
Algorithms to Obtain the Canonical Basis

1 Introduction

Let g be a finite-dimensional semisimple Lie algebra over C, and let U be the q-analogue of its

universal enveloping algebra defined by Drinfel’d [3] and Jimbo [4]. According to [7, 3.5.6, 6.2.3 &

6.3.4], for each dominant weight λ in the weight lattice of g there is an irreducible, finite-dimensional

highest weight U -module V (λ) with highest weight λ. Kashiwara [5] and Lusztig [7, 14.4.12] have

independently shown the existence of a certain canonical basis B(λ) for V (λ). In [5], Kashiwara

proves the existence of a crystal basis associated with V (λ) using certain operators, and defines a

graph (the crystal graph) which encodes how these operators act on the crystal basis. Using this,

he defines B(λ). In Section 2, we give a description of the crystal basis and some of its properties.

In [6], Kashiwara and Nakashima give explicit descriptions of the crystal basis for V (λ) when g is of

type A, B, C, or D. In Section 3, we note that if we can use these descriptions to find a sequence of

Kashiwara operators (see Definition 2.1) satisfying certain properties, for each element of the crystal

basis, then the canonical basis can be written in a very nice way in terms of these sequences. In

sections 4, 5, 6 and 7, we present algorithms which generate sequences with the required properties

and thus find the canonical basis, for most of the fundamental modules in types A, C, D and B,

respectively (see Theorems 4.2, 5.1, 6.1 and 7.2). For the remaining cases see [8]. Furthermore, we

show that with our choice of sequences there is a close link between the crystal and canonical bases

of the fundamental modules in type Cn (n ≥ 3) and the corresponding bases in type A2n−1 (see

Proposition 5.2) and also between the crystal and canonical bases of the fundamental modules in

type Dn (n ≥ 4) and the corresponding bases in type Bn−1 (see Proposition 7.3).

We use the treatment in [7, §§1-3]. Let g be a semisimple Lie algebra, with root system Φ,

simple roots α1, α2, . . . , αn, and Killing form ( , ). Let h1, h2, . . . , hn be a basis for a Cartan

subalgebra h of g, satisfying (hi, h) = α∗
i (h) for all h in h and all i ∈ I = {1, 2, . . . , n}. Let Y

be the Z-lattice spanned by h1, h2, . . . , hn. Let ω1, ω2, . . . , ωn be the fundamental weights of g,

defined by ωi(hj) = δij , and let X be the Z-lattice spanned by them (the weight lattice). Let d be

the minimal positive integer so that d(αi, αj) is always an integer and d(αi, αi) is always even. If

the highest common factor of the d(αi, αj) and the 1
2d(αi, αi) is not 1, then replace d by d divided

by this highest common factor. We then define i · j to be d(αi, αj) for each i, j ∈ I, so (I, ·) is a

Cartan datum as in [7, 1.1.1]. For µ ∈ Y and λ ∈ X, define 〈µ, λ〉 to be λ(µ). Define an imbedding
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of I into Y by i 7→ hi and into X by i 7→ αi for all i ∈ I. We then have a root datum of type (I, ·)

as in [7, 2.2.1], with 〈hi, αj〉 = αj(hi) = Aij the corresponding symmetrizable Cartan matrix. For

each i ∈ I, we define di to be the integer 1
2d(αi, αi). Then diAij = 1

2d(αi, αi)
(

2(αi,αj)
(αi,αi)

)
= d(αi, αj)

for each i, j ∈ I, and is thus a symmetric matrix over Z. We use the same numbering as [2, Planches

1 to IX].

Let Q(v) be the field of rational functions in an indeterminate v, and A ⊆ Q(v) the ring

Z[v, v−1]. For N,M ∈ N and i ∈ I we put vi = vdi and define the following (which all lie in A):

[N ]i =
vN
i − v−N

i

vi − v−1
i

, [N ]!i = [N ]i[N − 1]i · · · [1]i,

[
M
N

]

i

=
[M ]!i

[N ]!i[M − N ]!i
.

These are referred to as quantized integers, quantized factorials and quantized binomial coefficients,

respectively. If v is specialised to 1 they specialise to the usual integers, factorials and binomial

coefficients.

We define the quantized enveloping algebra U corresponding to the above data (as in [7, 3.1.1

& 33.1.5]) to be the Q(v)-algebra U with generators 1, E1, E2, . . . , En, F1, F2, . . . , Fn, and Kµ for

µ ∈ Y , subject to the relations: (for each i, j ∈ I and µ, µ′ ∈ Y )

K0 = 1,

KµKµ′ = Kµ+µ′ ,

KµEi = vαi(µ)EiKµ,

KµFi = v−αi(µ)FiKµ,

EiFi − FiEi =
K̃i − K̃−1

i

vi − v−1
i

,

EiFj − FjEi = 0, i 6= j,

∑

p+p′=1−Aij

(−1)p′
[

1 − Aij

p′

]

i

Ep
i EjE

p′

i = 0, i 6= j,

∑

p+p′=1−Aij

(−1)p′
[

1 − Aij

p′

]

i

F p
i FjF

p′

i = 0, i 6= j,

(where, for i ∈ I, we put K̃i = Kdihi
and K̃−1

i = K−dihi
). In the last two summations, p and p′ are

restricted to the non-negative integers.

We make the following definitions (see [7, 3.1.1 & 3.1.13]). For M ∈ N, and i ∈ I, we put

E
(M)
i = EM

i /[M ]!i, and F
(M)
i = FM

i /[M ]!i, which are called divided powers. We also put Ki =
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Khi
and K−1

i = K−hi
for i ∈ I. Let UA be the A-subalgebra of U generated by the elements

E
(N)
i , F

(N)
i ,Kµ for i ∈ I, N ∈ N and µ ∈ Y . It is called the integral form of U . Let U+ be the

Q(v)-subalgebra of U generated by the Ei, i ∈ I, and U+
A the A-subalgebra of U generated by

E
(N)
i , i ∈ I,N ∈ N. Let U− be the Q(v)-subalgebra of U generated by the Fi, i ∈ I, and U−

A the

A-subalgebra of U generated by F
(N)
i , i ∈ I,N ∈ N. Let U0 be the Q(v)-subalgebra generated by

the Kµ, µ ∈ Y .

Let W be the Weyl group of g. So W is the group:

W = 〈s1, s2, . . . , sn | s2
i = 1, (sisj)

mij = 1 (i 6= j)〉

where mij = 2, 3, 4, 6 if AijAji = 0, 1, 2, 3, respectively. For r ∈ I, let W r be the set of distinguished

left coset representatives of the parabolic subgroup Wr of W generated by {s1, s2, . . . , sn} \ {sr}.

Let X+ ⊆ X be the set of dominant weights, i. e. those of the form λ1ω1+λ2ω2+ · · ·+λnωn ∈ X

where ω1, ω2, . . . , ωn are the fundamental weights of g and λ1, λ2, . . . , λn ∈ N. If L is a U -module,

x ∈ L and λ ∈ X, we say that x has weight λ if Kµx = vλ(µ)x for all µ ∈ Y . We call the subspace of

L consisting of all of the elements of weight λ the λ-weight space of L. As in [7, 3.4.1], we restrict our

attention to U -modules which are direct sums of their weight spaces. We say that x ∈ L, x 6= 0, is a

highest (respectively, lowest) weight vector if x has weight λ, for some λ ∈ X, Eix = 0 (respectively,

Fix = 0) for each i ∈ I and U−x = L (respectively, U+x = L). Such a vector is uniquely determined

up to a non-zero scalar multiple. We say that L is a highest weight module with highest weight λ

if it contains a highest weight vector of weight λ. Let λ = λ1ω1 + λ2ω2 + · · ·+ λnωn be a dominant

weight. We follow the construction in [7, 3.4.5 & 3.5.6]. Let J be the left ideal of U generated by

the elements Ei for i ∈ I and the elements Kµ − v(λ(µ)) for µ ∈ Y . Then the map from U− to

U/J taking x ∈ U− to x + J is a Q(v)-vector space isomorphism, which can be used to transfer

the left U -module structure of U/J to U−. The resulting U -module we denote by M(λ); it is the

called a Verma module. Let T (λ) be the left ideal of M(λ) (as a Q(v)-algebra) generated by the

elements F λi+1
i , for i ∈ I, and let V (λ) be the quotient module M(λ)/T (λ). Then, by [7, 6.2.3 &

6.3.4], V (λ) is an irreducible, finite-dimensional highest weight U -module with highest weight λ,

unique up to isomorphism. We fix x1 as the image of 1 ∈ M(λ) under the natural map from M(λ)

to V (λ). Then x1 is a highest weight vector for V (λ). If λ and λ′ are any two distinct dominant

weights, then V (λ) and V (λ′) are not isomorphic (see [7, 6.2.3(b)]). It is known that V (λ) is the

direct sum of its weight spaces (see [7, 3.4.1 & 3.5.6]). We also write V (λ)A = U−
Ax1, the integral

form of V (λ) (see [7, 19.3.1]). For µ ∈ Y , we have KµV (λ)A ⊆ V (λ)A, since Kµ always acts as

an integral power of v on an element in a weight space and V (λ)A is the direct sum of its weight
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spaces (see [7, 19.3.1]). Therefore, by [7, 19.3.2], V (λ)A is a UA-module. For each r ∈ I we denote

by Vr the module V (ωr) with highest weight ωr. This is called the r-th fundamental module for U .

2 The Crystal Basis

We shall need the following definition of the Kashiwara operators (see [5, §2.2]):

Definition 2.1 Suppose that λ is a dominant weight, and V (λ) is the corresponding U -module

as above. Fix i ∈ [1, n]. Any element m ∈ V (λ) can be written uniquely m =
∑

0≤k≤k′ F
(k)
i xk,k′,

where the xk,k′ satisfy Eixk,k′ = 0 and Kixk,k′ = vk′

xk,k′. Then define

F̃i(m) =
∑

0≤k≤k′ F
(k+1)
i xk,k′, and Ẽi(m) =

∑
1≤k≤k′ F

(k−1)
i xk,k′.

Following Kashiwara [5, 2.3.1] we make the following definition:

Definition 2.2 Suppose that M is an integrable U -module. Let R be the ring of rational functions

in v regular at v specialised to 0. A pair (L, B) is called a crystal basis of M if the following

conditions hold:

(1) L is a free R-submodule of M , and Q(v) ⊗R L ∼= M .

(2) B is a basis of the Q-vector space L/vL.

(3) L =
⊕

ν Lν and B = ⊔νBν , where Mν is the ν-weight space of M , Lν = L ∩ Mν , and

Bν = B ∩ (Lν/vLν).

(4) F̃iL ⊆ L and ẼiL ⊆ L, for all i ∈ [1, n], where Ẽi and F̃i are the Kashiwara operators (see

Definition 2.1).

(5) F̃iB ⊆ B ∪ {0} and ẼiB ⊆ B ∪ {0}, for all i ∈ [1, n].

(6) For b1, b2 ∈ B and i ∈ [1, n], b1 = Ẽib2 if and only if b2 = F̃ib1.

We use (6) to draw the corresponding crystal graph, which is an indication of how the Kashiwara

operators act on the crystal basis. There is one vertex corresponding to each element of B. If b1 and
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b2 are as in (6), we draw an edge from the vertex corresponding to b1 to the vertex corresponding

to b2, with the arrow from b1 to b2, and the label i on it.

The modules V (λ), for λ a dominant weight, always possess a crystal basis:

Theorem 2.3 Suppose that λ is a dominant weight and V (λ) is the irreducible finite-dimensional

highest weight U -module with highest weight λ, generated by our fixed highest weight vector x1, as

above. Let L(λ) be the R-submodule generated by the vectors of the form F̃i1F̃i2 · · · F̃ikx1 and let

B(λ) be the subset of L(λ)/vL(λ) consisting of the non-zero images under the natural projection

L(λ) → L(λ)/vL(λ) of these vectors. Then (L(λ), B(λ)) is a crystal basis of V (λ).

Proof: See [5, §2.6]. 2

Theorem 2.4 Suppose λ is a dominant weight, V (λ) is the corresponding U -module, and (L, B)

is a crystal basis for V (λ). Then there is an automorphism of V (λ) taking (L, B) to (L(λ), B(λ)).

Proof: This follows from Theorem 3 in [5, §2.6], also noting [7, 6.2.3(b)]. 2

If φ is an automorphism of V (λ) as a U -module, and x1 is our fixed highest weight vector in

V (λ), then it is easy to see that φ(x1) is again a highest weight vector, and therefore must be a

non-zero scalar multiple of x1. Since x1 generates V (λ) as a U−-module, the automorphism φ must

be merely multiplication by this scalar. So, while the crystal basis is not unique, different crystal

bases are very closely related. Note also that, by Theorem 2.4, the crystal graph corresponding

to any crystal basis of V (λ) is isomorphic (as an oriented, coloured graph) to the crystal graph

corresponding to any other crystal basis, so the crystal graph of such a module can be defined to

be the crystal graph corresponding to any crystal basis.

Definition 2.5 There is a comultiplication ∆ on U , which is a Q(v)-algebra homomorphism from
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U to U ⊗ U , having the following effect on the generators of U :

∆(Ei) = Ei ⊗ K̃−1
i + 1 ⊗ Ei,

∆(Fi) = Fi ⊗ 1 + K̃i ⊗ Fi,

∆(Kµ) = Kµ ⊗ Kµ,

∆(1) = 1 ⊗ 1.

(where i ∈ [1, n] and µ ∈ Y ). This is the comultiplication ∆− as in [5, §1.4].

We write ∆(2) = (∆⊗1)∆, ∆(3) = (∆⊗1⊗1)(∆⊗1)∆ and similarly ∆(p) for any positive integer

p. So ∆(p−1) : U → U⊗p. If Mj is a U -module, j = 1, 2, . . . , p, we can make M1 ⊗ M2 ⊗ · · · ⊗ Mp

into a U -module by defining for u ∈ U,mj ∈ Mj , j = 1, 2, . . . , p,

u.(m1 ⊗ m2 ⊗ · · · ⊗ mp) = ∆(p−1)(u)(m1 ⊗ m2 ⊗ · · · ⊗ mp),

and extending linearly to the whole of M1 ⊗M2 ⊗ · · · ⊗Mp. Here we use the natural action of U⊗p

on M1 ⊗ M2 ⊗ · · · ⊗ Mp.

Theorem 2.6 Suppose (Lj , Bj) is a crystal basis of a U -module Mj , for j = 1, 2, where each Mj

is a module V (λ) for some dominant weight λ.

(a) Set L = L1 ⊗ L2 ⊆ M1 ⊗ M2 and B = {b1 ⊗ b2 : bj ∈ Bj, j = 1, 2} ⊆ L/vL. Then (L, B) is

a crystal basis of M1 ⊗ M2.

(b) For b1 ∈ B1, b2 ∈ B2 and i ∈ [1, n], we have:

F̃i(b1 ⊗ b2) =





F̃ib1 ⊗ b2 if there exists m ≥ 1 such that F̃m
i b1 6= 0

and Ẽm
i b2 = 0;

b1 ⊗ F̃ib2 otherwise.

Ẽi(b1 ⊗ b2) =





b1 ⊗ Ẽib2 if there exists m ≥ 1 such that Ẽm
i b2 6= 0

and F̃m
i b1 = 0;

Ẽib1 ⊗ b2 otherwise.

Proof: See [5, §2.4]. 2

Following Kashiwara and Nakashima (see [6, 2.1.2]), we make the following definition:

6



Definition 2.7 Fix i ∈ [1, n]. Let λ be a dominant weight, and V (λ) the corresponding U -module,

with a crystal basis (L, B), and b1, b2 ∈ B. Suppose further that Ẽib1 = F̃ib2 = 0 and F̃ib1 = b2.

We say that b1 is of type u+ for i and that b2 is of type u− for i. If b ∈ B and Ẽib = F̃ib = 0, we

say that b is of type u0 for i.

Suppose instead that b1, b2, b3 ∈ B, and that Ẽib1 = F̃ib3 = 0, F̃ib1 = b2 and F̃ib2 = b3. We say,

for j = 1, 2, 3, that bj is of type uj for i.

Proposition 2.8 Fix i ∈ [1, n]. Suppose that Mj, j = 1, 2, . . . , p, are each U -modules of the

form V (λ), where λ is some dominant weight, and that (Lj , Bj) is a crystal basis for each Mj ,

with bj ∈ Bj , j = 1, 2, . . . , p. Suppose also that each bj is of type u+, u− or u0 for i. Then, by

Theorem 2.6, b1⊗b2⊗· · ·⊗bp lies in a crystal basis for M1⊗M2⊗· · ·⊗Mp. The following procedure

describes how Ẽi and F̃i act on b1 ⊗ b2 ⊗ · · · ⊗ bp.

(a) Rewrite the tensor formally by replacing each bj with u+ if it is of type u+ for i, or with u−

or u0 similarly.

(b) Delete u0 and also any pair u+ ⊗u−. Repeat this process until there are no pairs u+ ⊗u− left.

The new tensor t obtained in this manner is called the i-reduced form of b.

(c) To apply Ẽi: Change the rightmost u− in t to u+. (If there is no u− in the i-reduced form,

then Ẽi acts as zero on the original crystal basis element.)

To apply F̃i: Change the leftmost u+ in t to u−. (If there is no u+ in the i-reduced form, then

F̃i acts as zero on the original crystal basis element.)

(d) Return to t all of the elements deleted in (b). Then replace each u+, u− or u0 with the bj

it was originally. This is well-defined except when a u+ or u− has been changed as in step

(c). In the case when a u− has been replaced with a u+, suppose that originally the u− was

bj . Replace the u+ in t with Ẽibj. Similarly if a u+ has been replaced with a u− and the u+

originally was bj, replace the u− in t with F̃ibj .

Suppose instead that each bj is of type u0, u1, u2, u3, u+ or u− for i. The following procedure

describes how Ẽi and F̃i act on b1 ⊗ b2 ⊗ · · · ⊗ bp: rewrite the tensor formally by replacing elements

of type u0, u− or u+ for i with u0, u− or u+ respectively, and by replacing elements of type u1
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with u+ ⊗ u+, those of type u2 with u− ⊗ u+ and those of type u3 with u− ⊗ u−. Apply step (b)

above. Again we call this the i-reduced form of b. Then follow step (c) above. Finally, return all

the elements deleted to t, and replace each u+, u− or u0 with the bj it was originally, if it was a

single bj originally. For a pair, if it is unchanged, replace it with the bj it was originally. If u−⊗u−

has become u− ⊗ u+ or u− ⊗ u+ has become u+ ⊗ u+, replace the pair with Ẽibj, where bj is what

the pair was originally. If u+ ⊗ u+ has become u− ⊗ u+ or u− ⊗ u+ has become u− ⊗ u−, replace

the pair with F̃ibj , where bj is what the pair was originally.

Proof: See Remarks 2.1.2 and 2.1.3 in [6]. 2

Let ¯ be the Q-algebra automorphism from U to U taking Ei to Ei, Fi to Fi, and Kµ to

K−µ, for each i ∈ [1, n] and µ ∈ Y , and v to v−1 (see [7, 3.1.12]). There is an induced Q-linear

automorphism (also denoted ¯) of any module V (λ) for U defined by ux1 = ux1 for any u ∈ U−

(see [7, 19.3.4]). Note that every element of V (λ) is of the form ux1 for some u ∈ U−.

Theorem 2.9 Suppose V (λ), B(λ) and L(λ) are as in Theorem 2.3. Then for each b ∈ B(λ)

there is a unique b̃ ∈ L(λ) such that b̃ 7→ b under the canonical projection L(λ) → L(λ)/vL(λ) and

b̃ ∈ L(λ) ∩L(λ). Furthermore, the set {b̃ : b ∈ B(λ)} forms a Q(v)-basis B(λ) for V (λ), which is

called the canonical basis for V (λ).

Proof: See [5, §0]. 2

Note: Throughout this paper the explicit description of the crystal basis for the fundamental

modules for quantized enveloping algebras of classical type given by Kashiwara and Nakashima

in [6] will be used.

3 Main Ideas

Suppose that g is of type A, B, C, or D, that ωr is a fundamental weight and that V (ωr) is a

fundamental module for U , the corresponding quantized enveloping algebra. Let B(ωr) and L(ωr)

be as in Theorem 2.3. Let x1 be our fixed highest weight vector in V (ωr). By Theorem 2.3, the

following is true:
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Remark 3.1 Suppose b ∈ B(ωr). Then there is a sequence i1, i2, . . . , ik in [1, n] such that b =

F̃ik F̃ik−1
· · · F̃i1 x̂1, where x̂1 is the unique element in B(ωr) with the same weight as x1 (that is, the

highest weight). So by Definition 2.2 (6), we have Ẽi1Ẽi2 · · · Ẽikb = x̂1.

We shall see that, for the modules we are interested in, it is possible to find such sequences so that the

following is true: write b = F̃ r1

j1
F̃ r2

j2
· · · F̃ rl

jl
x̂1, where equal F̃i’s which are adjacent in the product have

been grouped together, so j1 6= j2, j2 6= j3, . . . and jl−1 6= jl. Put b̃ = F̃ r1

j1
F̃ r2

j2
· · · F̃ rl

jl
x1 ∈ V (ωr).

Then b̃ = F
(r1)
j1

F
(r2)
j2

· · ·F
(rl)
jl

x1. If we can do this, it is clear that b̃ 7→ b under the canonical

projection L(ωr) → L(ωr)/vL(ωr), and that b̃ = b̃, whence (by Theorem 2.9) the canonical basis of

V (ωr) is given by:

B(ωr) = {b̃ : b ∈ B(ωr)}.

To accomplish this, in each case, we shall construct sequences as above satisfying the following

conditions:

(1) The maximum length of a constant subsequence of i1, i2, . . . , ik is 2.

(2) For any u for which iu is distinct from its neighbours in i1, i2, . . . , ik, we have:

(a) KiuF̃iu+1
· · · F̃ikx1 = vcF̃iu+1

· · · F̃ikx1, (for some c ∈ {1, 2}), and

(b) EiuF̃iu+1
· · · F̃ikx1 = 0.

(3) Suppose that for some u, iu = iu+1, but iu−1 6= iu (if u 6= 1) and iu+2 6= iu+1 (if u + 1 6= k).

Then:
(a) Kiu F̃iu+2

· · · F̃ikx1 = v2F̃iu+2
· · · F̃ikx1, and

(b) EiuF̃iu+2
· · · F̃ikx1 = 0.

We have in (2), by Definition 2.1,

F̃iuF̃iu+1
· · · F̃ikx1 = FiuF̃iu+1

· · · F̃ikx1

and in (3),

F̃iu+1
F̃iu+2

· · · F̃ikx1 = Fiu+1
F̃iu+2

· · · F̃ikx1

& F̃iuF̃iu+1
· · · F̃ikx1 =

FiuFiu+1

[2]iu
F̃iu+2

· · · F̃ikx1,

which is enough to achieve the desired result.
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Remark 3.2 Note that it is clear, from the definition of the basic module V1 and the crystal basis

in each case given in [6, §§3.2, 4.2, 5.2 & 6.2], that if b lies in the crystal basis given there, and

i ∈ [1, n], then b is of type u+, u− or u0 for i. Also that, if M one of the U -modules V (λ):

(1) If x ∈ M has the same weight as a crystal basis element of type u+ for i, then Kix = vx.

(2) If x ∈ M has the same weight as a crystal basis element of type u− for i, then Kix = v−1x.

(3) If x ∈ M has the same weight as a crystal basis element of type u0 for i, then Kix = x.

(4) If x ∈ M has the same weight as a crystal basis element of type u1 for i, then Kix = v2x.

(5) If x ∈ M has the same weight as a crystal basis element of type u2 for i, then Kix = x.

(6) If x ∈ M has the same weight as a crystal basis element of type u3 for i, then Kix = v−2x.

If x ∈ M has weight ν, then Kix = vcx, where c = (ν, α∗
i ). This is because Kix = Khi

x = vν(hi)x

(by the definition of weight), so Kix = v(hν ,hi)x = v
(hν ,hα∗

i
)
x = v(ν,α∗

i )x. Note that we have hi = hα∗

i

since (hi, hαj
) = αj(hi) = Aij = (α∗

i , αj) = (hα∗

i
, hαj

) for all j ∈ [1, n], hα1
, hα2

, . . . hαn are a C-basis

for h and the Killing form is non-degenerate on h. Therefore, if ν is the weight of x in each case

and c = (ν, α∗
i ), then in (1), c = 1, in (2), c = −1, in (3) & (5), c = 0, in (4), c = 2, and in (6)

c = −2.

For each r ∈ [1, n] denote by (Lr, Br) a crystal basis of Vr as in Theorem 2.3. We shall use this

notation throughout. In each case, An, Bn, Cn and Dn, we shall use Kashiwara and Nakashima’s

description of Br in [6, §§3.3, 5.3, 4.3 & 6.3].

4 Type An

For completeness we consider here type An (see also Chapter 2), which enables us to emphasise the

connection between A2n−1 and Cn. We recall here the Dynkin diagram:

An ◦ ◦ ◦ ◦
1 2 n − 1 n

The first fundamental module, V1, has dimension n + 1, so B1 has n + 1 elements, which we

label e1, e2, . . . , en+1. The crystal graph is:

The edge labels are written above the edges, and vertex j corresponds to the crystal basis

10
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1 2 3 n − 1 n n + 1

1 2 n − 1 n

element ej (see [6, §3.2]).

For r ∈ [1, n], Br is contained in B⊗r
1 . It consists of the set:

{ej1 ⊗ ej2 ⊗ · · · ⊗ ejr : 1 ≤ j1 < j2 < · · · < jr ≤ n + 1}.

(See [6, §3.3]). We shall now describe a recursive algorithm which, for each b ∈ Br, will produce

a sequence i1, i2, . . . , ik, as in Section 3, such that b = F̃i1 F̃i2 · · · F̃ik x̂1. We shall define these

sequences in such a way that in Section 5 we will be able to establish a close connection with the

modules in type C.

An Algorithm for Type A

Suppose b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr ∈ Br, and suppose that b 6= x̂1. Note that we have x̂1 =

e1 ⊗ e2 ⊗ · · ·⊗ er, since each Ẽj kills this vector. Suppose we have defined a sequence for all crystal

basis elements of this form with smaller sum
∑r

s=1 js. We say that ejm is movable in b if there

exists i ∈ [1, n] such that Ẽiejm is not ejs for any s and is not zero. Note that by condition (5) of

Definition 2.2, Ẽiejm lies in B1 ∪ {0}. At least one ejm is movable in b since b 6= x̂1. Let ejm be the

vector in b with m minimal such that ejm is movable. We call this the leftmost movable vector in b.

Case (a): Suppose en+3−jm is also in the expression for b, is movable in b, and jm < (n + 1)/2.

We put i = n + 3 − jm − 1, which is the label on the edge to the left of n + 3 − jm.

Case (b): If otherwise, we put i = jm − 1.

The idea here is to ensure the algorithm for type A2n−1 is compatible with that for type Cn — see

Section 5, in particular, Proposition 5.2. We shall consider the element Ẽib for this value of i.

Note that, if k ∈ [1, n] then in B1, ek is of type u+ for k, ek+1 is of type u− for k, and all other

ep’s are of type u0 for k. Since ejm is movable in b, ejm−1 does not occur in b, so the i-reduced form

of b (see Proposition 2.8, step (b)) must be u−. Following the steps through in Proposition 2.8,

we see that Ẽib is not zero and that in case (a) or (b) here, Ẽib is the tensor obtained from b by

replacing ei+1 with ei. It is clear that Ẽib has smaller sum
∑r

s=1 js, so we have already defined a
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sequence for it, by assumption, say Ẽib = F̃i1F̃i2 · · · F̃ik x̂1 and therefore we have a sequence for b

given by b = F̃iF̃i1F̃i2 · · · F̃ik x̂1, using condition (6) of Definition 2.2.

Example We consider the case A5 when r = 2 and take the crystal basis element b = ej1 ⊗ ej2 =

e2 ⊗ e6. For the first step, the leftmost movable vector is e2, as Ẽ1(e2) = e1. We are in case (a),

since en+3−j1 = e6 is also in the expression for b, so the algorithm tells us to apply Ẽ5, which takes

b to e2 ⊗ e5. Here is a summary of all the steps:

Step Leftmost movable Case Kashiwara b

vector operator,Ẽi

1 e2 (a) Ẽ5 e2 ⊗ e6

2 e2 (b) Ẽ1 e2 ⊗ e5

3 e5 (b) Ẽ4 e1 ⊗ e5

4 e4 (b) Ẽ3 e1 ⊗ e4

5 e3 (b) Ẽ2 e1 ⊗ e3

We thus obtain the expression Ẽ2Ẽ3Ẽ4Ẽ1Ẽ5b = e1 ⊗ e2 = x̂1, whence b = F̃5F̃1F̃4F̃3F̃2x̂1.

We claim that these sequences will satisfy the requirements of Section 3. Suppose b ∈ Br, and

i ∈ [1, n]. Then, by [6, 3.3.2], F̃ 2
i b = 0. Thus no subsequence of the form iu, iu+1 with iu = iu+1

will occur in the sequences generated by the algorithm, since the algorithm never produces zero (it

always generates an expression for an element of Br), and condition (1) in Section 3 is seen to hold.

Suppose b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr ∈ Br. Let b = F̃i1F̃i2 · · · F̃ik x̂1 be the expression defined

above. By the remarks in the definition of the algorithm, we see that b has i1-reduced form u− and

F̃i2 · · · F̃ik x̂1 has i1-reduced form u+. We shall need the following lemma:

Lemma 4.1 Fix i ∈ [1, n]. We define the following map π from formal tensors in the symbols

u+, u− and u0 to Z. Firstly, put π(u+) = 1, π(u−) = −1 and π(u0) = 0. If u1 ⊗ u2 ⊗ · · · ⊗ us

is a formal tensor in u+, u− and u0, put π(u1 ⊗ u2 ⊗ · · · ⊗ us) =
∑s

j=1 π(uj). Suppose now

b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr ∈ Br has weight ν and i-reduced form u1 ⊗ u2 ⊗ · · · ⊗ us, where each uj

is one of u+, u− or u0. Let c = π(u1 ⊗ u2 ⊗ · · · ⊗ us). If b′ ∈ Vr has the same weight as b, then

Kib
′ = vcb′.

Proof: Let t = t1 ⊗ t2 ⊗ · · · ⊗ tr be the formal tensor obtained from b by replacing each ejk
by tk,

where ejk
is of type tk for i (so each tk ∈ {u±, u0}). Then π(t) = c, since in obtaining the i-reduced
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form from t, only u0’s and pairs u+ ⊗ u− (upon which π takes the value zero) are removed. The

weight of b′ is the weight of b and therefore is the sum of the weights of the vectors ej1 , ej2 , . . . , ejr .

Let νk be the weight of ejk
, k = 1, 2, . . . , r. Each ejk

is of type tk for i and therefore by Remark 3.2,

(νk, α
∗
i ) = π(tk). Therefore, as ν =

∑r
k=1 νk, we have (ν, α∗

i ) = π(t). Thus, by Remark 3.2,

Kib
′ = vπ(t)b′ as required, since π(t) = c. 2

Since F̃i2 · · · F̃ikx1 has the same weight as F̃i2 · · · F̃ik x̂1, and π(u+) = 1, we have KiF̃i2 · · · F̃ikx1 =

vF̃i2 · · · F̃ikx1 and we have shown condition 2(a) of Section 3. Suppose that Ei1F̃i2 · · · F̃ikx1 6= 0.

Its weight is then a weight of Vr and there is an element b1 in Br with the same weight. Its i1-

reduced form can have at most one u+ in it and therefore, by Lemma 4.1, Ki1Ei1F̃i2 · · · F̃ikx1 =

vcEi1F̃i2 · · · F̃ikx1 for some c ≤ 1. But KiF̃i2 · · · F̃ikx1 = vF̃i2 · · · F̃ikx1, whence KiEi1F̃i2 · · · F̃ikx1 =

v3Ei1F̃i2 · · · F̃ikx1, a contradiction. Hence Ei1F̃i2 · · · F̃ikx1 = 0. Therefore all of the conditions we

required of the algorithm in Section 3 are satisfied and we have proved:

Theorem 4.2 (Type A) Let (Lr, Br) be a crystal basis for Vr as in Theorem 2.3. Suppose that

b ∈ Br and let b = F̃ r1

j1
F̃ r2

j2
· · · F̃ rk

jk
x̂1 be the expression given by the algorithm above, with equal

F̃j ’s adjacent in the product gathered together. Then each rp = 1, for p = 1, 2, . . . , k. Let b̃ =

F̃j1F̃j2 · · · F̃jk
x1. Then b̃ = Fj1Fj2 · · ·Fjk

x1 and b̃ is the canonical basis element corresponding to

b. 2

5 Type Cn

Note that we include here the case C2. We recall here the Dynkin diagram:

Cn ◦ ◦ ◦ ◦ ◦
................................................

1 2 n − 2 n − 1 n

The first fundamental module, V1, has dimension 2n, so B1 has 2n elements, which we label

e1, e2, . . . , en, e1, e2, . . . , en. The crystal graph is:
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1 2 3 n − 1 n n n − 1 3 2 1

1 2 n − 1 n n − 1 2 1

The edge labels are written above the edges, and vertex j corresponds to the crystal basis
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element ej (see [6, §4.2]). Define a total order � on {1, 2, . . . , n, 1, 2, . . . , n} by putting:

1 � 2 � · · · � n � n � n − 1 � · · · � 1.

For r ∈ [1, n], Br is contained in B⊗r
1 . It consists of the set:





1 � j1 ≺ j2 ≺ · · · ≺ jr � 1

ej1 ⊗ ej2 ⊗ · · · ⊗ ejr : and if jl = jk for some k, l,

then k + r + 1 − l ≤ jk.





.

(See [6, §4.3]). We shall now describe a recursive algorithm which, for each b ∈ Br, will produce

a sequence i1, i2, . . . , ik, as in Section 3, such that b = F̃i1F̃i2 · · · F̃ik x̂1.

An Algorithm for Type C

Suppose b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr ∈ Br, and suppose that b 6= x̂1. Note that we have x̂1 =

e1 ⊗ e2 ⊗ · · ·⊗ er, since each Ẽj kills this vector. Suppose we have defined a sequence for all crystal

basis elements of this form with smaller sum
∑r

s=1 ε(js) (where ε(1) = 1, ε(2) = 2, . . . , ε(n) =

n, ε(n) = n + 1, ε(n − 1) = n + 2, . . . , ε(1) = 2n). As in case A, we say that ejm is movable in b if

there exists i ∈ [1, n] such that Ẽiejm is not ejs for any s and is not zero. Note that by condition

(5) of Definition 2.2, Ẽiejm lies in B1 ∪ {0}. At least one ejm is movable in b since b 6= x̂1. Let

ejm be the vector in b with m minimal such that ejm is movable. We call this the leftmost movable

vector in b. Let i be the label on the edge to the left of jm on the crystal graph. So if jm ∈ [2, n],

i = jm − 1, and if jm = j for some j ∈ [1, n], then i = j. We shall consider the element Ẽib for this

value of i.

Note that, if k ∈ [1, n − 1] then in B1, ek and ek+1 are of type u+ for k, ek+1 and ek are of

type u− for k, and all other ep’s are of type u0 for k. For n, en is of type u+, en is of type u−, and

all other ep’s are of type u0. Since ejm is the leftmost movable vector in b, Ẽiejm (the corresponding

vector of type u+, for i) does not occur in b, so the i-reduced form of b (see Proposition 2.8, step

(b)) must be either u−, u− ⊗ u+ or u− ⊗ u−, with the first u− in each case corresponding to ejm .

Note that the case u+ ⊗ u− cannot occur: since ejm is movable, Ẽiejm does not occur in b so,

looking at the crystal graph, the only way this could happen would be for jm = j for j in [1, n− 1]

and for ej to occur also in b (say as ejl
). Since ejm is the leftmost movable vector in b, ej cannot

be movable, whence ej−1 must also occur in b, to the left of ej . Similarly, ej−2, . . . , e1 must also

occur in b. Thus l ≥ j. Since m ≤ r we have l + (r + 1 − m) ≥ j + 1 > j, contradicting the above
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condition for ej1 ⊗ ej2 ⊗ · · · ⊗ ejr to lie in Br, so this situation cannot occur. We call this argument

the domino argument, and it will be used again later.

Following the steps through in Proposition 2.8, we see that Ẽib is not zero and has i-reduced

form as follows:

i-reduced form of b i-reduced form of Ẽib

(a) u− u+

(b) u− ⊗ u+ u+ ⊗ u+

(c) u− ⊗ u− u− ⊗ u+

It is clear that Ẽib has smaller sum
∑r

s=1 ε(js), so we have already defined a sequence for

it by assumption, say Ẽib = F̃i1 F̃i2 · · · F̃ik x̂1 and therefore we have a sequence for b given by

b = F̃iF̃i1F̃i2 · · · F̃ik x̂1, using condition (6) of Definition 2.2.

Example We consider the case C3 when r = 2 and take the crystal basis element b = ej1 ⊗ ej2 =

e2 ⊗ e1. For the first step, the leftmost movable vector is e2, as Ẽ1(e2) = e1. The algorithm tells

us to apply Ẽ1, which takes b to e2 ⊗ e2. Here is a summary of all the steps:

Step Leftmost movable Kashiwara b i-reduced

vector operator, Ẽi form of b

1 e2 Ẽ1 e2 ⊗ e1 u− ⊗ u−

2 e2 Ẽ1 e2 ⊗ e2 u− ⊗ u+

3 e2 Ẽ2 e1 ⊗ e2 u−

4 e3 Ẽ3 e1 ⊗ e3 u−

5 e3 Ẽ2 e1 ⊗ e3 u−

We thus obtain the expression Ẽ2Ẽ3Ẽ2Ẽ1Ẽ1b = e1 ⊗ e2 = x̂1, whence b = F̃1F̃1F̃2F̃3F̃2x̂1.

(Note the similarity of this example to the example in type A5 given in the previous section; see

Proposition 5.2 for more details).

We claim that these sequences will satisfy the requirements of Section 3. Suppose b ∈ Br,

and i ∈ [1, n]. Then, by [6, 4.3.3], F̃ 3
i b = 0. Therefore, as the algorithm never produces zero

(it always generates an expression for an element of Br), condition (1) (in Section 3) is seen to

hold. Suppose b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr ∈ Br. Let b = F̃i1 F̃i2 · · · F̃ik x̂1 be the expression defined

above. We consider first the case when iu = iu+1 for some u. The only way this can happen

is for F̃iu+2
· · · F̃ik x̂1 to have iu-reduced form u+ ⊗ u+ (since the algorithm will have told us to
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apply Ẽiu twice to F̃iuF̃iu+1
· · · F̃ik x̂1; see the table of i-reduced forms above). Lemma 4.1 ap-

plies equally well to this case as to type A, so we have Kiu F̃iu+2
· · · F̃ikx1 = v2F̃iu+2

· · · F̃ikx1.

Suppose that EiuF̃iu+2
· · · F̃ikx1 6= 0. Its weight is then a weight of Vr and there is an ele-

ment b1 in Br with the same weight. Its iu-reduced form can have at most two u+’s in it

and therefore, by Lemma 4.1, KiuEiuF̃iu+1
· · · F̃ikx1 = vcEiu F̃iu+1

· · · F̃ikx1 for some c ≤ 2. But

KiuF̃iu+2
· · · F̃ikx1 = v2F̃iu+1

· · · F̃ikx1, whence KiuEiuF̃iu+1
· · · F̃ikx1 = v4EiuF̃iu+1

· · · F̃ikx1, a con-

tradiction. Thus EiuF̃iu+2
· · · F̃ikx1 = 0 and condition (3) of Section 3 is seen to hold.

Next consider the case when iu is distinct from its neighbours. The only way this can happen

is for F̃iu+1
· · · F̃ik x̂1 to have iu-reduced form u+, u−⊗u+ or u+⊗u+. (Note that F̃iu F̃iu+1

· · · F̃ik x̂1

is a crystal basis element that the algorithm specifies we should apply Ẽiu to as a first step.

The table above tells us the only possible iu-reduced forms of F̃iu+1
· · · F̃ik x̂1.) Suppose it was

u− ⊗ u+. Then consider the definition of the algorithm. Let ejm be the leftmost movable vec-

tor in F̃iu F̃iu+1
· · · F̃ik x̂1, which must correspond to the first u− in the iu-reduced form u− ⊗ u−

for F̃iuF̃iu+1
· · · F̃ik x̂1, because it is leftmost. Then applying Ẽiu to F̃iuF̃iu+1

· · · F̃ik x̂1 does not

alter ejm — it is the vector corresponding to the second u− which is altered. (Recall that in

Proposition 2.8(c), to apply Ẽi, the rightmost u− is changed to a u+). Therefore ejm is also

the leftmost movable vector in F̃iu+1
· · · F̃ik x̂1. Thus, according to the algorithm, we must have

iu = iu+1, a contradiction, so this case cannot occur. We thus have, applying Lemma 4.1,

KiuF̃iu+1
· · · F̃ikx1 = vcF̃iu+1

· · · F̃ikx1 for some c ∈ {1, 2}, and condition 2(a) of Section 3 is shown to

hold. Suppose that EiuF̃iu+2
· · · F̃ikx1 6= 0. Its weight is then a weight of Vr and there is an element

b1 in Br with the same weight. Its iu-reduced form can have at most two u+’s in it and therefore, by

Lemma 4.1, KiuEiuF̃iu+1
· · · F̃ikx1 = vcEiuF̃iu+1

· · · F̃ikx1 for some c ≤ 2. But KiuF̃iu+2
· · · F̃ikx1 =

veF̃iu+1
· · · F̃ikx1, where e = 1 or 2, whence KiuEiuF̃iu+1

· · · F̃ikx1 = ve+2Eiu F̃iu+1
· · · F̃ikx1, a con-

tradiction. Thus we have EiuF̃iu+2
· · · F̃ikx1 = 0 and condition (2) of Section 3 is seen to hold.

Therefore all of the conditions we required of the algorithm in Section 3 are satisfied and we

have proved:

Theorem 5.1 (Type C) Let (Lr, Br) be a crystal basis for Vr as in Theorem 2.3. Suppose that

b ∈ Br and let b = F̃ r1

j1
F̃ r2

j2
· · · F̃ rk

jk
x̂1 be the expression given by the algorithm above, with equal F̃j ’s

adjacent in the product gathered together. Let b̃ = F̃ r1

j1
F̃ r2

j2
· · · F̃ rk

jk
x1. Then b̃ = F

(r1)
j1

F
(r2)
j2

· · ·F
(rk)
jk

x1

and b̃ is the canonical basis element corresponding to b. 2
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We now look at the connection with A2n−1. Note that the crystal graph for the basic module

for A2n−1 is as follows:
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1 2 3 n − 1 n n + 1 n + 2 2n − 2 2n − 1 2n

1 2 n − 1 n n + 1 2n − 2 2n − 1

It is the same graph as that for the basic module for Cn, with different labels. The inverse of

the map ε defined at the start of the definition of the algorithm takes the vertices of the graph

in case A2n−1 onto the vertices of the graph in case Cn bijectively. Also, we define a map τ :

{1, 2, . . . , 2n − 1} → {1, 2, . . . , n} by τ(m) = min{m, 2n − m}, which takes the edges of the graph

in case A2n−1 onto the edges of the graph in case Cn. Let Lr be the r-th fundamental module in

case A2n−1, with our fixed highest weight vector y1 and crystal basis element ŷ1 of highest weight.

(Here we are always referring to the crystal bases as in Theorem 2.3).

We would like to see a connection between the bases in Lr, the module in type A2n−1, and Vr,

the module in type Cn (the examples in this section and the previous one give an example of this).

Note that the dimension of Lr is

(
2n
r

)
, while the dimension of Vr is only

(
2n
r

)
−

(
2n

r − 2

)

(see [1, Table 2,p214]), so Lr has more crystal basis elements than Vr, and we can’t hope to get a

one to one correspondence between these crystal bases. The solution is to take a restricted subset

of the crystal basis for Lr. The following Proposition describes exactly what happens, and also the

corresponding results for the canonical basis.

Proposition 5.2 Let n ≥ 2 and r ≤ n. Suppose that F̃i1 F̃i2 · · · F̃ik ŷ1 = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr is

a crystal basis element, as generated by the algorithm, for the module Lr in case A2n−1 (we use

the notation from Section 4 except that we denote the type A2n−1 fundamental module by Lr) with

the property that if jk = j ≤ n and jl = 2n + 1 − j for some k, l, then k + r + 1 − l ≤ j. Then

F̃τ(i1)F̃τ(i2) · · · F̃τ(ik)x̂1 is a crystal basis element for the module Vr in case Cn. Furthermore, every

crystal basis element in Vr arises exactly once in this way. Similarly, if F̃i1 F̃i2 · · · F̃iky1 is the cor-

responding type A2n−1 canonical basis element (so F̃i1F̃i2 · · · F̃ik ŷ1 satisfies the above restrictions),

then F̃τ(i1)F̃τ(i2) · · · F̃τ(ik)x1 lies in the canonical basis for Vr in type Cn. Each canonical basis

element for Vr in type Cn will arise exactly once in this way.

Proof: Before starting the proof we give an example to illustrate the significance of the restric-
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tion above. Suppose that n = r = 2. Then the dimension of Lr is

(
4
2

)
= 6, while the dimension

of Vr is

(
4
2

)
−

(
4
0

)
= 6−1 = 5. Thus 5 of the crystal basis elements for Lr will give the crystal

basis elements for Vr. The only crystal basis element in Lr that does not satisfy the restriction

is e1 ⊗ e4 (take k = 1, l = 2; then k + r + 1 − l = 1 + 2 + 1 − 2 = 2 > j = 1). The element

eε−1(1) ⊗ eε−1(4) = e1 ⊗ e1 does not lie in the crystal basis for Vr.

Using the notation in Section 4, let ej1 ⊗ ej2 ⊗ · · · ⊗ ejr be a crystal basis element for Lr in

type A2n−1, satisfying the given restrictions. These restrictions, and the similarity of the crystal

graphs of L1 (in type A2n−1) and V1 (in type Cn) and the corresponding total orders defined on

the vertices (in A2n−1 just the natural ordering of the integers {1, 2, . . . , 2n}) imply that eε−1(j1) ⊗

eε−1(j2)⊗· · ·⊗eε−1(jr), with the notation of this Section, is a crystal basis element for Vr in type Cn.

It is clear that every crystal basis element of Vr will arise in this way exactly once, because the

restriction in the Proposition corresponds exactly to the restriction in the description of the crystal

basis of Vr (see the start of this section). The statement in the proposition about crystal bases will

follow from the fact that if Ẽi is a Kashiwara operator in case A and the definition of the case A

algorithm specifies we should apply Ẽi to b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr to get ek1
⊗ ek2

⊗ · · · ⊗ ekr
, then

the case C algorithm specifies that we should apply Ẽτ(i) to eε−1(j1) ⊗ eε−1(j2) ⊗ · · · ⊗ eε−1(jr) to

get eε−1(k1) ⊗ eε−1(k2) ⊗ · · · ⊗ eε−1(kr). We shall now verify this fact. The algorithm in case A was

defined exactly so this would happen.

Let ejm be the leftmost movable vector in b. Suppose first that e2n+2−jm is in the expression for

b, is also movable in b and jm < n. The case A2n−1 algorithm specifies that we apply Ẽ2n+2−jm−1 to

b, and this will change e2n+2−jm to e2n+2−jm−1. Now ε−1(jm) = jm and ε−1(2n+2− jm) = jm − 1.

Each of these will be movable in eε−1(j1)⊗eε−1(j2)⊗· · ·⊗eε−1(jr). The leftmost movable vector here

will be ejm , since ejm is leftmost movable in b, and therefore the case Cn algorithm will specify we

should apply Ẽjm−1 = Ẽτ(jm−1), since τ(jm − 1) = min{jm − 1, 2n− (jm − 1)} and jm − 1 < n. The

(jm − 1)-reduced form of eε−1(j1) ⊗ eε−1(j2) ⊗ · · · ⊗ eε−1(jr) must be u− ⊗ u−. This is because both

ejm and ejm−1 are in it — each reduces to u− — and each one is movable, so there can be no u+

in the reduced form. Therefore applying Ẽjm−1 will affect the rightmost u− and change ejm−1 to

ejm
(that is,eε−1(2n+2−jm) to eε−1(2n+1−jm)), corresponding to what the type A2n−1 algorithm did

to b above.

Next, suppose that e2n+2−jm is not in the expression for b, or that it is in b but is not movable
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in b. If it was in the expression for b and was movable but we had jm ≥ n + 1 then ejm would

not be the leftmost movable vector so this could not happen. The case A2n−1 algorithm specifies

that we should apply Ẽjm−1 to b and this will change ejm to ejm−1. Now eε−1(jm) will certainly be

the leftmost movable vector in eε−1(j1) ⊗ eε−1(j2) ⊗ · · · ⊗ eε−1(jr). First, suppose that jm ≤ n, so

ε−1(jm) = jm and the type Cn algorithm specifies we should apply Ẽjm−1 which will change ejm

to ejm−1 (that is, eε−1(jm) to eε−1(jm−1)), corresponding to what to the type A2n−1 algorithm did

to b above. If jm = n + 1, then ε−1(jm) = n and the type Cn algorithm specifies we should apply

Ẽn which will change en to en (that is, eε−1(n+1) to eε−1n), corresponding to what the type A2n−1

algorithm did to b above. Finally, suppose that jm > n + 1, so ε−1(jm) = 2n + 1 − jm and the

type Cn algorithm specifies that we should apply Ẽ2n+1−jm which will change e2n+1−jm
to e2n+2−jm

(that is, eε−1(jm) to eε−1(jm−1)), corresponding to what the type A2n−1 algorithm did to b above.

Note that in each of these cases, if the type Cn algorithm specifies Ẽi, then the i-reduced form of

eε−1(j1) ⊗ eε−1(j2) ⊗ · · · ⊗ eε−1(jr) is either u− or u− ⊗ u+ since we have assumed e2n+2−jm is not in

the expression for b or that it is in b but is not movable in b. This means that the Ẽi does act as

claimed in each case.

We have shown that the statement regarding crystal bases is true, and the statement about

canonical bases follows from the statement about crystal bases and Theorems 4.2 and 5.1. 2

6 Type Dn

We recall here the Dynkin diagram:

Dn ◦ ◦ ◦ ◦

◦

◦

........................................................................

.......................
.......................

.......................
...

1 2 n − 3
n − 2

n

n − 1

The first fundamental module, V1, has dimension 2n, so B1 has 2n elements, which we label

e1, e2, . . . , en, e1, e2, . . . , en. The crystal graph is:

Vertex j corresponds to the crystal basis element ej (see [6, §6.2]). Define a partial order � on

{1, 2, . . . , n, 1, 2, . . . , n} by putting:

1 � 2 � · · · � n − 1 �
n
n

� n − 1 � · · · � 2 � 1.
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n − 1

n

n n − 1

n − 2 1

We shall assume in this section that r ∈ [1, n − 2] (see Chapter 3 for consideration of the case

r = n − 1 or n). For r ∈ [1, n − 2], Br is contained in B⊗r
1 (see [6, §6.3]). It consists of the set:





1 � j1 ≺ j2 ≺ · · · ≺ jr � 1
ej1 ⊗ ej2 ⊗ · · · ⊗ ejr : (except (jm, jm+1) = (n, n) or (n, n) are both allowed)

and if jl = jk for some k, l, then (k + r + 1 − l) ≤ jk.



 .

(See [6, §6.3]). We shall now describe a recursive algorithm which, for each b ∈ Br, will produce

a sequence i1, i2, . . . , ik, as in Section 3, such that b = F̃i1F̃i2 · · · F̃ik x̂1.

An Algorithm for Type D

Suppose b = ej1 ⊗ej2 ⊗· · ·⊗ejr ∈ Br, and suppose that b 6= x̂1. We have x̂1 = e1⊗e2⊗· · ·⊗er since

each Ẽj kills this vector. Suppose we have defined a sequence for all crystal basis elements of this

form with smaller sum
∑r

s=1 κ(js) (where κ(1) = 1, κ(2) = 2, . . . , κ(n) = n, κ(n) = n, κ(n − 1) =

n + 1, . . . , κ(1) = 2n − 1). As in case A, we say that ejm is movable in b if there exists i ∈ [1, n]

such that Ẽiejm is not ejs for any s and is not zero. Note that by condition (5) of Definition 2.2,

Ẽiejm lies in B1 ∪ {0}. At least one ejm is movable in b since b 6= x̂1. Let ejm be the vector in b

with m minimal such that ejm is movable. We call this the leftmost movable vector in b. We define

i ∈ [1, n] in the following way:

Case (I): Suppose that jm = n − 1 and that neither en nor en occurs in the expression for b. We

put i = n − 1. We could equally well put i = n here but we make a choice for definiteness.

Case (II): Suppose that jm = n and the part of the expression for b immediately after ejm (including

ejm) is of the form:

en ⊗ en ⊗ · · · ⊗ en ⊗ en ⊗ en−1,

where en ⊗ en appears at least once. We put i = n − 1.

Case (III): Suppose that jm = n and the expression for b immediately after ejm (including ejm) is

of the form:

en ⊗ en ⊗ · · · ⊗ en ⊗ en ⊗ en−1,
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where en ⊗ en appears at least once in the expression. We put i = n.

Case (IV): Suppose that none of the above cases occur. Let i be such that Ẽi(ejm) is not zero and

is not ejk
for any k. This is uniquely defined; case (I) deals with the only case where such an

i is not unique.

We do not treat cases (II) and (III) in the same way as in case (IV) in order to make clear a nice

connection with the type Bn−1 case (see the next section). However the algorithm would still work

if we made this simplification. We shall consider the element Ẽib for this value of i.

Note that, if k ∈ [1, n − 1] then in B1, ek and ek+1 are of type u+ for k, ek+1 and ek are of

type u− for k, and all other ep’s are of type u0 for k. For n, en and en−1 are of type u+, en−1 and

en are of type u−, and all other ep’s are of type u0. The following are clear, using the fact that ejm

is the leftmost movable vector in b:

In case (I), (II) or (III), the i-reduced form of b must be u−. In case (IV), the i-reduced form of b

must be u−, u− ⊗ u+ or u− ⊗ u−. Note: we eliminate the case u+ ⊗ u− for (I) and (IV) with the

domino argument as in the algorithm for type Cn. The subsequences of the form n, n, n, n, n, . . .

(with or without the initial n) do not introduce more u+’s or u−’s than this into the reduced form

since for n − 1 the reduced form of en ⊗ en is empty, and for n the reduced form of en ⊗ en is

empty; for any other k their i-reduced forms are clearly empty. Following the steps through in

Proposition 2.8, we see that Ẽib is not zero and has i-reduced form as follows:

i-reduced form of b i-reduced form of Ẽib

(a) u− u+

(b) u− ⊗ u+ u+ ⊗ u+

(c) u− ⊗ u− u− ⊗ u+

Since applying Ẽi to b replaces an ek in b with a vector with suffix further to the left in the

crystal graph, that is, smaller in the given partial order, Ẽib has smaller sum
∑r

s=1 κ(js) so we

have already defined a sequence for it by assumption, say Ẽib = F̃i1F̃i2 · · · F̃ik x̂1 and therefore we

have a sequence for b given by b = F̃iF̃i1F̃i2 · · · F̃ik x̂1, using condition (6) of Definition 2.2.

Example We consider the case D4 when r = 3 and take the crystal basis element b = ej1⊗ej2⊗j3 =

e4 ⊗ e4 ⊗ e3. For the first step, the leftmost movable vector is e4, as Ẽ4(e4) = e3. We are in case

(II), because of the form of b, so the algorithm tells us to apply Ẽ3, which takes b to e4 ⊗ e4 ⊗ e4.

Here is a summary of all the steps:
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Step Leftmost movable Case Kashiwara b i-reduced

vector operator, Ẽi form of b

1 e4 (II) Ẽ3 e4 ⊗ e4 ⊗ e3 u−

2 e4 (IV) Ẽ4 e4 ⊗ e4 ⊗ e4 u−

3 e3 (IV) Ẽ2 e3 ⊗ e4 ⊗ e4 u−

4 e2 (IV) Ẽ1 e2 ⊗ e4 ⊗ e4 u−

5 e4 (IV) Ẽ3 e1 ⊗ e4 ⊗ e4 u− ⊗ u+

6 e3 (IV) Ẽ2 e1 ⊗ e3 ⊗ e4 u−

7 e4 (IV) Ẽ4 e1 ⊗ e2 ⊗ e4 u−

We thus obtain the expression Ẽ4Ẽ2Ẽ3Ẽ1Ẽ2Ẽ4Ẽ3b = e1 ⊗ e2 ⊗ e3 = x̂1, whence

b = F̃3F̃4F̃2F̃1F̃3F̃2F̃4x̂1.

We claim that these sequences will satisfy the requirements of Section 3. Suppose b ∈ Br, and

i ∈ [1, n]. Then, by [6, 6.3.5], we have F̃ 3
i b = 0. Therefore, as the algorithm never produces zero (it

always generates an expression for an element of Br), condition (1) (in Section 3) is seen to hold.

Arguing in exactly the same way as in type Cn, we see that conditions (2) and (3) of Section 3

hold.

Therefore all of the conditions we required of the algorithm in Section 3 are satisfied and we

have proved:

Theorem 6.1 (Type D) Let (Lr, Br) be a crystal basis for Vr as in Theorem 2.3. Suppose that

b ∈ Br and let b = F̃ r1

j1
F̃ r2

j2
· · · F̃ rk

jk
x̂1 be the expression given by the algorithm above, with equal F̃j ’s

adjacent in the product gathered together. Let b̃ = F̃ r1

j1
F̃ r2

j2
· · · F̃ rk

jk
x1. Then b̃ = F

(r1)
j1

F
(r2)
j2

· · ·F
(rk)
jk

x1

and b̃ is the canonical basis element corresponding to b. 2

7 Type Bn−1

We recall here the Dynkin diagram:

Bn−1 ◦ ◦ ◦ ◦ ◦
................................................

1 2 n − 3 n − 2 n − 1

Note: throughout we assume the rank to be n− 1, where n ∈ N, n ≥ 3; later we will compare with
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Dn.

The first fundamental module, V1, has dimension 2n−1, so B1 has 2n−1 elements, which we label

e1, e2, . . . , en−1, e0, e1, e2, . . . , en−1. The crystal graph is:

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
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..
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..
.
.

...
...
..
...

1 2 n − 2 n − 1 0 n − 1 n − 2 2 1

1 n − 2 n − 1 n − 1 n − 2 1

The edge labels are written above the edges, and vertex j corresponds to the crystal basis

element ej (see [6, §5.2]). Define a total order � on {1, 2, . . . , n − 1, 1, 2, . . . , n − 1} by putting:

1 � 2 � · · · � n − 1 � 0 � n − 1 � · · · � 2 � 1.

We shall assume in this section that r ∈ [1, n − 2] (see Chapter 3 for consideration of the case

r = n − 1). For r ∈ [1, n − 2], Br is contained in B⊗r
1 (see [6, §5.3]). It consists of the set:





1 � j1 ≺ j2 ≺ · · · ≺ jr � 1
ej1 ⊗ ej2 ⊗ · · · ⊗ ejr : (except that (jm, jm+1) = (0, 0) is allowed)

and if jl = jk for some k, l, then (k + r + 1 − l) ≤ jk.



 .

(See [6, §5.3]). We shall now describe a recursive algorithm which, for each b ∈ Br, will produce

a sequence i1, i2, . . . , ik, as in Section 3, such that b = F̃i1F̃i2 · · · F̃ik x̂1.

An Algorithm for Type B

Suppose b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr ∈ Br, and suppose that b 6= x̂1. We have x̂1 = e1 ⊗ e2 ⊗ · · · ⊗ er

since each Ẽj kills this vector. Suppose we have defined a sequence for all crystal basis elements

of this form with smaller sum
∑r

s=1 γ(js) (where γ(1) = 1, γ(2) = 2, . . . , γ(n − 1) = n − 1, γ(0) =

n, γ(n − 1) = n + 1, γ(n − 2) = n + 2, . . . , γ(1) = 2n− 1). As in case A, we say that ejm is movable

in b if there exists i ∈ [1, n] such that Ẽiejm is not ejs for any s and is not zero. Note that by

condition (5) of Definition 2.2, Ẽiejm lies in B1 ∪{0}. At least one ejm is movable in b since b 6= x̂1.

Let ejm be the vector in b with m minimal such that ejm is movable. We call this the leftmost

movable vector in b. Let i be the label on the edge to the left of jm on the crystal graph. So, if

jm ∈ [1, n− 1], i = jm − 1, if jm = 0, i = n− 1 and if jm = j for some j ∈ [1, n− 1] then i = j. We

shall consider the element Ẽib for this value of i.

Note that, if k ∈ [1, n−2] then in B1, ek and ek+1 are of type u+ for k, ek+1 and ek are of type u−

for k, and all other ep’s are of type u0 for k. For n − 1, en−1 is of type u1, e0 is of type u2, en−1 is

of type u3 and all other ep’s are of type u0. Recall that in Kashiwara and Nakashima’s description
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of the way the operators Ẽi and F̃i act on the crystal basis (see Proposition 2.8), elements of type

u1, u2 and u3 are replaced by u+ ⊗ u+, u− ⊗ u+ and u− ⊗ u−, respectively.

The following are clear, using the fact that ejm is the leftmost movable vector in b:

If i 6= n − 1, the only possibilities for the i-reduced form of b are u−, u− ⊗ u+ and u− ⊗ u−.

We eliminate the possibility of i-reduced form u+ ⊗ u− by using the domino argument — see the

definition of the algorithm for type C, near the start of Section 5. If i = n − 1 then jm = n − 1 or

0. If it is n − 1 there can be no e0
′s in the expression for b and, again using the domino argument,

we see that the only possibility for the i-reduced form of b is u− ⊗ u−. If jm = 0 then en−1 cannot

occur in b, as ejm is movable. If ejm ⊗ ejm+1 ⊗ · · · ⊗ ejr = e0 ⊗ e0 ⊗ · · · ⊗ e0 then the i-reduced form

of b is u− ⊗ u+. Otherwise, the expression for b includes e0 ⊗ · · · ⊗ e0 ⊗ ek for some k 6= 0 (where

the first e0 is ejm). If k 6= n − 1 then the i-reduced form of b is u− ⊗ u+. If k = n − 1 then the

i-reduced form of b is u−⊗u−. So, overall, the only possibilities for the i-reduced form of b are u−,

u− ⊗ u+ and u− ⊗ u−. Following the steps through in Proposition 2.8, we see that Ẽib is not zero

and has i-reduced form as follows:

i-reduced form of b i-reduced form of Ẽib

(a) u− u+

(b) u− ⊗ u+ u+ ⊗ u+

(c) u− ⊗ u− u− ⊗ u+

Since applying Ẽi to b replaces an ek in b with a vector with suffix further to the left in the

crystal graph, that is, smaller in the given total order, Ẽib has smaller sum
∑r

s=1 γ(js), so we have

already defined a sequence for it by assumption, say Ẽib = F̃i1F̃i2 · · · F̃ik x̂1 and therefore we have

a sequence for b given by b = F̃iF̃i1 F̃i2 · · · F̃ik x̂1, using condition (6) of Definition 2.2.

Example We consider the case B3 when r = 3 and take the crystal basis element b = ej1⊗ej2⊗ej3 =

e0 ⊗ e0 ⊗ e3. For the first step, the leftmost movable vector is e0, as Ẽ3(e0) = e3. The algorithm

tells us to apply Ẽ3, which takes b to e0 ⊗ e0 ⊗ e0. Here is a summary of all the steps:
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Step Leftmost movable Kashiwara b i-reduced

vector operator, Ẽi form of b

1 e0 Ẽ3 e0 ⊗ e0 ⊗ e3 u− ⊗ u−

2 e0 Ẽ3 e0 ⊗ e0 ⊗ e0 u− ⊗ u+

3 e3 Ẽ2 e3 ⊗ e0 ⊗ e0 u−

4 e2 Ẽ1 e2 ⊗ e0 ⊗ e0 u−

5 e0 Ẽ3 e1 ⊗ e0 ⊗ e0 u− ⊗ u+

6 e3 Ẽ2 e1 ⊗ e3 ⊗ e0 u−

7 e0 Ẽ3 e1 ⊗ e2 ⊗ e0 u− ⊗ u+

We thus obtain the expression Ẽ3Ẽ2Ẽ3Ẽ1Ẽ2Ẽ3Ẽ3b = e1 ⊗ e2 ⊗ e3 = x̂1, whence

b = F̃3F̃3F̃2F̃1F̃3F̃2F̃3x̂1. (Note the similarity of this example to the example in type D4 given in

the previous section; see Proposition 7.3 for more details).

We claim that these sequences will satisfy the requirements of Section 3. Suppose b ∈ Br, and

i ∈ [1, n]. Then, by [6, 5.3.2], F̃ 3
i b = 0. Therefore, as the algorithm never produces zero (it always

generates an expression for an element of Br), condition (1) (in Section 3) is seen to hold. We shall

need the following lemma for the type B case:

Lemma 7.1 Fix i ∈ [1, n]. Define the following map π on formal tensors in u+, u− and u0.

Firstly, put π(u+) = 1, π(u−) = −1 and π(u0) = 0. If u1 ⊗ u2 ⊗ · · · ⊗ us is a formal tensor in u+,

u− and u0, put π(u1 ⊗ u2 ⊗ · · · ⊗ us) =
∑s

j=1 π(uj). Suppose now b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr ∈ Br has

weight ν and i-reduced form u1 ⊗ u2 ⊗ · · · ⊗ us. Let c = π(u1 ⊗ u2 ⊗ · · · ⊗ us). If b′ ∈ Vr has the

same weight as b, then Kib
′ = vcb′.

Proof: Let t = t1 ⊗ t2 ⊗ · · · ⊗ tr be the formal tensor obtained from b by replacing each ejk
by

tk, where ejk
is of type tk for i (so tk could, for example, be u+ ⊗ u+). Then π(t) = c, since in

obtaining the i-reduced form from t, only u0’s and pairs u+ ⊗ u− (upon which π takes the value

zero) are removed. The weight of b′ is the weight of b and therefore is the sum of the weights of

the vectors ej1, ej2 , . . . , ejr . Let νk be the weight of ejk
, k = 1, 2, . . . , r. Each ejk

is of type tk for i

and therefore by Remark 3.2, (νk, α
∗
i ) = π(tk). Therefore, as ν =

∑r
k=1 νk, (ν, α∗

i ) = π(t), whence,

by Remark 3.2, Kib
′ = vπ(t)b′ as required, since π(t) = c. 2

Condition (3) of Section 3 holds for the Bn−1 case; the argument given for case Cn goes through

in the same way, using the above lemma.
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Now suppose that b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr ∈ Br and b = F̃i1 F̃i2 · · · F̃ik x̂1 is the expression for b

given by the algorithm, with iu distinct from its neighbours. The only way for this to happen is for

F̃iu+1
· · · F̃ik x̂1 to have iu-reduced form u+, u+ ⊗ u+ or u− ⊗ u+. (Note that F̃iu F̃iu+1

· · · F̃ik x̂1 is

a crystal basis element that the algorithm specifies we should apply to Ẽiu to as a first step. The

table above tells us the only possible iu-reduced forms of F̃iu+1
· · · F̃ik x̂1.)

We show that the case u− ⊗ u+ cannot occur. Let ejm be the leftmost movable vector in

F̃iu F̃iu+1
· · · F̃ik x̂1. Note that because ejm is a leftmost movable vector, it cannot correspond to the

second u− in the iu-reduced form u− ⊗ u− for F̃iuF̃iu+1
· · · F̃ik x̂1, so suppose that it corresponds to

the first u−. Then (by Proposition 2.8(c)), applying Ẽiu to F̃iu F̃iu+1
· · · F̃ik x̂1 does not alter ejm —

it is the vector corresponding to the second u− which is altered. Therefore ejm is also the leftmost

movable vector in F̃iu+1
· · · F̃ik x̂1. Thus, according to the algorithm, we must have iu = iu+1,

contrary to assumption, so this case cannot occur. There is one other possibility arising here, that

doesn’t arise in the type Cn case. We may have that iu = n − 1 and that u− ⊗ u− corresponds to

en−1. Note that as iu = n− 1 we only have to consider appearances of en−1, e0 and en−1; all other

possibilities are of type u0 for n − 1. We are therefore in the case when a subsequence of the form

e0 ⊗ e0 ⊗ · · · ⊗ e0 ⊗ en−1 occurs in F̃iuF̃iu+1
· · · F̃ik x̂1, with no occurrence of en−1 and possibly no

e0’s. (If en−1 appeared, the iu-reduced form of F̃iu F̃iu+1
· · · F̃ik x̂1 would not be u−⊗u−.) According

to the algorithm, we must again have iu = iu+1 = n − 1 (following the steps through), contrary to

assumption.

Therefore all of the conditions we required of the algorithm in Section 3 are satisfied and we

have proved:

Theorem 7.2 (Type B) Let (Lr, Br) be a crystal basis for Vr as in Theorem 2.3. Suppose that

b ∈ Br and let b = F̃ r1

j1
F̃ r2

j2
· · · F̃ rk

jk
x̂1 be the expression given by the algorithm above, with equal F̃j ’s

adjacent in the product gathered together. Let b̃ = F̃ r1

j1
F̃ r2

j2
· · · F̃ rk

jk
x1. Then b̃ = F

(r1)
j1

F
(r2)
j2

· · ·F
(rk)
jk

x1

and b̃ is the canonical basis element corresponding to b. 2

We now look at the connection with Dn. Noting the crystal graph for the basic module

in case Dn (see the start of Section 6), we make the following definitions: define the map δ :

{1, 2, . . . , n, 1, 2, . . . , n} → {1, 2, . . . , n − 1, 0, 1, 2, . . . , n − 1} by δ(m) = m if m 6= n or n, and

δ(n) = δ(n) = 0. This map takes the vertices of the crystal graph for the basic module in case Dn

to those of the crystal graph for the basic module in case Bn−1. For a map which operates similarly
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on the edges we use β : {1, 2, . . . , n} → {1, 2, . . . , n − 1} which takes 1, 2, . . . , n − 1 to themselves,

and n to n− 1. Let Lr be the r-th fundamental module in case Dn, with highest weight vector y1,

and crystal basis element of highest weight, ŷ1. (Here we are always referring to the crystal bases

as in Theorem 2.3).

We would like to see a connection between the bases in Lr, the module in type Dn, and Vr,

the module in type Bn−1. Note that the dimension of Lr is

(
2n
r

)
, while the dimension of Vr is

only

(
2n − 1

r

)
(see [1, Table 2,p214]), so Lr has more crystal basis elements than Vr, and we

can’t get a one to one correspondence. In this case, what happens is that we can get a crystal basis

element for Vr from every crystal basis element for Lr but there will be some duplication; we should

restrict to taking one crystal basis element from each orbit of a certain involution σ of the crystal

basis of Lr (see below). The following Proposition describes exactly what happens, and also the

corresponding results for the canonical basis.

Proposition 7.3 Suppose that F̃i1F̃i2 · · · F̃ik ŷ1 = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr is a crystal basis element,

as generated by the algorithm, for the module Lr in case Dn (we use the notation from Section 6

except that we denote the type Dn fundamental module by Lr). Then F̃β(i1)F̃β(i2) · · · F̃β(ik)x̂1 is a

crystal basis element for the module Vr in case Bn−1. Furthermore, every crystal basis element

in Vr arises in this way. Similarly, if F̃i1F̃i2 · · · F̃iky1 is the corresponding type Dn canonical basis

element (so F̃i1F̃i2 · · · F̃ik ŷ1 satisfies the above restrictions), then F̃β(i1)F̃β(i2) · · · F̃β(ik)x1 lies in the

canonical basis for Vr in type Bn−1. Each canonical basis element for Vr in type Bn−1 will arise in

this way.

The involution σ of {1, 2, . . . , n, 1, 2, . . . , n} which swaps n and n but fixes everything else

induces an involution on the crystal basis for Lr in case Dn, by taking ej1 ⊗ ej2 ⊗ · · · ⊗ ejr to

eσ(j1) ⊗ eσ(j2) ⊗ · · · ⊗ eσ(jr). Moreover, σ(b) always lies in the crystal basis if b does. Also, if

b ∈ Lr, b and σ(b) will give rise to the same type Bn−1 crystal basis element. If we repeat the above

starting only with one element from each orbit of σ (each orbit is of the form {b} or {b, σ(b)}), each

crystal basis element in type Bn−1 will arise exactly once. Similarly, if we start with the subset

of the canonical basis in type Dn corresponding to this subset, we shall obtain each element of the

canonical basis in type Bn−1 exactly once.

Proof: Before giving the proof, we give an example of the duplication mentioned above. Suppose
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that n = 3 and r = 1, and consider the crystal basis elements e3 and e3 of L1. These both generate

the crystal basis element e0 = eδ(3) = eδ(3) of V1.

Using the notation in Section 6, let ej1 ⊗ ej2 ⊗ · · · ⊗ ejr be a crystal basis element for Lr in

type Dn. It follows from the definitions given above for the crystal bases in types Dn and Bn−1 that

eδ(j1) ⊗ eδ(j2) ⊗ . . .⊗ eδ(jr) is a crystal basis element of Vr in case Bn−1. (Note that the restrictions

given in the descriptions of the crystal bases are very similar). It is clear that every crystal basis

element of Vr will arise in this way, and exactly once if we use the subset in the proposition. (Note

that δ(n) = δ(n) = 0). The statements in the proposition about crystal bases will follow from

the fact that if Ẽi is a Kashiwara operator in case D and the definition of the case D algorithm

specifies we should apply Ẽi to b = ej1 ⊗ ej2 ⊗ · · · ⊗ ejr to get ek1
⊗ ek2

⊗ · · · ⊗ ekr
, then the

case B algorithm specifies that we should apply Ẽβ(i) to b∗ = eδ(j1) ⊗ eδ(j2) ⊗ · · · ⊗ eδ(jr) to get

eδ(k1) ⊗ eδ(k2) ⊗ · · · ⊗ eδ(kr). We shall now verify this fact. The algorithm in case D was defined

exactly so this would happen.

Let ejm be the leftmost movable vector in b. We consider the four cases separated out in the

definition of the algorithm for case Dn, and check that this is what happens in each case.

Case (I): Suppose that jm = n − 1 and that neither en nor en occurs in the expression for b. The

type Dn algorithm specifies that in this situation we should apply F̃n−1 to b, and this changes

en−1 to en. Since neither en nor en occurs in the expression for b, b∗ is the same expression

as b. Again ejm is the leftmost movable vector in b∗ and the type Bn−1 algorithm specifies

we should apply Ẽn−1 = Ẽβ(n−1) to b∗ and this changes en−1 to e0, that is, eδ(n−1) to eδ(n),

which corresponds exactly to what the type D algorithm did to b.

Case (II): Suppose that jm = n and the expression for b immediately after ejm (including ejm) is

of the form:

en ⊗ en ⊗ · · · ⊗ en ⊗ en ⊗ en−1,

where en⊗en appears at least once in the expression. The type Dn algorithm specifies that we

should apply Ẽn−1 to b, and this changes en⊗en⊗· · ·⊗en⊗en⊗en−1 to en⊗en⊗· · ·⊗en⊗en⊗en.

The corresponding part of b∗ is e0⊗e0⊗· · ·⊗e0⊗e0⊗en−1, with one e0 corresponding to each en

or en. The type Bn−1 algorithm specifies that we should apply Ẽn−1 to b∗, since e0 will be the

leftmost movable vector in b∗. Note that en−1 cannot appear in b as en is movable, so it cannot

appear in b∗ either. The result after applying Ẽn−1 to b∗ is e0⊗e0⊗· · ·⊗e0⊗e0, with one extra
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e0. That is, eδ(n)⊗eδ(n)⊗· · ·⊗eδ(n)⊗eδ(n)⊗eδ(n−1) becomes eδ(n)⊗eδ(n)⊗· · ·⊗eδ(n)⊗eδ(n)⊗eδ(n),

which corresponds exactly to what the type D algorithm did to b.

Case (III): Suppose that jm = n and the expression for b immediately after ejm (including ejm) is

of the form:

en ⊗ en ⊗ · · · ⊗ en ⊗ en ⊗ en−1,

where en ⊗ en appears at least once in the expression. We argue in a similar way to case (II).

Case (IV): Suppose that none of the above cases occur. In this case there is a unique i such that

Ẽiejm is not zero and is not ejk
for any k, and the case Dn algorithm specifies that we should

apply this Ẽi to b, which changes ejm to Ẽiejm. It is clear that eδ(jm) will be the leftmost

movable vector in b∗. So the type Bn−1 algorithm specifies we should apply Ẽi′ to b∗, where

i′ is the label on the edge immediately to the left of δ(jm) on the crystal graph for the basic

module in type Bn−1. It is clear, from the definitions of δ and β, that we must have i′ = β(i).

Suppose first that jm ∈ [1, n − 1]. Then Ẽi (in type Dn) takes ejm to ejm−1 in b and Ẽi′

(in type Bn−1) takes ejm to ejm−1 in b∗ (that is, it takes eδ(jm) to eδ(jm−1)). A similar thing

happens when jm = j for some j ∈ [1, n − 2]. If jm = n − 1 then en−1 cannot occur in b (by

the domino argument). Since we are not in case (I), (II) or (III), we must have jm−1 = n or

n. We have i = n − 1 in the first case and i = n in the latter. In the first case en ⊗ en−1

becomes en⊗en in b. In b∗, we have e0⊗en−1 which becomes e0⊗e0 after applying Ẽi′ , which

corresponds to this; the second case is similar. Finally, suppose jm = n (the case jm = n is

similar). After ejm (and including it), b must look like en⊗en ⊗· · ·⊗en⊗en (with or without

the en at the end), and after this there is no en−1 since we are not in case (III). We have

i = n− 1 and in b, Ẽi takes en ⊗ en ⊗ · · · ⊗ en ⊗ en to en−1 ⊗ en ⊗ en ⊗ en · · · ⊗ en ⊗ en (with

or without the en at the end). The corresponding part of b∗ is e0 ⊗ e0 ⊗ · · · ⊗ e0, i′ = n − 1,

and Ẽi′ takes e0 ⊗ e0 · · · ⊗ e0 to en−1 ⊗ e0 ⊗· · · ⊗ e0 in b∗, which corresponds to what happens

in the Dn case.

We have shown that the statement regarding crystal bases is true, and the statement about canon-

ical bases follows from the statement about crystal bases and Theorems 6.1 and 7.2. 2

This paper was written while the author was supported by a grant from the Engineering and

Physical Science Research Council, and supervised by Professor R.W. Carter at the University of

Warwick.
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