the latter given by (2.2). Selman gave this variant the name polynomial
time enumeration reducibility (≤pe). We proceed below by introducing this re-
ducibility. We then follow Selman’s argument by defining a constructive version
(≤pe′ ) and by explaining the equivalence of the two. We present Selman’s re-
sults on the comparison of ≤NP

c with ≤pe and we discuss some of the basic
properties of the degree structure induced by ≤pe .

Definition 3.1 ([Sel78]). For any A,B ⊆ Σ∗, A is said to be polynomial time
enumeration reducible to B (A≤peB ) if

(∀X ⊆ Σ∗)[ B≤NP
T X ⇒ A≤NP

T X ] . (3.1)

The reader will observe the analogy that we mentioned above between this
definition and the non constructive definition of ≤e given by (2.2). We proceed
by defining approximations to ≤pe .

Definition 3.2 ([Sel78]). For any A,B ⊆ Σ∗, and polynomial q(n), A is said
to be q(n) time enumeration reducible to B (A≤q

pe
B ) if

(∀X ⊆ Σ∗)[ B≤NP
T,qX ⇒ A≤NP

T X ] . (3.2)

It is obvious that ≤pe can be derived from the above approximations.



Lemma 3.1 ([Sel78]). ≤pe =
⋂

q∈P ≤q

pe
.

In the constructive approach, in contrast, we begin by defining the appropri-
ate approximations. For the sake of succinctness we define the latter directly in
terms of np-operators.

Definition 3.3. For any A,B ⊆ Σ∗, and polynomial q(n), A is said to be con-
structive q(n) time enumeration reducible to B (A≤q

pe′ B ) if there exists an
np-operator Ψp,V (see (2.5)) and k ≥ 0 such that, for all s ∈ Σ∗,

s ∈ A ⇔ (∃t ∈ Σ∗)[ 〈s, t〉 ∈ Ψp,V & D+
t ⊆ B & D−

t ⊆ B

& ∀z( z ∈ D−
t ⇒ q(|z|) ≤ k · log |s| ) ] .

Note that we also refer to this as a pe′-reduction for q(n) of A to B.

Note 3.1 ([Sel78]). Viewed as a non deterministic p-time Turing reduction,
A≤q

pe′ B can be described as follows. Suppose that machine N witnesses A≤q
pe′

B. Then for any input s, if s ∈ A there exists an accepting computation of NB(s)
such that all negative queries z in this computation satisfy q(|z|) ≤ k · log |s|.
Note that, for simplicity, we refer to such z as relevant negative queries.

Definition 3.4 ([Sel78]). For any sets A and B, A is said to be constructive
polynomial time enumeration reducible to B (A≤pe′ B ) if A≤q

pe′ B for every
polynomial q(n). In other words,

≤pe′ =
⋂

q∈P ≤q
pe′

Note 3.2. For any polynomials p(n), q(n), set V ∈ NP and number k ≥ 0, we
define the set

Ψpe′

p,V,q,k = { 〈s, t〉 | 〈s, t〉 ∈ Ψp,V & ∀z( z ∈ D−
t ⇒ q(|z|) ≤ k · log |s| ) }

to be a pe′-operator for q(n) with index (p(n), V, k) and we note that Ψpe′

p,V,q,k

is obviously in NP. We assume a fixed computable enumeration {Φn | n ∈ ω }
of pe′-operators such that Φn = Ψpe′

pi,Vj ,pl,k
for n = 〈i, j, l, k〉. Accordingly it is

now easily seen that, for any fixed polynomial q(n) there exists an enumeration
{Φ̂n | n ∈ ω } of pe′-operators for q(n) such that, for any A,B ⊆ Σ∗, A≤q

pe′B

iff A = Φ̂n(B) for some n ∈ ω—i.e. that ≤q
pe′ is effective operator based.

The next step in Selman’s argument is to show that ≤q

pe
≡≤q

pe′ for all
q(n) ∈ P. Note firstly that ≤q

pe
⊇ ≤q

pe′ is intuitively obvious. Indeed suppose
that A≤q

pe′ B and B≤NP
T,q X . Then by definition there exists binary R≤T X

such that, for all z ∈ Σ∗, z ∈ B iff ∃y [ |y| ≤ q(|z|) & R(z, y) ]. Thus the query
“z ∈ B?” can be deterministically computed with oracle R in O(2q(|z|)) steps.
However, for any input x ∈ Σ∗ any relevant negative query z in the reduction
A≤q

pe′ B satisfies q(|z|) ≤ k · log |x| for some fixed k ≥ 0. Thus A≤NP
T R via



an appropriate simulation derived from the original reduction A≤q
pe′ B since

all relevant negative queries can be deterministically computed relative to R
in time O(2k·log n) = O(nk). Since R≤P

T X it follows that A≤NP
T X. On the

other hand, in order to prove ≤q

pe
⊆ ≤q

pe′ it suffices to prove the contrapositive
�q

pe ⊇ �q
pe′ . This is our next result.

Lemma 3.2 ([Sel78]). For any A,B ⊆ Σ∗ and q(n) ∈ P, if A �q
pe′ B then

there exists C≤TA⊕B such that B≤NP
T,qC and A�NP

T C. (And so C witnesses
the fact that A�q

peB.)

Proof. See the proof of [Sel78] Theorem 10 or [Har06] Lemma 4.3.12. ut

The equivalence of ≤pe and ≤pe′ is now evident from the above results.

Theorem 3.1 ([Sel78]). ≤pe ≡ ≤pe′ .

Corollary 3.1. For any sets A and B if A�pe B then there exists C≤T A⊕B
such that B≤NP

T C whereas A�NP
T C. In particular C is computable if A and

B are both computable.

Proof. If A�peB then, by Theorem 3.1 A�pe′ B. Thus, by definition, A�q
pe′

B for some q(n) ∈ P. Therefore, by Lemma 3.2, there exists a set C≤TA ⊕ B
such that B≤NP

T C but A�NP
T C. ut

Note 3.3 (The pe-operator problem). We saw in Note 3.2 that the relation
≤q

pe′ is effective operator based for all q(n) ∈ P. However, despite Theorem 3.1,
if X≤peY all that we know is that, for all q(n) ∈ P there exists a pe′-operator
Φ for q(n) such that A = Φ(B). This might mean, in the worst case, that we
need an infinite list of pe′-operators as witness to the single reduction X≤peY .
(Of course in practice there are many cases in which only a single operator is
required, for example if x ∈ X iff log log x ∈ Y for all x ∈ Σ∗ or whenever
X≤NP

c Y .)

Selman showed in Theorem 6 of [Sel78] that ≤pe is a maximal transitive
subrelation5 of ≤NP

T over Σ∗ and we can deduce from Selman’s argument and
Corollary 3.1 that this property also holds over REC. In contrast Ladner et al.
constructed in Lemma 4.3 of [LLS75] sets A,B, C ∈ DTIME(22n

) such that
A≤NP

T B≤NP
T C whereas A �NP

T C thus proving that ≤NP
T is not transitive6.

In particular for us this means that ≤pe is properly contained in ≤NP
T over

classes of relatively low time complexity. On the other hand it is easily seen
that ≤P

m ⊆≤NP
m ⊆≤NP

c and also that ≤NP
c ⊆≤pe (the latter by Theorem 3.1

since obviously ≤NP
c ⊆

⋂
q∈P ≤q

pe′). On the other hand, in Theorem 11 of

5 Note that in [Sel71] Theorem 2.7 Selman had shown that ≤e is a maximal transitive
relation of the relation “c.e. in” or, in other words (as we saw in Section 2) ≤N

T.
6 In fact the construction is such that A≤P

T B≤pe C and so it also follows—by tran-
sitivity of ≤P

T and ≤pe —that A�pe B and B �P
T C (see [Har06] Corollary 4.3.20).

Thus this proof also shows the separation of ≤P
T and ≤pe in both possible ways.



[Sel78] Selman constructed sets A and B (in elementary time7) such that A≤pe

B (via the pe-reduction x ∈ A iff log log x ∈ B) whereas A �NP
c B . Thus

≤NP
c is properly contained in ≤pe . However Selman also showed that this is

not the case over EXP. Indeed, suppose that A≤pe B and B ∈ EXP. Then
B ∈ DTIME(2q(n)) for some q(n) ∈ P. Now, it follows from the assumption
that A≤peB and Theorem 3.1 that A≤q

pe′B. Suppose that Φ is a pe′-operator
for q(n) witnessing this reduction. Then, by definition, for any 〈s, t〉 ∈ Φ we
know that (∀z ∈ D−

t )[ q(|z|) ≤ k · log |s| ] for some fixed k ≥ 0. Thus “z ∈ B ?”
can be computed in O(2k·log |s|) = O(|s|k) steps for all such z. It is therefore
straightforword to construct an np-c-operator Φ̂ witnessing A≤NP

c B (see the
proof of [Sel78] Theorem 12 or [Har06] Proposition 4.3.25). Furthermore, taking
into account that EXP is closed under ≤pe we obtain our next result.

Proposition 3.1 ([Sel78]). ≤NP
c and ≤pe coincide over EXP.

Let 〈RECpe,≤〉—which we also refer to as the computable pe-degrees—
denote the degree structure induced by ≤pe over REC. Then notice that
Proposition 3.1 tells us that 〈RECNP

c ,≤〉 and 〈RECpe,≤〉 are identical over
EXP. Now, as mentioned earlier a number of results concerning 〈RECNP

c ,≤〉
were proved by Copestake in [Cop97]. But what can we say about 〈RECpe,≤〉 ?
Well, firstly it is easily seen that the latter is an upper semilattice with NP
as zero degree (just as for 〈RECNP

c ,≤〉). Moreover, 〈RECpe,≤〉 is not a lattice
and is not distributive. (These properties are proved in Theorem 4.4.3 and Theo-
rem 4.4.5 of [Har06] using straightforward adaptations of similar arguments used
in [AS85a, AS99].) Also the computable pe-degrees display branching properties
(see [Har06] Proposition 4.4.7) similar to those displayed by the computable p-
T-degrees. This brings us to the question of whether joins and meets can be
constructed in the pe-degrees in a manner similar to that developed for the
p-T-degrees, in particular by Ambos-Spies. Bearing in mind the “pe-operator
problem” stated above, this question requires a slight change of methodology. It
is also the principal subject of the work presented below.

4 Join and Meet Lemmas

In this Section we present two results taken from Ambos Spies’ work [AS85a,
AS85b, AS87] which we will adapt to the context of the pe-degrees. The reader
will notice that we do this directly in the case of the meet lemma below. The
join lemma on the other hand has more general scope and is adapted to the
present context in Section 5. We begin by a reminder of the notion of recursively
presentable class and related issues.

Notation. We use Pω to denote the class {X | X ⊆ ω & X ∈ P } under the
indentification of ω with the unary language {0}∗.
7 This is clear from Selman’s construction. See [Har06] Lemma 4.3.23 for an approxi-

mate time analysis.



Definition 4.1. A class C of computable sets is recursively presentable (r.p.)
if C is empty or there exists a computable set U ⊆ ω×Σ∗ such that C = {Un |
n ∈ ω }, where Un =def { s | 〈n, s〉 ∈ U }. Note that C≤P

mU for all C ∈ C and
observe that we call U a universal set for C. A class D is closed under finite
variants (c.f.v.) if, for all sets A and B, if A ∈ D and B

∗= A then B ∈ D also.

Our next result is proved by modifying the proof of Lemma 2.1(c) in [AS85b].

Lemma 4.1. Let C and D be r.p. classes of computable sets. Define

[C,D]NP = {A | (∃C ∈ C) (∃D ∈ D)
(
C ≤NP

T A≤NP
T D

)
} .

Then [C,D]NP is recursively presentable and closed under finite variants.

Note 4.1. Any finite class of computable sets is recursively presentable. In par-
ticular, the class [{A}, {B}]NP is r.p. and c.f.v. for any A,B ⊆ Σ∗.

Notation. Let f : ω → ω be a strictly increasing function. The nth iteration fn

of f is defined inductively by: f0(m) = m and fn+1(m) = f(fn(m)). We use
the denotation If

n =def {x ∈ Σ∗ | fn(0) ≤ |x| < fn+1(0) } and we call this the
(n+1)st f-interval. Since f is strictly increasing { If

n | n ∈ ω } is a partition of
Σ∗ (i.e. Σ∗ =

⋃
{ If

n | n ∈ ω } and If
m

⋂
If
l = ∅ for all m 6= l). For any set

α ⊆ ω the notation If
α is used as shorthand for the set

⋃
{If

n | n ∈ α } .

Note 4.2 ([AS85b]). If f : ω → ω is p-constructible and strictly increasing
and α ∈ Pω then If

α ∈ P, and therefore for any X ⊆ Σ∗, If
α ∩X≤P

mX.

Note 4.3 ([AS85b]). Any computable function g : ω → ω is dominated by a
strictly increasing p-constructible function f in the sense that (∀n)[ g(n) < f(n) ].

Lemma 4.2 (Join lemma [AS85b]). Let C0, C1 be computable sets and let
C0,C1 be r.p and c.f.v. classes such that C0 ∪ C1 /∈ C0 and C1 /∈ C1. Then
there is a computable function g0 : ω → ω such that the following holds. If g is
a strictly increasing computable function that dominates g0 and α is an infinite
and co-infinite set of natural numbers then (C0 ∩ Ig

α) ∪ C1 /∈ C0 ∪C1 .

Lemma 4.3 (Meet lemma [AS85b]). For any computable set B there is a
computable function g1 such that g1(n) > n and the following holds. If g is
a p-constructible and strictly increasing function which dominates g1, and if
α, β ∈ Pω and C ⊆ Σ∗ is computable, then

degpe( (B ∩ Ig
2α∩2β)⊕ C ) = degpe( (B ∩ Ig

2α)⊕ C ) ∩ degpe( (B ∩ Ig
2β)⊕ C ) .

(4.1)

Proof (Sketch). Given B, let g1 be the stepcounting function of some determin-
istic Turing machine computing B such that g1(n) > n. Fix g, α, β and C as
in the premise of the Lemma. Now, it is easily seen that the pe-degree on the



L.H.S. of (4.1) is below both of the pe-degrees mentioned on the R.H.S. of the
latter. Thus we only need to show that for any X ⊆ Σ∗,

[ X≤pe(B ∩ Ig
2α)⊕ C & X≤pe(B ∩ Ig

2β)⊕ C ⇒ X≤pe(B ∩ Ig
2α∩2β)⊕ C ] .

Accordingly, the proof now proceeds in a similar manner to that of Lemma 3.4 of
[AS87] except that we replace p-T-reductions by pe′-reductions. Indeed, by the
same argument—and bearing in mind that pe′-reductions are just specialised
np-T-reductions—we find that for any q(n) ∈ P, if (I) X≤q

pe′ (B ∩ Ig
2α) ⊕ C

and (II) X≤q
pe′ (B ∩ Ig

2β) ⊕ C , then (III) X≤NP
T (B ∩ Ig

2α∩2β) ⊕ C. Moreover,
on any input s, all queries made in reduction (III) are either queries made in
reduction (I) or queries made in reduction (II) on input s. So suppose that
k′, k′′ ≥ 0 witness respectively the fact that the np-T-reductions (I) and (II)
are pe′-reductions for q(n) in the sense of Definition 3.3. Then we know that
q(|z|) ≤ k′ · log |s| for all8 relevant (see Note 3.1) negative queries of reduction
(I) and that q(|z|) ≤ k′′ · log |s| for all relevant negative queries of reduction
(II). But this means that any relevant query in reduction (III) satisfies

q(|z|) ≤ q(|z|) + q(|z|) ≤ k′ · log |s|+ k′′ · log |s| = (k′ + k′′) · log |s| .

Now, since s was chosen arbitrarily we know that k = k′ + k′′ witnesses the fact
that (III) is in fact a pe′-reduction for q(n), i.e. that X≤q

pe′ (B ∩ Ig
2α∩2β)⊕ C.

Now suppose that X≤pe(B ∩ Ig
2α)⊕ C and X≤pe(B ∩ Ig

2β)⊕ C . Then, by
Theorem 3.1 we know that (I) and (II) apply for all q(n) ∈ P. Thus we know,
by the above argument, that (III) also applies for all q(n) ∈ P. Therefore, by
applying Theorem 3.1 once more we obtain that X≤pe (B ∩ Ig

2α∩2β) ⊕ C. This
proves the Lemma. (See Lemma 4.5.7 of [Har06] for a more formal proof.) ut

5 Lattice Embeddings

Ambos-Spies’ join and meet lemmas provide us with the background tools for
the construction of lattice embeddings in the pe-degrees. As the reader will
observe, the join lemma is used indirectly in that it relies on the fact that
np-T-reductions are effective operator based (something we cannot guarantee
for pe-reductions—see Note 3.3), and Corollary 3.1, to perform the necessary
diagonalisation. In other words it uses what is essentially a corollary of the (non
constructive) definition of pe-reducibility. On the other hand, the construction
of meets relies heavily on the constructive formulation of pe-reducibility (see
the proof of Lemma 4.3) in combination with the methods used to construct
joins. We begin by presenting the basic construction of joins and meets in the
pe-degrees and, in so doing, we prove that the computable pe-degrees are dense.
We then go on to state two of Ambos-Spies’ lattice embedding theorems which
are applicable in the present context due to our ability to construct joins and
meets in the manner described below.
8 In a more formal argument using operators (as defined in Note 3.2) all possible

negative queries satisfy this condition.



Theorem 5.1. If A,B are computable sets such that A<peB then there exist
computable sets B0,B1 such that A<peB0, B1<peB and B0 ⊕B1 ≡pe B.

Proof. Fix A,B ⊆ Σ∗ such that A <pe B. Then, since B �pe A, by Corol-
lary 3.1 there exists computable C ⊆ Σ∗ such that A≤NP

T C but B�NP
T C.

Note that, by Lemma 4.1, the following classes of sets C0 and C1 are recur-
sively presentable and closed under finite variants:

C0 =def { E | E≤NP
T C }

C1 =def { E | B≤NP
T E≤NP

T B ⊕ C }

Now without loss of generality suppose that B ⊆ 0Σ∗ and C ⊆ 1Σ∗. Therefore
(B ∩E)∪C ≡P

m (B ∩E)⊕C for any set E. (For example, B ⊕C ≡P
m B ∪C.)

Then B ∪C /∈ C0 because B ∪C ≡P
m B⊕C and B �NP

T C , whereas C /∈ C1

(again because B�NP
T C). Now, let g0 be the computable function stipulated by

Lemma 4.2 and let g be a p-constructible strictly increasing function dominating
g0 (such functions always exist—see Note 4.3). Therefore, by Theorem 4.2 we
have

E0 =def (B ∩ Ig
2ω)⊕ C /∈ C0 ∪C1

E1 =def (B ∩ Ig
2ω+1)⊕ C /∈ C0 ∪C1 .

Now also define B0 =def (B∩ Ig
2ω)⊕A and B1 =def (B∩ Ig

2ω+1)⊕A. Then since
Ig
2ω, Ig

2ω+1 ∈ P (see Note 4.2) we know that (B ∩ Ig
2ω)≤P

m B and (B ∩ Ig
2ω+1)≤P

m

B so it follows that A≤pe B0, B1 ≤pe B (since ≤P
m ⊆≤pe and A≤pe B by

hypothesis).
We now show that B0 and B1 lie strictly (pe-) in between A and B. Accord-

ingly fix i ∈ {0, 1}.

• Suppose that B≤pe Bi. Clearly Bi≤NP
T Ei (as A≤NP

T C) and so B≤NP
T Ei

by definition of ≤pe . However this contradicts the fact that Ei /∈ C1 (since
obviously Ei≤NP

T B ⊕ C).
• Suppose that Bi≤pe A. Observe that B ∩ Ig

2ω+i≤P
m Bi and it thus follows

that B ∩ Ig
2ω+i≤pe A. However this implies, by definition of ≤pe that B ∩

Ig
2ω+i ≤NP

T C (since A≤NP
T C). Therefore Ei = (B ∩ Ig

2ω+i) ⊕ C ≤NP
T C in

contradiction with the fact that Ei /∈ C0.

We conclude that A<peB0, B1<peB. Clearly also B0 ⊕B1 ≡pe B. ut

Corollary 5.1 (Density and splitting). For any (computable) pe-degrees a
and b such that a < b there exist pe-degrees b0 and b1 such that a < b0, b1 < b
and b = b0∪b1. In other words the (computable) pe-degrees are dense and every
pe-degree splits.

Theorem 5.2 (Meet reducibility). For any (computable) pe-degrees a and
b such that a < b there exist pe-degrees a0 and a1 such that a < a0,a1 < b
and a = a0 ∩ a1 . Thus the (computable) pe-degrees are meet reducible.



Proof. Let a,b be (computable) pe-degrees such that a < b and let A ⊆ 1Σ∗

and B ⊆ 0Σ∗ be sets such that A ∈ a and B ∈ b. Also let C ⊆ 1Σ∗ be
a computable set such that A≤NP

T C whereas B�NP
T C (using Corollary 3.1).

Apply Lemma 4.2 (the join lemma) to C0 = B, C1 = C, C0 = {X | X ≤NP
T C }

and C1 = {X | B ≤NP
T X ≤NP

T B⊕C }. Also apply Lemma 4.3 (the meet lemma)
to B (i.e. as B in the wording of the Lemma). Let g0, g1 be the respective
functions guaranteed by Lemma 4.2 and Lemma 4.3 and let g be a p-constructible
function dominating both g0 and g1. Then we follow the same reasoning as in
the proof of Theorem 5.1 where now we have

E0 =def (B ∩ Ig
4ω)⊕ C /∈ C0 ∪C1

E1 =def (B ∩ Ig
4ω+2)⊕ C /∈ C0 ∪C1

and we define B0 =def (B∩Ig
4ω)⊕A and B1 =def (B∩Ig

4ω+2)⊕A which ensures
that A<peB0, B1<peB. We combine this with a straightforward application of
Lemma 4.3. Whence we are able to conclude the present Theorem (using the
fact that (B ∩ Ig

4ω∩4ω+2)⊕A = ∅ ⊕A ≡pe A) by taking

a0 = degpe( (B ∩ Ig
4ω)⊕A ) and a1 = degpe( (B ∩ Ig

4ω+2)⊕A ) . ut

Corollary 5.2. Any non-zero (computable) pe-degree b bounds a minimal pair.

With the above results in mind we can now see that two different types of
lattice embeddings proved by Ambos-Spies to exist in the p-m and p-T-degrees
[AS85a, AS85b, AS87] also exist in the pe-degrees.

Theorem 5.3. Let L = 〈L,≤〉 be any countable distributive lattice. Let a and
b be computable pe-degrees such that a < b. Then there exist lattice embeddings
f0, f1 : L → [a, b] of L into the interval [a, b] such that f0 maps the least element
0 of L (if any) to a and f1 maps the greatest element 1 of L (if any) to b.

Indeed, to prove Theorem 5.3, we proceed in a similar manner to the proof
of Corollary 4.3 in [AS85b] except that we apply the join lemma (Lemma 4.2)
in the indirect manner exemplified in the proof of Theorem 5.1. (See the proof
of Theorem 4.6.7. in [Har06] for details.) Similar observations apply to our final
result below, with regard to the proof of Theorem 7.1 in [AS87].

Theorem 5.4. Let L = 〈L,≤〉 be any finite distributive lattice which is nowhere
complemented (i.e. no a ∈ L − {0, 1} has a complement). Let a and b be
computable pe-degrees such that a < b. Then there exists a lattice embedding
f : L → [a, b] of L into the interval [a, b] such that f maps the least element 0
of L (if any) to a and the greatest element 1 of L (if any) to b.

Finally, note that it is the absence9 of a proof that ≤pe satisfies Lemma 4.1
(with ≤pe replacing ≤NP

T ) that prevents us from stating Theorem 5.3 and The-
orem 5.4 in the full generality found in Ambos-Spies’ results (i.e. Corollary 4.5
in [AS85b] and Theorem 7.1 in [AS87]).
9 This is the case essentially due to the “pe-operator problem” described in Note 3.3.
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