Algorithms to Obtain the Canonical Basis

1 Introduction

Let g be a finite-dimensional semisimple Lie algebra over C, and let U be the g-analogue of its
universal enveloping algebra defined by Drinfel’d [3] and Jimbo [4]. According to [7, 3.5.6, 6.2.3 &
6.3.4], for each dominant weight \ in the weight lattice of g there is an irreducible, finite-dimensional
highest weight U-module V' (A) with highest weight A\. Kashiwara [5] and Lusztig [7, 14.4.12] have
independently shown the existence of a certain canonical basis B(\) for V(A). In [5], Kashiwara
proves the existence of a crystal basis associated with V' (\) using certain operators, and defines a
graph (the crystal graph) which encodes how these operators act on the crystal basis. Using this,
he defines B(A). In Section 2, we give a description of the crystal basis and some of its properties.
In [6], Kashiwara and Nakashima give explicit descriptions of the crystal basis for V/(\) when g is of
type A, B, C, or D. In Section 3, we note that if we can use these descriptions to find a sequence of
Kashiwara operators (see Definition 2.1) satisfying certain properties, for each element of the crystal
basis, then the canonical basis can be written in a very nice way in terms of these sequences. In
sections 4, 5, 6 and 7, we present algorithms which generate sequences with the required properties
and thus find the canonical basis, for most of the fundamental modules in types A, C, D and B,
respectively (see Theorems 4.2, 5.1, 6.1 and 7.2). For the remaining cases see [8]. Furthermore, we
show that with our choice of sequences there is a close link between the crystal and canonical bases
of the fundamental modules in type C,, (n > 3) and the corresponding bases in type As,_1 (see
Proposition 5.2) and also between the crystal and canonical bases of the fundamental modules in

type D, (n > 4) and the corresponding bases in type B, _1 (see Proposition 7.3).

We use the treatment in [7, §§1-3]. Let g be a semisimple Lie algebra, with root system @,
simple roots ajg, g, ... ,ay, and Killing form ( , ). Let hy, hg,... ,h, be a basis for a Cartan
subalgebra h of g, satisfying (h;,h) = af(h) for all hin hand all i € I = {1,2,... ,n}. Let Y
be the Z-lattice spanned by hi, ho,... ,h,. Let wi,ws,... ,w, be the fundamental weights of g,
defined by w;(h;) = d;5, and let X be the Z-lattice spanned by them (the weight lattice). Let d be
the minimal positive integer so that d(c,a;) is always an integer and d(a;, ;) is always even. If
the highest common factor of the d(e, o) and the d(ay, ;) is not 1, then replace d by d divided
by this highest common factor. We then define i - j to be d(w, o) for each i,5 € I, so (I,-) is a
Cartan datum as in [7, 1.1.1]. For 4 € Y and A € X, define (i1, A) to be A(p). Define an imbedding



of I into Y by i — h; and into X by i — «; for all i € I. We then have a root datum of type (I, -)
as in [7, 2.2.1], with (h;, o) = j(h;) = A;; the corresponding symmetrizable Cartan matrix. For
each i € I, we define d; to be the integer %d(ai,ai). Then d;A;j = %d(ai, a;) (2&1'&3'))) = d(o, aj)

for each i,j € I, and is thus a symmetric matrix over Z. We use the same numbering as [2, Planches

1 to IX].

Let Q(v) be the field of rational functions in an indeterminate v, and A4 C Q(v) the ring
Z[v,v~]. For N,M € N and i € I we put v; = v% and define the following (which all lie in .A):

oV — N | :
M= = V= MUY =t | | = e

These are referred to as quantized integers, quantized factorials and quantized binomial coefficients,
respectively. If v is specialised to 1 they specialise to the usual integers, factorials and binomial

coefficients.

We define the quantized enveloping algebra U corresponding to the above data (as in [7, 3.1.1
& 33.1.5]) to be the Q(v)-algebra U with generators 1, 'y, B, ... ,E,, F1,F,... | F,, and K, for
u €Y, subject to the relations: (for each i,j € I and u,p’ € Y)

KKy = Ky
K,E; = v WEK,,

K, Fy =v “WEK,

K, — K !
EZE - EEZ =— ,Zl ’
Vi — U,

EF; — F;E; =0, i3,

/ 1—Ai' / . .
(= [ o J] EYE;E] =0, i# ],
p+p'=1-Ay; i

11— Ay ' L,
> (=P [ o ] F'F;FY =0, i#j,
p+p'=1—Ay; i
(where, for i € I, we put K; = Kg,pn, and f(i_ - K —d;h;)- In the last two summations, p and p’ are

restricted to the non-negative integers.

We make the following definitions (see [7, 3.1.1 & 3.1.13]). For M € N, and ¢ € I, we put
EZ-(M) = EM/[M]., and Fi(M) = FM/[M]}, which are called divided powers. We also put K; =
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K}, and K~ 1 = K_p, for i € I. Let Uy be the A-subalgebra of U generated by the elements
Ei(N),FZ.(N),K” fori € I, N € Nand p € Y. It is called the integral form of U. Let UT be the
Q(v)-subalgebra of U generated by the E;, i € I, and UZ the A-subalgebra of U generated by
EZ(N), i€ I,N €N. Let U~ be the Q(v)-subalgebra of U generated by the I}, i € I, and U the
A-subalgebra of U generated by Fi(N), i€ I,NeN. Let U° be the Q(v)-subalgebra generated by
the K,, p €Y.

Let W be the Weyl group of g. So W is the group:
W= <817827"' » Sn | 812 = 17(8i8j)mij =1 (Z 7&])>

where m;; = 2,3,4,6 if A;;Aj; = 0,1,2,3, respectively. For r € I, let W" be the set of distinguished
left coset representatives of the parabolic subgroup W, of W generated by {si1,s2,...,s,} \ {s+}.

Let X+ C X be the set of dominant weights, i. e. those of the form Ajw; +Xows+- -+ A\w, € X
where w1, ws, ... ,w, are the fundamental weights of g and Ay, Aa,... , A, € N. If L is a U-module,
x € Land A € X, we say that z has weight \ if K,z = v W g for all € Y. We call the subspace of
L consisting of all of the elements of weight A the A\-weight space of L. Asin [7, 3.4.1], we restrict our
attention to U-modules which are direct sums of their weight spaces. We say that x € L, z # 0, is a
highest (respectively, lowest) weight vector if x has weight A, for some A € X, E;xz = 0 (respectively,
Fyx = 0) for each i € I and U~z = L (respectively, UTz = L). Such a vector is uniquely determined
up to a non-zero scalar multiple. We say that L is a highest weight module with highest weight A
if it contains a highest weight vector of weight A. Let A = A\jwi + Aows + - - - + A\pw, be a dominant
weight. We follow the construction in [7, 3.4.5 & 3.5.6]. Let J be the left ideal of U generated by
the elements E; for ¢ € I and the elements K, — v W) for u € Y. Then the map from U~ to
U/J taking © € U~ to = + J is a Q(v)-vector space isomorphism, which can be used to transfer
the left U-module structure of U/J to U~. The resulting U-module we denote by M ()\); it is the
called a Verma module. Let T'(X\) be the left ideal of M (X) (as a Q(v)-algebra) generated by the
elements FZ-)‘Z'H, for i € I, and let V(\) be the quotient module M (\)/T'(X\). Then, by [7, 6.2.3 &
6.3.4], V() is an irreducible, finite-dimensional highest weight U-module with highest weight A,
unique up to isomorphism. We fix z; as the image of 1 € M () under the natural map from M (\)
to V(A). Then z7 is a highest weight vector for V/(\). If A and X are any two distinct dominant
weights, then V(A) and V()\') are not isomorphic (see [7, 6.2.3(b)]). It is known that V()) is the
direct sum of its weight spaces (see [7, 3.4.1 & 3.5.6]). We also write V' (A\)4 = U 1, the integral
form of V(A) (see [7, 19.3.1]). For u € Y, we have K,V(A)4 C V(A)4, since K, always acts as

an integral power of v on an element in a weight space and V()4 is the direct sum of its weight



spaces (see [7, 19.3.1]). Therefore, by [7, 19.3.2], V(A) 4 is a U4-module. For each r € I we denote
by V; the module V' (w,) with highest weight w,. This is called the r-th fundamental module for U.

2 The Crystal Basis

We shall need the following definition of the Kashiwara operators (see [5, §2.2]):

Definition 2.1 Suppose that A is a dominant weight, and V' ()\) is the corresponding U-module
as above. Fix i € [1,n]. Any element m € V() can be written uniquely m = 3 ooy 4/ Fi(k)xk,k/,

where the xy, 5y satisfy E;xy v = 0 and K;zp 1y = vk/:z:hk/. Then define

E(m) = Zogkgk/ Fi(kﬂ)ﬂﬁk,k’a and Ei(m) = Zlgkgk' Fz'(kil)xk,k’-

Following Kashiwara [5, 2.3.1] we make the following definition:

Definition 2.2 Suppose that M is an integrable U-module. Let R be the ring of rational functions
in v regular at v specialised to 0. A pair (£, B) is called a crystal basis of M if the following

conditions hold:

(1) £ is a free R-submodule of M, and Q(v) @ L = M.
(2) B is a basis of the Q-vector space L/vL.

3) L =&,L, and B = U,B,, where M, is the v-weight space of M, £, = LN M,, and
B, =Bn(L,/vL,).

(4) F;,£ C £ and E;L C L, for all i € [1,n], where E; and F; are the Kashiwara operators (see
Definition 2.1).

(5) F;B C BU{0} and E;B C BU{0}, for all i € [1,n].

(6) For by, by € B and i € [1,n], by = Ejby if and only if by = Fjb,.

We use (6) to draw the corresponding crystal graph, which is an indication of how the Kashiwara

operators act on the crystal basis. There is one vertex corresponding to each element of B. If by and



by are as in (6), we draw an edge from the vertex corresponding to by to the vertex corresponding

to bg, with the arrow from by to by, and the label 7 on it.

The modules V(A), for A a dominant weight, always possess a crystal basis:

Theorem 2.3 Suppose that X is a dominant weight and V (X) is the irreducible finite-dimensional
highest weight U-module with highest weight X, generated by our fized highest weight vector x1, as
above. Let L(\) be the R-submodule generated by the vectors of the form EIEQ . Ekazl and let
B()\) be the subset of L(A)/vL(\) consisting of the non-zero images under the natural projection
L(X) — L(X)/vL(X) of these vectors. Then (L(X), B(\)) is a crystal basis of V().

Proof: See [5, §2.6]. O

Theorem 2.4 Suppose \ is a dominant weight, V(\) is the corresponding U-module, and (L, B)
is a crystal basis for V(X). Then there is an automorphism of V(A) taking (L, B) to (L()\), B(\)).

Proof: This follows from Theorem 3 in [5, §2.6], also noting [7, 6.2.3(b)]. O

If ¢ is an automorphism of V' (\) as a U-module, and x; is our fixed highest weight vector in
V(A), then it is easy to see that ¢(x1) is again a highest weight vector, and therefore must be a
non-zero scalar multiple of x1. Since x1 generates V' (\) as a U~ -module, the automorphism ¢ must
be merely multiplication by this scalar. So, while the crystal basis is not unique, different crystal
bases are very closely related. Note also that, by Theorem 2.4, the crystal graph corresponding
to any crystal basis of V() is isomorphic (as an oriented, coloured graph) to the crystal graph
corresponding to any other crystal basis, so the crystal graph of such a module can be defined to

be the crystal graph corresponding to any crystal basis.

Definition 2.5 There is a comultiplication A on U, which is a Q(v)-algebra homomorphism from



U to U ® U, having the following effect on the generators of U:

) = E®K '+10E;,

) = -Fi®1+f(i®-Fi7
A(KH) = K,®K,,

)

= 1®1.

(where i € [1,n] and p € Y). This is the comultiplication A_ as in [5, §1.4].

We write A®) = (A®1)A, A®) = (A®1®1)(A®1)A and similarly A®) for any positive integer
p. So AP~D .U — U®P_ If M; is a U-module, j = 1,2,... ,p, we can make M; ® My ® --- ® M,
into a U-module by defining for v € U,m; € M;, j = 1,2,... ,p,

u(mi @ma @ - @myp) = APV () (my @my @ -+ @my),

and extending linearly to the whole of M ® My ® - - - ® M,. Here we use the natural action of U®P
on M1®M2®"'®Mp.

Theorem 2.6 Suppose (L;, B;) is a crystal basis of a U-module Mj, for j = 1,2, where each M;

is a module V(X\) for some dominant weight \.

(a) Set L=L1® Ly C My ® My and B={b1 @by : bj € Bj, j=1,2} CL/vL. Then (L,B) is
a crystal basis of My @ Ms.

(b) For by € By, by € By and i € [1,n], we have:

Ebl ® by if there exists m > 1 such that f'imbl #0
Fi(by ®by) = and EM™by = 0;

b1 ® Ebg otherwise.

b1 ® Eibg if there exists m > 1 such that E;”bg #0
Ei(bi ®by) = and F™by = 0;

Eibl ® by otherwise.

Proof: See [5, §2.4]. O

Following Kashiwara and Nakashima (see [6, 2.1.2]), we make the following definition:



Definition 2.7 Fix i € [1,n]. Let A be a dominant weight, and V() the corresponding U-module,
with a crystal basis (£, B), and by,by € B. Suppose further that Eibl = Fiby = 0 and Ebl = bo.
We say that by is of type us for i and that be is of type u_ fori. If b € B and Eib = Eb =0, we
say that b is of type ug for i.

Suppose instead that by, by, b3 € B, and that Eiln = Eb3 =0, Ebl = by and Eb? = bs. We say,
for j = 1,2,3, that b; is of type u; for .

Proposition 2.8 Fiz i € [1,n]. Suppose that M;, j = 1,2,...,p, are each U-modules of the
form V(X), where X is some dominant weight, and that (L;, Bj) is a crystal basis for each Mj,
with bj € Bj,j = 1,2,... ,p. Suppose also that each b; is of type uy, u_ or ug for i. Then, by
Theorem 2.6, by @by ®@---®by, lies in a crystal basis for M1 @ Mo ®---® M,. The following procedure
describes how EZ and ﬁz act on by @by ® -+~ @ by.

a) Rewrite the tensor formally by replacing each b; with uy if it is of type uy for i, or with u_
j + +

or ug stmalarly.

(b) Delete uy and also any pair uy ® u—. Repeat this process until there are no pairs uy ® u_ left.

The new tensor t obtained in this manner is called the i-reduced form of b.

(c) To apply EZ Change the rightmost u_ in t to us. (If there is no u_ in the i-reduced form,
then EZ acts as zero on the original crystal basis element.)
To apply E Change the leftmost uy in t to u—. (If there is no uy in the i-reduced form, then

F; acts as zero on the original crystal basis element.)

(d) Return to t all of the elements deleted in (b). Then replace each u, u_ or uy with the b;
it was originally. This is well-defined except when a us or u— has been changed as in step
(c). In the case when a u_ has been replaced with a uy, suppose that originally the u_ was
bj. Replace the uy in t with E-bj. Similarly if a uy has been replaced with a u— and the uy

originally was b;, replace the u_ in t with Ebj.

Suppose instead that each bj is of type ug,ur,u2,us,uy or u_ for i. The following procedure
describes how EZ and E act on by @by ® - -- @by rewrite the tensor formally by replacing elements

of type ug, u— or uy for v with ug, u— or uy respectively, and by replacing elements of type u;



with uy @ uy, those of type us with u_ @ uy and those of type us with u_ @ u_. Apply step (b)
above. Again we call this the i-reduced form of b. Then follow step (c¢) above. Finally, return all
the elements deleted to t, and replace each uy, u_ or ug with the b; it was originally, if it was a
single b; originally. For a pair, if it is unchanged, replace it with the b; it was originally. If u_ @u_
has become u_ @ uy or u— @ uy has become uy ® uy, replace the pair with E’ibj, where b; is what
the pair was originally. If uy @ uy has become u_ @ uty or u— @ uy has become u_ @ u_, replace

the pair with Ebj, where b; is what the pair was originally.

Proof: See Remarks 2.1.2 and 2.1.3 in [6]. O

Let = be the Q-algebra automorphism from U to U taking E; to E;, F; to F;, and K, to
K_,, for each i € [I,n] and g € Y, and v to v™! (see [7, 3.1.12]). There is an induced Q-linear
automorphism (also denoted ~) of any module V' (\) for U defined by wzy = uxy for any u € U~
(see [7, 19.3.4]). Note that every element of V() is of the form ux; for some u € U™.

Theorem 2.9 Suppose V(A), B(\) and L(\) are as in Theorem 2.3. Then for each b € B(\)
there is a unique b € L()\) such that b — b under the canonical projection L(X\) — L(X)/vL(\) and
be L(\)NL(X). Furthermore, the set {b : b€ B(\)} forms a Q(v)-basis B(X) for V(\), which is
called the canonical basis for V().

Proof: See [5, §0]. O

Note: Throughout this paper the explicit description of the crystal basis for the fundamental
modules for quantized enveloping algebras of classical type given by Kashiwara and Nakashima

in [6] will be used.

3 Main Ideas

Suppose that g is of type A, B, C, or D, that w, is a fundamental weight and that V(w,) is a
fundamental module for U, the corresponding quantized enveloping algebra. Let B(w,) and L(w,)
be as in Theorem 2.3. Let x1 be our fixed highest weight vector in V(w,). By Theorem 2.3, the

following is true:



Remark 3.1 Suppose b € B(w,). Then there is a sequence iy,ia,... ik in [1,n] such that b =
ﬁikEk—l
highest weight). So by Definition 2.2 (6), we have E; Ej, - - - E‘ikb =77.

-+ Fy, @7, where T7 is the unique element in B(w,) with the same weight as x1 (that is, the

We shall see that, for the modules we are interested in, it is possible to find such sequences so that the
following is true: write b = 1’5’;-"11 F JAEER F ;lﬂ, where equal F;’s which are adjacent in the product have
been grouped together, so ji # ja, jo # j3,... and jj_1 # j;. Put b= ﬁ]’fllﬁ]’.? . --ﬁ]:la:l € V(wy).
Then b = Fj(fl)Fj(;Q) . --Fj(l”)xl. If we can do this, it is clear that b — b under the canonical
projection L(w,) — L(wy)/vL(w;,), and that b= b, whence (by Theorem 2.9) the canonical basis of
V(wr) is given by:

B(w,) ={b : be B(w,)}.

To accomplish this, in each case, we shall construct sequences as above satisfying the following

conditions:
(1) The maximum length of a constant subsequence of iy, 1o, ... , i is 2.
(2) For any u for which i, is distinct from its neighbours in 41,49, ... ,ix, we have:
(a) Kqu-uH e ]z’ikxl = vcﬁ-uﬂ e ﬁ’ikazl, (for some ¢ € {1,2}), and
(b) Equ’iu+1 szacl = 0.

(3) Suppose that for some u, i, = iy41, but iy—1 # 4y (if uw # 1) and iyq9 # iyr1 (if w+ 1 # k).

Then: _ _ _ B
(a) K, Liuyo Ezkﬂh = U2Fiu+2 - Fyxy, and
(b) Equiqug szxl = 0.
We have in (2), by Definition 2.1,
f’iuﬁiu+1 e f’ikwl = F’iuﬁiu+1 te f’ikxl
and in (3),
Eu+1Eu+2"'ﬁikxl = Fiu+1ﬁiu+2"'ﬁikxl
~ ~ - F F N »
& Fy,Fy, ., - Fyx = Ztu” tutl o Fy o,

2],

which is enough to achieve the desired result.



Remark 3.2 Note that it is clear, from the definition of the basic module V; and the crystal basis
in each case given in [6, §83.2, 4.2, 5.2 & 6.2], that if b lies in the crystal basis given there, and
i € [1,n], then b is of type uy, u_ or ug for i. Also that, if M one of the U-modules V' (\):

1) If 2 € M has the same weight as a crystal basis element of type uy for 4, then K;z = vz.

2) If x € M has the same weight as a crystal basis element of type u_ for i, then K;z = v~ 1x.

)
)
4) If x € M has the same weight as a crystal basis element of type u; for i, then K;z = v?x.
5) If € M has the same weight as a crystal basis element of type ug for i, then K;z = x.
)

2

(
(
(3) If x € M has the same weight as a crystal basis element of type ug for ¢, then K;z = x.
(
(
(6) If x € M has the same weight as a crystal basis element of type ug for ¢, then K;z = v~ =x.

If x € M has weight v, then K;z = v°z, where ¢ = (v, o). This is because K;x = Kj,,x = oV (hi) g
(by the definition of weight), so Kz = vz = o e — ez Note that we have hi = has
since (hi, ha,) = aj(hi) = Aij = (o, ) = (har, ha;) for all j € [1,n], hay, hay, - - - ha, are a C-basis
for h and the Killing form is non-degenerate on h. Therefore, if v is the weight of x in each case
and ¢ = (v,a]), thenin (1), c =1,1in (2), c= —1,in (3) & (5), ¢ =0, in (4), ¢ = 2, and in (6)
c=—2.

For each r € [1,n] denote by (L,, B,) a crystal basis of V. as in Theorem 2.3. We shall use this
notation throughout. In each case, A,, B,, C, and D,,, we shall use Kashiwara and Nakashima’s

description of B, in [6, §83.3, 5.3, 4.3 & 6.3].

4 Type A,

For completeness we consider here type A,, (see also Chapter 2), which enables us to emphasise the

connection between As,_1 and C),. We recall here the Dynkin diagram:

An OO e e = ——— —O—————0

The first fundamental module, Vi, has dimension n + 1, so By has n + 1 elements, which we

label e1,e9,... ,ent1. The crystal graph is:

The edge labels are written above the edges, and vertex j corresponds to the crystal basis
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element e; (see [6, §3.2]).

For r € [1,n], B, is contained in BY". It consists of the set:
{ej, ®ej, @ ®ej, : 1<j1 <joa<---<jr<n+1}

(See [6, §3.3]). We shall now describe a recursive algorithm which, for each b € B,, will produce
a sequence i1,19,...,1g, as in Section 3, such that b = E1E2 . Eka We shall define these
sequences in such a way that in Section 5 we will be able to establish a close connection with the

modules in type C.

An Algorithm for Type A

Suppose b = €j, ® e, ® --- ® €j, € B,, and suppose that b # z;. Note that we have z; =
e1®er®---R®e,., since each Ej kills this vector. Suppose we have defined a sequence for all crystal
basis elements of this form with smaller sum  ._, js. We say that e; is movable in b if there
exists ¢ € [1,n] such that Eiejm is not e;, for any s and is not zero. Note that by condition (5) of
Definition 2.2, Eiejm lies in By U{0}. At least one e;,, is movable in b since b # z7. Let e;,, be the

vector in b with m minimal such that e;, is movable. We call this the leftmost movable vector in b.

Case (a): Suppose e,43_j,, is also in the expression for b, is movable in b, and j,, < (n+ 1)/2.

We put i = n + 3 — ji,, — 1, which is the label on the edge to the left of n 4+ 3 — jp,.

Case (b): If otherwise, we put i = j,,, — 1.

The idea here is to ensure the algorithm for type As,_1 is compatible with that for type C,, — see

Section 5, in particular, Proposition 5.2. We shall consider the element El-b for this value of i.

Note that, if k£ € [1,n] then in By, ey is of type u, for k, eg41 is of type u_ for k, and all other
ep’s are of type ug for k. Since e;,, is movable in b, e;,, _1 does not occur in b, so the i-reduced form
of b (see Proposition 2.8, step (b)) must be u_. Following the steps through in Proposition 2.8,
we see that E;b is not zero and that in case (a) or (b) here, E;b is the tensor obtained from b by

replacing e;4+1 with e;. It is clear that E’ib has smaller sum . _, js, so we have already defined a

11



sequence for it, by assumption, say Eib = Elﬁig ‘e ﬁzkﬁ and therefore we have a sequence for b

given by b = ﬁzﬁ’“ﬁm e Ekﬂ, using condition (6) of Definition 2.2.

Example We consider the case A5 when r = 2 and take the crystal basis element b = ¢;, ® ¢, =
es ® eg. For the first step, the leftmost movable vector is es, as El(eg) = e;. We are in case (a),
since e,43—j, = e is also in the expression for b, so the algorithm tells us to apply Eg,, which takes

b to e2 ® e5. Here is a summary of all the steps:

Step | Leftmost movable | Case | Kashiwara b
vector operator,Ei
1 €2 (a) E5 €2 & eg
2 €9 (b) El es ®es
3 es (b) E4 e1® es
4 €4 (b) Eg €1 ®eq
5 €3 (b) EQ e1 ®es

We thus obtain the expression FoE3E4F1Esb = e; ® es = 77, whence b = F5Fy FyF3F5>x7.

We claim that these sequences will satisfy the requirements of Section 3. Suppose b € B,., and
i € [1,n]. Then, by [6, 3.3.2], F2b = 0. Thus no subsequence of the form iy, i, 1 With i, = iys1
will occur in the sequences generated by the algorithm, since the algorithm never produces zero (it

always generates an expression for an element of B,), and condition (1) in Section 3 is seen to hold.

Suppose b = ej, ®ej, ®--- R ej, € B Let b = EIEQ . Ekﬁ be the expression defined
above. By the remarks in the definition of the algorithm, we see that b has i1-reduced form u_ and

EQ - Ekﬁ has i1-reduced form u. We shall need the following lemma:

Lemma 4.1 Fiz i € [1,n]. We define the following map 7 from formal tensors in the symbols
uy, u_ and ug to Z. Firstly, put m(uy) =1, n(u_) = —1 and w(uy) = 0. Ifu' @ u? ®@ - @ u*
is a formal tensor in uy, u_ and ugy, put T(u! @ U @ -+ @ u) = > e 7(uw!). Suppose now
b=ej, ®ej, @+ ®ej, € B, has weight v and i-reduced form u! @ u*> ® --- @ u®, where each v’
is one of ut, u_ orug. Let c =n(u! @ u? ® - @u®). If b’ € V. has the same weight as b, then
KV =v°b.

Proof: Let t =t; ®t2 ® --- ® t, be the formal tensor obtained from b by replacing each e;, by i,

where e;, is of type tj for i (so each t € {us,up}). Then 7(t) = ¢, since in obtaining the i-reduced
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form from ¢, only ug’s and pairs u4 ® u_ (upon which 7 takes the value zero) are removed. The
weight of ¥ is the weight of b and therefore is the sum of the weights of the vectors e, €j,, ... ,€j,.
Let vy, be the weight of e, , k = 1,2,... ,r. Each e;, is of type t;, for i and therefore by Remark 3.2,
(vg,af) = w(ty). Therefore, as v = Y ;4 vy, we have (v,«f) = w(t). Thus, by Remark 3.2,
Kb = ™Y as required, since 7(t) = ¢. O

Since EQ e Eka:l has the same weight as EQ e Ekﬁ, and 7(uy) = 1, we have KZ-EQ e Eka:l =
vﬁ’iQ . ﬁ’ikxl and we have shown condition 2(a) of Section 3. Suppose that El-ll?’i2 e F’ika:l £ 0.
Its weight is then a weight of V,. and there is an element b in B, with the same weight. Its ;-
reduced form can have at most one u4 in it and therefore, by Lemma 4.1, KilEilﬁiQ e ﬁikxl =
vcEilf'iQ e Z?'ikxl for some ¢ < 1. But Kiﬁig ‘e Ekxl = vﬁig ‘e Ekxl, whence KiEilﬁiQ e ﬁikxl =
v3Ei1ﬁ’i2 e Eka:l, a contradiction. Hence Eilﬁ’iQ e ﬁ’ika:l = 0. Therefore all of the conditions we

required of the algorithm in Section 3 are satisfied and we have proved:

Theorem 4.2 (Type A) Let (L., B,) be a crystal basis for V, as in Theorem 2.3. Suppose that
b € B, and let b = f’ﬁﬁg . --ﬁf:ﬂ be the expression given by the algorithm above, with equal
ﬁj s adjacent in the product gathered together. Then each r, = 1, forp = 1,2,... k. Let b=

ﬁjlﬁjz e ﬁjkxl. Then b = F; F;, -+ Fj, o1 and b is the canonical basis element corresponding to
b. O

5 Type C,
Note that we include here the case Cy. We recall here the Dynkin diagram:

Cn OO e —— -o—o?)
1 2 n—2 n-— n

The first fundamental module, Vi, has dimension 2n, so By has 2n elements, which we label

€1,€2,...,€n,€1,€3,... ,6n. The crystal graph is:
1 2 n-1 n n-1 2 1
O OO = = = = = —— —0 O o o o o o —— —O——O——0
1 2 3 n—1 n n n—1 3 2 1

The edge labels are written above the edges, and vertex j corresponds to the crystal basis
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element e; (see [6, §4.2]). Define a total order < on {1,2,... ,n,1,2,... ,7} by putting:

1<2=<---2n=n=<n—-1=-- =<1

For r € [1,n], B, is contained in BY". It consists of the set:
121 <ja < =jr 21
ej, ®ej, @ ®ej,  : and if j; = jj, for some k, I,

then k+r+1—1 < j.

(See [6, §4.3]). We shall now describe a recursive algorithm which, for each b € B,, will produce

a sequence i1,1is,... ,ik, as in Section 3, such that b = F;, F}, - - - F;, 77.

An Algorithm for Type C

Suppose b = €j, ® e, @ --- ® €j, € B,, and suppose that b # z;. Note that we have z; =
e1Re® - - e, since each Ej kills this vector. Suppose we have defined a sequence for all crystal
basis elements of this form with smaller sum )., e(js) (where (1) = 1,e(2) = 2,... ,e(n) =
n,e@=n+1¢en—-1)=n+2,...,6(1)=2n). As in case A, we say that e;,, is movable in b if
there exists ¢ € [1,n] such that Eiejm is not e;, for any s and is not zero. Note that by condition
(5) of Definition 2.2, Eiejm lies in By U {0}. At least one ej,, is movable in b since b # z7. Let
ej,, be the vector in b with m minimal such that e;,, is movable. We call this the leftmost movable
vector in b. Let i be the label on the edge to the left of j,, on the crystal graph. So if j,, € [2,n],
i = jm — 1, and if j,, = j for some j € [1,n], then i = j. We shall consider the element E;b for this

value of 3.

Note that, if & € [1,n — 1] then in Bj, e; and er71 are of type uy for k, exi and ef are of
type u_ for k, and all other e,’s are of type ug for k. For n, e, is of type u,, eg is of type u_, and
all other e,’s are of type ug. Since e;,, is the leftmost movable vector in b, Eiejm (the corresponding
vector of type uy, for i) does not occur in b, so the i-reduced form of b (see Proposition 2.8, step
(b)) must be either u_, u_ ® uy or u_ ® u_, with the first u_ in each case corresponding to e;,,.
Note that the case ui ® u_ cannot occur: since ej,, is movable, Eiejm does not occur in b so,
looking at the crystal graph, the only way this could happen would be for j,,, = j for j in [1,n — 1]
and for e; to occur also in b (say as ej,). Since ej,, is the leftmost movable vector in b, e; cannot
be movable, whence e;_; must also occur in b, to the left of e;. Similarly, e;_2,... ,e; must also

occur in b. Thus [ > j. Since m < r we have [ + (r+1—m) > j+ 1 > j, contradicting the above
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condition for ej, ®ej, ®---®e;, to lie in B, so this situation cannot occur. We call this argument

the domino argument, and it will be used again later.

Following the steps through in Proposition 2.8, we see that E;b is not zero and has i-reduced

form as follows:

‘ i-reduced form of b | i-reduced form of Eib

(a) U_ U
(b) U_ @ ug Ut @ Uy
(c) U- @ u_ U_ @ uq

It is clear that E’ib has smaller sum » ., £(js), so we have already defined a sequence for
it by assumption, say Eib = El EQ . E,ﬁ] and therefore we have a sequence for b given by

b= ﬁzf’zlﬁm . ﬁzkﬁ, using condition (6) of Definition 2.2.

Example We consider the case C3 when r = 2 and take the crystal basis element b = ¢;, ® ¢j, =
ez ® eg. For the first step, the leftmost movable vector is ey, as El(eg) = ¢1. The algorithm tells

us to apply E’l, which takes b to ea ® e5. Here is a summary of all the steps:

Step | Leftmost movable | Kashiwara b i-reduced

vector operator, EZ form of b

1 ) E; e2@er | u— Qu_

2 es E’l ea®eg | U— @ug
3 €5 E’g e1 ® ey U_
4 es E3 e1 ®es U_
5 es3 EQ e1 Qes U_

We thus obtain the expression EsFE3FyE1E1b = e1 ® ea = x1, whence b = FyFyFyF3FyTy.
(Note the similarity of this example to the example in type As given in the previous section; see

Proposition 5.2 for more details).

We claim that these sequences will satisfy the requirements of Section 3. Suppose b € B,,
and ¢ € [1,n]. Then, by [6, 4.3.3], Z?’Z-?’b = 0. Therefore, as the algorithm never produces zero
(it always generates an expression for an element of B,), condition (1) (in Section 3) is seen to
hold. Suppose b = ¢;, ®ej, ®---®ej, € B,.. Let b= E1E2 e Eka be the expression defined
above. We consider first the case when ¢, = 4,41 for some u. The only way this can happen

is for ﬁzu ta E,ﬁ] to have i,-reduced form u; ® uy (since the algorithm will have told us to
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apply Ezu twice to ﬁZuFZ ﬁzkii see the table of i-reduced forms above). Lemma 4.1 ap-

. -Fikxl = UZFZ‘

u+1

plies equally well to this case as to type A, so we have Kzuﬁz - Fa.

u+2 : u+2 :

Suppose that Eiuﬁi -Ekxl # 0. Its weight is then a weight of V. and there is an ele-

in
ment b; in B, with the same weight. Its i,-reduced form can have at most two uy’s in it
and therefore, by Lemma 4.1, KquiuﬁiuH e Ekxl = vcEiul?’i

[ ﬁ’lkxl = UQE ---Ekxl, whence Kququ

K; F,
tradiction. Thus EZUE

wir o Fiywy for some ¢ < 2. But
) . _ A T
Tu42 ut1 ut1 " Ekxl =v EluEu-H Ekdjlﬂ a con-

IPREE Eka:l = 0 and condition (3) of Section 3 is seen to hold.

Next consider the case when i, is distinct from its neighbours. The only way this can happen

is for Euﬂ .- F;, 77 to have i,-reduced form uy, u_ @ u, or uy ®@uy. (Note that Euﬁiu“ o Fy T

is a crystal basis element that the algorithm specifies we should apply E;, to as a first step.

The table above tells us the only possible ¢,-reduced forms of Eu i1 ﬁ’zkﬁ) Suppose it was

u_ ® uy. Then consider the definition of the algorithm. Let e;, be the leftmost movable vec-
tor in Euﬁl

it Ekﬁ, which must correspond to the first u_ in the i,-reduced form uv_ ® u_

for Euﬁiu“ . }T}kﬁ, because it is leftmost. Then applying Elu to Euﬁiu“ . Ekﬁ does not
alter ej, — it is the vector corresponding to the second u_ which is altered. (Recall that in

Proposition 2.8(c), to apply EZ-, the rightmost u_ is changed to a u4). Therefore e;,, is also

the leftmost movable vector in E f‘zka Thus, according to the algorithm, we must have

u+1
iy = iyt1, a contradiction, so this case cannot occur. We thus have, applying Lemma 4.1,
Kiuﬁ-u“ . -ﬁ’ikxl = UCEu+1 e ﬁ’ikxl for some ¢ € {1,2}, and condition 2(a) of Section 3 is shown to

hold. Suppose that Equ -ﬁ’ikxl # 0. Its weight is then a weight of V. and there is an element

an
b1 in B, with the same weight. Its i,,-reduced form can have at most two u.’s in it and therefore, by
Lemma 4.1, KZUEZUE Eka:l = vCEqu -Ekxl for some ¢ < 2. But Kluﬁ’z
v F; c Fymy = v T2E; F

tradiction. Thus we have EZHE

ut1 ut1l u+2"'Fik$1 =

-- Fj, x1, where e = 1 or 2, whence K; F;, F; -- Fj, 21, a con-

u+1 : u+1 u+1 :

PREE F; x1 = 0 and condition (2) of Section 3 is seen to hold.
Therefore all of the conditions we required of the algorithm in Section 3 are satisfied and we

have proved:

Theorem 5.1 (Type C') Let (L, B;) be a crystal basis for V,. as in Theorem 2.3. Suppose that

b€ B, and let b = ﬁff ﬁf; e ﬁfk’“ﬁ be the expression given by the algorithm above, with equal ﬁj s

adjacent in the product gathered together. Let b = ﬁ;»”ll ]?’;"22 e ]?’;:xl. Then b = Fj(fl)Fj(;Z) . Fj(:“)xl

and b is the canonical basis element corresponding to b. O
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We now look at the connection with Ao, 1. Note that the crystal graph for the basic module

for As,,_1 is as follows:

1 2 n—1 n n+1 2n—2 2n—1
o—>—0—>—0-—————— —— e O o o o o o —— —0—>—o0—>—o0
1 2 3 n—1 n n+1 n+4+2 2n—2 2n—1 2n

It is the same graph as that for the basic module for C),, with different labels. The inverse of
the map e defined at the start of the definition of the algorithm takes the vertices of the graph
in case Ag,_1 onto the vertices of the graph in case C, bijectively. Also, we define a map 7 :
{1,2,...,2n -1} — {1,2,... ,n} by 7(m) = min{m, 2n — m}, which takes the edges of the graph
in case Ao, 1 onto the edges of the graph in case C,. Let L, be the r-th fundamental module in
case As,_1, with our fixed highest weight vector y; and crystal basis element 7; of highest weight.

(Here we are always referring to the crystal bases as in Theorem 2.3).

We would like to see a connection between the bases in L,, the module in type As,_1, and V,.,
the module in type C), (the examples in this section and the previous one give an example of this).
Note that the dimension of L, is ( 2: ), while the dimension of V. is only ( 2rn ) — < T2_n 9 >
(see [1, Table 2,p214]), so L, has more crystal basis elements than V., and we can’t hope to get a
one to one correspondence between these crystal bases. The solution is to take a restricted subset

of the crystal basis for L,.. The following Proposition describes exactly what happens, and also the

corresponding results for the canonical basis.

Proposition 5.2 Let n > 2 and r < n. Suppose that Fi, Fi, - F, §1 = ej, @ ej, ® --- @ ¢, is
a crystal basis element, as generated by the algorithm, for the module L, in case Agp—1 (we use
the notation from Section 4 except that we denote the type Ag,—1 fundamental module by L, ) with
the property that if jp = 7 < n and j; = 2n+ 1 — j for some k,l, then k+r +1—1 < j. Then
E.(Z-l)l?}(w) e l?’T(ik)ﬁ is a crystal basis element for the module V, in case Cy,. Furthermore, every
crystal basis element in V,. arises exactly once in this way. Similarly, if E1E2 e Ekyl 1s the cor-
responding type As,—1 canonical basis element (so EIEQ e ﬁzkyAl satisfies the above restrictions),

then FVT(Z-l)ﬁT(iQ) - Fr,)®1 lies in the canonical basis for V. in type C,. Each canonical basis

element for V. in type C,, will arise exactly once in this way.

Proof: Before starting the proof we give an example to illustrate the significance of the restric-
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tion above. Suppose that n = r = 2. Then the dimension of L, is < ;L ) = 6, while the dimension

. 4 4
of V, is < s ) o
basis elements for V,.. The only crystal basis element in L, that does not satisfy the restriction

= 6—1 = 5. Thus 5 of the crystal basis elements for L, will give the crystal

iseg®ey (take k = 1,1l =2, then k+r+1—-1=142+1—-2=2> j = 1). The element

€c-1(1) ® €.-1(4) = €1 ® eg does not lie in the crystal basis for V.

Using the notation in Section 4, let e;;, ® ej, ® --- ® e;. be a crystal basis element for L, in
type As,_1, satisfying the given restrictions. These restrictions, and the similarity of the crystal
graphs of Ly (in type Ag,—1) and V; (in type C,) and the corresponding total orders defined on
the vertices (in Ag,—1 just the natural ordering of the integers {1,2,... ,2n}) imply that e.-1(;,) ®
€c—1(jy) @+ - @e€.-1(;,), with the notation of this Section, is a crystal basis element for V. in type Cj,.
It is clear that every crystal basis element of V. will arise in this way exactly once, because the
restriction in the Proposition corresponds exactly to the restriction in the description of the crystal
basis of V. (see the start of this section). The statement in the proposition about crystal bases will
follow from the fact that if EZ is a Kashiwara operator in case A and the definition of the case A
algorithm specifies we should apply EZ tob=r¢ej, ®ej, ¥ ---Qej. to get ey, Dep, -+ ey, then
the case C algorithm specifies that we should apply E.,(Z-) to ec-1(j;) ® €-1(j,) ® -+ ® e.-1(5,) to
get ec—1(p)) @ €c-1(ky) ® -+ @ €.-1(p,). We shall now verify this fact. The algorithm in case A was
defined exactly so this would happen.

Let e;,, be the leftmost movable vector in b. Suppose first that ez, 42_;,, is in the expression for
b, is also movable in b and j,, < n. The case Ay, _1 algorithm specifies that we apply E2n+2_ jm—1 to
b, and this will change e€2,42—j,, t0 €2p42—j,,—1. Now € 1 (jim) = jim and e 71 (2n+2 — ji) = jm — 1.
Each of these will be movable in e_-1(;,) ® €.-1(j,) ® - - - ® €.-1(;,). The leftmost movable vector here
will be e, , since ej,, is leftmost movable in b, and therefore the case C), algorithm will specify we
should apply E’jm,l = E’T(jm,l), since 7(jy, — 1) = min{j, — 1,2n — (j,, — 1)} and j,, — 1 < n. The
(jm — 1)-reduced form of e.-1(j,) ® €.~1(j,) ® -+ @ e.-1(;,y must be u_ ® u_. This is because both

€j,, and e

m jm—l

are in it — each reduces to u_— — and each one is movable, so there can be no u

in the reduced form. Therefore applying E . —1 will affect the rightmost u_ and change e to

Jm—1
e (that i8,€.-1(2p 42— j,) b0 65—1(2n+1,jm)), corresponding to what the type As,_1 algorithm did

to b above.

Next, suppose that ez, 2_j,, is not in the expression for b, or that it is in b but is not movable
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in b. If it was in the expression for b and was movable but we had j,, > n + 1 then e;,, would

not be the leftmost movable vector so this could not happen. The case As,_1 algorithm specifies

that we should apply F;, —1 to b and this will change ¢;,, to e;,, 1. Now e will certainly be

e (m)
the leftmost movable vector in e.-1(;,) @ €.-1(j,) @ -+ ® €.-1(;,). First, suppose that ju, < n, so
€ (jm) = jm and the type C, algorithm specifies we should apply Ejm,l which will change e;,,
to ej,,—1 (that is, e.-1(;,,) to ec~1(;,,_1)), corresponding to what to the type Ag,_1 algorithm did
to b above. If j,, = n + 1, then 7 1(j,,) = @ and the type C,, algorithm specifies we should apply
E,, which will change e to e, (that is, e.~1(,11) to e.-1,,), corresponding to what the type Az, 1

algorithm did to b above. Finally, suppose that j,, > n+ 1, so e '(j;,) = 2n + 1 — j,, and the

type C,, algorithm specifies that we should apply E2n+1_ jm Which will change eg 7= 10 €5
(that is, €c—1(j,,) tO 65—1(jm,1)), corresponding to what the type As,_1 algorithm did to b above.
Note that in each of these cases, if the type C), algorithm specifies E’i, then the i-reduced form of
€c—1(j;) @ Ec—1(jy) @ +++ ® €c-1(;,) I8 either u_ or u_ ® uy since we have assumed ez, 42-j,, is not in
the expression for b or that it is in b but is not movable in b. This means that the EZ does act as

claimed in each case.

We have shown that the statement regarding crystal bases is true, and the statement about

canonical bases follows from the statement about crystal bases and Theorems 4.2 and 5.1. O

6 Type D,

We recall here the Dynkin diagram:

Dn [ S U n—2
The first fundamental module, V;, has dimension 2n, so B; has 2n elements, which we label
€1,€2,... ,6€n,€1,€3,...,6x. The crystal graph is:

Vertex j corresponds to the crystal basis element e; (see [6, §6.2]). Define a partial order < on

{1,2,...,n,1,2,... ,7} by putting:

152=-=2n-1x

| A
3
|

—_
| A
| A
\]]
| A
—|



We shall assume in this section that r € [1,n — 2] (see Chapter 3 for consideration of the case
r=mn—1orn). Forr € [I,n — 2], B, is contained in BY" (see [6, §6.3]). It consists of the set:
1=j1<jo<--<jr =<1

€j, ®ej, @ ®@ej, : (except (Jm,Jm+1) = (n, 1) or (,n) are both allowed)
and if j; = jj for some k,[, then (k+7r+1—1) < ji.

(See [6, §6.3]). We shall now describe a recursive algorithm which, for each b € B,., will produce

a sequence i1, 1,... ,ik, as in Section 3, such that b = F; F}, - - - F;, x7.

An Algorithm for Type D

Suppose b = ¢, ®ej, ®---®e;,. € B, and suppose that b # Z1. Wehave 7] = 61 Qes®- - - Q e, since
each Ej kills this vector. Suppose we have defined a sequence for all crystal basis elements of this
form with smaller sum Y " _; k(js) (where k(1) = 1,k(2) = 2,... ,k(n) = n,k(M) = n,k(n—1) =
n+1,...,k(1) =2n —1). Asin case A, we say that e;,, is movable in b if there exists ¢ € [1,n]
such that Eiejm is not e;, for any s and is not zero. Note that by condition (5) of Definition 2.2,
E’iejm lies in By U {0}. At least one e;,, is movable in b since b # z7. Let e;,, be the vector in b

with m minimal such that e;,, is movable. We call this the leftmost movable vector in b. We define

i € [1,n] in the following way:

Case (I): Suppose that j,, = n — 1 and that neither e, nor ez occurs in the expression for b. We

put ¢ =n — 1. We could equally well put ¢ = n here but we make a choice for definiteness.

Case (II): Suppose that j,,, = 7 and the part of the expression for b immediately after e;,, (including
ej,.) is of the form:

€ﬁ®€n®"'®€ﬁ®en®€m,

where ey ® e, appears at least once. We put ¢ =n — 1.

Case (III): Suppose that j,, = n and the expression for b immediately after e;,, (including e;,,) is
of the form:

enPeg - R ey Qen R e,
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where e,, ® e appears at least once in the expression. We put ¢ = n.

Case (IV): Suppose that none of the above cases occur. Let ¢ be such that Ei(ejm) is not zero and
is not e;, for any k. This is uniquely defined; case (I) deals with the only case where such an

1 is not unique.

We do not treat cases (II) and (III) in the same way as in case (IV) in order to make clear a nice
connection with the type B, case (see the next section). However the algorithm would still work

if we made this simplification. We shall consider the element El-b for this value of i.

Note that, if k € [1,n — 1] then in By, e and egg are of type uy for k, exy1 and eg are of
type u_ for k, and all other e,’s are of type ug for k. For n, e, and e,_1 are of type u,, e,— and
em are of type u_, and all other e,’s are of type ug. The following are clear, using the fact that e;,,
is the leftmost movable vector in b:

In case (I), (IT) or (III), the i-reduced form of b must be u_. In case (IV), the i-reduced form of b
must be u_, u_ ® uy or u— ® u_. Note: we eliminate the case uy ® u_ for (I) and (IV) with the
domino argument as in the algorithm for type C,. The subsequences of the form n,n,n,m,n,...
(with or without the initial n) do not introduce more u.’s or u_’s than this into the reduced form
since for n — 1 the reduced form of em ® e, is empty, and for n the reduced form of e, ® em is
empty; for any other k their i-reduced forms are clearly empty. Following the steps through in

Proposition 2.8, we see that E;b is not zero and has i-reduced form as follows:

‘ i-reduced form of b | i-reduced form of E‘ib

(a) U— Ut
(b) U_ @ ug Utp @ ug
(c) U @u_ U_ @ ug

Since applying EZ to b replaces an e in b with a vector with suffix further to the left in the
crystal graph, that is, smaller in the given partial order, E;b has smaller sum > oi1K(Js) so we
have already defined a sequence for it by assumption, say El-b = EIEQ ‘e Ekﬁ and therefore we

have a sequence for b given by b = F;F; Fj, - -- Eka, using condition (6) of Definition 2.2.

Example We consider the case D4 when r = 3 and take the crystal basis element b = e, ®e;, ®7j3 =
e; ® e4 ® e3. For the first step, the leftmost movable vector is ey, as E‘4(€1) = e3. We are in case
(IT), because of the form of b, so the algorithm tells us to apply E’g, which takes b to e ® e4 ® eg.

Here is a summary of all the steps:
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Step | Leftmost movable | Case | Kashiwara b i-reduced

vector operator, EVZ form of b
1 eg (I1) Es ez ®es®eg U_
2 er (IV) Ey eg®es ®eg u_
3 e3 (IV) Eg e3 ®eq ® eg U_
4 e (IV) El ex ®ey ®eg U_

5 €4 (IV) Ejs el ®es®eq | u— @ uq
6 es3 (IV) F,y e1 ®e3®eg U_
7 eg (IV) E4 e1 ® ey ®ex U_

b= F3F oy F3FyFyy.

We claim that these sequences will satisfy the requirements of Section 3. Suppose b € B,., and
€ [1,n]. Then, by [6, 6.3.5], we have 15136 = 0. Therefore, as the algorithm never produces zero (it
always generates an expression for an element of B,), condition (1) (in Section 3) is seen to hold.

Arguing in exactly the same way as in type C,, we see that conditions (2) and (3) of Section 3

hold.

Therefore all of the conditions we required of the algorithm in Section 3 are satisfied and we

have proved:

Theorem 6.1 (Type D) Let (L., B,.) be a crystal basis for V, as in Theorem 2.3. Suppose that
be B, and letb = ﬁ]’.nll ﬁf; e ﬁ]’f:a be the expression given by the algorithm above, with equal ﬁj ’s

adjacent in the product gathered together. Let b = ﬁ]’-nll f’g e f’;k’“xl. Then b = F-(lrl)F.(m) I I

and b is the canonical basis element corresponding to b. O

7 Type B,

We recall here the Dynkin diagram:

By o m = -

Note: throughout we assume the rank to be n — 1, where n € N, n > 3; later we will compare with
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D,,.

The first fundamental module, V1, has dimension 2n — 1, so By has 2n — 1 elements, which we label

€1,€2,...,€n_1,€0,€1,€3,-.. ,6,—7. Lhe crystal graph is:
1 n—2 n—1 n—-1 n—2 1
OO = o e = = —— —0 O o o o e e  — —O—3—0
1 2 n—2 n-—1 0 n—1 n—2 2 1

The edge labels are written above the edges, and vertex j corresponds to the crystal basis

element e; (see [6, §5.2]). Define a total order < on {1,2,... ,n—1,1,2,... ,n — 1} by putting:

1%2=<--=n—-1=<0=xn—-1=<---<2=<1

We shall assume in this section that r € [1,n — 2] (see Chapter 3 for consideration of the case
r=n—1). For r € [1,n — 2], B, is contained in B} (see [6, §5.3]). It consists of the set:
121 <jp < <jr 21

e, Qej, X Qej, (except that (jim, jm+1) = (0,0) is allowed)
and if j; = ji for some k,l, then (k+7r+1—1) < j.

(See [6, §5.3]). We shall now describe a recursive algorithm which, for each b € B,., will produce

a sequence i1, 1,... ,ik, as in Section 3, such that b = F; F}, - - - F;, x7.

An Algorithm for Type B

Suppose b = ¢e;, @ ej, ® --- ® e, € By, and suppose that b # z1. We have 71 = e1 Q@ e2 ® --- @ e,
since each Ej kills this vector. Suppose we have defined a sequence for all crystal basis elements
of this form with smaller sum Y ._, v(js) (where y(1) = 1,v(2) = 2,... ,y(n —1) =n —1,%(0) =
n,y(n—1)=n+1,v(n—2) =n+2,... ,7(1) =2n—1). Asin case A, we say that e;,, is movable
in b if there exists ¢ € [1,n] such that Eiejm is not e;, for any s and is not zero. Note that by
condition (5) of Definition 2.2, Eiejm lies in By U{0}. At least one e;,, is movable in b since b # z7.
Let e;,, be the vector in b with m minimal such that e;, is movable. We call this the leftmost
movable vector in b. Let ¢ be the label on the edge to the left of j,, on the crystal graph. So, if
Jm € [L,n—1], 4= jm —1,if j,, =0, i =n —1 and if j,, = j for some j € [1,n — 1] then i = j. We

shall consider the element Eib for this value of .

Note that, if k£ € [1,n—2] then in By, e and x4 are of type uy for k, ex1 and e, are of type u_
for k, and all other e,’s are of type ug for k. For n — 1, e,,_1 is of type uy, eg is of type ug, e, =7 is

of type ug and all other e,’s are of type ug. Recall that in Kashiwara and Nakashima’s description
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of the way the operators EZ and ﬁz act on the crystal basis (see Proposition 2.8), elements of type

u1, u2 and us are replaced by uy ® uy, u— ® uy and u_ ® u_, respectively.

The following are clear, using the fact that e;,, is the leftmost movable vector in b:
If ¢ # n — 1, the only possibilities for the i-reduced form of b are u_, u_ ® uy and u_ ® u_.
We eliminate the possibility of i-reduced form u; ® u_ by using the domino argument — see the
definition of the algorithm for type C, near the start of Section 5. If i =n — 1 then j,, =n — 1 or
0. If it is n — 1 there can be no ey’s in the expression for b and, again using the domino argument,
we see that the only possibility for the i-reduced form of b is u_ ® u_. If j,, = 0 then e,,_; cannot
occur in b, as ej,, is movable. If e;, ®ej, 11 ®@---®ej, = eg®eg® - -+ X eg then the i-reduced form
of bis u_ ® uy. Otherwise, the expression for b includes ey ® - -+ ® ey ® ey for some k # 0 (where
the first e is €j,,). If k # n —1 then the i-reduced form of b is u— ® uy. If k = n —1 then the
i-reduced form of b is u_ ® u_. So, overall, the only possibilities for the ¢-reduced form of b are u_,
u_ @ uy and u— ® u_. Following the steps through in Proposition 2.8, we see that El-b is not zero

and has i-reduced form as follows:

‘ i-reduced form of b | i-reduced form of E’ib

(a) U_ U
(b) U_ @ ug Ut @ Uy
(c) U @u_ U_ @ ug

Since applying E; tob replaces an eg in b with a vector with suffix further to the left in the
crystal graph, that is, smaller in the given total order, Eib has smaller sum »_._; ¥(js), so we have
already defined a sequence for it by assumption, say El-b = EIEQ e Ekﬁ and therefore we have

a sequence for b given by b = EEIEQ - Fy, o7, using condition (6) of Definition 2.2.
Example We consider the case B3 when r = 3 and take the crystal basis element b = ¢;, ®e;, ®e;, =

e ® eg ® eg. For the first step, the leftmost movable vector is e, as Eg(e()) = e3. The algorithm

tells us to apply E3, which takes b to eg ® eg ® eg. Here is a summary of all the steps:
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Step | Leftmost movable | Kashiwara b i-reduced

vector operator, EZ form of b

1 €o FE3 ep®ey ez | U @u_

2 €o E3 ep®ey®ey | u— @ uy
3 es E’g e3 ® ey ® e U_
4 es E’l es ®ep R ey U_

) €o E3 e1®ey®@ey | U— @ ug
6 €3 EQ e1 ®e3 X eg U_

7 eo Eg e1Rex®ey | uU— Duy

b = F3F3FyFy F3F>F3r7. (Note the similarity of this example to the example in type Dy given in

the previous section; see Proposition 7.3 for more details).

We claim that these sequences will satisfy the requirements of Section 3. Suppose b € B,., and
€ [1,n]. Then, by [6, 5.3.2], F’f’b = 0. Therefore, as the algorithm never produces zero (it always
generates an expression for an element of B,.), condition (1) (in Section 3) is seen to hold. We shall

need the following lemma for the type B case:

Lemma 7.1 Fiz i € [1,n]. Define the following map m on formal tensors in us, u— and wuyg.
Firstly, put w(uy) =1, 7(u_) = —1 and 7(ug) = 0. Ifu! @ u? @ --- @ u® is a formal tensor in u,,
u— and ug, put T(u! @u* @ - @u) = > =1 m(u?). Suppose nowb =ej ®ej, @+ Qej, € B, has
weight v and i-reduced form ! @ u? @ -+ @u®. Letc = (! @ u? ® --- @u®). IfV' €V, has the

same weight as b, then K;b' = v°b'.

Proof: Let t = t; ® to ® --- ® t, be the formal tensor obtained from b by replacing each ej, by
tr, where ej, is of type tj for i (so tj could, for example, be uy ® u4). Then 7(t) = ¢, since in
obtaining the i-reduced form from ¢, only ug’s and pairs uy ® u_ (upon which 7 takes the value
zero) are removed. The weight of b’ is the weight of b and therefore is the sum of the weights of
the vectors e;,ej,,... ,e;.. Let v, be the weight of e;, , k =1,2,... ,r. Each e;, is of type t;, for ¢
and therefore by Remark 3.2, (vg, of) = m(t;). Therefore, as v =3, vk, (v, o)) = 7(t), whence,

by Remark 3.2, K;b' = v™ (¥ as required, since 7(t) = ¢. O

Condition (3) of Section 3 holds for the B,,_; case; the argument given for case C,, goes through

in the same way, using the above lemma.
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Now suppose that b =ej, ®ej, ®---®e¢;. € B, and b= ﬁz& EQ e Ekﬂ is the expression for b
given by the algorithm, with ¢,, distinct from its neighbours. The only way for this to happen is for

F;, ., ---F;, 71 to have i,-reduced form uy, uy ® uy or u_ ® uy. (Note that Fy Fy, ., --- Fy, 77 is

u+1 u+1

a crystal basis element that the algorithm specifies we should apply to E‘iu to as a first step. The
- F, 7))

table above tells us the only possible 4,-reduced forms of F’iu 1

We show that the case u_ ® uq cannot occur. Let e;,, be the leftmost movable vector in

Eu Eu PREE Ekﬁ Note that because e;,, is a leftmost movable vector, it cannot correspond to the

second u_ in the i,-reduced form u_ ® u_ for ﬁzuﬁz e Eka, so suppose that it corresponds to

u+1

the first u_. Then (by Proposition 2.8(c)), applying E;, to ﬁquiu+1 e Eka does not alter e;,, —
it is the vector corresponding to the second u_ which is altered. Therefore e;,, is also the leftmost

movable vector in ﬁ’l Ekﬁ Thus, according to the algorithm, we must have i, = 2,41,

u+1

contrary to assumption, so this case cannot occur. There is one other possibility arising here, that
doesn’t arise in the type C,, case. We may have that i, = n — 1 and that u_ ® u_ corresponds to

e;—7- Note that as i, = n — 1 we only have to consider appearances of e,,_1, ¢y and e;—; all other

possibilities are of type ug for n — 1. We are therefore in the case when a subsequence of the form

e)®eg® - ®ey®ey—y occurs in I F . -+ F;, x1, with no occurrence of e,_; and possibly no

u+1

eo’s. (If e,—1 appeared, the i,-reduced form of Euﬁz . ﬁzka would not be u_ ®@u_.) According

u+1
to the algorithm, we must again have i, = i,41 = n — 1 (following the steps through), contrary to

assumption.

Therefore all of the conditions we required of the algorithm in Section 3 are satisfied and we

have proved:

Theorem 7.2 (Type B) Let (L., B;) be a crystal basis for V,. as in Theorem 2.3. Suppose that
b€ B, and let b = ﬁfll ﬁ};? e ﬁf:ﬁ be the expression given by the algorithm above, with equal ﬁj s

adjacent in the product gathered together. Let b = ﬁfll ]?’;"22 e F;:xl. Then b = Fj(fl)Fj(;Z) . Fj(:“)xl

and b is the canonical basis element corresponding to b. O

We now look at the connection with D,. Noting the crystal graph for the basic module
in case D, (see the start of Section 6), we make the following definitions: define the map § :
{1,2,... ,n,1,2,... ,mn} — {1,2,... ,n—1,0,1,2,... ,n—1} by 6(m) = m if m # n or m, and
d(n) = 0(m) = 0. This map takes the vertices of the crystal graph for the basic module in case D,,

to those of the crystal graph for the basic module in case B,,_1. For a map which operates similarly
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on the edges we use 5: {1,2,... ,n} — {1,2,... ,n — 1} which takes 1,2,... ,n — 1 to themselves,
and n to n — 1. Let L, be the r-th fundamental module in case D,,, with highest weight vector yi,
and crystal basis element of highest weight, 1. (Here we are always referring to the crystal bases

as in Theorem 2.3).

We would like to see a connection between the bases in L,, the module in type D,, and V,,

2
the module in type B,,_1. Note that the dimension of L, is < : ), while the dimension of V, is

only ( QnT— 1 > (see [1, Table 2,p214]), so L, has more crystal basis elements than V,, and we

can’t get a one to one correspondence. In this case, what happens is that we can get a crystal basis
element for V,. from every crystal basis element for L, but there will be some duplication; we should
restrict to taking one crystal basis element from each orbit of a certain involution o of the crystal
basis of L, (see below). The following Proposition describes exactly what happens, and also the

corresponding results for the canonical basis.

Proposition 7.3 Suppose that EIEQ e Eky/] =ej, Vej, R - ®ej is a crystal basis element,
as generated by the algorithm, for the module L, in case D, (we use the notation from Section 6
except that we denote the type D, fundamental module by L,). Then ﬁﬁ(il)ﬁﬁ(iz) . "ﬁb(ikﬁi s a
crystal basis element for the module V, in case B,_1. Furthermore, every crystal basis element
in V. arises in this way. Similarly, if Elﬁi? e f‘ikyl 18 the corresponding type D, canonical basis
element (so Elﬁi? e f}kyAl satisfies the above restrictions), then ﬁﬁ(il)ﬁﬁ(m) e ﬁ@(ik)azl lies in the

canonical basis for V, in type B,_1. Each canonical basis element for V. in type B,_1 will arise in

this way.
The involution o of {1,2,...,n,1,2,... 0} which swaps n and T but fives everything else
induces an involution on the crystal basis for L, in case D,, by taking e;, @ ej, ® --- @ ej, to

o(j1) @ €o(jn) @ ** @ €5(j,y. Moreover, a(b) always lies in the crystal basis if b does. Also, if
b€ L., band o(b) will give rise to the same type By,_1 crystal basis element. If we repeat the above
starting only with one element from each orbit of o (each orbit is of the form {b} or {b,o(b)}), each
crystal basis element in type B,_1 will arise exactly once. Similarly, if we start with the subset
of the canonical basis in type D, corresponding to this subset, we shall obtain each element of the

canonical basis in type B, _1 exactly once.

Proof: Before giving the proof, we give an example of the duplication mentioned above. Suppose
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that n = 3 and r = 1, and consider the crystal basis elements e3 and es of L. These both generate

the crystal basis element ep = e5(3) = €573 of V1.

Using the notation in Section 6, let e;, ® ej, ® --- ® e;. be a crystal basis element for L, in
type D,,. It follows from the definitions given above for the crystal bases in types D,, and B,,_1 that
€5(j1) @ €5(ja) @ - - - @ e5(j,) is a crystal basis element of V. in case B,,_1. (Note that the restrictions
given in the descriptions of the crystal bases are very similar). It is clear that every crystal basis
element of V,. will arise in this way, and exactly once if we use the subset in the proposition. (Note
that §(n) = 6(m) = 0). The statements in the proposition about crystal bases will follow from
the fact that if E; is a Kashiwara operator in case D and the definition of the case D algorithm
specifies we should apply E;to b = ej; ®ej, @ -+ @ej, to get ey, ®ep, -+ @ ey, then the
case B algorithm specifies that we should apply Eg(i) to 0" = es(j,) ® €5(4,) @ -+ @ eg(j,) to get
€s(ky) © €5(ky) © *+* @ €s(k,)- We shall now verify this fact. The algorithm in case D was defined

exactly so this would happen.

Let ej,, be the leftmost movable vector in b. We consider the four cases separated out in the

definition of the algorithm for case D,,, and check that this is what happens in each case.

Case (I): Suppose that j,, = n — 1 and that neither e, nor e; occurs in the expression for b. The
type D,, algorithm specifies that in this situation we should apply Fvn_l to b, and this changes
e;—1 to em. Since neither e, nor em occurs in the expression for b, b* is the same expression
as b. Again ej,, is the leftmost movable vector in b* and the type B,_; algorithm specifies
we should apply En,l = E’ﬁ(n_l) to b* and this changes e, —7 to ep, that is, €sm=1) 1O €s(n)

which corresponds exactly to what the type D algorithm did to b.

Case (II): Suppose that j,, =7 and the expression for b immediately after e;, (including e;,,) is
of the form:

ep®ep Q- RQexg ey e,

where ez ® e, appears at least once in the expression. The type D,, algorithm specifies that we
should apply En—l to b, and this changes ez®e, ®- - -Qez®e, Ve— to eg®e, X - -Reg®e, Regy.
The corresponding part of b* is eg®eo®- - -®eg@eg®e,—7, with one e corresponding to each e,
or e;. The type B),,_1 algorithm specifies that we should apply En_l to b*, since eg will be the
leftmost movable vector in b*. Note that e,,_1 cannot appear in b as ez is movable, so it cannot

appear in b* either. The result after applying En,l to b is egReg® - - -RegRep, with one extra
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eo- That is, e5m)®es;m)®- - “®esm)@es(n) Desm=T) becomes e5(m)®€5(,,) & + *®€5m)Des(n) DEs(m) 5
which corresponds exactly to what the type D algorithm did to b.

Case (III): Suppose that j,, = n and the expression for b immediately after e;,, (including e;,,) is
of the form:

€n®€ﬁ®"'®€n®eﬁ®€m,

where e, ® e appears at least once in the expression. We argue in a similar way to case (II).

Case (IV): Suppose that none of the above cases occur. In this case there is a unique ¢ such that
Eiejm is not zero and is not e;, for any k, and the case D,, algorithm specifies that we should
apply this EZ to b, which changes e;,, to Eiejm. It is clear that es;,,) will be the leftmost
movable vector in b*. So the type Bj,_1 algorithm specifies we should apply EZ-/ to b*, where
i’ is the label on the edge immediately to the left of §(j,,,) on the crystal graph for the basic
module in type By,_1. It is clear, from the definitions of § and (3, that we must have i’ = (7).
Suppose first that jn,, € [L,n — 1]. Then E; (in type D,,) takes ej,, to ej,—1 in b and Ey
(in type By—1) takes e;,, to ej, 1 in b* (that is, it takes e;;,.) to €s(j,,—1y). A similar thing
happens when j,, = j for some j € [1,n — 2]. If j,, = n — 1 then e,_1 cannot occur in b (by
the domino argument). Since we are not in case (I), (II) or (IIT), we must have j,,—1 =n or
n. We have i = n — 1 in the first case and ¢ = n in the latter. In the first case e, ® e,—¢
becomes e, ®ex in b. In b*, we have eg ® e;;—; which becomes eg ® eq after applying EZ-/, which
corresponds to this; the second case is similar. Finally, suppose j,, = n (the case j,, = 7 is
similar). After e;,, (and including it), b must look like e, R ez @ - - - @ ), ® e (with or without
the en at the end), and after this there is no e;—y since we are not in case (III). We have
1 =n—1and in b, EZ takes €, Rezp® - e, Qem to 1 VegRe, Ver - ® e, ® ex (with
or without the ez at the end). The corresponding part of b* is eg ® ¢g ® -+ R eg, i =n — 1,
and EZ-/ takes eg ®eg - Reg to e,_1Qey® -+ ®eg in b*, which corresponds to what happens

in the D,, case.

We have shown that the statement regarding crystal bases is true, and the statement about canon-

ical bases follows from the statement about crystal bases and Theorems 6.1 and 7.2. O

This paper was written while the author was supported by a grant from the Engineering and
Physical Science Research Council, and supervised by Professor R. W. Carter at the University of

Warwick.
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