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THE JUMP CLASSES

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

If a is low then a00 = 000.

a

a0

More generally, if a0 is low relative to 00 then a00 = 000.
..so..

• It’s easy to construct a 6= 0 which is low.
• If we want to construct such an a which is also c.e., we can do

something similar. It’s a little bit more work, and requires an
injury argument.

The argument relativises to any degree b: so for any b there
exists a which is c.e. relative to b and properly low relative to b,
i.e. a > b and a0 = b0.

• Let W
e

be the eth c.e. set and let WA

e

be the eth c.e. set relative
to A.

• There exists e such that W
e

is of non-zero c.e. degree, and also
W

A

e

is properly low relative to A for any A.

Stage 0. Define ⌧0 = �.
Stage n + 1 – second phase. Given ⌧ ◆ ⌧

n

. To ensure A 6=  
n

, we let
m be the least such that ⌧(m) " and we ask:

Does  
n

(m) #?
If so: then choose i 2 {0, 1} such that i 6=  

n

(m). Define ⌧

n+1 = ⌧ ⇤ i.

If not: Then define ⌧

n+1 = ⌧ ⇤ 0.
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Theorem 1.1. If ⌧

↵

, ⌧

�

< 0.25 then the scenario is static almost everywhere.

Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.

Direct calculation reveals that  u 0.365227.

Definition 1.3. We let g(x, k) = x

kx(1 � x)k(1�x)
. For ⌧0, ⌧1 2 (0, 0.5) we say that ⌧0 is marginally less

than ⌧1, denoted ⌧0C ⌧1, if g(⌧0, 2) > 2g(⌧1, 3). For ⌧0, ⌧1 2 (0.5, 1) we say that ⌧0 is marginally greater than

⌧1, denoted ⌧0 B ⌧1, if 1� ⌧0 is marginally less than 1� ⌧1.

Theorem 1.4. If  < ⌧

↵

< 0.5 and ⌧

�

C ⌧

↵

then the scenario su↵ers �-takeover almost everywhere (and a

similar result holds with the roles of ↵ and � reversed).

Theorem 1.5. For ⌧

�

< 0.5 < ⌧

↵

, if 0 ⌧ w ⌧ n then � takes over totally (and similarly with the roles of ↵

and � reversed).

Theorem 1.6. If 1 �  > ⌧

↵

> 0.5 and ⌧

�

B ⌧

↵

then the scenario su↵ers ↵-takeover almost everywhere. A

similar result holds with the roles of ↵ and � reversed.

Theorem 1.7. If ⌧

↵

, ⌧

�

> 0.75 then the scenario is static almost everywhere.

Theorem 1.8 (STOC2012). Suppose ⌧ = 1
2 . There exists a constant c < 1 such that for all � > 0, the

probability that u chosen uniformly at random will belong to a run of length greater than �w

2
in the final

configuration, is bounded above by c

�

.

Now the picture remains similar, but the lower threshold decreases. While experimental evidence puts the
lower threshold in [0.3, 0.31], we can only prove that it lies somewhere in [0.25, 0.365227]. The di�culty is that
stable regions become MUCH harder to deal with than before – now there is a massive variety of kinds:
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Stage 0. Define ⌧0 = �.
Stage n+ 1. Given ⌧

n

. To decide whether n 2 A0 we ask:

Does there exist ⌧ � ⌧
n

such that  
n

(⌧ ;n) #?
If so: then let ⌧ be such. We shall define ⌧

n+1 � ⌧ . So since A � ⌧
n+1 this

means  
n

(A;n) # and so n 2 A0.

If not: Then define ⌧ = ⌧
n

. We shall define ⌧
n+1 � ⌧ . So since A � ⌧

n+1 this
means  

n

(A;n) " and so n /2 A0.

Stage n + 1 – second phase. Given ⌧ ◆ ⌧
n

. To ensure A 6=  
n

, we let m be
the least such that ⌧(m) " and we ask:

Does  
n

(m) #?
If so: then choose i 2 {0, 1} such that i 6=  

n

(m). Define ⌧
n+1 = ⌧ ⇤ i.

If not: Then define ⌧
n+1 = ⌧ ⇤ 0.

We take an oracle for ;0 and build A by a finite extension argument, i.e. we
define:

� = ⌧0 ⇢ ⌧1 ⇢ · · · · · · ⇢ A

At stage n+ 1 we decide whether or not n 2 A0 (ensuring A0 
T

;0).
At stage n+ 1 we also ensure A 6=  

n

, i.e. there exists m, A(m) 6=  
n

(m).
Constructing a 6= 0 which is low

Question. Are there low degrees other than 0?

• For A ✓ N we say A(n) = 1 , n 2 A and A(n) = 0 , n /2 A.
•  

i

is the ith Turing functional.  A

i

(n) denotes the output of  
i

when A is written on the oracle tape and on input n.
• B 

T

A if there exists i such that, for all n,  A

i

(n) #= B(n). A ⌘
T

B
if A 

T

B and B 
T

A.
• The Turing degree a of A is the (countable) collection of B such that

A ⌘
T

B. If A is of degree a and B is of degree b, then we say a  b if
A 

T

B.
• The halting problem relative to A, denoted A0, is {n :  A

n

(n) #}.
We have A <

T

A0. Also A 
T

B implies A0 
T

B0, so this defines a
function on degrees. If A is of degree a then we define the jump of a,
denoted a

0, to be the degree of A0.
• A degree is c.e. if it contains a c.e. set.

These are the degrees containing sets A which are approximable, i.e:

9i8n lim
s

 
i

(n, s) #= A(n).

Definition. A degree a is low if a0 = 00.

If a is low then so is everything below.
low
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Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.

Direct calculation reveals that  u 0.365227.

Definition 1.3. We let g(x, k) = x

kx(1 � x)k(1�x)
. For ⌧0, ⌧1 2 (0, 0.5) we say that ⌧0 is marginally less

than ⌧1, denoted ⌧0C ⌧1, if g(⌧0, 2) > 2g(⌧1, 3). For ⌧0, ⌧1 2 (0.5, 1) we say that ⌧0 is marginally greater than

⌧1, denoted ⌧0 B ⌧1, if 1� ⌧0 is marginally less than 1� ⌧1.
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C ⌧
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then the scenario su↵ers �-takeover almost everywhere (and a

similar result holds with the roles of ↵ and � reversed).

Theorem 1.5. For ⌧
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< 0.5 < ⌧

↵

, if 0 ⌧ w ⌧ n then � takes over totally (and similarly with the roles of ↵
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Theorem 1.6. If 1 �  > ⌧
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then the scenario su↵ers ↵-takeover almost everywhere. A

similar result holds with the roles of ↵ and � reversed.

Theorem 1.7. If ⌧

↵
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> 0.75 then the scenario is static almost everywhere.

Theorem 1.8 (STOC2012). Suppose ⌧ = 1
2 . There exists a constant c < 1 such that for all � > 0, the

probability that u chosen uniformly at random will belong to a run of length greater than �w

2
in the final

configuration, is bounded above by c
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.

Now the picture remains similar, but the lower threshold decreases. While experimental evidence puts the
lower threshold in [0.3, 0.31], we can only prove that it lies somewhere in [0.25, 0.365227]. The di�culty is that
stable regions become MUCH harder to deal with than before – now there is a massive variety of kinds:
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• For A ✓ N we say A(n) = 1 , n 2 A and A(n) = 0 , n /2 A.
•  

i

is the ith Turing functional.  A

i

(n) denotes the output of  
i

when A is written on the oracle tape and on input n.
• B 

T

A if there exists i such that, for all n,  A

i

(n) #= B(n). A ⌘
T

B

if A 
T

B and B 
T

A.
• The Turing degree a is the (countable) collection of B such that

A ⌘
T

B. If A is of degree a and B is of degree b, then we say a  b if
A 

T

B.
• The halting problem relative to A, denoted A

0, is {n :  A

n

(n) #}.
We have A <

T

A

0. Also A 
T

B implies A

0 
T

B

0, so this defines a
function on degrees. If A is of degree a then we define the jump of a,
denoted a0, to be the degree of A0.

• A degree is c.e. if it contains a c.e. set.

These are the degrees containing sets A which are approximable, i.e:

9i8n lim
s

 
i

(n, s) #= A(n).
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• For A ✓ N we say A(n) = 1 , n 2 A and A(n) = 0 , n /2 A.
•  

i

is the ith Turing functional.  A
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(n) denotes the output of  
i

when A is written on the oracle tape and on input n.
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A if there exists i such that, for all n,  A
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• The Turing degree a is the (countable) collection of B such that
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• The halting problem relative to A, denoted A

0, is {n :  A
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(n) #}.
We have A <

T

A

0. Also A 
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B implies A

0 
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0, so this defines a
function on degrees. If A is of degree a then we define the jump of a,
denoted a0, to be the degree of A0.

• A degree is c.e. if it contains a c.e. set.

These are the degrees containing sets A which are approximable, i.e:
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(n, s) #= A(n).

Definition. A degree a is low if a0 = 00.
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Theorem 1.1. If ⌧

↵

, ⌧

�

< 0.25 then the scenario is static almost everywhere.

Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.
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Question. Are there low degrees other than 0?

• For A ✓ N we say A(n) = 1 , n 2 A and A(n) = 0 , n /2 A.
•  

i

is the ith Turing functional.  A

i

(n) denotes the output of  
i

when A is written on the oracle tape and on input n.
• B 
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A if there exists i such that, for all n,  A
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(n) #= B(n). A ⌘
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if A 
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B and B 
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• The Turing degree a is the (countable) collection of B such that
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B. If A is of degree a and B is of degree b, then we say a  b if
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• The halting problem relative to A, denoted A

0, is {n :  A
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(n) #}.
We have A <
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A

0. Also A 
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B implies A
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B

0, so this defines a
function on degrees. If A is of degree a then we define the jump of a,
denoted a0, to be the degree of A0.

• A degree is c.e. if it contains a c.e. set.

These are the degrees containing sets A which are approximable, i.e:
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If a is low then a00 = 000.

a

a0

More generally, if a0 is low relative to 00 then a00 = 000.
..so..

• It’s easy to construct a 6= 0 which is low.
• If we want to construct such an a which is also c.e., we can do

something similar. It’s a little bit more work, and requires an
injury argument.

The argument relativises to any degree b: so for any b there
exists a which is c.e. relative to b and properly low relative to b,
i.e. a > b and a0 = b0.

• Let W
e

be the eth c.e. set and let WA

e

be the eth c.e. set relative
to A.

• There exists e such that W
e

is of non-zero c.e. degree, and also
W

A

e

is properly low relative to A for any A.

Stage 0. Define ⌧0 = �.
Stage n + 1 – second phase. Given ⌧ ◆ ⌧

n

. To ensure A 6=  
n

, we let
m be the least such that ⌧(m) " and we ask:

Does  
n

(m) #?
If so: then choose i 2 {0, 1} such that i 6=  

n

(m). Define ⌧

n+1 = ⌧ ⇤ i.

If not: Then define ⌧

n+1 = ⌧ ⇤ 0.
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Abstract.

1. Introduction

We take an oracle for ;0 and build A by a finite extension argument, i.e. we
define:

� = ⌧0 ⇢ ⌧1 ⇢ · · · · · · ⇢ A

At stage n+ 1 we decide whether or not n 2 A

0 (ensuring A

0 
T

;0).
At stage n+ 1 we also ensure A 6=  

n

, i.e. there exists m, A(m) 6=  
n

(m).
Constructing a 6= 0 which is low

Question. Are there low degrees other than 0?

• For A ✓ N we say A(n) = 1 , n 2 A and A(n) = 0 , n /2 A.
•  

i

is the ith Turing functional.  A

i

(n) denotes the output of  
i

when A is written on the oracle tape and on input n.
• B 

T

A if there exists i such that, for all n,  A

i

(n) #= B(n). A ⌘
T

B

if A 
T

B and B 
T

A.
• The Turing degree a is the (countable) collection of B such that

A ⌘
T

B. If A is of degree a and B is of degree b, then we say a  b if
A 

T

B.
• The halting problem relative to A, denoted A

0, is {n :  A

n

(n) #}.
We have A <

T

A

0. Also A 
T

B implies A

0 
T

B

0, so this defines a
function on degrees. If A is of degree a then we define the jump of a,
denoted a0, to be the degree of A0.

• A degree is c.e. if it contains a c.e. set.

These are the degrees containing sets A which are approximable, i.e:

9i8n lim
s

 
i

(n, s) #= A(n).

Definition. A degree a is low if a0 = 00.

If a is low then so is everything below.
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EXTENSIONS AND RELATIVISATIONS
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Abstract.

1. Introduction

If a is low then a00 = 000.

a

a0

More generally, if a0 is low relative to 00 then a00 = 000.
..so..

• It’s easy to construct a 6= 0 which is low.
• If we want to construct such an a which is also c.e., we can do

something similar. It’s a little bit more work, and requires an
injury argument.

The argument relativises to any degree b: so for any b there
exists a which is c.e. relative to b and properly low relative to b,
i.e. a > b and a0 = b0.

• Let W
e

be the eth c.e. set and let WA

e

be the eth c.e. set relative
to A.

• There exists e such that W
e

is of non-zero c.e. degree, and also
W

A

e

is properly low relative to A for any A.
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0 AND 0

0

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

Theorem 1.1. If ⌧

↵

, ⌧

�

< 0.25 then the scenario is static almost everywhere.

Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.

Direct calculation reveals that  u 0.365227.

Definition 1.3. We let g(x, k) = x

kx(1 � x)k(1�x)
. For ⌧0, ⌧1 2 (0, 0.5) we say that ⌧0 is marginally less

than ⌧1, denoted ⌧0C ⌧1, if g(⌧0, 2) > 2g(⌧1, 3). For ⌧0, ⌧1 2 (0.5, 1) we say that ⌧0 is marginally greater than

⌧1, denoted ⌧0 B ⌧1, if 1� ⌧0 is marginally less than 1� ⌧1.

Theorem 1.4. If  < ⌧

↵

< 0.5 and ⌧

�

C ⌧

↵

then the scenario su↵ers �-takeover almost everywhere (and a

similar result holds with the roles of ↵ and � reversed).

Theorem 1.5. For ⌧

�

< 0.5 < ⌧

↵

, if 0 ⌧ w ⌧ n then � takes over totally (and similarly with the roles of ↵

and � reversed).

Theorem 1.6. If 1 �  > ⌧

↵

> 0.5 and ⌧

�

B ⌧

↵

then the scenario su↵ers ↵-takeover almost everywhere. A

similar result holds with the roles of ↵ and � reversed.

Theorem 1.7. If ⌧

↵

, ⌧

�

> 0.75 then the scenario is static almost everywhere.

Theorem 1.8 (STOC2012). Suppose ⌧ = 1
2 . There exists a constant c < 1 such that for all � > 0, the

probability that u chosen uniformly at random will belong to a run of length greater than �w

2
in the final

configuration, is bounded above by c

�

.

Now the picture remains similar, but the lower threshold decreases. While experimental evidence puts the
lower threshold in [0.3, 0.31], we can only prove that it lies somewhere in [0.25, 0.365227]. The di�culty is that
stable regions become MUCH harder to deal with than before – now there is a massive variety of kinds:
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Abstract.

1. Introduction

Theorem 1.1. If ⌧

↵

, ⌧

�

< 0.25 then the scenario is static almost everywhere.

Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.

Direct calculation reveals that  u 0.365227.

Definition 1.3. We let g(x, k) = x

kx(1 � x)k(1�x)
. For ⌧0, ⌧1 2 (0, 0.5) we say that ⌧0 is marginally less

than ⌧1, denoted ⌧0C ⌧1, if g(⌧0, 2) > 2g(⌧1, 3). For ⌧0, ⌧1 2 (0.5, 1) we say that ⌧0 is marginally greater than

⌧1, denoted ⌧0 B ⌧1, if 1� ⌧0 is marginally less than 1� ⌧1.

Theorem 1.4. If  < ⌧

↵

< 0.5 and ⌧

�

C ⌧

↵

then the scenario su↵ers �-takeover almost everywhere (and a

similar result holds with the roles of ↵ and � reversed).

Theorem 1.5. For ⌧

�

< 0.5 < ⌧

↵

, if 0 ⌧ w ⌧ n then � takes over totally (and similarly with the roles of ↵

and � reversed).

Theorem 1.6. If 1 �  > ⌧

↵

> 0.5 and ⌧

�

B ⌧

↵

then the scenario su↵ers ↵-takeover almost everywhere. A

similar result holds with the roles of ↵ and � reversed.

Theorem 1.7. If ⌧

↵

, ⌧

�

> 0.75 then the scenario is static almost everywhere.

Theorem 1.8 (STOC2012). Suppose ⌧ = 1
2 . There exists a constant c < 1 such that for all � > 0, the

probability that u chosen uniformly at random will belong to a run of length greater than �w

2
in the final

configuration, is bounded above by c

�

.

Now the picture remains similar, but the lower threshold decreases. While experimental evidence puts the
lower threshold in [0.3, 0.31], we can only prove that it lies somewhere in [0.25, 0.365227]. The di�culty is that
stable regions become MUCH harder to deal with than before – now there is a massive variety of kinds:
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Abstract.

1. Introduction

Definition. A degree a is low2 if a00 = 000. Generally a degree is low
n

if a(n) = 0(n).
If a is low then a00 = 000.

a

a0

More generally, if a0 is low relative to 00 then a00 = 000.
..so..

• It’s easy to construct a 6= 0 which is low.
• If we want to construct such an a which is also c.e., we can do

something similar. It’s a little bit more work, and requires an
injury argument.

The argument relativises to any degree b: so for any b there
exists a which is c.e. relative to b and properly low relative to b,
i.e. a > b and a0 = b0.

• Let W
e

be the eth c.e. set and let WA

e

be the eth c.e. set relative
to A.

• There exists e such that W
e

is of non-zero c.e. degree, and also
W

A

e

is properly low relative to A for any A.
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So far we have defined the hierachy and we have seen that it does not imme-
diately collapse, in the sense that there are degrees which are properly low.
To establish that it does not collapse at any level, the key ingredient is hop
inversion...
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to A.

• Since W
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(A) is always properly low relative to
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We call J
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We say that A ⌘
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Theorem [Jockusch]. For every e there exists a c.e. set A such that J
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(A) ⌘
T

;0. Moreover, A can be found uniformly in e and this result can be relativized
to any Y , i.e. there exist computable functions f and g such that for all e, Y ;

J
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(J
f(e)(Y )) ⌘
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Y

0 via g(e).

So far we have defined the hierachy and we have seen that it does not imme-
diately collapse, in the sense that there are degrees which are properly low.

Authors are listed alphabetically. Andy Lewis-Pye (previously Andrew Lewis) was sup-
ported by a Royal Society University Research Fellowship. Barmpalias was supported by
the Research Fund for International Young Scientists from the National Natural Science
Foundation of China, grant number 613501-10535, and an International Young Scientist Fel-
lowship from the Chinese Academy of Sciences; partial support was also received from the
project Network Algorithms and Digital Information from the Institute of Software, Chinese
Academy of Sciences and a Marsden grant of New Zealand.

1



THE HIERARCHY DOES NOT COLLAPSE

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction
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More generally, if a0 is low relative to 00 then a00 = 000.
..so..

• It’s easy to construct a 6= 0 which is low.
• If we want to construct such an a which is also c.e., we can do

something similar. It’s a little bit more work, and requires an
injury argument.

The argument relativises to any degree b: so for any b there
exists a which is c.e. relative to b and properly low relative to b,
i.e. a > b and a0 = b0.

• Let W
e

be the eth c.e. set and let WA

e

be the eth c.e. set relative
to A.

• There exists e such that W
e

is of non-zero c.e. degree, and also
W

A
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is properly low relative to A for any A.
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high2

non low

non high

. . .

As we move up, it becomes increasingly likely that P will hold for all degrees in
the jump class. All high degrees satisfy cupping, join, meet, complementation
etc..

The isomorphism types of countable ideals of the Turing degrees are exactly
the isomorphism types of countable upper semi-lattices with least element.
For a given (non-trivial) order theoretic property P , it is very unlikely that P
holds for all low degrees, or all degrees which are low2.

Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a_ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a _ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a

(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since WA

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

WA

e

. So J
e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J
e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J
e

(A) = WA

e

�A

We call J
e

the eth hop operator.
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As we move up, it becomes increasingly likely that P will hold for all degrees in
the jump class. All high degrees satisfy cupping, join, meet, complementation
etc..

The isomorphism types of countable ideals of the Turing degrees are exactly
the isomorphism types of countable upper semi-lattices with least element.
For a given (non-trivial) order theoretic property P , it is very unlikely that P
holds for all low degrees, or all degrees which are low2.

Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a_ 00, and it is generalised high
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if its jump is as high as it
possibly could be in relation to a _ 00:
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• Applying the hop inversion theorem, we get a c.e. set A relative to
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• We have produced e such that J
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• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J
e

(A) = WA

e

�A

We call J
e

the eth hop operator.



GENERALISING TO THE WHOLE STRUCTURE

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J

e

(A) = W

A

e

�A

We call J
e

the eth hop operator.
We say that A ⌘

T

B via hk0, k1i if A =  B

k0
and B =  A

k1
.

Theorem [Jockusch]. For every e there exists a c.e. set A such that J
e

(A) ⌘
T

;0. Moreover, A can be found uniformly in e and this result can be relativized
to any Y , i.e. there exist computable functions f and g such that for all e, Y ;

J

e

(J
f(e)(Y )) ⌘

T

Y

0 via g(e).

So far we have defined the hierachy and we have seen that it does not imme-
diately collapse, in the sense that there are degrees which are properly low.

Authors are listed alphabetically. Andy Lewis-Pye (previously Andrew Lewis) was sup-
ported by a Royal Society University Research Fellowship. Barmpalias was supported by
the Research Fund for International Young Scientists from the National Natural Science
Foundation of China, grant number 613501-10535, and an International Young Scientist Fel-
lowship from the Chinese Academy of Sciences; partial support was also received from the
project Network Algorithms and Digital Information from the Institute of Software, Chinese
Academy of Sciences and a Marsden grant of New Zealand.

1

GENERALISING TO THE WHOLE STRUCTURE

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J

e

(A) = W

A

e

�A

We call J
e

the eth hop operator.
We say that A ⌘

T

B via hk0, k1i if A =  B

k0
and B =  A

k1
.

Authors are listed alphabetically. Andy Lewis-Pye (previously Andrew Lewis) was sup-
ported by a Royal Society University Research Fellowship. Barmpalias was supported by
the Research Fund for International Young Scientists from the National Natural Science
Foundation of China, grant number 613501-10535, and an International Young Scientist Fel-
lowship from the Chinese Academy of Sciences; partial support was also received from the
project Network Algorithms and Digital Information from the Institute of Software, Chinese
Academy of Sciences and a Marsden grant of New Zealand.

1

GENERALISING TO THE WHOLE STRUCTURE

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J

e

(A) = W

A

e

�A

We call J
e

the eth hop operator.

Authors are listed alphabetically. Andy Lewis-Pye (previously Andrew Lewis) was sup-
ported by a Royal Society University Research Fellowship. Barmpalias was supported by
the Research Fund for International Young Scientists from the National Natural Science
Foundation of China, grant number 613501-10535, and an International Young Scientist Fel-
lowship from the Chinese Academy of Sciences; partial support was also received from the
project Network Algorithms and Digital Information from the Institute of Software, Chinese
Academy of Sciences and a Marsden grant of New Zealand.

1

GENERALISING TO THE WHOLE STRUCTURE

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J

e

(A) = W

A

e

�A

Authors are listed alphabetically. Andy Lewis-Pye (previously Andrew Lewis) was sup-
ported by a Royal Society University Research Fellowship. Barmpalias was supported by
the Research Fund for International Young Scientists from the National Natural Science
Foundation of China, grant number 613501-10535, and an International Young Scientist Fel-
lowship from the Chinese Academy of Sciences; partial support was also received from the
project Network Algorithms and Digital Information from the Institute of Software, Chinese
Academy of Sciences and a Marsden grant of New Zealand.

1

14 GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

high2

non low

non high

. . .

As we move up, it becomes increasingly likely that P will hold for all degrees in
the jump class. All high degrees satisfy cupping, join, meet, complementation
etc..

The isomorphism types of countable ideals of the Turing degrees are exactly
the isomorphism types of countable upper semi-lattices with least element.
For a given (non-trivial) order theoretic property P , it is very unlikely that P
holds for all low degrees, or all degrees which are low2.

Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a_ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a _ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a

(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since WA

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

WA

e

. So J
e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J
e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J
e

(A) = WA

e

�A

We call J
e

the eth hop operator.



SOME RULES OF THUMB..

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J

e

(A) = W

A

e

�A

Authors are listed alphabetically. Andy Lewis-Pye (previously Andrew Lewis) was sup-
ported by a Royal Society University Research Fellowship. Barmpalias was supported by
the Research Fund for International Young Scientists from the National Natural Science
Foundation of China, grant number 613501-10535, and an International Young Scientist Fel-
lowship from the Chinese Academy of Sciences; partial support was also received from the
project Network Algorithms and Digital Information from the Institute of Software, Chinese
Academy of Sciences and a Marsden grant of New Zealand.

1

0 AND 0

0

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

Theorem 1.1. If ⌧

↵

, ⌧

�

< 0.25 then the scenario is static almost everywhere.

Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.

Direct calculation reveals that  u 0.365227.

Definition 1.3. We let g(x, k) = x

kx(1 � x)k(1�x)
. For ⌧0, ⌧1 2 (0, 0.5) we say that ⌧0 is marginally less

than ⌧1, denoted ⌧0C ⌧1, if g(⌧0, 2) > 2g(⌧1, 3). For ⌧0, ⌧1 2 (0.5, 1) we say that ⌧0 is marginally greater than

⌧1, denoted ⌧0 B ⌧1, if 1� ⌧0 is marginally less than 1� ⌧1.

Theorem 1.4. If  < ⌧

↵

< 0.5 and ⌧

�

C ⌧

↵

then the scenario su↵ers �-takeover almost everywhere (and a

similar result holds with the roles of ↵ and � reversed).

Theorem 1.5. For ⌧

�

< 0.5 < ⌧

↵

, if 0 ⌧ w ⌧ n then � takes over totally (and similarly with the roles of ↵

and � reversed).

Theorem 1.6. If 1 �  > ⌧

↵

> 0.5 and ⌧

�

B ⌧

↵

then the scenario su↵ers ↵-takeover almost everywhere. A

similar result holds with the roles of ↵ and � reversed.

Theorem 1.7. If ⌧

↵

, ⌧

�

> 0.75 then the scenario is static almost everywhere.

Theorem 1.8 (STOC2012). Suppose ⌧ = 1
2 . There exists a constant c < 1 such that for all � > 0, the

probability that u chosen uniformly at random will belong to a run of length greater than �w

2
in the final

configuration, is bounded above by c

�

.

Now the picture remains similar, but the lower threshold decreases. While experimental evidence puts the
lower threshold in [0.3, 0.31], we can only prove that it lies somewhere in [0.25, 0.365227]. The di�culty is that
stable regions become MUCH harder to deal with than before – now there is a massive variety of kinds:
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For a given (non-trivial) order theoretic property P , it is very unlikely that P
holds for all low degrees, or all degrees which are low2.

Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)
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Abstract.

1. Introduction

For a given (non-trivial) order theoretic property P , it is very unlikely that P
holds for all low degrees, or all degrees which are low2.

Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)
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Theorem 1.1. If ⌧

↵

, ⌧

�

< 0.25 then the scenario is static almost everywhere.

Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.

Direct calculation reveals that  u 0.365227.

Definition 1.3. We let g(x, k) = x

kx(1 � x)k(1�x)
. For ⌧0, ⌧1 2 (0, 0.5) we say that ⌧0 is marginally less

than ⌧1, denoted ⌧0C ⌧1, if g(⌧0, 2) > 2g(⌧1, 3). For ⌧0, ⌧1 2 (0.5, 1) we say that ⌧0 is marginally greater than

⌧1, denoted ⌧0 B ⌧1, if 1� ⌧0 is marginally less than 1� ⌧1.

Theorem 1.4. If  < ⌧

↵

< 0.5 and ⌧

�

C ⌧

↵

then the scenario su↵ers �-takeover almost everywhere (and a

similar result holds with the roles of ↵ and � reversed).

Theorem 1.5. For ⌧

�

< 0.5 < ⌧

↵

, if 0 ⌧ w ⌧ n then � takes over totally (and similarly with the roles of ↵

and � reversed).

Theorem 1.6. If 1 �  > ⌧

↵

> 0.5 and ⌧

�

B ⌧

↵

then the scenario su↵ers ↵-takeover almost everywhere. A

similar result holds with the roles of ↵ and � reversed.

Theorem 1.7. If ⌧

↵

, ⌧

�

> 0.75 then the scenario is static almost everywhere.

Theorem 1.8 (STOC2012). Suppose ⌧ = 1
2 . There exists a constant c < 1 such that for all � > 0, the

probability that u chosen uniformly at random will belong to a run of length greater than �w

2
in the final

configuration, is bounded above by c

�

.

Now the picture remains similar, but the lower threshold decreases. While experimental evidence puts the
lower threshold in [0.3, 0.31], we can only prove that it lies somewhere in [0.25, 0.365227]. The di�culty is that
stable regions become MUCH harder to deal with than before – now there is a massive variety of kinds:
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As we move up, it becomes increasingly likely that P will hold for all degrees in
the jump class. All high degrees satisfy cupping, join, meet, complementation
etc..

The isomorphism types of countable ideals of the Turing degrees are exactly
the isomorphism types of countable upper semi-lattices with least element.
For a given (non-trivial) order theoretic property P , it is very unlikely that P
holds for all low degrees, or all degrees which are low2.

Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...
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As we move up, it becomes increasingly likely that P will hold for all degrees in
the jump class. All high degrees satisfy cupping, join, meet, complementation
etc..

The isomorphism types of countable ideals of the Turing degrees are exactly
the isomorphism types of countable upper semi-lattices with least element.
For a given (non-trivial) order theoretic property P , it is very unlikely that P
holds for all low degrees, or all degrees which are low2.
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Note that this coincides with the standard hierarchy below 00.
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Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!
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1. Introduction

Theorem 1.1. If ⌧

↵

, ⌧

�

< 0.25 then the scenario is static almost everywhere.

Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.

Direct calculation reveals that  u 0.365227.

Definition 1.3. We let g(x, k) = x

kx(1 � x)k(1�x)
. For ⌧0, ⌧1 2 (0, 0.5) we say that ⌧0 is marginally less

than ⌧1, denoted ⌧0C ⌧1, if g(⌧0, 2) > 2g(⌧1, 3). For ⌧0, ⌧1 2 (0.5, 1) we say that ⌧0 is marginally greater than

⌧1, denoted ⌧0 B ⌧1, if 1� ⌧0 is marginally less than 1� ⌧1.

Theorem 1.4. If  < ⌧

↵

< 0.5 and ⌧

�

C ⌧

↵

then the scenario su↵ers �-takeover almost everywhere (and a

similar result holds with the roles of ↵ and � reversed).

Theorem 1.5. For ⌧

�

< 0.5 < ⌧

↵

, if 0 ⌧ w ⌧ n then � takes over totally (and similarly with the roles of ↵

and � reversed).

Theorem 1.6. If 1 �  > ⌧

↵

> 0.5 and ⌧

�

B ⌧

↵

then the scenario su↵ers ↵-takeover almost everywhere. A

similar result holds with the roles of ↵ and � reversed.

Theorem 1.7. If ⌧

↵

, ⌧

�

> 0.75 then the scenario is static almost everywhere.

Theorem 1.8 (STOC2012). Suppose ⌧ = 1
2 . There exists a constant c < 1 such that for all � > 0, the

probability that u chosen uniformly at random will belong to a run of length greater than �w

2
in the final

configuration, is bounded above by c

�

.

Now the picture remains similar, but the lower threshold decreases. While experimental evidence puts the
lower threshold in [0.3, 0.31], we can only prove that it lies somewhere in [0.25, 0.365227]. The di�culty is that
stable regions become MUCH harder to deal with than before – now there is a massive variety of kinds:
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1. Introduction

The fact that non low2 (non GL2) is important stems from the following fact:
Theorem A is high i↵ it computes a function which dominates all computable
functions.
So, A is low2 i↵, for every function f 

T

;0, there exists g 
T

A which is
not-dominated by f .

In order of importance (from most to least):
low

high

non low2

low2

high2

non low

non high

. . .

As we move up, it becomes increasingly likely that P will hold for all degrees in
the jump class. All high degrees satisfy cupping, join, meet, complementation
etc..

The isomorphism types of countable ideals of the Turing degrees are exactly
the isomorphism types of countable upper semi-lattices with least element.
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A is non-low2 i↵ for every function f 
T

;0, there exists g 
T

A which is not
dominated by f .

Question. Can 00 be defined as the least degree such that all degrees above
satisfy join?

Question. Can the low2 degrees be defined as those which are bounded by a
degree which fails join?

Question. Is there a natural order theoretic definition of the jump?

Question. Are there natural order theoretic definitions of the jump classes?

In fact, all degrees which are non-low2 (non GL2) satisfy join (Downey, Green-
berg, Lewis-Pye, Montalbán).

Theorem. 00 satisfies the join property.

We give a proof using perfect trees...

Definition. We say that a is perfectly cone avoiding if it computes a per-
fect tree T such that no path through T is of degree above a.

If a is perfectly cone avoiding then it is easily observed that it satisfies the
cupping property as follows. Suppose that the perfect tree T is of degree below
a and that no path through T is of degree above a. Given B of degree b > a

let C = T (B), i.e. let C be the infinite string which extends T (�) for all � ⇢ B.
Then C is a path through T and so is of degree c < b. Given an oracle for T
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Every degree which is not above 00 is bounded by a generalised low degree.

Note that this coincides with the standard hierarchy below 00.

We say a degree is generalised low
n

if its jump is as low as it possibly could
be in relation to a^ 00, and it is generalised high

n

if its jump is as high as it
possibly could be in relation to a ^ 00:
Definition. For n � 1, a degree a is generalized low

n

(GL
n

) if a(n) =
(a _ 00)(n�1). A degree is generalized high

n

(GH
n

) if a(n) = (a _ 00)(n).
...translation to our context..

• We saw that there exists e such that WA

e

is always properly low relative
to A.

• Since W

A

e

is always of degree above A this is basically a hop operator
already, i.e. J

e

(A) ⌘
T

W

A

e

. So J

e

(A) is always properly low relative to
A.

• Applying the hop inversion theorem, we get a c.e. set A relative to
which ;0 is properly low.

• ...but this is precisely the same as A being properly high!

...now we can keep on going...

• We have produced e such that J

e

(A) is always properly high relative
to A.

• Applying the hop inversion theorem to this e now produces a c.e. set
A relative to which ;0 is properly high.

• ...but this is precisely the same as A being properly low2!

A�B(2n) = A(n) A�B(2n+ 1) = B(n)

J

e

(A) = W

A

e

�A
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Theorem 1.1. If ⌧

↵

, ⌧

�

< 0.25 then the scenario is static almost everywhere.

Definition 1.2. We let  be the unique solution in [0, 1] to:

(1� 2)1�2 = 22(1�)


(1� )3(1�)
.

Direct calculation reveals that  u 0.365227.

Definition 1.3. We let g(x, k) = x

kx(1 � x)k(1�x)
. For ⌧0, ⌧1 2 (0, 0.5) we say that ⌧0 is marginally less

than ⌧1, denoted ⌧0C ⌧1, if g(⌧0, 2) > 2g(⌧1, 3). For ⌧0, ⌧1 2 (0.5, 1) we say that ⌧0 is marginally greater than

⌧1, denoted ⌧0 B ⌧1, if 1� ⌧0 is marginally less than 1� ⌧1.

Theorem 1.4. If  < ⌧

↵

< 0.5 and ⌧

�

C ⌧

↵

then the scenario su↵ers �-takeover almost everywhere (and a

similar result holds with the roles of ↵ and � reversed).

Theorem 1.5. For ⌧

�

< 0.5 < ⌧

↵

, if 0 ⌧ w ⌧ n then � takes over totally (and similarly with the roles of ↵

and � reversed).

Theorem 1.6. If 1 �  > ⌧

↵

> 0.5 and ⌧

�

B ⌧

↵

then the scenario su↵ers ↵-takeover almost everywhere. A

similar result holds with the roles of ↵ and � reversed.

Theorem 1.7. If ⌧

↵

, ⌧

�

> 0.75 then the scenario is static almost everywhere.

Theorem 1.8 (STOC2012). Suppose ⌧ = 1
2 . There exists a constant c < 1 such that for all � > 0, the

probability that u chosen uniformly at random will belong to a run of length greater than �w

2
in the final

configuration, is bounded above by c

�

.

Now the picture remains similar, but the lower threshold decreases. While experimental evidence puts the
lower threshold in [0.3, 0.31], we can only prove that it lies somewhere in [0.25, 0.365227]. The di�culty is that
stable regions become MUCH harder to deal with than before – now there is a massive variety of kinds:
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Often a construction which uses an oracle for ;0, will actually work with the
use of any su�ciently fast growing function (one which tells us how long to
search for given objects, for example). Then it might be the case that being
non-low2 actually su�ces to push a modified construction through.

In order of importance (from most to least):
low

high

non low2

low2

high2

non low

non high

. . .

As we move up, it becomes increasingly likely that P will hold for all degrees in
the jump class. All high degrees satisfy cupping, join, meet, complementation
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Theorem [LP]. All low FPF degrees fail to satisfy join.

Corollary. Every low degree is bounded by a degree which fails to satisfy join.

Theorem [Downey, Greenberg, Lewis-Pye, Montalbán]. All non low2 degrees
(actually all non GL2) satisfy join.

There exists low degrees which satisfy join, and low degrees which don’t.
Similarly, there exist properly low2 degrees which satisfy, and also ones that
don’t.

Definition A degree a satisfies the join property if, for all non-zero b  a,
there exists c < a with b _ c = a.

8b

9c

Often a construction which uses an oracle for ;0, will actually work with the
use of any su�ciently fast growing function (one which tells us how long to
search for given objects, for example). Then it might be the case that being
non-low2 actually su�ces to push a modified construction through.

In order of importance (from most to least):
low

high

non low2

low2

high2

non low

non high

. . .

As we move up, it becomes increasingly likely that P will hold for all degrees in
the jump class. All high degrees satisfy cupping, join, meet, complementation
etc..

The isomorphism types of countable ideals of the Turing degrees are exactly
the isomorphism types of countable upper semi-lattices with least element.
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There exists low degrees which satisfy join, and low degrees which don’t.
Similarly, there exist properly low2 degrees which satisfy, and also ones that
don’t.
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degree as A).

The process is the same for all proofs that shall show all non low2 (non GL2)
satisfy a given property. First we remind ourselves why 00 has the property.
So let’s show that 00 satisfies join..

Given A of non-zero degree (below 00) we want to construct B <

T

;0 such that:

A�B ⌘
T

;0.

Authors are listed alphabetically. Andy Lewis-Pye (previously Andrew Lewis) was sup-
ported by a Royal Society University Research Fellowship. Barmpalias was supported by
the Research Fund for International Young Scientists from the National Natural Science
Foundation of China, grant number 613501-10535, and an International Young Scientist Fel-
lowship from the Chinese Academy of Sciences; partial support was also received from the
project Network Algorithms and Digital Information from the Institute of Software, Chinese
Academy of Sciences and a Marsden grant of New Zealand.

1

PROVING THAT ALL NON LOW2 SATISFY JOIN

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

Define
�

n

= 000 · · ·| {z }
n zeros

1.

The basic idea is that we construct B so as to satisfy the t

th 1-genericity
requirement at stage t+1. Also, we make sure that the entire construction can
be retraced using an oracle for A � B. At stage t we make the last bit of ⌧

t

equal to ;0(t). So being able to retrace the construction means being able to
compute ;0.
We shall construct B by a finite extension argument, using an oracle for ;0. So
we shall define:

⌧0 ⇢ ⌧1 ⇢ · · · ⇢ B.

To ensure that B <

T

;0, it su�ces to make B 1-generic. Let W

e

be the eth
c.e. set of finite binary strings. B is 1-generic if, for every e, either there exists
� ⇢ B such that � 2 W

e

, or else there exists � ⇢ B for which no extension is
in W

e

.

If B is 1-generic then this actually ensures B is low. Why?

We can assume A is not c.e. (since anyway A� Ā) is not c.e. and is of the same
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Abstract.

1. Introduction

Question 3. Can we find a natural order theoretic property P , which su�ces
to separate the high and low cones, in the sense that above any low degree
there is a degree which does not satisfy P , while any degree which bounds a
high degree satisfies P?

Question 4. If a 6� 00 does there necessarily exist b � a and a minimal degree
m < b such that b is low over m?

If yes to both then 00 would be the least degree such that:

8b � a, 8 minimal degrees m < b, b 2 P(m),

where P (m) denotes P relativised to the degrees above m.

If this failed in a strong way, and in fact all degrees bounding a high degree
satisfy join, this would separate the high and the low cones in the sense that

above every low degree there is a degree which doesn’t satisfy join, while all
degrees bounding high degrees (would then) satisfy join.. more generally we
can ask..
Question 1. In D[ 00], are the low2 degrees precisely those for which it is
not the case that all degrees above satisfy join?

Theorem [LP]. All low FPF degrees fail to satisfy join.

Corollary. Every low degree is bounded by a degree which fails to satisfy join.

Theorem [Downey, Greenberg, Lewis-Pye, Montalbán]. All non low2 degrees
(actually all non GL2) satisfy join.
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We shall construct B by a finite extension argument, using an oracle for ;0. So
we shall define:

⌧0 ⇢ ⌧1 ⇢ · · · ⇢ B.

To ensure that B <
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;0, it su�ces to make B 1-generic. Let W
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c.e. set of finite binary strings. B is 1-generic if, for every e, either there exists
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, or else there exists � ⇢ B for which no extension is
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If B is 1-generic then this actually ensures B is low. Why?

We can assume A is not c.e. (since anyway A� Ā) is not c.e. and is of the same
degree as A).

The process is the same for all proofs that shall show all non low2 (non GL2)
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degree as A).

The process is the same for all proofs that shall show all non low2 (non GL2)
satisfy a given property. First we remind ourselves why 00 has the property.
So let’s show that 00 satisfies join..

Given A of non-zero degree (below 00) we want to construct B <

T

;0 such that:

A�B ⌘
T

;0.

Authors are listed alphabetically. Andy Lewis-Pye (previously Andrew Lewis) was sup-
ported by a Royal Society University Research Fellowship. Barmpalias was supported by
the Research Fund for International Young Scientists from the National Natural Science
Foundation of China, grant number 613501-10535, and an International Young Scientist Fel-
lowship from the Chinese Academy of Sciences; partial support was also received from the
project Network Algorithms and Digital Information from the Institute of Software, Chinese
Academy of Sciences and a Marsden grant of New Zealand.

1

PROVING THAT ALL NON LOW2 SATISFY JOIN

GEORGE BARMPALIAS, RICHARD ELWES, AND ANDY LEWIS-PYE

Abstract.

1. Introduction

Stage t+ 1. Given ⌧

t

, let n be the least such that:

Case 1: n 2 A ) 6 9⌧ 2 W

t

with ⌧ ◆ ⌧

t

⇤ �
n

;
Case 2: n /2 A ) 9⌧ 2 W

t

with ⌧ ◆ ⌧

t

⇤ �
n

.

Define
�

n

= 000 · · ·| {z }
n zeros

1.
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requirement at stage t+1. Also, we make sure that the entire construction can
be retraced using an oracle for A � B. At stage t we make the last bit of ⌧
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equal to ;0(t). So being able to retrace the construction means being able to
compute ;0.
We shall construct B by a finite extension argument, using an oracle for ;0. So
we shall define:

⌧0 ⇢ ⌧1 ⇢ · · · ⇢ B.

To ensure that B <
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;0, it su�ces to make B 1-generic. Let W
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c.e. set of finite binary strings. B is 1-generic if, for every e, either there exists
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If B is 1-generic then this actually ensures B is low. Why?

We can assume A is not c.e. (since anyway A� Ā) is not c.e. and is of the same
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The process is the same for all proofs that shall show all non low2 (non GL2)
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Question 3. Can we find a natural order theoretic property P , which su�ces
to separate the high and low cones, in the sense that above any low degree
there is a degree which does not satisfy P , while any degree which bounds a
high degree satisfies P?

Question 4. If a 6� 00 does there necessarily exist b � a and a minimal degree
m < b such that b is low over m?

If yes to both then 00 would be the least degree such that:

8b � a, 8 minimal degrees m < b, b 2 P(m),

where P (m) denotes P relativised to the degrees above m.

If this failed in a strong way, and in fact all degrees bounding a high degree
satisfy join, this would separate the high and the low cones in the sense that

above every low degree there is a degree which doesn’t satisfy join, while all
degrees bounding high degrees (would then) satisfy join.. more generally we
can ask..
Question 1. In D[ 00], are the low2 degrees precisely those for which it is
not the case that all degrees above satisfy join?

Theorem [LP]. All low FPF degrees fail to satisfy join.

Corollary. Every low degree is bounded by a degree which fails to satisfy join.

Theorem [Downey, Greenberg, Lewis-Pye, Montalbán]. All non low2 degrees
(actually all non GL2) satisfy join.
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We can assume A is not c.e. (since anyway A� Ā) is not c.e. and is of the same
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satisfy a given property. First we remind ourselves why 00 has the property.
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The basic idea is that we construct B so as to satisfy the t

th 1-genericity
requirement at stage t+1. Also, we make sure that the entire construction can
be retraced using an oracle for A � B. At stage t we make the last bit of ⌧

t

equal to ;0(t). So being able to retrace the construction means being able to
compute ;0.
We shall construct B by a finite extension argument, using an oracle for ;0. So
we shall define:

⌧0 ⇢ ⌧1 ⇢ · · · ⇢ B.

To ensure that B <

T

;0, it su�ces to make B 1-generic. Let W

e

be the eth
c.e. set of finite binary strings. B is 1-generic if, for every e, either there exists
� ⇢ B such that � 2 W

e

, or else there exists � ⇢ B for which no extension is
in W

e

.
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Question 3. Can we find a natural order theoretic property P , which su�ces
to separate the high and low cones, in the sense that above any low degree
there is a degree which does not satisfy P , while any degree which bounds a
high degree satisfies P?

Question 4. If a 6� 00 does there necessarily exist b � a and a minimal degree
m < b such that b is low over m?

If yes to both then 00 would be the least degree such that:

8b � a, 8 minimal degrees m < b, b 2 P(m),

where P (m) denotes P relativised to the degrees above m.

If this failed in a strong way, and in fact all degrees bounding a high degree
satisfy join, this would separate the high and the low cones in the sense that

above every low degree there is a degree which doesn’t satisfy join, while all
degrees bounding high degrees (would then) satisfy join.. more generally we
can ask..
Question 1. In D[ 00], are the low2 degrees precisely those for which it is
not the case that all degrees above satisfy join?

Theorem [LP]. All low FPF degrees fail to satisfy join.

Corollary. Every low degree is bounded by a degree which fails to satisfy join.

Theorem [Downey, Greenberg, Lewis-Pye, Montalbán]. All non low2 degrees
(actually all non GL2) satisfy join.
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• We’ll just sketch the modification required to make the proof work
below D (the details are a bit fiddly but the idea is simple).

• Basically we just consider a function f 
T

;0 such that f(t) tells us
how long we would have to run a computable search at stage t of the
construction in order to find the right way to proceed, no matter how
long we have searched for at previous stages, and no matter which
genericity requirement e  t we are looking to satisfy at this stage.

• Then we take g 
T

D which is not dominated by f , and use g in order
to decide how long to search for at each stage of the construction, before
deciding what looks like the right choice for ⌧

t

.
• This works!

If s = hm,ni let left(s) = m. Once again, we can assume that A is not
computably enumerable. First of all, we have to define the appropriate fast
growing function.

• Given any � 2 2<! and any e, s 2 !, let g(�, e, s) be defined in the
following way. First, let n be the least such that:

n 2 A ) 6 9⌧ 2 W

e,s

with ⌧ ◆ � ⇤ �
n

;
n /2 A ) 9⌧ 2 W

e,s

with ⌧ ◆ � ⇤ �
n

.
If n 2 A define g(�, e, s) = � ⇤ �

n

. If n /2 A then let g(�, e, s) be the
first string enumerated into W

e,s

with ⌧ ◆ � ⇤ �
n

.
• So g(�, e, s) basically tells us how the join construction would proceed

at some stage if � was the initial segment we have already constructed,
if we were looking to satisfy the eth genericity requirement at this
stage, but providing we only search for s many steps in order to try to
ascertain the correct way of extending �.

• Let g⇤(�, e) be the least s such that either g(�, e, s) extends a string in
W

e,s

, or there doesn’t exist any string in W

e

extending g(�, e, s). Then,
roughly speaking, g⇤(�, e) tells us the least s such that g(�, e, s) is the
“correct” extension.
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Abstract.

1. Introduction

• We’ll just sketch the modification required to make the proof work
below D (the details are a bit fiddly but the idea is simple).

• Basically we just consider a function f 
T

;0 such that f(t) tells us
how long we would have to run a computable search at stage t of the
construction in order to find the right way to proceed, no matter how
long we have searched for at previous stages, and no matter which
genericity requirement e  t we are looking to satisfy at this stage.

• Then we take g 
T

D which is not dominated by f , and use g in order
to decide how long to search for at each stage of the construction, before
deciding what looks like the right choice for ⌧

t

.
• This works!

If s = hm,ni let left(s) = m. Once again, we can assume that A is not
computably enumerable. First of all, we have to define the appropriate fast
growing function.

• Given any � 2 2<! and any e, s 2 !, let g(�, e, s) be defined in the
following way. First, let n be the least such that:

n 2 A ) 6 9⌧ 2 W

e,s

with ⌧ ◆ � ⇤ �
n

;
n /2 A ) 9⌧ 2 W

e,s

with ⌧ ◆ � ⇤ �
n

.
If n 2 A define g(�, e, s) = � ⇤ �

n

. If n /2 A then let g(�, e, s) be the
first string enumerated into W

e,s

with ⌧ ◆ � ⇤ �
n

.
• So g(�, e, s) basically tells us how the join construction would proceed

at some stage if � was the initial segment we have already constructed,
if we were looking to satisfy the eth genericity requirement at this
stage, but providing we only search for s many steps in order to try to
ascertain the correct way of extending �.

• Let g⇤(�, e) be the least s such that either g(�, e, s) extends a string in
W

e,s

, or there doesn’t exist any string in W

e

extending g(�, e, s). Then,
roughly speaking, g⇤(�, e) tells us the least s such that g(�, e, s) is the
“correct” extension.
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Theorem [Greenberg, Montalbán, Shore]. All generalized high degrees satisfy
the complementation property.

Theorem [Riley]. There exists a high2 degree which does not satisfy the meet
property.

The following theorem answers an old question of Barry’s:

Theorem [Durrant, Lewis-Pye, Ng, Riley]. All c.e. degrees satisfy the meet
property i.e. if a is c.e. then for all b < a, there exists non-zero c < a (which
is not necessarily c.e.) such that b ^ c = 0.

Can 00 be defined as the least degree such that all degrees above satisfy
complementation?
Definition. We say a satisfies the meet property if, for all b < a, there exists
non-zero c < a with b ^ c = 0.

A degree a satisfies the complementation property if, for all non-zero b < a,
there exists c < a such that b ^ c = 0 and b _ c = a.

• We’ll just sketch the modification required to make the proof work
below D (the details are a bit fiddly but the idea is simple).

• Basically we just consider a function f 
T

;0 such that f(t) tells us
how long we would have to run a computable search at stage t of the
construction in order to find the right way to proceed, no matter how
long we have searched for at previous stages, and no matter which
genericity requirement e  t we are looking to satisfy at this stage.

• Then we take g 
T

D which is not dominated by f , and use g in order
to decide how long to search for at each stage of the construction, before
deciding what looks like the right choice for ⌧

t

.
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Abstract.

1. Introduction

A is non-low2 i↵ for every function f 
T

;0, there exists g 
T

A which is not
dominated by f .

Question. Can 00 be defined as the least degree such that all degrees above
satisfy join?

Question. Can the low2 degrees be defined as those which are bounded by a
degree which fails join?

Question. Is there a natural order theoretic definition of the jump?

Question. Are there natural order theoretic definitions of the jump classes?

In fact, all degrees which are non-low2 (non GL2) satisfy join (Downey, Green-
berg, Lewis-Pye, Montalbán).

Theorem. 00 satisfies the join property.

We give a proof using perfect trees...

Definition. We say that a is perfectly cone avoiding if it computes a per-
fect tree T such that no path through T is of degree above a.

If a is perfectly cone avoiding then it is easily observed that it satisfies the
cupping property as follows. Suppose that the perfect tree T is of degree below
a and that no path through T is of degree above a. Given B of degree b > a

let C = T (B), i.e. let C be the infinite string which extends T (�) for all � ⇢ B.
Then C is a path through T and so is of degree c < b. Given an oracle for T
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Theorem [Cooper]. Every degree above 00 is the jump of a minimal degree.

A is non-low2 i↵ for every function f 
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;0, there exists g 
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A which is not
dominated by f .

Question. Can 00 be defined as the least degree such that all degrees above
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We’ll sketch an easy proof. For this part I’ll assume familiarity with splitting
trees and minimal degree constructions.

Theorem [Cooper]. Every degree above 00 is the jump of a minimal degree.

A is non-low2 i↵ for every function f 
T

;0, there exists g 
T

A which is not
dominated by f .

Question. Can 00 be defined as the least degree such that all degrees above
satisfy join?

Question. Can the low2 degrees be defined as those which are bounded by a
degree which fails join?

Question. Is there a natural order theoretic definition of the jump?

Question. Are there natural order theoretic definitions of the jump classes?

In fact, all degrees which are non-low2 (non GL2) satisfy join (Downey, Green-
berg, Lewis-Pye, Montalbán).

Theorem. 00 satisfies the join property.

We give a proof using perfect trees...

Definition. We say that a is perfectly cone avoiding if it computes a per-
fect tree T such that no path through T is of degree above a.
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Abstract.

1. Introduction

Let’s remind ourselves how to construct A 
T

;00 of minimal degree.

• For each i, we ensure that either A lies on a  
i

-splitting tree, or else
A lies on a  

i

non-splitting tree.
• At stage s, we are given ⌧

s

⇢ A and T0, . . . , Ts

, such that each tree in
the sequence is a subtree of the previous tree in the list. We ask:

“Does there exist ⌧ � ⌧
s

on T
s

above which there are no  
s

-splittings?”

If not, then we can define T
s+1 to be a  

s

-splitting subtree of T
s

. If
so, then we can build A to extend that string and define T

s+1 to be a
 

s

non-splitting subtree of T
s

.

We’ll sketch an easy proof. For this part I’ll assume familiarity with splitting
trees and minimal degree constructions.

Theorem [Cooper]. Every degree above 00 is the jump of a minimal degree.

A is non-low2 i↵ for every function f 
T

;0, there exists g 
T

A which is not
dominated by f .

Question. Can 00 be defined as the least degree such that all degrees above
satisfy join?

Question. Can the low2 degrees be defined as those which are bounded by a
degree which fails join?

Question. Is there a natural order theoretic definition of the jump?
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Question. Are there natural order theoretic definitions of the jump classes?

In fact, all degrees which are non-low2 (non GL2) satisfy join (Downey, Green-
berg, Lewis-Pye, Montalbán).

Theorem. 00 satisfies the join property.

We give a proof using perfect trees...

Definition. We say that a is perfectly cone avoiding if it computes a per-
fect tree T such that no path through T is of degree above a.

If a is perfectly cone avoiding then it is easily observed that it satisfies the
cupping property as follows. Suppose that the perfect tree T is of degree below
a and that no path through T is of degree above a. Given B of degree b > a

let C = T (B), i.e. let C be the infinite string which extends T (�) for all � ⇢ B.
Then C is a path through T and so is of degree c < b. Given an oracle for T
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for some i < s, and there don’t
exist any splittings above ⌧
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in this tree...then we have to redefine T
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to be a  
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• Thus, at stage s + 1, we find the greatest i  s such that there exists
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s+1 to be either the left or the
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• This means only finitely many mind-changes about how each T
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Suppose that T is one of our trees T
i+1, and for now suppose that it is being

constructed as a  
i

-splitting tree. In the process of enumerating T , suppose
that ⌧ is presently a branch, and that there there are already at least n branch-
ings below ⌧ :
What is the di�culty in ensuring A0 

T

B? We would like to decide whether
s 2 A0 at stage s+ 1 of the construction. So we could ask:

“Does there exist ⌧ ◆ ⌧
s

in T
s

such that  ⌧

s

(s) #?”
If so, then we are fine.. just define ⌧

s+1 to extend this string, ensuring that
s 2 A0.
If not..then the trouble is that there might exist no such string because T

s

partial. We may later have to redefine T
s

. To solve this issue..we just change
the way in which trees are enumerated...
But...the first of these is easy. During the construction, we only need ;0 to
decide when branchings exist. We only use the full power of B at one point:
when we choose to go left or right along the relevant branching at stage s+ 1,
we make this choice dependent on B(s).

Then an oracle for ;0�A su�ces to retrace the construction and compute B.

Now suppose we are given B �
T

;0, and we want to construct A of minimal
degree such that A0 ⌘

T

B.

Since B �
T

;0, we can build A basically as in the previous construction below
;0. We also have to ensure:

• B 
T

A� ;0.
• A0 

T

B.

To construct A 
T

;0 of minimal degree.

• Now we use partial trees.
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To construct A 
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;0 of minimal degree.

• Now we use partial trees.
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