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Abstract. We investigate and extend the notion of a good approximation
with respect to the enumeration (De) and singleton (Ds) degrees. We refine

two results by Griffith, on the inversion of the jump of sets with a good ap-
proximation, and we consider the relation between the double jump and index

sets, in the context of enumeration reducibility. We study partial order em-

beddings ιs and ι̂s of, respectively, De and DT (the Turing degrees) into Ds,
and we show that the image of DT under ι̂s is precisely the class of retraceable

singleton degrees. We define the notion of a good enumeration, or singleton,

degree to be the property of containing the set of good stages of some good ap-
proximation, and we show that ιs preserves the latter, as also other naturally

arising properties such as that of totality or of being Γ0
n, for Γ ∈ {Σ,Π,∆}

and n > 0. We prove that the good enumeration and singleton degrees are
immune and that the good Σ0

2 singleton degrees are hyperimmune. Finally we

show that, for singleton degrees as < bs such that bs is good, any countable

partial order can be embedded in the interval (as, bs).

1. Introduction

The notion of a good approximation was first defined by Lachlan and Shore in
[LS92] where it was shown that the class of enumeration degrees of sets possessing
a good approximation is dense. Since the Σ0

2 enumeration degrees constitute a sub-
class of the latter, and any enumeration degree between two given Σ0

2 enumeration
degrees is itself Σ0

2, this result can be seen as a direct extension of earlier work
by Cooper. In effect, using a more restricted notion—defined below as a good Σ0

2

approximation—Cooper showed in [Coo82]) that the class of Σ0
2 enumeration de-

grees is dense. In Section 3 we reformulate the notion of a good set, and we define
a nice approximation as a natural generalisation of the latter. Used in conjunction
with techniques applied by Shore and Sorbi in [SS99], this allows us, in Section 4, to
make further progress on the jump inversion results obtained by Griffith in [Gri03].
In so doing, we also provide basic tools for the construction of sets of restricted
jump complexity.

There is a natural upper semilattice embbedding of the Turing degrees into
the enumeration degrees induced by the map that sends X to its characteristic
function. McEvoy pointed out in his thesis [McE84] that there also exists a partial
order embedding of the enumeration degrees into the singleton degrees defined by
sending any enumeration degree xe to the maximal singleton degree xs contained

Date: June 15, 2010.
∗Research supported by EPSRC research grant No. EP/G000212, Computing with Partial

Information: Definability in the Local Structure of the Enumeration Degrees.

1



2 CHARLES M. HARRIS, UNIVERSITY OF LEEDS

inside it. In Section 5 we study the preservation properties of this embedding. We
prove a characterisation of the partial order image—obtained by composition of the
above embeddings—of the Turing degrees within the singleton degrees, and we also
prove immunity results for for the partial order image of those enumeration degrees
containing a set with a good approximation.

In Section 6 we conclude by showing that Lachlan and Shore’s finite injury den-
sity proof [LS92]—using the notion of a good approximation—can be reapplied in
the context of the singleton degrees. Accordingly we prove, given any enumeration
degree xe, with xs the maximal singleton degree contained inside it, that if xe

contains a set with a good approximation, then every countable partial order can
be embedded within the singleton degrees subsumed by it, and that the class of
singleton degrees {ys | ys ≤ xs } is upper dense.

2. Preliminaries

We assume {We}e∈ω to be a standard listing of c.e. sets with associated c.e.
approximations {We,s}s∈ω, and {Dn}n∈ω to be the computable listing of finite sets
where Dn denotes the finite set with canonical index n. We also assume 〈x, y〉 to
be a standard computable pairing function over the integers. A set A is defined to
be enumeration reducible to a set B (A≤eB) if there exists an effective procedure
that, given any enumeration of B , enumerates A. More formally, A≤eB iff there
exists a c.e. set W such that, for all x ∈ ω,

x ∈ A iff ∃n [ 〈x, n〉 ∈W & Dn ⊆ B ] . (2.1)

We say that A is singleton reducible to B (A≤sB) if A≤eB, via some c.e. set W,
as described in (2.1), with the added condition that for all 〈x, n〉 ∈ W, |Dn| ≤ 1.
We define {Φe}e∈ω to be the effective listing of enumeration operators such that
for any set X,

ΦXe = {x | ∃n [ 〈x, n〉 ∈We & Dn ⊆ B ] } .

Also , for any e, we use the notation ΦXe,s to define the finite approximation to ΦXe ,
derived from We,s. In the context of singleton reducibity we redefine {Φe}e∈ω as
the effective listing of singleton operators derived in a similar way. For simplicity
we allow a certain amount of ambiguity in our notation, by sometimes equating We

with the operator Φe, and in the case of finite sets, using the letter D or similar to
denote both a finite set and its index in the listing of finite sets specified above.

For r ∈ {e, s}, we use the notation xr for the equivalence classes of ≤r or, in
other words, the enumeration and singleton degrees respectively, whereas degr(X)
is notation for the ≤r degree of X. 0r is the degree of the c.e. sets, Dr denotes the
associated degree structure, and Dr(≤xr) denotes the substructure over the class
of degrees {yr | yr ≤ xr }.

We assume the reader to be conversant with Turing (≤T) and other basic re-
ducibilities for which we use similar notation to the above, as also with the stan-
dard upper semilattice embedding ι : DT → De induced by the map X 7→ X ⊕X.
Note that the image of DT under ι is precisely the class of enumeration degrees
containing the graph of a total function. We call such degrees total.

The enumeration semihalting set relative to X is defined to be the set KX = {x |
x ∈ ΦXx } and the enumeration jump of X is defined to be the set JX = KX ⊕KX .
The associated jump and double jump of enumeration degree xe are written x′

e
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and x′′
e . We also use the notation JnX and xne for the iterated jump. We say that

xe is low2 if x′′
e = 0′′

e and is high if x′
e = 0′′

e .

Note 2.1 ([McE84]). For any sets X and non empty Y , KX ≤e X whereas if
Y ≤eX then Y ≤1KX .

We use X [e] to denote the set { 〈e, x〉 | 〈e, x〉 ∈ X }. We refer the reader
to [Coo90] and [Sor97] for an introduction to the global and local structure of
enumeration degrees and to [Soa87, Odi89, Coo04] for further background and
notation.

3. Good, Thin, and Nice Approximations

Definition 3.1. A uniformly computable enumeration of finite sets {Xs}s∈ω is
said to be a good approximation to the set X if:

(1) ∀s (∃t ≥ s)[Xt ⊆ X ]

(2) ∀x [ x ∈ X iff ∃t (∀s ≥ t)[Xs ⊆ X ⇒ x ∈ Xs ] ].

In this case we say that X is good approximable. We say that s is a good stage of
the approximation {Xs}s∈ω if Xs ⊆ X and we say that the G = { s | Xs ⊆ X } is
a good cover for X (relative to {Xs}s∈ω) or, for short, a good set for X. In general,
we call any such set of good stages G a good set.

Note 3.2. The notion of a good approximation was first defined by Lachlan and
Shore in [LS92], as follows: a uniformly computable enumeration of finite sets
{Xs}s∈ω is a (Lachlan and Shore) good approximation of the set X if:

(1∗) ∀n∃s (X�n ⊆ Xs ⊆ X ),

(2∗) ∀n∃t (∀s ≥ t)[Xs −X 6= ∅ ∨ X�n ⊆ Xs ⊆ X ].

It is easily seen that these two formulations ((1) & (2) and (1∗) & (2∗)) define
the same notion over the class of infinite sets. To see this let good∗ approximation
designate the original definition by Lachlan and Shore and suppose X to be an
infinite set.
• Suppose that {Xs}s∈ω is a good∗ approximation of X. Consider any s ∈ ω.

Choose n ∈ X such that n /∈
⋃
{Xr | r < s } (which is finite). By (1∗) there

exists t such that X�n+1 ⊆ Xt ⊆ X. Obviously t ≥ s. Thus {Xs}s∈ω satisfies
(1). Now consider any x ∈ ω with regard to its inclusion or otherwise in X. If
x /∈ X then for all s such that Xs ⊆ X, trivially x /∈ Xs. On the other hand,
if x ∈ X, then by (2∗) there exists a stage t such that, for all s ≥ t, if Xs ⊆ X,
then X�x+ 1 ⊆ Xs ⊆ X. So t obviously witnesses the fact that, for all s ≥ t,
Xs ⊆ X ⇒ x ∈ Xs. Hence {Xs}s∈ω satisfies (2).

• Suppose that {Xs}s∈ω is a good approximation of X. Consider any n ∈ ω. By
(2) let t be a stage such that for all x ∈ X�n, and r ≥ t, Xr ⊆ X ⇒ x ∈ Xr.
By (1) choose a stage s ≥ t such that Xs ⊆ X. Then clearly X�n ⊆ Xs ⊆ X.
Moreover, for all s ≥ t, if Xs −X = ∅—i.e. if Xs ⊆ X—then X�n ⊆ Xs ⊆ X
by definition of t. It follows that {Xs}s∈ω satisfies both (1∗) and (2∗).

When we consider these two notions relative to the class of finite sets however we
see that, despite the fact that every such set clearly has both a good approximation
and a good∗ approximation, the two notions differ in this context. For example
consider the set X = {0}. Define {Xs}s∈ω so that Xs = {s} for all s ≥ 0. Then
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{Xs}s∈ω is a good∗ approximation of X since the stage s = 0 is a witness for
(1∗) relative to all n whereas (2∗) is satisfied vacuously. On the other hand, for
any approximation {Xs}s∈ω of X to be good in the present sense there must exist
infinitely many stages s such that Xs = {0} and there must exist some t such that,
for all r ≥ t, Xr ⊆ {0} ⇒ Xr = {0}. In other words, over and above the usefulness
of Definition 3.1 in proving results below, the latter corrects a minor anomaly of
the original definition of a good approximation in the trivial context of the finite
sets.

Reminder. If Y is c.e. in Z we say that Z ⊕ Y is 1-c.e.a. in Z, and if Z is itself
n-c.e.a. in some X then Z ⊕ Y is said to be (n + 1)-c.e.a. in X. X is n-c.e.a. if
it is n-c.e.a. in ∅. Degree xr (with r ∈ {e, s}) is said to be n-c.e.a. in degr(X) if
it contains a set n-c.e.a. in X, and is said to be simply n-c.e.a. if it is n-c.e.a. in
degr(∅).

Lachlan and Shore pointed out that every (graph of a) total function has a
good approximation and showed that, for any good approximable X, and for all
n ∈ ω, every Z which is n-c.e.a. in X is good approximable. This means that the
n-c.e.a. sets are good approximable for all n. In particular the Σ0

2 sets are good
approximable. In fact we can define a stronger notion for the latter.

Definition 3.3. A uniformly computable enumeration of finite sets {Xs}s∈ω is
said to be a good Σ0

2 approximation to the set X if:

(1) ∀s (∃t ≥ s)[Xt ⊆ X ]

(2) ∀x [ x ∈ X iff ∃t (∀s ≥ t)[x ∈ Xs ] ].

We define the notion of a good stage and a good Σ0
2 cover/set for X as in Defini-

tion 3.1.

Lemma 3.4 ([Joc68]). X is Σ0
2 iff X has a good Σ0

2 approximation.

In other words the sets underlying De(≤0′
e) all have good Σ0

2 approximations. On
the other hand, the notion of a good approximation has a natural generalisation.

Notation. Suppose that {Xs}s∈ω and {Φs}s∈ω are approximations to some set X
and enumeration operator Φ. We use the shorthand ΦX [s] =def ΦXs

s . Note that
we also use this notation when {Xs}s∈ω is itself derived from a combination of
approximations of sets and enumeration operators.

Definition 3.5. A uniformly computable enumeration of finite sets {Xs}s∈ω is
said to be a thin approximation to the set X if X =

⋃
s∈T Xs where T is the set

of good stages of {Xs}s∈ω (i.e. T = { s | Xs ⊆ X }). We say that S (⊆ T ) is a
thin cover of X relative to {Xs}s∈ω if X =

⋃
s∈S Xs. We say that a set G is a nice

cover of X relative to {Xs}s∈ω if:

(1) ∀s (∃t ≥ s)[ t ∈ G ],

(2) ∀s [ s ∈ G ⇒ Xs ⊆ X ],

(3) ∀x [ x ∈ X iff ∃t (∀s ≥ t)[ s ∈ G⇒ x ∈ Xs ] ].

In this case we also say that {Xs}s∈ω is a nice approximation of X, via nice cover
G. We note that any nice cover of X is obviously a thin cover of X.
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Note 3.6. {Dn}n∈ω (the standard enumeration of finite sets) is a nice approxi-
mation to any infinite set X. Indeed, define total f (Turing reducible to X) by
f(n) = µm [Dm = X�n ]. Then G = { f(n) | n ∈ ω } is a nice cover of X relative
to {Dn}n∈ω. Notice however that {Dn}n∈ω is not a good approximation to X.
Indeed, choose x ∈ X and consider any t ≥ x. Since X is infinite we can pick y > t
such that y ∈ X. Let s be such that Ds = {y}. Then s > t and Ds ⊆ X. However
x /∈ Ds. Thus {Dn}n∈ω does not satisfy (2) of Definition 3.1 relative to X.

Note 3.7. It is clear from Definition 3.5 that if G is a nice cover of X relative to
some nice approximation {Xs}s∈ω then any infinite subset of G is also a nice cover
of X relative to {Xs}s∈ω.

Note 3.8. If {Xs}s∈ω is a good approximation of a set X then its set of good stages
G is a nice cover of X relative to {Xs}s∈ω. In other words every good cover of X
(and each of its infinite subsets) is a nice cover of X. Thus any good approximation
of X can be seen as a nice approximation of X whose set of good stages is itself a
(maximal) nice cover of X.

Lemma 3.9. If A has a nice approximation {As}s∈ω with nice cover G, and B≤eA
via enumeration operator Φ with c.e. approximation {Φs}s∈ω, then {ΦA[s]}s∈ω is
a nice approximation of B via nice cover G.

Proof. We verify the clauses of Definition 3.5 relative to {ΦA[s]}s∈ω and G. In
effect, (1) is trivial whereas (2) is obvious due to the basic properties of enumeration
operators. Now suppose that x /∈ B. Then clearly x /∈ ΦA[s] for all s ∈ G (using
(2) for the pair {As}s∈ω and G). On the other hand suppose that x ∈ B. Then
there exist a stage sx and finite set D ⊆ A such that x ∈ ΦDsx

. Using (3) for the pair
{As}s∈ω and G, let t ≥ sx be a stage such that, for all s ≥ t, s ∈ G ⇒ D ⊆ As.
Then clearly for all such s, x ∈ ΦA[s]. Hence (3) also holds for the pair {ΦA[s]}s∈ω
and G. �

Note 3.10. If A has a good approximation {As}s∈ω with good set of stages G,
then (by Note 3.8) Lemma 3.9 applies to the pair {As}s∈ω and G (or any infinite
subset of G).

Lemma 3.11. If A has a nice approximation {As}s∈ω with nice cover G, then
A(x) = lims∈GAs(x) for all x ∈ ω.

Proof. If x /∈ A then As(x) = 0 for all s ∈ G by Definition 3.5 (2) whereas x ∈
A ⇒ lims∈GAs(x) = 1 by (1) and (3) of the latter. �

Corollary 3.12. Suppose that A and B have nice approximations {As}s∈ω and
{Bs}s∈ω via nice covers H and I respectively. Then A = B iff lims∈H As(x) =
lims∈I Bs(x), for all x ∈ ω.

Note 3.13. Suppose that A has a good approximation {As}s∈ω with set of good
stages G and that ∆ and Ψ are enumeration operators with c.e. approximations
{∆s}s∈ω and {Ψs}s∈ω. Then it follows from Note 3.8, Lemma 3.9 and (letting
H = G = I) Corollary 3.12 that ∆A = ΨA iff lims∈G ∆A[s] = lims∈G ΨA[s], since
the approximations {∆A[s]}s∈ω and {ΨA[s]}s∈ω are nice approximations to ∆A

and ΨA both via nice cover G. This is the property that we exploit in the proof of
Theorem 6.3 of Section 6.
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4. Good Approximations and Jump Inversion in the Enumeration
Degrees

We now turn our attention to the properties of the enumeration jump of the
good approximable sets.

Proposition 4.1. If X has a good approximation then JX ≡e KX .

Proof. If X is c.e. then obviously JX ≡e KX since KX≤eX≤eKX . So suppose
that X is not c.e. and let {Xs}s∈ω be a good approximation of X. Now define

C = { 〈x, s〉 | (∃t ≥ s)[Xt ⊆ X & x /∈ Xt ] }

and note that C /∈ {∅, ω} since X is not c.e. and {Xs}s∈ω is a good approximation
to X. Then C≤eX via the c.e. set

W = { 〈〈x, s〉, Xt〉 | t ≥ s & x /∈ Xt } .

Thus C≤1KX by Note 2.1, from which it follows that C≤1KX . Accordingly let
f be a 1-1 computable function such that 〈x, s〉 ∈ C iff f(x, s) ∈ KX . Then, since
{Xs}s∈ω is a good approximation of X, and by the definition of C,

x ∈ X iff ∃s [ 〈x, s〉 ∈ C ]

iff ∃s [ f(x, s) ∈ KX ] .

Thus X≤eKX via the c.e. set { 〈x, {f(x, s)}〉 | s ∈ ω } and so KX≤eKX since
KX≤eX (by Note 2.1). �

This result enables us to refine Griffith’s jump inversion Theorem [Gri03] as follows.

Theorem 4.2 (Griffith’s Theorem Refined). For any set W which has a good
approximation and any set X<eW , there exists a set A such that X≤eA<eW
and JA ≡e JW .

Proof. This was proved by Griffith in Theorem 4.1 of [Gri03] with the additional
premise thatW ≤e JX . However inspection of the proof shows that the latter is only
required in order to prove that KX⊕W ≤e W ≤e JX ≤e JA. Now Proposition 4.1
tells us that KX⊕W ≤eKX⊕W since it follows from Lemma 3.9 that X ⊕W has a
good approximation, whereas Griffith’s proof ensures that that KX⊕W≤eJA. �

In order to prove Theorem 4.1 of [Gri03], Griffith used the following characteri-
sation.

Lemma 4.3 ([Gri03]). If A = { e | C [e] is finite } for some set C ≤e X, then
A≤eJX .

Griffith also proved that the opposite implication applies when X is (the graph of)
a total function. We extend this result by showing, using methods developed by
Shore and Sorbi in [SS99], that the latter in fact holds whenever X has a good
approximation.

Lemma 4.4. If X has a good approximation and A≤e JX then there exists an
enumeration operator ∆ such that:

A = {x | (∆X)[x] is finite } & A = {x | (∆X)[x] = ω[x] } .



GOODNESS IN THE ENUMERATION AND SINGLETON DEGREES 7

Proof. Let {Xs}s∈ω be a good approximation to X, with set of good stages G.
Under the assumption that

A≤eJX

we construct an enumeration operator ∆ so that

x ∈ A ⇒ ∃j (∀i ≥ j)[ 〈x, i〉 /∈ ∆X ]

x /∈ A ⇒ ∀i [ 〈x, i〉 ∈ ∆X ] .

Using the fact that KX ≡e JX (Proposition 4.1) let Φ be an enumeration op-
erator such that A = ΦKX . Furthermore, since KX ≤eX we know that KX =
ΨX for some enumeration operator Ψ. Accordingly, we define {Ks

X}s∈ω so that
Ks
X =def ΨX [s], for all s. Then, by Lemma 3.9, {Ks

X}s∈ω is a nice approximation
of KX , via nice cover G. Thus, as G is the set of good stages of {Xs}s∈ω, by
Definition 3.5(3),

KX = {x | ∃t (∀s ≥ t)[Xs ⊆ X ⇒ x ∈ Ks
X ] } . (4.1)

The Construction of ∆.

Stage 0. ∆ = ∅.

Stage s > 0. Enumerate 〈〈x, i〉, Xs〉 into ∆ if x < s and i ≤ s and there exists no
D < i such that 〈x,D〉 ∈ Φs and D ∩Ks

X = ∅.
Verification. We call a stage s of the construction good if Xs ⊆ X (i.e. if s ∈ G).
Note that in this case Ks

X ⊆ KX .

• Suppose that x ∈ A. Then there exists D such that 〈x,D〉 ∈ Φ and D ⊆ KX .
Thus, whenever Ks

X ⊆ KX—and in particular whenever s is a good stage of the
construction—it follows that D∩Ks

X = ∅. Let sx be a stage such that 〈x,D〉 ∈ Φsx
.

Consider any i, t ∈ ω such that t ≥ sx (> D). By construction, 〈〈x, i〉, Xt〉 can only
be enumerated into ∆ at stage t if D∩Kt

X 6= ∅. However, this means that Kt
X * KX

which implies—as Kt
X =def ΨX [t]—that Xt * X. We can therefore conclude that,

for all i, t ∈ ω , if 〈〈x, i〉, Xt〉 ∈ ∆ and Xt ⊆ X, then t < sx. Moreover, by
construction this can only happen if i ≤ t. In other words (∆X)[x] ⊆ ω[x]�sx is
finite.

• Suppose that x /∈ A. Consider any i ∈ ω. Let

χx,i = {D | 〈x,D〉 ∈ Φ & D < i }

and

Ωx,i = { z | ∃D[D ∈ χx,i & z ∈ D & z ∈ KX ] } .

Now, since x /∈ ΦKX , for any 〈x,D〉 ∈ Φ—and in particular for any D such that
D < i—we know that D ∩KX 6= ∅. (The reader is reminded that we often identify
finite sets and canonical indices as in this instance.) On the strength of (4.1), let
sx,i > x+ i be a stage such that, for all good stages s ≥ sx,i, z ∈ Ωx,i ⇒ z ∈ Ks

X .
Consider any good stage s ≥ sx,i. Then, for any D ∈ χx,i we know that D∩Ks

X 6= ∅.
So 〈〈x, i〉, Xs〉 will be enumerated into ∆ at this stage, ensuring that 〈x, i〉 ∈ ∆X

(since Xs ⊆ X). Since i was chosen arbitrarily, it follows that 〈x, j〉 ∈ ∆X for all
j ∈ ω. In other words (∆X)[x] = ω[x]. �
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Corollary 4.5. For any set X with a good approximation,

A≤eJ
X iff A = {x | C [x] is finite } for some C≤eX ,

iff A = {x | B[x] is finite } & A = {x | B[x] = ω[x] }

for some B≤eX.

Proof. The ⇒ implication follows by Lemma 4.4 (taking C = B = ∆X) whereas
the ⇐ implication follows by Lemma 4.3. �

Definition 4.6. For any set X define TotFun(X) = { e | ΦXe is a total function }
and InfSet(X) = { e | ΦXe is infinite }.

Theorem 4.7. If X has a good approximation then

TotFun(X) ≡e InfSet(X) ≡e J2
X .

Proof. (≤e) Note that e ∈ TotFun(X) iff

∀x [ ∃y ( 〈x, y〉 ∈ ΦXe ) & ∀u∀v ( 〈x, u〉 ∈ ΦXe & 〈x, v〉 ∈ ΦXe ⇒ u = v ) ] .

Define:

B = { 〈e, x〉 | ∃y [ 〈x, y〉 ∈ ΦXe ] }
C = { 〈e, x〉 | ∃u∃v [ 〈x, u〉 ∈ ΦXe & 〈x, v〉 ∈ ΦXe & u 6= v ] } .

Then B,C ≤eX and so B≤1KX and C ≤1KX . Accordingly let g and h be 1-
1 computable functions such that 〈e, x〉 ∈ B iff g(e, x) ∈ KX and 〈e, x〉 ∈ C iff
h(e, x) ∈ KX . Then e ∈ TotFun(X) iff ∀x [ g(e, x) ∈ KX & h(e, x) ∈ KX ]. Hence

TotFun(X) = { e | ∃x [ g(e, x) ∈ KX ∨ h(e, x) ∈ KX ] }

and so TotFun(X)≤eKX ⊕KX = JX . It follows that TotFun(X)≤1KJX
and thus

TotFun(X)≤1KJX
, i.e. TotFun(X)≤1J

2
X .

Now note that e ∈ InfSet(X) iff ∀x(∃y ≥ x)[ y ∈ ΦXe ] and so, using similar
reasoning to that applied to B above we know that there exists a 1-1 computable
function f such that e ∈ InfSet(X) iff ∃x[ f(e, x) ∈ KX ]. It then follows that
InfSet(X)≤1KKX

, and so InfSet(X)≤1J
2
X .

(≥e ) Since JX is a total function under ≤1 equivalence it has a good approxi-
mation. Thus by Proposition 4.1, we know that J2

X =def JJX
≡e KJX

. Moreover,
since X has a good approximation and KJX

≤e JX , by Lemma 4.4 we know that
there exists an enumeration operator ∆ such that, for all x ∈ ω,

KJX
= {x | (∆X)[x] is finite } & KJX

= {x | (∆X)[x] = ω[x] } .

Define:
Wf(x) = { 〈〈z, 1〉, D〉 | 〈〈x, z〉, D〉 ∈ ∆ } .

Then, for all x ∈ ω,

x ∈ KJX
iff ΦXf(x) is a finite semicharacteristic function,

x ∈ KJX
iff ΦXf(x) is the total semicharacteristic function 1 : ω → {1} .

In other words, for all x ∈ ω, x ∈ KJX
iff f(x) ∈ TotFun(X) iff f(x) ∈ InfSet(X).

So J2
X≤eTotFun(X) and J2

X≤eInfSet(X). �
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Remark. The significance of Theorem 4.7 is that it provides tools for construct-
ing sets of certain specific jump complexities, in particular in conjunction with
Lemma 4.3. For example, these results are used in the proof of Theorem 2.3
in [Har09] to show that, given any b ≤ 0′

e there exists a noncuppable1 degree
0e < a < 0′

e such that b′ ≤ a′ and a′′≤ b′′.

Notice that the existence of quasiminimal enumeration degrees—i.e. degrees x >
0e such that there exist no total degrees in the class {y | 0e < y ≤ x }—underlines
the disparity between the actual set of total functions defined by TotFun(X) and
the complexity of the latter. Indeed suppose, for example, that X is a Σ0

2 set of
quasiminimal high enumeration degree and that Y is (the graph of) a total Σ0

2 func-
tion of high enumeration degree. Then by Theorem 4.7, TotFun(X) ≡e TotFun(Y ).
However, TotFun(X) exactly defines the set of total computable functions whereas
TotFun(Y ) defines a set that, not only strictly includes the latter, but even contains
functions of high enumeration degree (for example Y itself).

To conclude this Section we also note that it is easily shown that the standard
result stating that, for any set X, Tot(X) ≡T K2

X is in fact a special case of
Theorem 4.7 (where Tot(X) is the set of total functions Turing reducible to X
and K2

X is the double Turing jump of X). Indeed, note firstly that for any set Y ,
J2
Y ≤e J

2
Y and that inspection of the proof of Theorem 4.7 shows that TotFun(Y )≤e

TotFun(Y ). From this it follows from Theorem 4.7 and

Fact I: ≤T and ≤e coincide over sets Z such that Z≤eZ,

that if Y has a good approximation, then TotFun(Y ) ≡T J2
Y . Hence, bearing in

mind that X ⊕X has a good approximation, it suffices to prove, using Fact I, and
arguments similar to those applied in the context of index sets of c.e. sets (see for
example [Soa87]), that Tot(X) ≡T TotFun(X ⊕X) and that K2

X ≡T J2
X⊕X .

5. Good approximations and the Singleton Degrees

We now consider certain properties of singleton and enumeration degrees in par-
ticular with respect to the notion of good approximations and good sets discussed
above. Following standard notation we will call a singleton or enumeration degree
good if it contains a good set (i.e. the set of good stages of a good approxima-
tion). We note that it follows from Lemma 5.1 below that an enumeration degree
is good iff it contains a good approximable set. For any set X we use the notation
X∗ =def {n | Dn ⊆ X } where {Dn}n∈ω is the standard enumeration of finite sets,
specified in Section 1 and we note that every enumeration degree ae contains a
greatest/maximal singleton degree containing every set of the form KA for A ∈ ae

[McE84, Zac84].

Lemma 5.1. If A has a good approximation {As}s∈ω with set of good stages G
(i.e. G is a good set for A), then X≤eA iff X≤sG. In particular, A≤sG and
G≤eA.

Proof. If X = ΦA for some enumeration operator Φ then x ∈ A iff (∃s ∈ G)[x ∈
ΦAs ] and so X≤eA implies X≤sG. On the other hand G≤eA via the enumera-
tion operator { 〈s,As〉 | s ∈ ω }, and thus X≤sG implies X≤eA. �

1I.e. for all x < 0′
e , x ∪ a 6= 0′

e .
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This means that the singleton degree of G is the greatest singleton degree con-
tained in the enumeration degree of A. Kent points out in [Ken08] that for any
set A Lemma 5.1 holds for A with G replaced by A∗. In other words, the greatest
singleton degree as of any enumeration degree ae contains all sets of the form A∗

for A ∈ ae. For clarity we resume this situation in the following proposition.

Proposition 5.2. Every enumeration degree ae contains a greatest singleton degree
as (say). Moreover, for every A ∈ ae, the following properties hold.
• as contains KA and A∗.
• If A has a good approximation—and so ae is good—with set of good stages G,

then as contains G and all other good sets (see Definition 3.1) for A.

Corollary 5.3. Every good enumeration degree ae contains exactly one good sin-
gleton degree. Moreover the latter is the greatest singleton degree contained in ae.

Note 5.4. It follows from the above results that, whenever a singleton degree as

is contained in a good enumeration degree, then as is itself good iff for some/every
A ∈ as, ∀X[X≤eA ⇒ X≤sA ].

We use the term e-maximal to denote the class of singleton degrees described by
Proposition 5.2. Now, Kevin McEvoy remarked in [McE84] that the map A 7→ KA

induces a partial order embedding of of De into Ds.

Lemma 5.5. The embedding ιs : De → Ds induced by the map X 7→ KX is order
preserving and also preserves meets and 0. However it does not preserve joins.

Non preservation of joins is proved in Corollary 5.10 below. The rest of Lemma 5.5
is straightforward. This means that the singleton degrees contain an exact partial
order image of De and that every enumeration degree ae maps under ιs to the
e-maximal singleton degree contained inside it. Furthermore, the above discussion
shows that this image preserves the property of being good. However there are var-
ious other naturally arising properties that are preserved in this way. We resume
this situation in the following Lemma.

Lemma 5.6. The properties of being good, total, semi-recursive and Γ0
n, for Γ ∈

{Σ,Π,∆} and n > 0, are all preserved under the embedding ιs : De → Ds.

Proof. Preservation of goodness follows from Proposition 5.2. So let X be (the
graph of) a total function, then X ≤e X and so X ≤s X

∗ as stated above. But
X∗≤sX via the c.e. set { 〈n, {z}〉 | z ∈ Dn }. Thus X∗≤sX

∗, from which it
follows that X∗ ≡s χX∗ . If X is semi-recursive it is easily seen that Y ≤eX ⇒
Y ≤s X (as X is the lower cut of some computable linear order ≤L ) and so X
is contained in the e-maximal s-degree in degs(X). Finally for the case Γ0

n, with
Γ ∈ {Σ,Π,∆} and n > 0, it suffices to note that, for all m ∈ ω,

m ∈ X∗ ⇔ Dm ⊆ X
and that Dm ⊆ X if and only if ∀y ∈ Dm[ y ∈ X ], the universal quantifier being
bounded (by m). Thus X∗ has the same arithmetical complexity as X itself2. �

We also know [McE84] that the embedding ι : DT → De induced by the map
A 7→ χA preserves upper semilattice structure and 0 (but not meets [CM85]).
Notice that it follows from this, Lemma 5.5, and Lemma 5.6 that the embedding

2This proof, which also improves the original result, was suggested by the referee.
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ι̂s : DT → Ds induced by the map X 7→ KχX
also preserves order and 0 (but does

not preserve joins as shown in Corollary 5.10).
Since every (graph of a) total function has a good approximation, every total

enumeration degree ae is also good. Likewise therefore, by Lemma 5.6 the e-
maximal singleton degree contained in ae (i.e. its image under ιs) is total good.
Note that the image of DT under ι̂s is the class of total good singleton degrees. We
now give a characterisation of this class using results from [Cas71, OS06].

Proposition 5.7. as is a total good singleton degree iff as is retraceable (or, equiv-
alently, regressive).

Remark. The case as = 0s is trivially true hence we can assume below that as > 0s

and so any A ∈ as is infinite.

Proof. (⇒) Suppose that as is total good. Choose some total f ∈ as and define
Af to be the set { 〈f(0), . . . , f(n)〉 | n ∈ ω }. Then Af is clearly retraceable. Also
it is easy to see that f≤sAf and that Af≤ef . But then, as f ∈ as and as is good
we know by Note 5.4 that Af≤sf . So as contains a retraceable set.

(⇐) Now suppose that as contains a regressive set A. Suppose also that h is
the regressing function for A and that h0(x) = x and hn+1(x) = h(hn(x)) etc...
Define the condition

χ(m,n, a, z) =def hm+1(a) = z & hm+n(a) 6= hm+n+1(a)

& hm+n+1(a) = hm+n+2(a) .

We now obtain the total function f from h as follows.

〈n, z〉 ∈ f iff ∃m∃a[ a ∈ A & χ(m,n, a, z) ] .

Then A≤s f via the c.e. set W = { 〈x, {〈n, x〉}〉 | n ∈ ω } and f≤sA via the c.e.
set V = { 〈〈n, x〉, {a}〉 | ∃m[χ(m,n, a, x) ] }. Hence as is total.

Now, by Note 5.4, it suffices to show that if any set B≤eA then B≤sA. But
this is clear. Indeed finite D ⊆ A iff there exists a ∈ A such that, for all x ∈ D
there is some nx such that hnx(a) = x. Hence, assuming that B≤eA via c.e. set
W , we see that B≤sA via the c.e. set3

V = { 〈x, {a}〉 | ∃D [ 〈x,D〉 ∈W & (∀z ∈ D)(∃n)[hn(a) = z ] ] } . �

Corollary 5.8. The image of the partial order embedding ι̂s : DT → Ds (ι : DT →
De) induced by the map X 7→ KχX

(X 7→ χX) is precisely the class of retraceable
singleton (enumeration) degrees.

Proposition 5.9. The total good singleton degrees (i.e. the embedded Turing de-
grees) are join irreducible.

Proof. Let as > 0s (the case as = 0s being trivially true) be any total good
singleton degree and let A ∈ as be retraceable. Then, we know from [Zac84] that,
for any X,Y , if A≤sX ⊕ Y then A≤sX or A≤sY . �

Corollary 5.10. The embeddings ιs and ι̂s do not preserve joins.

3Notice that if 〈x, ∅〉 ∈W then { 〈x, {a}〉 | a ∈ ω } ⊆ V .
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Proof. Choose any two ≤e incomparable (graphs of) total functions A and B and
let GA, and GB be good sets for A and B—and so degs(GX) = ιs(dege(X)) for
X ∈ {A,B}. Moveover obviously GA ⊕ GB ∈ degs(A ⊕ B). (Notice also that
degs(GA⊕GB) is total since GA≤sGA and GB≤sGB .) But ιs(dege(A⊕B)) is the
good singleton degree contained in dege(A ⊕ B) which, being total, is retraceable
and hence join irreducible. So ιs(dege(A))∪ιs(dege(B)) = degs(GA⊕GB) is strictly
below ιs(dege(A ⊕ B)). Thus the Corollary is proved for ιs and it follows easily
from this that the Corollary also holds for ι̂s. �

Note that the above implies that not all total singleton degrees are good. We
now take a brief look at the immunity properties of good sets.

Lemma 5.11. If A is non c.e. good approximable and G is a good set for A, then
G is immune. Hence every non zero good singleton/enumeration degree is immune.

Proof. Let {As}s∈ω be a good approximation of A such that G is the set of its
good stages. Let X be any infinite subset of G. Then A≤sX via the c.e. set
{ 〈x, {s}〉 | x ∈ As } (see Note 5.12 below). Thus X is not c.e. since otherwise A
would be c.e. itself—a contradiction. �

Note 5.12. The fact that { 〈x, s〉 | x ∈ As } witnesses A≤sX in Lemma 5.11
depends on the fact that every infinite subset of G is a thin cover for A (see Defini-
tition 3.5). Note that if {Âs}s∈ω is only a nice approximation to A—as defined in
Definition 3.5—then, although the set Ĝ of good stages of this approximation is
itself a thin cover of A, it is clearly not true in general that every infinite subset
of Ĝ is also a thin cover of A. For example, as discussed in Note 3.6, the standard
enumeration of finite sets {Ds}s∈ω is a nice approximation to A. Let C ⊆ A be
any non empty set such that C − A is infinite. Then T = {m | Dm ⊆ C − A } is
an infinite subset of the good stages of {Ds}s∈ω but is not a thin cover of A.

This result means that Zacharov’s proof [Zac84] of the existence of at least
two singleton degrees in any enumeration degree can be simplified for the good
enumeration degrees. This property will be applied in Section 6. We thus reiterate
the latter in detail in the following Proposition.

Proposition 5.13. Every good non zero enumeration degree ae contains at least
two singleton degrees cs < gs such that gs is good.

Reminder. We say that an enumeration of finite sets {Df(x)}x∈ω is a disjoint strong
array if f is (total) computable, Df(x) 6= ∅ and Df(y)∩Df(z) = ∅ for all x and y 6= z.
An infinite set X is immune if it contains no infinite c.e. set, and hyperimmune if
there exists no disjoint strong array {Df(x)}x∈ω such that Df(x) ∩ X 6= ∅ for all
x ∈ ω.

Proof. (From [Zac84, Ken08]) Let S be Post’s simple set. Note that S is c.e. and
that, although S is immune, it is not hyperimmune. Then for any set Y and immune
set X we know ([Zac84]) that X�s S ∪ Y . Let G be any non c.e. good set, let
{Df(n)}n∈ω be a disjoint strong array such that Df(n) ∩ S 6= ∅ for all n, and set
C = S ∪

⋃
n∈GDf(n). Then C ≡e G. So C≤sG since G is good, whereas G�sC

since G is immune. �

In fact, we see that Lemma 5.11 can be strengthened in the case when A is Σ0
2.
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Lemma 5.14. If A is non c.e. Σ0
2 and G is a good set for A, then G is hyperim-

mune. Hence every good Σ0
2 singleton degree is hyperimmune.

Proof. Suppose that {As}s∈ω is a good Σ0
2 approximation of A such that G is the

set of its good stages. Suppose that G is not hyperimmune. Then there exists a
computable function f and disjoint strong array {Df(x) }x∈ω such thatDf(x)∩G 6= ∅
for all x ∈ ω. From this we can deduce that:

A = {n | ∃x[n ∈ As for all s ∈ Df(x) ] } ,
and hence that A is computably enumerable—a contradiction! Indeed suppose that
n /∈ A and consider any x ∈ ω. Then there exists t ∈ Df(x) ∩G by hypothesis. But
this means that At ⊆ A by definition of G. Hence t witnesses the fact that it is not
the case that n ∈ As for all s ∈ Df(x). Now suppose that n ∈ A. Choose tn such
that, for all s ≥ tn, n ∈ As. Choose any x such that Df(x) ⊆ { t | t ≥ tn }. Then
obviously n ∈ As for all s ∈ Df(x). This concludes the proof. �

Corollary 5.15 ([McE84]). Every non zero Σ0
2 enumeration degree is hyperim-

mune.

Proof. Every Σ0
2 enumeration degree contains a good singleton degree. �

6. Density Results

In this Section we will show an upper density result for principal ideals of the
form {x | x ≤ a } in Ds, where a is a good singleton degree. We remind the
reader that a collection {Ai | i ∈ ω } of sets is said to be singleton independent
[KP54, OS06] if for every i, Ai�s

⊕
j 6=iAj . The reader should also note that in

this section {Φe}e∈ω is assumed to be the standard computable enumeration of
singleton operators specified in Section 2. The following Lemma arises from work
by Kleene and Post [KP54] and Sacks [Sac63] in the context of the Turing degrees.

Lemma 6.1 ([OS06]). If a,b are singleton degrees such that a < b and there
exists a singleton independent collection {Ai | i ∈ ω } of sets such that, for every
computable I, a ≤ degs(

⊕
i∈I Ai) ≤ b, then every countable partial order can be

embedded into the interval (a, b) of singleton degrees.

Note 6.2. If, in the terminology of Lemma 6.1, Ai = ΦBf(i) for some computable
f , then degs(

⊕
i∈I Ai) ≤ b for all computable sets I.

Theorem 6.3. Let a < b be singleton degrees such that b is good. Then in the
interval (a, b) one can embed any countable partial order.

Proof. Choose A ∈ a and B ∈ b and let G be a good set for B (so that G ∈ b) and
let {Bs}s∈ω be the good approximation of B of which G is the set of good stages.

In a similar fashion to the proof of Theorem 20 of [OS06] we construct a singleton
operator ∆ such that, letting ∆G

i = ∆G ∩ ω[i] and ∆G
6=i =

⋃
j 6=i ∆G

j , we have that
∆G
i �sA⊕∆G

6=i. Thus {A⊕∆G
i | i ∈ ω } forms a singleton independent collection

of sets. Now by construction (and since we have fixed singleton reductions A≤sB,
and G≤sB) there exists computable f such that A ⊕ ∆G

i = ΦBf(i). So it follows
from Note 6.2 that A≤s

⊕
i∈I(A⊕∆G

i )≤sB for all computable sets I.
The requirements that we need to satisfy are, for every e, i:

Pe,i : ∆G
i 6= Φ

A⊕∆G
6=i

e .
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Since A≤sB and G≤sB, there exist singleton operators Φ and Φ̂ such that A =
ΦB and G = Φ̂B . Accordingly we define approximations {As}s∈ω and {Gs}s∈ω by
letting As = ΦB [s] and Gs = Φ̂B [s] for all s ∈ ω. Then, since G is itself the set
of good stages of the good approximation {Bs}s∈ω it follows by Lemma 3.9 that
{As}s∈ω and {Gs}s∈ω are nice approximations of A and G such that G is a nice
cover of both A relative to {As}s∈ω and G relative to {Gs}s∈ω.

Definition (Good and good+ stages). We say that a stage s of the construction is
good, and that s+ 1 is good+, if s is a good stage of {Bs}s∈ω (i.e. if s ∈ G).

Remark. Note that G is being used both as a set in its own right in the construction
and also as the set of good stages of the construction (and that, by definition,
{Gs}s∈ω is a nice approximation of G via nice cover G itself).

The construction. We define ∆s, the stage s approximation to ∆ at stage s.

Stage 0. Let ∆0 = ∅.
Stage s+ 1. For every e, i ≤ s let

l(e, i, s) = µy[ y = s ∨ ∆G
i [s](y) 6= Φ

A⊕∆G
6=i

e [s](y) ] .

For every e, i ≤ s and k ≤ l(e, i, s) proceed via the following.

Phase 1. If k ∈ Bs, enumerate the axiom 〈〈i, 〈e, k〉〉, {s}〉 into ∆.

Phase 2. For R ∈ {≤, >} define4

Ω(R, i, e) = { 〈n, 〈m, k〉〉 | 〈m,n〉R 〈e, i〉 & n 6= i } .

Then, if 〈i, 〈e, k〉〉 ∈ ΦA⊕Ω(>,i,e)
e [s] − Φ

A⊕∆G
6=i

e [s], choose some z ∈ Ω(>, i, e) that
witnesses this (i.e. 〈i, 〈e, k〉〉 ∈ Φ∅⊕{z}e ) and enumerate 〈z, {s}〉 into ∆.

If an axiom is added in Phase 2 above on behalf of e, i then we say that the pair
(e, i) acts at stage s + 1. We also say that (e, i) acts for the sake of k in the case
when 〈i, 〈e, k〉〉 ∈ Φ∅⊕{z}e and 〈z, {s}〉 is enumerated into ∆.

Verification of the construction. We proceed by verifying a series of claims.

Claim 1. The following equivalences apply to the construction.

• lims∈G l(e, i, s) is finite iff ∆G
i 6= Φ

A⊕∆G
6=i

e ,

• lims∈G l(e, i, s) =∞ iff ∆G
i = Φ

A⊕∆G
6=i

e .

Proof. {As}s∈ω and {Gs}s∈ω are nice approximations of A and G, both via nice
cover G. It follows by Lemma 3.9 that ∆G[s] is a nice approximation of ∆G via
nice cover G. But then {A ⊕ ∆G[s]}s∈ω is a nice approximation of A ⊕ ∆G via

nice cover G. Thus {∆G
i [s]}s∈ω and (again by Lemma 3.9) {ΦA⊕∆G

6=i
e [s]}s∈ω are

nice approximations to ∆G
i and Φ

A⊕∆G
6=i

e both via nice cover G. Therefore Claim 1
follows easily from Lemma 3.11 and Corollary 3.12. �

Claim 2. If lims∈G l(e, i, s) is finite then the pair (e, i) only acts finitely often at
good+ stages of the construction. Thus, under these conditions, the pair (e, i) only
contributes finitely many numbers n to ∆G.

4Notice that Ω(≤, i, e) = Ω(<, i, e). However we use ≤ and not < for the sake of consistency
with the rationale of this type of argument as typified by the proof of Theorem 2.6 of [LS92].
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Proof. Let k∗ = max { l(e, i, s) | s ∈ G }. Then by contruction, for all s, k ∈ ω,
if (e, i) acts for the sake of k at stage s + 1, and s + 1 is good+ (i.e. s ∈ G),
then k ≤ k∗. Consider any such pair (k, s). Accordingly, some axiom 〈z, {s}〉, such
that z ∈ Ω(>, i, e), is enumerated into ∆ at stage s+ 1 due to the presence of the
axiom 〈〈i, 〈e, k〉〉, {2z + 1}〉 ∈ Φe. Since s + 1 is a good+ stage, s ∈ G. Moreover
G = Φ̂B and so there exists w ∈ B such that s ∈ Φ̂{w}. Since {Bs}s∈ω is a good
approximation of B with good cover G, choose tw > s such that s ∈ Φ̂{w}[tw] and
w ∈ Bt for all good stages t ≥ tw (i.e. such that Bt ⊆ B and t ∈ G). Note that this
means that s ∈ Gp at every good stage p ≥ tw since {Gs}s∈ω is defined such that

Gt = Φ̂B [t] for all t. Hence, for any such p, z ∈ ∆G
6=i and 〈i, 〈e, k〉〉 ∈ Φ

A⊕∆G
6=i

e [p].
Thus (e, i) does not act for the sake of k at good+ stage p+ 1. It therefore follows
that there exists t∗ such that (e, i) does not act for the sake of any k ≤ k∗ (and
hence for any k) at any good+ stage s + 1 ≥ t∗. This proves the first part of
Claim 2. The second part now follows from the fact that (e, i) can only contribute
z to ∆G by enumerating 〈z, {t}〉 into ∆ at some good+ stage t + 1. Hence, from
the above argument, (e, i) only contributes finitely many number to ∆G via Phase
2. Moreover, clearly also (e, i) can contribute at most k∗ + 1 numbers to ∆G via
Phase 1 (since once again this can only happen at good+ stages). Thus the second
part of Claim 2 is also proved. �

Claim 3. For all e, i ∈ ω, ∆G
i 6= Φ

A⊕∆G
6=i

e .

Proof. By the Induction Hypothesis assume that lims∈G l(d, j, s) is finite for all
〈d, j〉 < 〈e, i〉 and note that this implies that ∆G

6=i ∩Ω(≤, i, e) is finite (since for any
k, by definition 〈j, 〈d, k〉〉 ∈ Ω(≤, i, e) ⇒ 〈d, j〉 < 〈e, i〉).

Remark. The Induction Hypothesis implies, on the strength of Claim 2, that only
finitely many numbers are contributed to ∆G by the action of any (d, j) such that
〈d, j〉 < 〈e, i〉.

Now suppose, for a contradiction, that ∆G
i = Φ

A⊕∆G
6=i

e . Then, by Claim 1,
lims∈G l(e, i, s) =∞ and so we can deduce the following.

I. By construction, the Induction Hypothesis and the above Remark, for all but
finitely many k, k ∈ B iff 〈i, 〈e, k〉〉 ∈ ∆G.

II. For all k, 〈i, 〈e, k〉〉 ∈ Φ
A⊕∆G

6=i
e iff 〈i, 〈e, k〉〉 ∈ Φ

A⊕( [ ∆G
6=i ∩Ω(≤,i,e) ]∪Ω(>,i,e) )

e .
Indeed ⇒ is obvious. To prove ⇐ let t0 be a stage such that for all good stages
of the construction s ≥ t0, ∆G

6=i ∩ Ω(≤, i, e)[s] = ∆G
6=i ∩ Ω(≤, i, e). Consider any k.

Let tk ≥ t0 be a stage such that l(e, i, s) ≥ k for all good stages s ≥ tk. For clarity

let y = 〈i, 〈e, k〉〉. Now suppose that y ∈ Φ
A⊕( [ ∆G

6=i ∩Ω(≤,i,e) ]∪Ω(>,i,e) )
e .

• If y ∈ ΦA⊕( [ ∆G
6=i ∩Ω(≤,i,e) ]) then trivially y ∈ Φ

A⊕∆G
6=i

e .
• Otherwise there exists z ∈ Ω(>, i, e) such that y ∈ Φ∅⊕{z}e . Let tz ≥ tk be the

least stage such that y ∈ Φ∅⊕{z}e [tz] and consider the least good stage s ≥ tz.
Note firstly that y /∈ ΦA⊕( [ ∆G

6=i ∩Ω(≤,i,e) ])[s] in this case since s is also a good
stage of the nice approximation {ΦA⊕( [ ∆G

6=i ∩Ω(≤,i,e) ])[s]}s∈ω (with nice cover
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G) of the set ΦA⊕( [ ∆G
6=i ∩Ω(≤,i,e) ]). Hence, w.l.o.g5. 〈z, {s}〉 will be enumerated

into ∆ at good+ stage s+ 1. However this ensures that y ∈ Φ
∅⊕∆G

6=i
e ⊆ Φ

A⊕∆G
6=i

e

as s ∈ G.

The outcome of this discussion is thus that ∆G
i = Φ

A⊕∆G
6=i

e implies that, for all
but finitely many k,

k ∈ B iff 〈i, 〈e, k〉〉 ∈ ∆G
i by I,

iff 〈i, 〈e, k〉〉 ∈ Φ
A⊕∆G

6=i
e by hypothesis,

iff 〈i, 〈e, k〉〉 ∈ Φ
A⊕( [ ∆G

6=i ∩Ω(≤,i,e) ]∪Ω(>,i,e) )
e by II.

Now note that, since ∆G
6=i ∩ Ω(≤, i, e) is finite by the Induction Hypothesis, this

implies that B≤sA. A contradiction. Therefore ∆G
i 6= Φ

A⊕∆G
6=i

e . To end the proof
of Claim 3 we note that it now follows by Claim 1, that lims∈G l(e, i, s) is finite and
thus the Induction Hypothesis is justified. �

This concludes the proof. �

Corollary 6.4. For any non zero singleton degree as, if as is good, then Ds(≤as)
is upper dense.

Corollary 6.5. For any non zero enumeration degree ae, if ae is good, then ev-
ery countable partial order can be embedded into the collection of singleton degrees
contained in ae.

Proof. Apply Theorem 6.3 in conjunction with Proposition 5.13. �

To conclude we note that the Corollary 6.4 was proved by Omanadze and Sorbi
in [OS06] for the special case when as = 0′

s whereas Corollary 6.5 was proved by
Kent in [Ken08] for the special case when ae is Σ0

2.
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