TORSION PAIRS AND RIGID OBJECTS IN TUBES
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ABSTRACT. We classify the torsion pairs in a tube category and show that they
are in bijection with maximal rigid objects in the extension of the tube category
containing the Priifer and adic modules. We show that the annulus geometric
model for the tube category can be extended to the larger category and interpret
torsion pairs, maximal rigid objects and the bijection between them geometrically.
We also give a similar geometric description in the case of the linear orientation
of a Dynkin quiver of type A.

INTRODUCTION

Torsion pairs in abelian categories were introduced by Dickson [12] (see the in-
troduction to [5] for further details). They play an important role in the study of
localisation (see e.g. [5]) and in tilting theory (see e.g. [2, 5]). Also, torsion pairs
in the case of triangulated categories, as defined in [17, 2.2], have been considered
recently by a number of authors, e.g. [16, 17, 19, 21, 22, 28|.

The main object of study of this article is the collection of torsion pairs in a
tube category, which is a hereditary abelian category. Such categories arise as full
subcategories of module categories over tame hereditary algebras, and are so-called
because their Auslander-Reiten quivers have the shape of a tube.

A geometric model for tube categories has been given in [3, 27] (see also [7]).
The indecomposable objects are parametrised by a collection of oriented arcs in an
annulus with n marked points on one of its boundary components. The dimension
of the Ext-group between two indecomposable objects coincides with the negative
intersection number of the corresponding pair of arcs.

In this article, we classify the torsion pairs in a tube category 7. We build on
results in [8] giving a bijection between torsion pairs in a tube category and cotilting
objects in the category obtained by taking arbitrary direct limits of modules in the
tube. We show that all torsion pairs in the tube category arise in this way or via
a dual construction. Thus they are in bijection with maximal rigid objects in the
category 7 obtained from the tube by taking arbitrary direct or inverse limits of
objects in the tube. We give an explicit description of this bijection and its inverse.
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We further show that the geometric model referred to above can be extended to
the indecomposable objects in 7, i.e. to include Priifer and adic modules associated
to the tube. These extra objects are represented by certain infinite arcs in the annu-
lus which spiral in towards the inner boundary component. The result concerning
the dimensions of Ext-groups extends to this case also. This enables us to give a
characterisation of maximal rigid objects in 7 in the geometric model. We also give
a characterisation of torsion pairs in the geometric model in terms of certain closure
properties corresponding to closure properties of the subcategories in a torsion pair.
In particular, the collection of arcs corresponding to a subcategory in a torsion pair
must form an oriented Ptolemy diagram, an oriented version in the annulus case of
the Ptolemy diagrams appearing in [16, 22], as well as satisfying additional criteria.
We also give a geometric description of the above bijection and its inverse.

In order to give the geometric interpretation, we first give a similar model for the
linearly oriented quiver in type A (note that M. Warkentin [27] also suggests such a
model) and show how to interpret tilting modules and torsion pairs in this model.

We remark that, in independent work, Holm and Jgrgensen [15] have classified
the torsion pairs in the cluster category associated to a tube (as opposed to the
tube itself, which we study here). The torsion pairs in the cluster case are different,
although we note that unoriented Ptolemy diagrams play a role in the cluster tube
case, while oriented Ptolemy diagrams appear here.

In Section 1, we recall the definition and some of the properties of torsion pairs
in abelian categories. In Section 2, we discuss the type A case. In Section 3, we
recall the geometric model of the tube and show how it can be extended to include
Priifer and adic modules. We also discuss a certain reflection map (from [8]) on the
indecomposable objects of the tube, and its properties. In Section 4 we classify the
torsion pairs in the tube and prove that they are in bijection with maximal rigid
objects in 7, giving an explicit description of the bijection and its inverse. In Section
5, we give a geometric interpretation of maximal rigid objects in 7 and torsion pairs
in 7 and the bijection between them.

1. PRELIMINARIES

We shall adopt the convention throughout that all subcategories considered are
strictly full (i.e. full and closed under isomorphism). We shall also consider modules
up to isomorphism. Let A be an abelian category. If X' is a subcategory of A, we
define +# X (respectively, “2X) to be the additive subcategory of A whose objects
are the objects Y satisfying Hom4(Y, X) = 0 (respectively, Ext!,(Y, X)=0) for all
X in X. For an object X of A we define *# X = +# add X, and 12X = 17 add X,
where add X denotes the additive subcategory of A whose objects are finite direct
sums of direct summands of X. We similarly define X+#, X+e X+# and X1,

If X is an additive subcategory of A, we write Gen X for the subcategory consisting
of objects which are quotients of objects of X and, for an object X, Gen X =
Gen(add X). Similarly, we write Cogen X’ for the subcategory consisting of objects
which are subobjects of objects of X and Cogen X = Cogen(add X'). We write ind X
for the subcategory of X whose objects are the indecomposable objects in X.
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We next recall some of the theory of torsion pairs.

Definition 1.1. [12, Sect. 1] A pair (F,G) of subcategories of A is said to be a
torsion pair if

(i) Hom(F,G) =0 for all objects F in F and G in G.

(ii) For every object X in A there is a short exact sequence

(1) 0—-F—-X—-G—0

with F in F and G in G.
We say that F is the torsion part and G is the torsion-free part of the pair.

Recall that an abelian category A is said to be finite length if it is skeletally small
and every object in it is artinian and noetherian. Equivalently, it is skeletally small
and every object has a finite length composition series.

Thus, for example, the category mod A of finite dimensional modules over a finite-
dimensional algebra is a finite length category. The following is proved using argu-
ments as in [12, Thm. 2.1] (see also [8, Lemma 1.7]).

Lemma 1.2. Suppose that A is a finite length abelian category.

(a) Let F be a subcategory of A and let G = FLH. Then (F,G) is a torsion pair
in A if and only if F is closed under quotients and extensions.

(b) Let G be a subcategory of A and let F = +5G. Then (F,G) is a torsion pair
in A if and only if G is closed under subobjects and extensions.

This has the following well-known corollary.

Lemma 1.3. Let A be a finite length abelian category. Then a pair (F,G) of sub-
categories of A is a torsion pair if and only if

(a) Hom4(F,G) =0 for all F' in F and G in G.

(b) Ftiu =g.

(c) *HG = F.

We fix an algebraically-closed field K and denote by D the vector space duality
Hom K (—, K ) .

Next, consider a finite dimensional K-algebra A. We denote by Mod A the cat-
egory of all left A-modules, and by mod A the subcategory of all finitely generated
A-modules. Recall that a module T in mod A is called tilting if

(a) The projective dimension of T is at most 1;
(b) Ext!(T,T) = 0;
(c) There is a short exact sequence

0—-A—-Ty—T1—0

with Ty and 717 in add 1.

Cotilting modules in mod A are defined dually. We only consider basic tilting or
cotilting modules, i.e. we assume that 7' = 11T}, with 7; indecomposable and T; % T}

for i # j.
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2. DYNKIN TYPE A

We consider a linearly oriented quiver @ of type A,,.

1 2 3 n—1<—mn

We write S;, ¢ = 1,...,n, for the simple K@-modules. It is known that the in-
decomposable modules over K@ are in bijection with (ordered) pairs [i,j] where
0<4,7<n+1andi<j—2. Here [i,j] represents the module M;; with composi-
tion factors Sj;1,...,S5j—1 (starting from the socle). If 4 lies in {j — 1, j} we regard
M;; as zero.

2.1. Geometric model. We now describe a geometric model for the indecompos-
able K @Q-modules. Note that a similar such model is also suggested in [27, Remark
4.28]. Here we will indicate how this model can incorporate torsion theories in
mod K@) — later we will indicate how this can be done for tubes. We also give some
more explicit information as preparation for this. We consider a line segment £,
with marked points 0,1,...,n + 1 in order along it:

0 1 2 n—1 n n+1

and associate [i,j] with the arc above ¢, from i to j (up to isotopy) oriented
towards j, 0 <i < j — 1 <n. We write [i,7 + 1] for the boundary arc with starting
point ¢ and ending point ¢ + 1, for ¢ = 0,1,...,n.

In this way, we see that the indecomposable K (Q-modules are in bijection with
arcs up to isotopy between marked points of ¢,,, above £,,, which are not isotopic to
boundary arcs. Let A(¢,) be the set of such (non-boundary) arcs. The dimensions
of Ext-spaces between indecomposable K @Q-modules and their non-split extensions
are well-known. In terms of the above model, we have

Proposition 2.1. (a) Let [i,j] and [i, 7] be in A(L,). Then we have
if there is a negative crossing (see Figure 1) be-

Ext!(M;j, My jr) = tween [i, j] and [7',7'];
0 else.

FIGURE 1. [i,j] and [/, j'] have a negative crossing

(b) In the case where Extl(Mij,Mi/j/) >~ K, the non-split extension takes the
form:
M'L/J

MZ]’
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up to equivalence, if 7' > i+ 1. If j =i+ 1, it takes the form
0 — Mi/j/ — MZ]/ — M’L] — 07
again up to equivalence. This can be interpreted geometrically as in Figure 2

where the indecomposable summands of the middle term of the short exact
sequence are indicated by dotted lines.

i i 7 J 4 i =i+1 3

(a) Case j' >i+1 (b) Case j' =i+1

FIGURE 2. Non-split extension

. . . M;_1,-1 1>1;
e < R =1, - 5
Remark 2.2. If0 < i <i+2 < j < n+1, we have 7M;; { 0 otherwise,
where T denotes the Auslander-Reiten translate.
It is also easy to see that we have the following (cf. Figure 3):

Lemma 2.3. (a) The indecomposable quotients of M;; are the My ; where i <
i" < j —2, i.e the arcs in A(L,) with the same ending point j and with
starting point weakly to the right of i.

(b) The indecomposable submodules of M;; are the M;j where i +2 < j' < j,
i.e. the arcs in A({y,) with the same starting point i and with ending point
weakly to the left of j.

F1GUrE 3. Quotients and submodules

We call the arcs corresponding to quotients of M;; the left-shortenings of [i, j] and
the arcs corresponding to submodules of M;; the right-shortenings of [i, j].

Recall that by a result of Bongartz [6], a tilting K Q-module can be regarded as
a maximal rigid K@Q-module, or equivalently as a module 7' = T7 IT - -- IT1 T,, with
Ext! (T}, T;) = 0 for all 4,5. Since Mo,,41 is projective-injective, it is a summand of
every tilting module.

It follows from Proposition 2.1 that we have

Corollary 2.4. The bijection [i, j| — M; ; between A(¢y) and ind(mod K Q) induces
a bijection between triangulations of the polygon with n+ 2 sides and tilting modules
over KQ in type A,.
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Note that each internal arc in the triangulation receives an orientation from left
to right, but this is ignored.

Definition 2.5. We call a collection of arcs in A(£y) an oriented Ptolemy diagram
if, whenever [i,j| and [i', '] lie in the collection, with i’ < i < j' < j, we have that
[i',7] (when j' > i+ 1) and [i,j'] also lie in the collection. See Proposition 2.1(b).

We note that Ptolemy diagrams of arcs (without orientation) arise in the geometric
characterisation of torsion pairs for cluster categories of type A, [22] (see Condition
(i) in Defn. 0.3 there) and type A,, [16].

2.2. Torsion pairs. We recall the following Lemma, which is well-known; we in-
clude a few comments on the proof.

Lemma 2.6. Let A be a finite-dimensional algebra.

(a) Let ¢ : M — N be a map between indecomposable finitely-generated A-
modules. If M has a simple socle then ¢ is a monomorphism if and only if
w(soc(M)) # 0. If N has a simple top then ¢ is an epimorphism if and only
if the induced morphism from top(M) to top(N) is non-zero.

(b) If ¢ : M — II;N;, where M and the N; are (finitely many) indecomposable
finitely-generated A-modules and M has simple socle, then o is a monomor-
phism if and only if at least one of its components p; is a monomorphism.

(¢) If p : II;M; — N, where N and the M; are (finitely many) indecomposable
finitely generated A-modules, and N has simple top, then ¢ is an epimor-
phism if and only if at least one of its components p; is an epimorphism.

Proof. (a) It is clear that if f is a monomorphism it must be non-zero on the socle
of M. Conversely, if f(soc(M)) # 0 and ker(f) # 0 then soc(ker(f)) # 0. Then,
since soc(M) is simple we have soc(ker(f)) = soc(M) and f(soc(ker(f))) = 0, a
contradiction. The proof of the statement for epimorphisms is similar.

(b) This follows from part (a).

(c¢) This is dual to (b) and the proof is similar. O

Recall that @ is assumed to be a linear orientation of the Dynkin diagram of type
A,,. The following is also well-known.

Corollary 2.7. An additive subcategory B of mod KQ generated (as an additive
category) by a collection of indecomposable modules is closed under quotients (re-
spectively, submodules), if and only if every indecomposable quotient (respectively,
submodule) of an indecomposable module in B lies in B.

It follows from Lemma 1.2 and Corollary 2.7 that we have:

Proposition 2.8. a) A collection of arcs in A(ly,) corresponds to the torsion
part of a torsion pair in mod KQ if and only if
(i) It forms an oriented Ptolemy diagram;
(ii) It is closed under left-shortening.
b) A collection of arcs in A(Ly,) corresponds to the torsion-free part of a torsion
pair in mod KQ if and only if
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(i) It forms an oriented Ptolemy diagram;
(ii) It is closed under right-shortening.

Given a tilting K Q-module T, the pair (Gen T, Cogen 7T) = (T2, T+#) is known
to form a torsion pair (cf. Section VI.2 in [2]). In fact, the following are equivalent
for a torsion pair (F,G):

Proposition 2.9. Let (F,G) be a torsion pair over KQ (or any finite dimensional
hereditary algebra). Then the following are equivalent:

(a) (F,G) arises in the above way from a tilting module,
(b) F contains all the indecomposable injective modules,
(¢) G contains no indecomposable injective module.

Proof. The proof of the equivalence of (a) and (b) is in Section VI.6 of [2]. The fact
that (b) implies (c) follows from the fact that Hom(F,G) = 0 for all F' in F and G
in G. Suppose (c) holds, and let I be an indecomposable injective K@Q-module. If
G is in G, (G is not injective, so

0 = BExt' (771G, I) =2 DHom(I,G)

by the Auslander-Reiten formula and the fact that I is injective, so Hom(I, G) = 0.
Hence I lies in F and we see that (c) implies (b). The proof is complete. O

Corollary 2.10. The map
T+ (GenT, Cogen7T) = (T, T+m)

gives a bijection between tilting KQ-modules and torsion pairs (F,G) for which F
contains all the indecomposable injective modules, or, equivalently, G contains no
indecomposable injective module.

Note that, since K@ is hereditary, a KQ-module is tilting if and only if it is
cotilting. The dual of Corollary 2.10 is thus

Proposition 2.11. The map
T+ (Gen 7 'T,CogenT) = (*#T,1=T)

gives a bijection between tilting KQ-modules and torsion pairs (F,G) for which G
contains all the indecomposable projective modules, or, equivalently, F contains no
indecomposable projective module.

By Lemma 2.6(c), an indecomposable in mod K@ is generated by a module U if
and only if it is generated by an indecomposable summand of U. Hence, the map

T — (GenT,CogenT)

in Corollary 2.10 can be interpreted in the geometric model: Gen T is obtained from
T by closure under left shortening and Cogen 77" is obtained from T by first shifting
to the left one step (deleting any arcs starting at 0) and then closing under right
shortening.
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Conversely, if (F,G) is a torsion pair of the kind considered in Corollary 2.10,
then T' can be recovered as the direct sum of the indecomposable Ext-projectives in
F, i.e. the objects

(2) {X €ind(F) : Ext'(X,F) =0 for all F € F},

by [2, VI.2.5]. Geometrically, this means taking all of the arcs X in F which do not
intersect another arc F' in F as in Figure 4.

F X

7

FIGURE 4. Intersection of arcs not allowed in recovering T from
(F,G) of the kind considered in Corollary 2.10.

Dually, the map
T +— (Gen7'T,CogenT)

in Proposition 2.11 can be interpreted in the geometric model: Gen 7~ !T is obtained
from T by first shifting to the right one step (deleting any arcs ending at n+ 1) and
then closing under left shortening. CogenT is obtained from T by closure under
right shortening.

Conversely, if (F,G) is a torsion pair of the kind considered in Proposition 2.11,
T can be recovered as the direct sum of the indecomposable Ext-injectives in G, i.e.
the objects

{X €ind(G) : Ext}(G, X) = 0 for all G € G}.

That is, we take all the arcs Y in G which do not intersect another arc GG in G as in
Figure 5.

Y G

N

FIGURE 5. Intersection of arcs not allowed in recovering 7' from
(F,G) of the kind considered in Proposition 2.11.

Finally, we remark that by [2, VI.1.11,VI.2.5], the direct sum of the non-projective
summands of T' can be recovered as T’ = FN7~1G when (F,G) = (Gen T, Cogen 7T).
Similarly, the non-injective summands in T' can be recovered as T” = 7F N G when
(F,G) = (Gen7T 'T,CogenT). This gives an alternative route for computing the
indecomposables in 77 (or T") geometrically.

Example 2.12. Let n = 6. In Figure 6, we indicate F = GenT and G = Cogen 71T’
for the tilting module

T =[0,7) 11 [0,4] IT [1, 4] IT [1, 3] IT [4, 7] I [5, 7).
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0 1 2 3 4 5 6 7
(a) Tilting module T

0 1 2 3 4 5 6 7.
(b) The torsion part, GenT

P e

0 1 2 3 4 5 6 7
(¢) The torsion-free part, Cogen 71T

FIGURE 6. T, F and G

2.3. Exchange of complements. Let T = II7"_,T; be a K(Q-tilting module. Then
Mo 41 is a direct summand of T'. Let T; be an indecomposable summand of 7" not
isomorphic to My 4+1. Removing T; from the diagram of arcs for T" (cf. Corollary 2.4)
leaves a quadrilateral:

where some or all of the arcs at the base of the diagram may just be boundary arcs.
The non-boundary arcs correspond to some of the indecomposable summands 77,
j # i, of T. Then T; must correspond to one of the two crossing diagonals of this
quadrilateral, i.e. it must be either X or Y in Figure 7. Since T is sincere, it follows

FIGURE 7. Sequence linking the complements of T'

from [14] that there is a non-split short exact sequence linking the two complements
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X and Y of T = I; 4Ty
0—-X-—-T;0T, —-Y —0
if T; is not a boundary arc, or
0-X—-T,—-Y —0
in the case where T} is a boundary arc.
3. TUBES

3.1. Categorical description. Consider the quiver @

(3) 2 3 n

/ N

1 n+1

of Euclidean type Alm. The path algebra A = K( is tame hereditary, and the mod-
ule category mod K () has an extension closed subcategory 7, which can be realized
as the extension closure of the modules L, .Ss,...,S,, where as usual .S; denotes the
simple corresponding to vertex i, and L denotes the unique indecomposable module
with composition factors S1 and S,y1. The category 7, is called a tube of rank n.

Actually 7, is a hereditary finite length abelian category with n simple objects.
For each pair of objects X,Y in 7,,, the spaces Hom(X,Y') and Ext!(X,Y) have finite
K-dimension, and there is an autoequivalence 7 on 7,, induced by the Auslander-
Reiten translate on mod A, with the property that Hom(Y,7X) ~ DExt}(X,Y).
Let 0 : Z — Z be the map taking ¢ to ¢ + n. From now on we denote the simples
in7 = 7;1 by Mi’i+2 for i = O, v, — 1, in such a way that TMi’iJrQ = Mi,17i+1,
where we regard M« ;) -+ (;) as equal to M; ; for any integer k. The indecomposable
objects in 7, are uniserial and hence uniquely determined by their simple socle and
their length. We denote by M; ;1,41 an indecomposable with socle M; ;12 and length
[. Then we have that 7M; ;-1 = M;—1,4;, and the AR-quiver of the tube 7, is
as in Figure 8 (with the columns on the left- and right-hand sides identified). Note
that each indecomposable object has a unique name M;; (with j —i > 2) if we insist
that ¢ lies in {0,1,...,n — 1}.

My 13- - - —Moy My 31--—--—- My 29 —-—-—-—- My—13
N A S el S el
-——Mpz - - -—— My 21 -———-- My _12—---

7 ™\ e N 7 N
Myo - - - - - M 3 My 20-—---—-- My 11------ M2

FicUre 8. The AR-quiver of 7,
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M; vt

M; i3 e M i34
el N 7 ~
Mo ————- Mit1,i43 Miy4-3i14-1—- - - — — — Miyi—2iv4

FIGURE 9. The wing W ;4+.

An additive subcategory of 7 is said to be of finite type if it contains only finitely
many indecomposable objects. Otherwise it is said to be of infinite type. Some
particular subcategories of 7 are important for this paper. For each fixed ¢ in
{0,...n}, we consider the subcategory whose objects are the indecomposable objects
M; iy, for all t > 1. This is called a ray, and is denoted R;. Dually, for each 7 in
{0,...n}, we consider the subcategory whose objects are all indecomposable objects
M;_y i, for all w > 1. This is called a coray, and denoted C;.

For each i in {0,...,n — 1}, and each ¢t > 1, the wing W, ;y; is the additive
subcategory of 7 whose indecomposable objects are the M; ;y, with v > 2, i <
71 <i+t—2and j+u < 7+t It contains a unique indecomposable object
M; ; 4+ of maximal quasilength. See Figure 9. For ¢t <1 we let W, ;44 be the empty
subcategory. We also denote the wing of an indecomposable object X by Wx.

Due to the following well-known fact, we can apply results from the previous
section in our analysis of 7.

Lemma 3.1. For u <n the wing W; iy, in T, is equivalent to the module category
mod KQ, where Q is a linearly oriented quiver of Dynkin type A,_1.

3.2. Geometric model. Here we summarize the construction, given in [3], of a

geometric model of 7,,. Note that such a geometric model also appears in [27].
Consider an annulus A(n) with n marked points on the outer boundary. The

points are labelled 0,1,...,n — 1, and arranged anticlockwise (see Figure 10).

1 n—1

F1cURE 10. An annulus with n marked points on its outer boundary.

There is a bijection between the indecomposable objects in 7, and a set of isotopy
classes of arcs in A(n) (not allowing non-transverse or multiple intersections). To
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describe this bijection, we consider the universal covering U(n) of A(n), with marked
points corresponding to Z (and with 0,1,...,n — 1 lying in a fundamental domain).
See Figure 11.

FiGURE 11. The universal cover of the annulus in Figure 10.

For integers 4, j with i +2 < 7, let [¢, j] denote the arc in U(n) with starting point
1 and ending point j, oriented from ¢ to j.

Let m,([¢,7]) denote the corresponding arc in A(n) and let A(A(n)) denote the
set of (isotopy classes) of such arcs.

Define a quiver with the elements in A(A(n)) as vertices and arrows:

Tn([i,9]) = mn([i, 7 + 1])
and
Tn([i,]) = mu([t +1,5]) (if j #i+2)

Defining a translate using the formula 7 (7, ([¢, j])) = m([i—1, j—1]), this becomes
a translation quiver. We call this the (translation) quiver of A(A(n)).
For the following, see [3, Lemma 2.5], [27, 4.18] (or, using unoriented arcs, [13], [7,

§3.4)).

Proposition 3.2. The map ¢ : my([i, j]) — M;; induces an isomorphism between
the translation quiver of A(A(n)) and the AR-quiver of T,,.

Note that the convention that Mk ;) ok (j) = M;j corresponds exactly to the fact
7 ([0%(1), 0% ()]) = mn([i, 4]) for any integer k.

For arcs «, 3 in A(A(n)), let I(a,3) be the minimum number of intersections
between arcs in the isotopy classes a and 3, not allowing non-transverse or multiple
intersections. Similarly we let I (a, 3) (resp. I~ («a, 3)) denote the number of posi-
tive (resp. negative) crossings between a and . Figure 12 illustrates the two kinds
of crossing. See also Figure 1.

The following is proved in [3, Thm. 3.7], [27, 4.23]. See also [7] for further results
in this direction.

Theorem 3.3. Let m,([i,j]), 7, ([, 5']) be arcs in A(A(n)). Then

dim Exty (M;;, M) = I~ (ma([i, 5]), mn([7',§']))-
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3 B

«
«

A positive crossing A negative crossing

FicUrE 12. Crossing types between a and 3

3.3. Extending the tubes. Let as before A = KQ, where @ is the quiver (3),
and let 7 be a tube of fixed rank n > 1, considered as a subcategory of mod A.
Now we also consider Mod A, the category of all left A-modules. In particular, we
consider subcategories lim 7', lim 7" and T of Mod A. Here lim 7" is defined to be the
subcategory of Mod A whose objects are direct limits of filtered direct systems of
objects in 7. Note that lim 7T contains the Prifer modules. These are the n modules
M; ~ obtained as direct limits along the rays, i.e.

Moo =im(M;iro — Miivs — Miipa — - -).

Let im 7" be the subcategory of Mod A whose objects are inverse limits of filtered
inverse systems of objects in 7. This category contains the adic modules, which are
obtained as inverse limits along a coray:

M_o;i=lm(-- — Mj_g; — Mj_3; — M;_2;).

Let 7 be the subcategory of Mod A whose objects are all filtered direct limits
or filtered inverse limits of objects in 7. This category clearly contains lim 7" and
an 7. We extend the definition of ¢ to Priifer and adic modules with the convention
that o(£o00) = +oo: note that any Priifer module has a unique name M; o if we
take ¢ in {0,1,...,n}, and similarly for adic modules.

Recall that a A-module M is pure-injective if the canonical map M — DDM
is a split monomorphism. For background on pure-injective modules, and other
definitions, see e.g. [18] or [24]. It can be shown (see [8]) that the category T has
the following properties:

e All objects are pure-injective as A-modules.

e Any object is determined by its indecomposable direct summands.

e The indecomposables in 7 are exactly the indecomposables M;; in T, the
Priifer modules M; o, and the adic modules M_ ;.

A module M in T is called rigid if Ext} (M, M) = 0. Note that since all objects
in 7 are pure-injective, this definition is equivalent to having Ext} (M’, M") = 0 for
all indecomposable direct summands M’, M"” of M. Now, a rigid module M in T is
called mazimal rigid, if Extl (M II X, M 11 X) = 0 for an indecomposable X in T
implies that X is isomorphic to a direct summand in M.

3.4. Extending the model. In this section, we show that the geometric model of
T discussed in Section 3.2 can be naturally extended to a geometric model for 7.
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[i, o] [—00, 1]

FIGURE 13. Infinite arcs in U(n).

mn([i, 00]) Tn([—00, i)

FIGURE 14. Infinite arcs in A(n).

Consider the arc [i,00] in U(n), i.e. the arc with starting point ¢ which is oriented
rightwards, away from 4, and the arc [—o0, ] in U(n), i.e. the arc with ending point
1 and which is oriented leftwards, away from 4. See Figure 13.

Consider also their images m,([i, 00]) and 7, ([—00,7]) in A(n); see Figure 14.

Let A denote A = A(A(n)) extended to include the homotopy classes of the arcs
7 ([7, 00]) and 7, ([—00,]), for i in {0, ..., n—1}. It is clear that the bijection 1) from
Section 3.2 extends to a bijection between the arcs in A and the indecomposable
objects in 7, with m,([i,00]) and 7, ([—00,i]) corresponding to M; o and M_.
respectively. We also denote this by .

We aim to prove the following generalization of Theorem 3.3.

Theorem 3.4. Given indecomposable objects M;; and M in T. Then:
Ext'(M;j, My jr) = 11 K.
I~ (mn([d5]),mn ([7,5'1))
In the case where 7,7/, j,j' are all finite, the result is proved in [3]. To prove the

remaining cases we will need the following well-known results.

Lemma 3.5. Let X,Y be arbitrary A-modules, (X;); an arbitrary filtered direct
system of modules and (Y}); an arbitrary filtered inverse system of modules.

(a) Hom(lim X, V) ~ lim Hom(X},Y).

)
) If the Y; are finitely generated, then limYj ~ Dlim DY;.
(d; If Y is pure-injective, then Extl(ll)n X;,Y) ~ @Extl(Xj,Y).
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Proof. For (a) see, for example, [26]. For (b), see [20, Lemma 1.6] or [11, Sect. 1.5].
For (c), we have, using part (a):

Dlim DY; = Hom(lim Hom (Y}, K), K)
—_ -
~ lim Hom(Hom (Y}, K), K) ~ lim DDY; ~ lim Y},
P P —

as required. Part (d) is proved in [1, Prop. 1.10.1]. For (e), we recall that Ext!(X, DY) ~

Ext!(Y, DX) for all modules X and Y. Using parts (c) and (d) and the fact [24,
Prop. 4.3.29] that DX is pure-injective for any module X, we have:

Ext!(X,lim Y;) ~ Ext'(X, D(lim DY;)) ~ Ext!(lim DY}, DX)
— — —
~ lim Ext’(DY}, DX) ~ lim Ext' (X, DDY;)
— —
~ lim Ext' (X, Y;),
and (e) is shown. O
We also note that the following holds (see e.g. [11, Sect. 3.1]).

Lemma 3.6. For modules X andY with X finitely generated, we have D Ext!(X,Y) =
Hom(Y,7X) and Ext}(Y, X) = DHom(7~'X,Y).

Note that if X,Y are finitely generated, then the first formula can also be written
Ext!(X,Y) = DHom(Y,7X).

Lemma 3.7. (a) If X is a Prifer module and Y is a finitely generated module
then Hom(X,Y) = 0.
(b) If X is a finitely generated module and 'Y is an adic module then Hom(X,Y') =
0.
Proof. See, for example, [23, p46]. O

With arguments as in [3], the crossing numbers can be computed as follows. Recall
that o: Z — Z is the function ¢ — ¢ 4 n.

Proposition 3.8. We have the following:

(a) I~ (mp([i,00]), ™ ([a,b])) =| {m € Z: a < c™(i) < b} |;

(b) I (mn([a, b]), mn ([d, 00])) = I (mn([i, 00]), mn ([a, B])) = O;

(c) I™(mp([=00,]), mn([a,b])) = 0;

@) 7l ) [0 = T mlf) = fm € o <
o™(1) < ;

(e) I~ (mp([i,00]), mp([—00,i])) = Ro, for all i,7" in {0,...,n —1};

(f) I~ (mn([i,00]), mn ([, 00])) =0 for alli,i" in {0,...,n—1};

(g) I~ (mp([—00,1]), mp([i',00])) =0 for all i, in {0,...,n—1};

(h) I~ (mp([—00,1]), mn([—00,4'])) = 0 for alli,i" in {0,...,n —1}.

Proof of Theorem 3.4. We need to compute Ext!(X,Y) for all pairs of indecompos-
ables X,Y in 7, and compare these with the crossing-numbers from Proposition
3.8.

We first determine Extl(Mim, Mgp) using the AR formula. For large ¢, consider
the indecomposable subobject M;_; j1p—q—1 of M;_1 with length (b —a — 1), i.e.
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equal to the length of M, . We have that dim Hom (Mg, M;—1¢) equals the number
of times the simple top Mj_o ;, of M, occurs as a composition factor of M;_1 ;4p—q—1.
Using arguments as in [3], this number is | {n € Z: a < ¢"(i) < b} |. Hence, for
large values of t, it is independent of ¢. It is also clear that the map

Hom (Mg p, M;—1,) — Hom (Mg p, M;_1,441)
is an isomorphism for ¢ > 1.
Applying Lemma 3.5(d), we have
Ext" (M; o0, Mgp) = Ext' (lim M;;, M) ~ lim Ext' (M;;, M)
~ l&n DHOIH(Mab, TMij) = ELHD HOIH(Mab, Mi—l,j—l)
(adopting the convention in this proof that limits involve the variable j). Hence, we
obtain that dim Ext!(M; oo, May) =| {n € Z: a < o™(i) < b} |.
Next, using Lemma 3.5(e), we have
Ext! (Map, M_oo,i) = Ext! (Mo, lim Mj;) ~ lim Ext' (Mo, Mj;)
~ lim D Hom(Mj;, 7Mgp) = lim Hom(Mj;, Mg—1p-1)-
For large j, it is easy to see that the map
Hom(Mji, My—1p—1) — Hom(M;_1, Mg—1p—1)
is an isomorphism and that dim Hom(Mj;, M,_1 5—1) is equal to the number of times
the simple top M;_2; of Mj; appears as a composition factor of M,_;;_1, i.e.
|[{n€Z:a—1<o"(i—1)<b—1}],
which equals
|{n€Z:a<o™(i)<b}]|,
as required.
By Lemma 3.6,

D Ext! (M, M o0) ~ Hom(M; oo, My_15-1).

We see that Ext! (M, M; o) = 0 by Lemma 3.7(a).
Similarly, by Lemma 3.6, we have that

Eth(M—Oo,iv Mab) =~ DHOm(T_lMab’ M—oo,i) = 0’

using Lemma 3.7(b).
We next compute Ext!(M; oo, M_o 7). Using Lemma 3.5(e), we have that

Ext' (M o0, M_o0,r) = Ext! (M o0, lim Mj ir) =~ lim Ext" (M; oo, Mj ).

The maps Extl(Mi7oo,Mj7i/) — Extl(M@oo,Mj,u/) are surjective. As j tends to
—o0, the dimension of Ext!(M; o0, M; /) is unbounded (by the above formula for it).
Therefore, this limit evaluates to [ ]y, K.

It is shown in [8, Lemma 2.7], that, for all 4,7’ in {0, ...,n—1}, all of Ext*(M_. ;, M ),
Ext! (M; 00, My o) and Ext! (M_ ;, M_ ) vanish.

Comparing the crossing numbers with the dimensions of the corresponding Ext-
groups concludes the proof of the theorem. O
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Mn—1)/2,(n+3)/2 37 M(n—S)/Q,(nH)/z

n even n odd

FIGURE 15. The map M — M.

3.5. Reflection. Recall (see [8]) that there is a map M +— MY, which gives a
bijection on the indecomposable objects in 7. With our notation, the map is given
by M;j — M_; _; for i,j in Z U {£o0}.

We assume that the tube is drawn regularly, i.e. that the objects in a 7-orbit
are equally spaced around a circle, with adjacent 7-orbits symmetrically interlaced.
If n is even, the map M + MV arises from a reflection in a plane through the
tube passing through M,_1; and M, /5_1 /241 If n is odd, this is a reflection
in a plane through the tube passing through M,,_; 1 and the mid-point through
M(n—3)/2,(n+1/2) and M(n_l/Q)’(n_i_g)/Q. See Figure 15.

The map has the following properties.

Lemma 3.9. (a) dimHom(X,Y) = dimHom(YV, XV) for X,Y in T ;
(b) Ext (X,Y) = 0 if and only if dimExt' (Y, XV) =0 for X,Y in T;
(c) (7X)Y =717tXV for all indecomposables X in T.

As a direct consequence of Lemma 3.9, we have the following observation.

Lemma 3.10. For each X in T, we have
(a) (XFm)Y =L (XV);
(b) (XV)*# = (FrX)Y.

For a subcategory X of 7, we let X'V denote the subcategory {XV | X € X}. We
will also need the following.

Lemma 3.11. For a maximal rigid T in T, we have

(a) (GenT)" = Cogen(TV);
(b) (CogenT)Y = Gen(TV).
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Proof. This follows directly from the definition of the map using Lemma 3.7 and the
fact that an indecomposable X in 7 is generated by a maximal rigid object T if and
only if it is generated by an indecomposable direct summand in 7" (see also [9]). O

4. TORSION PAIRS AND MAXIMAL RIGID OBJECTS

In this section we give an improvement of a result from [8], and discuss a combi-
natorial interpretation. The idea is to link maximal rigid objects in 7 with torsion
pairs in 7.

4.1. A bijection. A rigid object in 7 is said to be of Priifer type if it has a Priifer
module as a direct summand, and it is said to be of adic type if it has an adic module
as a direct summand.

An object T in liLQT is maximal rigid if and only if it is cotilting in the category
lim 7, in the sense of Colpi [10]. This is proved in [9] (see [9, 1.10] and note that,

by [9, Lemma 1.2], a finitely presented A,-module is maximal rigid if and only if
it is a tilting module, where A,, denotes the completion of the path algebra of an
oriented n-cycle).

We consider equivalence classes of maximal rigid objects in 7, where two maximal
rigid objects are considered to be equivalent if they have the same indecomposable
direct summands. The following is proved in [8].

Proposition 4.1. Let T be a rigid object in T .

(a) T is mazimal rigid in T if and only if it has n indecomposable direct sum-
mands.

(b) If T is maximal rigid, it is either of Prifer type or of adic type, but not both.

(c) A rigid object of Priifer type lies in the subcategory lim 7 C T.

We will give a parallel result concerning torsion pairs in 7. A torsion pair (F,G)
in 7 is said to be of ray type if G contains at least one ray of 7. It is said to be of
coray type if F contains at least one coray of 7. A class of objects (or subcategory) S
of a category C is said to be generating, if for each map f in C, there is an object .S in
S with Hom(S, f) # 0. Dually, one can define cogenerating classes of objects, i.e. S
is cogenerating if, for each map f in C, there is an object S in S with Hom(f, .S) # 0.

Lemma 4.2. Let (F,G) be a torsion pair in T. Then it is not the case that both F
and G are of finite type.

Proof. Note that subobjects or factor objects of indecomposable objects in 7 are
indecomposable. Assume there is an exact sequence

(4) 0—-X—-M-—-Y —0

with X in F and Y in G, and with M in 7 indecomposable. Then also X and
Y are indecomposable and we have [(X) < [(M) and I(Y) < I(M). There are
indecomposable objects in 7 of arbitrary (finite) length. For any indecomposable
M there is an exact sequence (4), by the definition of a torsion pair. Hence, we
cannot have that both F and G are of finite type. (]
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We next prove that the torsion pairs with F of infinite type are exactly those
of coray type. For an indecomposable object X in 7 we write Cx for the coray
containing X and Ry for the ray containing X.

Lemma 4.3. Let (F,G) be a torsion pair in T, where T has rank n. Assume F is
of infinite type. Then the following hold:

(i) F contains an indecomposable object X, with [(X) = n.

(il) Let X' be the (uniquely defined) indecomposable object in T such that there
s an irreducible monomorphism X' — X. Then G is contained in Wx. In
particular, G is of finite type.

(iii) F contains the coray Cx.

(iv) F cogenerates T .

Proof. First note that since F is of infinite type, there is no limit on the length of
the indecomposable objects in F. Since F is closed under factor objects, it must
therefore contain an indecomposable object with {(X) = n. Hence (i) holds. Also
since F is closed under factor objects, the part of the coray Cx below X is contained
in F; more precisely Cx N{Y | [(Y) < n} C F. Since [(X) = n, we have that
Hom(X,Y) = 0 for an indecomposable object Y in 7 if and only if Y is in the wing
Wy. Therefore, by Definition 1.1(i), we have that part (ii) holds. By Lemma 1.3,
(iii) holds, while (iv) is a direct consequence of (iii). O

We state the dual version of Lemma 4.3.

Lemma 4.4. Let (F,G) be a torsion pair in T, where T has rank n. Assume G is
of infinite type. Then the following holds:

(i) G contains an indecomposable object X, with [(X) = n.

(ii) Let X' be the (uniquely defined) indecomposable object in T, such that there
is an irreducible epimorphism X — X'. Then [F is contained in Wx:. In
particular, F is of finite type.

(iii) G contains the ray Rx.

(iv) G generates T .

Combining Lemma 4.2, 4.3 and 4.4, we obtain the following direct consequence.

Corollary 4.5. Let (F,G) be a torsion pair in T .

(a) The following are equivalent
(i) F is of infinite type;
(ii) F contains a coray;
(iii) F cogenerates T ;
(iv) G is of finite type.
(b) (F,G) is either of ray or of coray type (and not both).

Moreover, by Lemma 1.3 and a direct application of Lemma 3.10, we obtain the
following.

Lemma 4.6. The map M — MY, maps a torsion pair (F,G) to a torsion pair
(GY,FY). Moreover if (F,G) is of ray-type, then (GV,F") is of coray-type and vice-
versa.
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For a maximal rigid object T of Priifer type, consider the subcategory
gr = LT 7,

and let
Fr = Lu (QT) NnT.

For a maximal rigid object T of adic type, we define
Fr=T"nT
and let
Gr = (Fr)™"nT.
We have the following reformulation of a result of [9]:

Theorem 4.7. The map T — (Fr,Gr) gives a one-to-one correspondence between
equivalence classes of maximal rigid objects in lii)n’T and torsion pairs in T with the
property that G generates T .

Now, using Lemma 3.10, we obtain a commutative square (*):

{maximal rigid objects of Priifer type in 7} —— {torsion pairs of ray-type in 7}

| |

{maximal rigid objects of adic type in 7} —— {torsion pairs of coray-type in 7}

where the horizontal maps are given by T — (Fr,Gr) and the vertical maps are
induced by M — M.

As a direct consequence of Lemma 3.10 (as also observed in [8]), we have that the
left vertical map in (*) is a bijection. We have already observed that the right vertical
map is a bijection. The upper horizontal map is bijective by Theorem 4.7, combining
with Proposition 4.1 and Lemma 4.4, and it follows that the lower horizontal map
is bijective.

Combining the commutative diagram of bijections (*) with Corollary 4.5 we obtain
the following improvement of Theorem 4.7.

Theorem 4.8. The map T — (Fr,Gr) gives a bijection between
e Torsion pairs (F,G) in T, and _
e Fquivalence classes of maximal rigid objects in T

2n71) )

Corollary 4.9. The number of torsion pairs in T is 2( 1

Proof. By [9, 2.4, 5.2 and B.1], the number of cotilting objects in lim 7 is (*'7}').

n—1
The result then follows from Proposition 4.1, the above diagram of maps, and The-

orem 4.8. O
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4.2. Alternative and explicit descriptions of 71 and Gr. We give alternative
and more explicit descriptions for the subcategories Fr and Gr corresponding to a
maximal rigid object T in 7.

The following observation is useful.

Lemma 4.10. Let T be a tube of rank n. Then we have:
(a) *PM; 0o NT =T;
(b) M;ENT = Wijin
We now give an explicit description of the torsion pair (Fr,Gr) corresponding to

a maximal rigid module 7. We first of all give a combinatorial lemma concerning
wings, which is easy to check.

Lemma 4.11. Let 0 <ig <1 < -+ <ip_1 <n—1 be integers. Then
(i) We have:

k-1 k-1
() Wirsitn = [ Wivirss
r=0 r=0

(where the subscripts are interpreted modulo k and, forr = k—1, we interpret
ir+1 = io as io + n)

(ii) The wing Wi, ;. is empty if and only if iy41 — i, =1 mod n.

(iii) The wings W;, ;.,, do not overlap, i.e. each indecomposable object in T be-
longs to at most one Wj_; ..

(iv) If X and Y lie in different wings among the W ;. .., then Ext'(X,Y) =
0 = Ext}(Y, X).

For an example illustrating Lemma 4.11(i), with n = 10, k = 4, i1 = 0, is = 4,
i3 = 7 and i4 = 8, see Figure 16.

In the following proposition and the sequel, we adopt the same convention for the
wings as in Lemma 4.11(i).

Proposition 4.12. Let T be maximal rigid in T .
(a) If T is of Priifer type, then
(Fr,Gr)= (FHTNT,**TNT)= (r"(GenT NT),CogenT NT).

(b) Assume T is of Priifer type with Prifer summands M;, o forr =0,...,k—1
where 0 < i < i1 < --- <tp_1 <n—1. Then

(Fr,G7) = (UZF), (UpZ5Gr) U Geo),
where (Fr,G,) is a torsion pair in Wi, ivi1+1 with G containing all of the

injective objects in Wi, i, ,1+1 and Goo = add(UFZIR;,).
(¢) If T is of adic type, then

(Fr,Gr) = (T*ENT, T+ NT) = (Gen TNT,7(Cogen T NT)).

(d) Assume T is of adic type with adic summands M;, ~ forr =0,....k—1,
where 0 < i < i1 < --- <tp_1 <n—1. Then

(Fr,Gr) = (UFZ1F) U Fuo, (UFZ1G,)),
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Mr17 Msg,18 Mo, 10 May 14

o
Moo My3z M2a Mss Mye Msr7 Mes Mrzg Mgio Moi11 Mo

FiGURE 16. The indecomposable objects in the intersection of the
four wings Wo. 10, Wa 14, Wr,17 and Wy 15 in a tube of rank 10 corre-
sponding to a maximal rigid object of Priifer type. The objects lying
in the intersection are indicated by filled-in circles. The intersection
coincides with the union Wy 4 U Wy 7 U Wg 1o (note that the wing
Wis iy = Wr g is empty).

where (F,,Gy) is a torsion pair in W, ;. 141 with F. containing all of the
projective objects in Wi, ;.41 and Foo = add(Uf;éCiTHH).

Proof. We give the details for (a) and (b), while statements (c) and (d) can be
proved similarly. Let 7' be maximal rigid of Priifer type in 7. Our aim is to compute
Gr = 12T NT and then Fr = *#GpN7T. We use the Priifer direct summands of 7
in order to compute Gy more precisely in terms of a set of wings in 7. We then use
this to compute Fr using the theory of torsion pairs in type A (see Section 2).

Let T7 be the direct sum of all indecomposable direct summands of T" which are
finitely generated. Let M;; oo, ..., M;, | 0o With 0 <ig <ip <--- <ip_1 <n—1be
the indecomposable Priifer summands of T.

By Lemma 4.10, we then have that the finite part T7 lies in ﬂf;éWjT7ir+n)7 which
coincides with Uf;(l) Wi, iri1) by Lemma 4.11(i). We draw attention to the fact that
the wings in the statement of the proposition are slightly larger than these — this
will become clearer later in the proof.

Hence, we consider the decomposition T = Hf;éTr, where each 7, is rigid in
Wi,.ir.1 (note that some of the 7). then might be 0, i.e. in the case when i, 1 —i, =1
mod n). Then it follows easily from Lemma 4.11(iv) that 7, is maximal rigid in
Wi, irsq- Since T, is maximal rigid, its restriction to the abelian category W;
is also cotilting. Our aim is to use this decomposition of T' to compute Gr.

If Wi, i, is nontrivial, M;_;, ., is necessarily an indecomposable direct summand
of T, (see Section 2.3). It is then straightforward to check that

J_E (Hf;éMiryir-&-l n T) = (Uf;éwiryir+1) U add(uf;éer)7

r7ir+1
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and from this it follows that G € (UFZAW; i..,) Uadd(UPZiR;,).

We also have that

CETr Wiy = 2T O Wiy
which gives us the following description of G:
G = USZy(("P 1) NT) Uadd(UfZ5Rs,)-

Since T; is cotilting in W _;, ., we have that LeT. N Wi, ivsr = Cogenyy, »
From this it follows that

k—1 k—1
g=U,", Cogelrly\,imﬂr1 T, Uadd(U;ZgR;,).

T,.

Noting that Cogen M; oo N7 = add R;, we see that G = CogenT' N7 as claimed in
(a).

Next, we consider slightly larger wings, Wj_; ., +1 in order to obtain the descrip-
tion of G in (b). For each r, define T, = T, I1 M;,_;,,+1. Then T, is a cotilting
module in W, ; ., +1. Note that

Cogenwir!iw+1+l T, = add(CogenWir!ir+1 T, U{M; ;.. })
We can thus rewrite G as follows:

G=ut} COgeDWiT,iT+1+1 T, U add(UFZIR;).

So, setting G, = Cogenwir’ir+l o T, we obtain a description of G as claimed in (b).
Next, we compute F. By definition, we have that F = 1#G N 7. Furthermore,
L (Hf;éMimiT-‘rl) nT = (Uf;éT_IWir,irH) U add(uvlfo_lciwﬂrl)'

Noting that Hom(M;, 41, M;, i, 141) # 0 for [ <i,, we see that
F U  Wiririr) C Wiipiah1.
From this, it follows that 7 = U(*#G, NW; ;. +1), noting that

G, = Cogenwir,iﬂr1+1 T..
Using the fact that T, is cotilting in Wj,_; ., 11, combined with Proposition 2.11, we
see that F = U,’f;é}}, where

_ lumF . — o
fr = TT N WZT7Z’I‘+1+1 - Genw’ir»’ir+l+1 Twir7i'r+l+1

T

is the torsion part of the torsion pair in W;, ; ,,41 with torsion-free part G.. We
have that L# (IT"2 M, o) = Uqlf;éwir,ir+17 and therefore F = *HT N7,

Since Gen M; o, N7 is empty for all 7 and since, in W, ; ., 11, we have 1T, =
77T, we see that F = 77 1GenT N T.

See Figure 17 for an illustration of one of the wings W, ;. ,,+1. We have that

7,00

G, = Cogenwiw_r+l - ﬁ. The indecomposable objects in G, apart from M; ; ., 11

lie in the left hand shaded triangle. Also, 7, = Genwy, ; = ., e HZIN}, and the
Tty iry g1

indecomposable objects in F, lie in the right hand shaded triangle. (]
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Mi'rﬂ’r-ﬂ—l‘i’l

M; ;
frotr Mir,ir+1+1

Mir+1_17ir+1+1

M, i +2 Mi, 41,43 M;

128041

FIGURE 17. A wing Wi, 141

4.3. The maximal rigid module corresponding to a torsion pair. In this
section we give an explicit description of the inverse of the bijection T +— (Fp,Gr)
in Theorem 4.8 between maximal rigid objects in 7 and torsion pairs in 7. We first
need the following lemma.

Lemma 4.13. Let (F,G) be a torsion pair in T. Then an indecomposable object in
l'i>n(ind G) is either lies in ind G or it is a Prifer module which is the direct limit of
a ray in ind G.

Proof. 1t is clear that any indecomposable in G or Priifer module which is the direct
limit of a ray in ind G lies in ind(li_n)l G). So suppose that X = lim X; is an inde-
composable in 7, where each X j is in ind G. Firstly note that X cannot be an adic
module, since the adic modules do not lie in li_r)nT . Next, for any object F' in F, we
have

Hom(F, X) = Hom(F, lim X;) ~ lim Hom(F, X;) = 0,
using Lemma 3.5(b), since each X lies in G. It follows that if X is in ind 7, we
have that X lies in ind G. The only other possibility is if X is a Priifer module. If Y
is any indecomposable object in the corresponding ray in 7, we have an embedding

Y — X. Hence Hom(F,Y) = 0 for any object F' in F, so Y lies in G. The result
follows. 0

Proposition 4.14. (a) Let (F,G) be a torsion pair of ray type. Then (F,G)
can be written in the form (Fr,Gr), where T is the direct sum of the inde-
composable objects in

(5) lim(ind G) N (lim(ind G))™*.

Compare [8, Thm. 1.5].
(b) Let (F,G) be a torsion pair of coray type. Then (F,G) can be written in the
form (Fr,Gr), where T is the direct sum of the indecomposable objects in

(6) lim(ind F) N * (lim(ind F)).
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Proof. We only consider (a); the proof of (b) is similar. By Theorem 4.8 and Proposi-
tion 4.12(b) and its proof, there is a maximal rigid object T in 7 of Priifer type such
that (F,G) = (Fr,Gr) and Fr, Gpr have the following description. Let the Priifer
summands of T'be M;, o forr =0,...,k—1where 0 <ip <41 < -+ <ip_1 <n—1
Then
(fT7gT) = (Uf;(%fh (Uf;(%g;’) U gOO)v
where F,., G are as in Proposition 4.12(b) and G. = Cogemwir’ir+1 T., where T'|7 =
IFZAT, with T, in Wi, -
By (2) in Section 2,

ind7, = {X €ind@G. : Ext'(Y,X)=0forall Y € G}
= {X €ind@G. : Ext (Y, X) =0 for all Y € ind G}.
Note that Goo = add(U,’f;éRir) C indg. It follows that any object X in 7 which

satisfies Ext!(Y,X) = 0 for all Y in ind G must lie inside some wing W; and
hence in some G... Therefore

ind 7|7 = ind(I1*27;.)
={X €indG : Ext'(Y,X) =0 for all Y € ind G}.

rylir41

Next, by Lemma 4.13, an indecomposable object in lii>n(ind G) either lies in ind G
or is the direct limit of a ray in G, i.e. it is a Priifer summand M;, o of T. If Y is
one of the latter summands and X lies in ind G, we have

DExt} (Y, X) ~ Hom(X,7Y) = 0,
by Lemmas 3.6 and 3.7. Since the Priifer summands themselves satisfy
Ext!' (M;, 00, M;,, 00) = 0

for all r,7’, the result follows. O

5. GEOMETRIC INTERPRETATION IN THE TUBE CASE

5.1. Short exact sequences. Let [i, j], [/, ] be arcs in A(U(n)), giving rise to arcs
mn([4,7]), ™ ([, 5']) in A(A(n)) with corresponding indecomposable objects M;;, My j
in T. Suppose that Iﬁ(n)([i,j], [i + kn,j" + kn]) (i.e. the intersection number be-
tween arcs [i, j| and [i' + kn, j' + kn] in U(n)) is equal to 1 for some k in Z. Then, if
j' 4+ kn > i+ 1, we have four objects in the Auslander-Reiten quiver of 7 as shown
in Figure 18(a); if j' + kn = i + 1, we have three objects as shown in Figure 18(b).

In the case j' + kn > i + 1, this corresponds to a non-split short exact sequence:

f g
(7) 0— My jr — My ygpng LM, jrykn — Mij — 0,
and in the case j' + kn =i + 1, it corresponds to a short exact sequence:
(8) 0 — M’i/,j/ L} M’i/+kn,j i} M’Lj — 0

in 7. As in [27, Remark 4.25], these can be interpreted geometrically in U(n): see
Figure 19.
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z —HWK z '+kn,j
M‘/ ;) — ! / \
vy M; <+k” / M jr = Myt 4k jr+kn
z g +kn
(a) Case j' + kn > i+ 1. (b) Case j' + kn =14+ 1.

FiGURE 18. Objects and paths in the Auslander-Reiten quiver of
7 corresponding to an intersection in U(n) between arcs [i,j] and
[i" + kn,j + kn].

i+ kn o q j'+kn j i+ kn o q j+kn j
(a) Case j' + kn > i+ 1. (b) Case j' + kn =14+ 1.

F1GURE 19. Non-split extensions in 7 represented geometrically.

If / +kn > i+ 1, write f = <j§1> and g = (91 92)' Then f; and gy are
2

monomorphisms and fy and g; are epimorphisms. The f; and g; are uniquely de-
termined up to a choice of scalars. If 7/ +kn =4+ 1, f is a monomorphism and g
is an epimorphism, again uniquely determined up to a choice of scalars.

We note that Lemma 2.6 holds for 7 (with the same proof).

Lemma 5.1. Any non-split short exact sequence with first term M and last term
M;; has the same form as (7) or (8).

Proof. Let
9) 0— Myj — E = M;; — 0

be an arbitrary non-split short exact sequence with first term M ; and last term
M;;. By Lemma 2.6(b) we may write £ = E; I Ey where E; is indecomposable

and such that we have that, decomposing u = (Zl> and v = (v1,v2), we have that
2

u1 a monomorphism. Since the sequence is not split, w1 is not an isomorphism, so,
denoting the length of an object M in 7 by ¢(M), we have

U(Ep) = ((Mij) + £(Myjr) — L(Er) < £(Mij),
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so v; must be an epimorphism by Lemma 2.6(c).

Case (i): Suppose first that viu; # 0. If an integer k is such that i’ + kn < i
and i +2 < j' + kn < j, there is a homomorphism in 7 from My to M;; obtained
by composing an epimorphism from M to M; ji4py, With a monomorphism from
M; ji4gn to M;; (i.e. the two maps in the lower edges of the diamond in Figure 18).

It is easy to check that the homomorphisms of this kind (allowing %k to vary)
form a basis of Hom (M, M;;). Since vu = 0 and viu; # 0 and viu; is a scalar
multiple of such a basis element, there must be an indecomposable summand X of
Es5 such that vxuy is a scalar multiple of v1u; (where ux, vy are the corresponding
components of uy, vy). But

(10) ((X) < U(Mij) + 6(Myj) — £(E),

and there is a unique path from M ;; to M;; through such an X giving rise to
gi1fi (ie. with X = M; ji1,) from which it follows that we have equality in (10)
and thus that Fs = X is indecomposable and wuo is an epimorphism and vy is a
monomorphism. It follows that the short exact sequence (9) is of the form (7) up to
a choice of scalars.

Case (ii): Now assume that vyu; = 0. This implies that

U(Er) 2 0(My5) + €(Miry),
but we also have
((Ey) < U(Ey I Ep) = (M) + (M),
so we must have equality and F = Ej is indecomposable. It follows that (9) is of
the form (8) up to a choice of scalars. The proof is complete. O

Definition 5.2. We call a collection S of arcs in A(A(n)) an oriented Ptolemy
diagram (in A(n)) if, whenever m,([i,j]) and m,([i’,7']) lie in S with i’ <i < j' <
J then m,([i,5']) (when j* > i+ 1) and m,([i,j]) also lie in S. (Compare with
Definition 2.5 in the type A case).

Corollary 5.3. A collection of indecomposable objects in T is closed under ex-
tensions if and only if the corresponding collection of arcs is an oriented Ptolemy
diagram in A(n).

The following is easy to check (see Lemma 2.3 for the type A case).

Lemma 5.4. (a) Let my([i,7]) be an arc in A(A(n)). Then the indecomposable
quotients of M;j are the M;; where i < i < j —2, i.e. arcs in A(n) corre-
sponding to arcs in U(n) with the same ending point and with starting point
weakly to the right of i. Call these the left-shortenings of m, ([, j]).

(b) Let m,([i,j]) be an arc in A(A(n). Then the indecomposable submodules of
M;; are the My ; where i+2 < j' < j, i.e. arcs in A(n) corresponding to arcs
in U(n) with the same starting point and with ending point weakly to the left
of j. Call these the right-shortenings of m,([i, j]).

_ We make the following remark, which follows from Proposition 3.8. Recall that
A(A(n)) denotes A = A(A(n)) extended to include the homotopy classes of the arcs
mn([i, 00]) and 7, ([—o0, d]).
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Remark 5.5. The bijection ¢ : m,([i,j]) — M;; between A(A(n)) and ind(T) in-
duces a bijection between mazimal noncrossing collections of arcs in A(n) (including
the infinite arcs) and mazximal rigid objects in T .

We can now describe the conditions on collections of arcs appearing in torsion
pairs in 7.

Proposition 5.6. (a) A collection S of arcs in A(A(n)) corresponds to the tor-
sion part of a torsion pair in T if and only if
(i) S is an oriented Ptolemy diagram in A(n).
(ii) S is closed under left-shortening.
(b) A collection S of arcs in A(A(n)) corresponds to the torsion-free part of a
torsion pair in T if and only if
(i) S is an oriented Ptolemy diagram in A(n).
(ii) S is closed under right-shortening.

Proof. This follows from Lemmas 1.2 and 5.4 and Corollaries 2.7 and 5.3. (]
We also note that Proposition 4.12 has the following geometric interpretation:

Lemma 5.7. Let T be a maximal rigid object in T .

(a) If T is of Prifer type, then 1(ind Fr) can be obtained by taking the closure
of the collection of arcs corresponding to finitely generated indecomposable
summands of T under left shortening and rotating all resulting arcs one
step to the right (adding one to their end-points). We obtain ¢ (ind Gr) by
taking the closure of the collection of arcs corresponding to finitely generated
indecomposable summands of T under right shortening.

(b) If T is of adic type, then ¥ (ind Fr) can be obtained by taking the closure of
the collection of arcs corresponding to finitely generated indecomposable sum-
mands of T under left shortening. We obtain 1 (ind Gr) by taking the closure
of the collection of arcs corresponding to finitely generated indecomposable
summands of T under right shortening and then translating all resulting arcs
one step to the left (subtracting one from their end-points).

Similarly, Proposition 4.14 has the following geometric interpretation:

Lemma 5.8. Let (F,G) be a torsion pair.

(a) If G generates T, then ¢ (lim(ind G)) can be obtained from ¢ (ind G) by first
adding any infinite arc m,([i,o0]) for which all arcs m,([i,j]) for j > a for
some a lie in Y(indG). Then T is the direct sum of the indecomposable
objects corresponding to the arcs o in w(hi)n(ind G)) such that the pair (3, «)
of arcs has no negative intersections for all 3 in ¢ (lim(ind G)).

(b) If F cogenerates T, then (lim(ind F)) can be obtained from v (ind F) by
first adding any infinite arc 7, ([—00,i]) for which all arcs mp([j,1]) forj <a
for some a lie in Y(ind F). Then T is the direct sum of the indecomposable
objects corresponding to the arcs o in ¢ (lim(ind F)) such that the pair (o, 3)
of arcs has no negative intersections for all 8 in ¢ (lim(ind F)).
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Finally, we give an example in a tube of rank n = 14 to illustrate Proposition 4.12
and the results in this section. The arcs corresponding to the indecomposable direct
summands of 7" are displayed in Figure 20 (only the beginnings of the infinite arcs
are shown). Note that the Priifer modules which are indecomposable summands of
T are MO,ooaMﬁ,oouMlo,oo and M13,007 SO io = O, ’il = 6, ig =10 and i3 = 13.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 O
FicURE 20. The maximal rigid object T’

The arcs corresponding to the indecomposable objects in Fr are displayed in
Figure 21.

o 1 2 3 4 5 6 7 8 9 10 11 12 13 O

FIGURE 21. The torsion part, Fr = 7~ (GenT N T), of the torsion
theory corresponding to 7'. The arcs corresponding to indecompos-
able objects not in 771(add T N 7) are drawn in blue.

The arcs corresponding to the indecomposable objects in the Gr N W; ;. ., 11 are
displayed in Figure 22 (with dotted arcs indicating the indecomposable summands
of T" which are not in 7 (or indG)). Note that there are infinitely many additional
arcs not displayed, corresponding to indecomposables in G, but not in any of the
Gr. The missing arcs are m14([0, j]) for j > 8, m14([6,7]) for j > 12, m4([10, j]) for
j > 15 and m14([13,j]) for j > 16. Note that, as indicated by Proposition 4.12, the
intersections of Fr and Gr with the wings W, ;.41 (which are Wy 7, W 11, Wio,14
and W3 15) are torsion pairs.

In Figure 23, we show the indecomposable summands of 7 and the indecompos-
able objects in Fr and Gr in the AR-quiver of the tube.

Acknowledgements All three authors would like to thank the Mathematics Re-
search Institute in Oberwolfach for its support during a conference in February 2011.
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 Naav e e

0 1 2 7T 8 9 10 11 12 13 O

FIGURE 22. The torsion-free part, Gr = CogenT N7, of the torsion
theory corresponding to T'. The arcs not in add 7" are drawn in red.
The dashed arcs are the indecomposable summands of T" which are
not of finite length (and thus not in Gr). The arcs m14([0, j]) for
J > 8, mua([6,7]) for j > 12, m14([10, j]) for j > 15 and m14([13, j]) for
j > 16 have been omitted for clarity.

* * * *
/ / / /
/ / / /
7 s s s
/ / / /
o o . o o
o o . o o
o o . o o
o ° O o o
o ¢} O o o
o] o o O ° O o o]
¢ ¢} O o ° O ° [l o

FiGURE 23. The AR-quiver of the tube, showing the indecomposable
summands of 7' (e or %), ind(Fr) () and ind(Gr) (o or e). The
Priifer direct summands of 7" are shown (symbolically) at the top of
the diagram as asterisks.
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