CANONICAL BASES FOR THE MINISCULE MODULES OF THE
QUANTIZED ENVELOPING ALGEBRAS OF TYPES B AND D

1 Introduction

Let g be a finite-dimensional semisimple Lie algebra over C, and let U be the ¢-
analogue of its universal enveloping algebra defined by Drinfel’d [3] and Jimbo [5].
According to [7, 3.5.6, 6.2.3 & 6.3.4], for each dominant weight A in the weight
lattice of g there is an irreducible, finite-dimensional highest weight U-module V()
with highest weight \. Kashiwara [6] and Lusztig [7, 14.4.12] have independently
shown the existence of a certain canonical basis B(\) for V/(A). For 1 <r < rank(g)
let w, be the r-th fundamental weight (see §§2 and 3 for the numbering of the
Dynkin diagrams we are using). Suppose that g is of type B,—1 or D,, (n > 4). In
the former case, fix r = n — 1, and in the latter case, fix r € {1,n — 1,n}. Let V,
be the fundamental U-module V' (w,). Then V; is miniscule (see [1, VIIL,§7.3]). Let
WT be the set of distinguished left coset representatives in the Weyl group W of
g with respect to the parabolic subgroup W, generated by all of the fundamental

generators si, Sa, ... ,S, of W except s,.

In this paper we show that there is a natural correspondence between W™ and
the canonical basis of V.. In §2, we concentrate on the D,, case. We examine the
set W7 in detail and prove some properties of reduced expressions for its elements,
which enable us to define a natural map ¢, from W" to U™, the minus part of U,
which takes elements of W to monomials. This is extended to an injective map
¥ from W7 to V, whose image turns out to be the canonical basis of V.. In §3, we
prove similar results for V,,_; in the type B,,_1 case, in a similar way. However in
this case we first list the elements of W~ explicitly in order to prove properties
for reduced expressions for them. This approach could have been used in cases A

and D but was not necessary.

Note: Since completing this work, the author has learnt that in [7, 28.1], Lusztig



proves a theorem which provides a description of the canonical basis for miniscule
modules. It can be seen that the above bijection is a special case of this. Here,
we provide an alternative proof, and the canonical basis is made explicit. Along
the way, various results about W" and V,. are shown which are both interesting in
their own right and give reasons why the correspondence described above should

be true. We now go into more detail.

We use the treatment in [7, §§1-3]. Let g be a semisimple Lie algebra of type B,,
or D, with root system ®, simple roots oy, s, ... ,ay,, and Killing form (, ). Let
hi,ha,... , hy be a basis for a Cartan subalgebra h of g, satisfying (h;, h) = o (h)
for all hin h and all i € I = {1,2,... ,n}. Let Y be the Z-lattice spanned by
hi,ho,...  hy. Let wi,wo,...,w, be the fundamental weights of g, defined by
wi(hj) = 0;;, and let X be the Z-lattice spanned by them (the weight lattice). Let
d be the minimal positive integer so that d(cy, o) is always an integer and d(cy, o)
is always even. If the largest common factor of the d(a;, ;) and the 1d(ay, a;) is
not 1, then replace d by d divided by this highest common factor. We then define
i-j to be d(oy,a;) for each i,j € I, so (I,-) is a Cartan datum as in [7, 1.1.1]. For
w €Y and A € X, define (i, \) to be A(p). Define an imbedding of I into Y by
i — h; and into X by ¢ — «; for all ¢ € I. We then have a root datum of type
(I,-) asin [7, 2.2.1], with (h;, o) = a;j(h;) = Aj;j the corresponding symmetrizable
Cartan matrix. For each ¢ € I, we define d; to be the integer %d(ai,ai). Then
diAij = %d(ai,ai) (2(%’%)) = d(w, o) for each 4,7 € I, and is thus a symmetric

(ai,ai)

matrix over Z.

Let Q(v) be the field of rational functions in an indeterminate v, and A C Q(v)
the ring Z[v,v~!]. For N,M € N and i € I we put v; = v% and define the following
(which all lie in A):

UN —fu._N
M= St N = VLN - 2|

M [M];

= Al asr AAle
N ] [NJ;[M — NJ;
These are referred to as quantized integers, quantized factorials and quantized

binomial coefficients, respectively. If v is specialized to 1 they specialize to the

usual integers, factorials and binomial coefficients.

We define the quantized enveloping algebra U corresponding to the above data
(asin [7, 3.1.1 & 33.1.5]) to be the Q(v)-algebra U with generators 1, Ey, Es, ... , Ey,,
Fi,F,... ,F,, and K, for p € Y, subject to the relations: (for each 4,j € I and



p, ' €Y)
KKy = Ky,
K,E; = v WEK,,
K, Fi=v *“WEK,
Ki— K; !
V] — U,

2

E;F; — F;E; =0, i#j,

> = [ : ‘p/A"j ] EVEEY =0, i #],

ptp'=1-Ay

I Y P / L
> (=P [ o ] FPEFY =0, i#j,
ptp'=1—Ay; ¢

EF; — F;E; =

(where, for i € I, we put K; = Kg,p, and f(z._l = K_g4,;5,). In the last two

summations, p and p’ are restricted to the non-negative integers.

We make the following definitions (see [7, 3.1.1 & 3.1.13]). For M € N, and
i € I, we put EZ(M) = EM /[M]}, and Fi(M) = FM/[M]., which are called divided
powers. We also put K; = K}, and Kfl = K_j, for i € I. Let Uy be the A-
subalgebra of U generated by the elements Ei(N),Fi(N), K, fori eI, N € Nand
pu €Y. Tt is called the integral form of U. Let U be the Q(v)-subalgebra of U
generated by the E;, ¢ € I, and Uj{ the A-subalgebra of U generated by EZ(N),
i€ I,N € N. Let U™ be the Q(v)-subalgebra of U generated by the F;, i € I,
and U, the A-subalgebra of U generated by Fi(N), i€ I,N € N. Let U° be the

Q(v)-subalgebra generated by the K,, p €Y.

Let W be the Weyl group of g. So W is the group:
W= <817827"' » Sn | 812 = 1?(8i8j)mij =1 (,L 7&])>

where m;; = 2,3,4,6 if A;;Aj; = 0,1,2,3, respectively. For r € I, let W" be the
set of distinguished left coset representatives of the parabolic subgroup W, of W
generated by {si1,s2,...,s,}\ {sr}.

Let XT C X be the set of dominant weights, i.e. those of the form Ajw; +

Aowg + -« + + Apwn, € X where wy,ws, ... ,w, are the fundamental weights of g and



A, A2,..., A, € N. If L is a U-module, x € L and A € X, we say that = has
weight X if K,z = v Mg for all € Y. We call the subspace of L consisting of
all of the elements of weight A\ the \-weight space of L. As in [7, 3.4.1], we restrict
our attention to U-modules which are direct sums of their weight spaces. We say
that z € L, x # 0, is a highest (respectively, lowest) weight vector if x has weight
A, for some A € X, E;xz = 0 (respectively, Fyz = 0) for each i € [ and U "z = L
(respectively, Utx = L). Such a vector is uniquely determined up to a non-zero
scalar multiple. We say that L is a highest weight module with highest weight A if
it contains a highest weight vector of weight A. Let A = Ajwy 4+ Aowo + - - - + Apwy,
be a dominant weight. We follow the construction in [7, 3.4.5 & 3.5.6]. Let J
be the left ideal of U generated by the elements E; for ¢ € I and the elements
K, — vAW) for i € Y. Then the map from U~ to U/J taking = € U~ to x4 J is
a Q(v)-vector space isomorphism, which can be used to transfer the left U-module
structure of U/J to U~. The resulting U-module we denote by M ()); it is the
called a Verma module. Let T'(\) be the left ideal of M(\) (as a Q(v)-algebra)
generated by the elements Fz-’\ﬁl, for i € I, and let V(\) be the quotient module
M(X)/T(X\). Then, by [7, 6.2.3 & 6.3.4], V(A) is an irreducible, finite-dimensional
highest weight U-module with highest weight A, unique up to isomorphism. We
fix x1 as the image of 1 € M (A) under the natural map from M (A) to V(A). Then
x1 is a highest weight vector for V/(\). If A and )" are any two distinct dominant
weights, then V(\) and V(\') are not isomorphic (see [7, 6.2.3(b)]). It is known
that V(\) is the direct sum of its weight spaces (see [7, 3.4.1 & 3.5.6]). We also
write V(A)4 = U, z1, the integral form of V(A) (see [7, 19.3.1]). For p € Y, we
have K,V (A4 € V(A)a, since K, always acts as an integral power of v on an
element in a weight space and V() 4 is the direct sum of its weight spaces (see [7,
19.3.1]). Therefore, by [7, 19.3.2], V(A)a is a Us-module. For each r € I we
denote by V, the module V(w,) with highest weight w,. This is called the r-th

fundamental module for U.

2 The Canonical Basis of the Miniscule Modules in
Case D.

Throughout this section we assume that g is of type D,, and that r € {1,n—1,n}.
We recall here the Dynkin diagram of type Dy:



The V, with 7 in this set are the only miniscule modules in type D,, (see [1,
VIIL,§7.3]). We note that [W1| = 2n, [W"~1| = [W"| = 2771 and that this is also
the dimension of V. over Q(v) in each case. We also note that if s;,s;, - -+ s;, is a
reduced expression for an element w € W\ {1} then s; w = s;, ---s;, € W". This

follows immediately from the fact that
Wr'={weW :lws;) >Llw)Viel, i#r},

where ¢ is the standard length function on W. We shall need the following;:

Lemma 2.1 Suppose that s;, si, -+ - 8;, = Sj,5j, -+ 85, are two reduced expressions
for an element w € W. Then there exists a finite sequence of braid relations which,

when applied to the first expression, in order, gives the second.

Proof: This result is due to Matsumoto; see [2, 64.20]. O

The following lemma is a key step in pinning down the elements of W".

Lemma 2.2 Suppose s, i, -+ Si, 15 a reduced expression for an element w € W"

of length at least 3. Then, in the list i1,140, ... 13, there is no sequence p,q,p with
Apg = —1. So no long braid relation spsys, = 545,54 can be applied directly to this
exXPTession.

Proof: We prove this in the same way as in type A (see Lemma [8, 2.1]). By
the above remarks we can suppose that w = sp545psi, ... si, (and try to get a

contradiction).

By [4, pl4] we see that the following positive roots are all sent to negative roots



pr = SigSiy_1 7" 8i48p8q(ap)’
Bo = SigSip_1 7" 8i48p(QQ)7
pBs = SitSig_1 """ Siy (ap)'

Since spsq(p) = aq and sp(ag) = ap + g, it is easily seen that 51 + B3 = [s.
However, we know that for ¢ # r, w(a;) > 0 while w(a,) < 0. Hence if « is any
positive root made negative by w, the coefficient of a,. in the expression of a as
an integral combination of fundamental roots should be at least 1. We claim that
by the structure of the root system of type D, this coefficient must be 1. The Lie

algebra is of type D,,, so the positive roots are given by:

Qi+t ajog; i< g,

ai—|—---—|—an_2—|—an+aj+"'+an—1; Z<]7

(by [9, §2.14,p78]). Observing these, one can see that the coefficient of vy, a1 or
ay, is always at most 1, so the claim is shown. It is now clear that that the above
situation cannot occur, since necessarily the coefficient of o, in G is 2. We have

a contradiction and the lemma is proved. O

We return now to the fundamental modules V., » = 1,2,... ,n. If x1 is our
fixed weight vector in V., it is clear from the definition of V' (\), that in V., we
have Fyz; = 0 if i # r and F2x; = 0.

Lemma 2.3 Suppose that £ = FZ-QEIEQ <+ F;,, e U™. Then £xq = 0.

Proof: We start with the case when » = 1. Let €1,¢9,...,&, be the coordinate
functions on the Cartan subalgebra h of the Lie algebra consisting of the diagonal
matrices contained in the Lie algebra as in [9, §2.14]. These form a basis for h*. The
following information can be found in [9, §§2.14 & 3.6]. The fundamental weights
are \; =1 +eg+--Fegforl <i<n—2, A1 = %(51 +eg+--+ep_1—¢ep) and
Ap = %(51 +eg+---+ep_1+¢e,). The fundamental roots are given by o; = g;—¢€;41,

fori € [1,n — 1], and o, = €51 + . The weights of V; are given by

{£e1,xea, ..., Len}.



Suppose that £x1 # 0 in V4. Then, because of its monomial form, it is a weight
vector of Vi, and has weight +¢j for some k € I. Suppose first that ¢ € [1,n — 1].
Then o; = g; — gi41. If FZ?FZ-lFi2 .-+ Fj, 21 # 0 then it is a weight vector of V; of
weight —2q; e, = —2¢;+2¢;41 £ & which is not a weight of V; — a contradiction.
Suppose next that ¢ = n. Then o; = €,_1 + &,,. If FZ?File-2 -+ Fj,x1 # 0 then it
is a weight vector of V; of weight —2«a; + ¢, = —2¢,_1 — 2¢,, &+ & which is not a

weight of V; — a contradiction. We are forced to conclude that £z = 0.

We next consider the case 7 = n. (The case r = n — 1 is very similar.) In this
case the weights of V,, are precisely those sums of the form i%sl + %52 +...£ %En
with an even number of minus signs (see [9, §3.9]). Suppose that £z; # 0 in
Vn. Then F; F;, --- F;,x1 # 0 and therefore (as it is of monomial form) it has
weight of the above form. But then —2a; = —2¢; + 2,47 (if ¢ € [1,n — 1))
and —2a; = —2¢,_1 — 2¢,, (if i = n) so it is clear that —2q; plus the weight of

F, F;, --- F;,x; is not a weight of V,,, whence {z; = 0 and we are done. O

Lemma 2.4 Suppose that { = F;, Fy, -+ F;, € U™ is a monomial (witht > 3) such
that in the list i1,19,... ,1; there is a sequence of the form p,q,p with Apq = —1.
Then Fy Fy, --- Fy,z1 = 0.

Proof: Without loss of generality we can assume such a sequence occurs at the
-+« Fy,xy =0 for some k£ > 1 then F; F, --- Fj,x1 = 0. Since
Apq = —1 the following relation holds in U~:

start, since if Fj, F;, .,

2 2
FPF, — F,F,F, + F,F{Y =0.

Therefore we have

Fy.F,, - Fyry = F,F,F,F, - F, x
- Fp(Q)Fsz‘4 O Fqu(Q)E4 o
= 0,

by Lemma 2.3, as required. O

It is clear from Lemmas 2.3 and 2.4 that if £ = F} F}, - -- F}, is any monomial

satisfying £x1 # 0, then £ must satisfy the following conditions:



(a) We have F;, = F,. Also, after any commuting of F;’s, the expression for &

must still end in F,.. This is clear from the action of U~ on z;.

(b) There is no way of commuting F;’s to get a subsequence of the form p,p in

the list i1,179,... , 4.

(¢) There is no way of commuting F;’s to get a subsequence of the form p,q,p

with A,y = —1 in the list 41, %2,... , .

We now define a map ¢, : W" — U~ in the following manner:
Suppose that w = s;,5;, - - - 8;, is a reduced expression for an element w € W". We
put:

or(w)=F, Fy,--- F;, e U™

In particular, ¢,(1) =1 € U~. This map is well-defined: if s; sj, - - - s, is another
reduced expression for w, there exists a finite sequence of braid relations taking
Si1Siy * - Si, t0 8j,8j, - 54, (by Lemma 2.1). By Lemma 2.2, these relations must
all be commutations. By applying the same commutations in U™, we get equality
of F; F;, --- F;, and F}, F}, --- Fj,. The following three results have proofs exactly
the same as in the case when U is of type A (see Lemma 2.6, Proposition 2.7 and
Theorem 2.8 in [8]).

Lemma 2.5 Suppose that & = F; F;, --- F;, is a monomial in the F;’s in U™,
satisfying £x1 # 0. Then & € Im(¢,). O

Proposition 2.6 The function ¢,, defined above, defines a bijection i, from W"
onto a basis B, for V., given by the formula:

If w= 54,5, - 5;, € W" is a reduced expression, put

Yr(w) = ¢p(w)xy = F3, Fy -+ - Fy,xp. O

Theorem 2.7 The basis B, for V, is in fact, up to sign, the canonical basis for

Vi.. So, up to sign, the canonical basis for V, is:
{Fi,Fiy - Fy,x1 : 8§ Siy -+ Si, 15 a reduced expression for an element in W'},

where F; Iy, - - Fy o1 = Fy Fj, -+ Fy,xp if and only if 83,85, -+ i, = 8,555 " 5j,



Examples

(1) The case Dy. In this case we have:
1
W™ = {1, s1, 5251, 535251, 545251, 54535251, 5254535251, 515254535251}
Therefore, in V7,

By = A{x1, Fix1, FoFixy, F3FhyFiay, FyfyFixy, FyFsFFiay, FoF Rl Fix,
F1F2F4F3F2F1$1}.

(2) The case Ds. By calculating W in each case, we have:

Bi = {z1, Fizy, FoFizy, F3FyFixy, FyFsFyFiay, FsF3FoFixy, FsFyFsFyFhay,
F3FsFyFsFoFixy, FoFsFsFyF3FyFixy, FyFy F3Fs FyF3FoFa}

and Bs is given by the following elements:
€1,

Fsxq,
F3F52q,

FyFsFsxy, FuFsFsxq,
FiFyFsFsxy, FyFaFsFsay,
FyFyFaFsFsay, F3FyFoFsFsay,
FsFyFiFoFsFsxy, FsF3FyFoFsFsay,
By FsFyl FaFsFsay, FsPsFyF FaFsFsay,
Fs Yy Fs By i FyFsFsa,

FsFs FyFsFy Py FoF3Fsa,
FyF3Fs o FsFy F1 FoF3Frx.

Note: It is possible to calculate W™ inductively on length, using the fact that if
84, 8is - - 8i, 15 & reduced expression for an element in W, then so is s;, - - - s;,. We
shall see later that in fact B, is the canonical basis for V,. Inspection of these

examples gives us a hint of the general description of W".



Lemma 2.8 For any n, we have:

1 _
w = {1, 81, 8281,... 5 Sp—28n—3°°*S1, Sp—1Sn—28n—3 "+ S1,
$nSn—28n—3°**S1, SpSn—15n—2""*S1, Sp—250Sn—1Sn—2- - S1,

Sp—35n—25nSn—1Sn—2 " S1,... , S152°** Sp—28pSp—18p—2 " 51}

Furthermore, each of these expressions is reduced.

Proof: It is clear that in each of the above expressions the only defining relations
of the Weyl group that can be applied are commuting s,_1 and s,. Therefore,
each expression is reduced, and must end in s; (by Lemma 2.1)) unless it is equal
to 1. Hence if X is the right-hand-side of the above equation, then X C W', The
elements s,,_15,_2---s1 and $,S,_2S,_3 -1 cannot be equal, since if they were
we would have s,,_; = s, (which cannot happen; see [4, Prop. 5.3]). Since they
are the only two expressions of the same length in the list, all of the elements listed

are distinct and we have | X| = 2n = |[W!|, whence X = W' as required. O

The case when r = n — 1 or n is a little harder. We consider only the case
when r = n since the case r = n — 1 is very similar, and can be obtained from
the case r = n by applying the automorphism of W which exchanges s,_1 and s,
and keeps everything else fixed. There now follows a description of an algorithm
which generates elements of the Weyl group W of type D,,. They will eventually

be shown to constitute W™.

For each sequence (of any length £ > 0), 0 < m; < ma,--- <my <n—1, we

construct a sequence zm, mo,..m, as follows: put

ap=n, aa=n—2, a3=n—3, ... ,ap_1 =1,
blzn—l, b2=’fl—2, b3=’fl—3, ,bn,1 = 1.
Define:
Zml,mg,... Mgy e ,amk_Q, ... 5,092,017, bmk_l, e ,bg, bl, amk, ... ,Qa92,07,
SO Zmy ma,....m;, 18 & concatenation of k subsequences, each of the form ay,,, ... ,a2,a;
or by, ..., b2, by, taken alternately. Let wi,, ms,...,m, be the corresponding element

of the Weyl group obtained by replacing each positive integer, d, in the sequence

by the corresponding fundamental reflection sg4.



Example
Suppose we are in case Ds, and choose the sequence 0 <1 <2 <3<4<5—1.
We obtain the following element of the Weyl group:

(54)(s355)(525354)(51525355). (1)

To prove that these elements constitute W™ we shall need the following two

lemmas:

Lemma 2.9 Suppose that i1,1s2,... ,1t 1S a sequence generated by the algorithm,
and that i, = i1 is the second appearance of i1 in the sequence. Then in the set
{im : 2 <m < k—1} there are precisely two i, s such that A;, ;,, = —1. Precisely

which two occur is given by the following table:

TABLE 1
11 ‘ occurrences
2,...,n—3 11— 1 and iy + 1
n—2 n — 3 and exactly one of n — 1 and n
n—1,n 2(n—2)7%

Proof: Note first that it is clear from the definition of the algorithm that the
case i1 = 1 cannot occur. We analyse the elements produced by the algorithm
carefully. Firstly, suppose 1 < i3 < n — 3. For this situation, one occurrence
must be in a subsequence of the form a,,, ...a2a; and the other in one of the
form by, ... bab;. Furthermore, since no ¢; can occur between them we must have
t = s+ 1. We assume that ¢t = s + 1 (the argument in the case t = s — 1 is
similar). The part of the sequence between the two occurrences of i1 is thus of the
form (iy +1)--- (n — 2)n(by,,,) -~ (i1 — 1) since my < myy1, and we see directly
that the lemma holds in this case. Next, suppose i1 = n — 2. The part of the
sequence between the two occurrences of n — 2 must be of the form a1b,,, ... b3 or
biam, - .. a3 for some s. Since n — 2 must appear in the subsequence corresponding
to ms_1, we must have ms;_1 > 2, whence ms > 3 so the ag or b3 does actually
occur. In the former case the lemma holds with b3 = n — 3 and a; = n. In the
latter case the lemma holds with a3 = n — 3 and b; = n — 1. Finally suppose that

i1 = n (the case i; = n — 1 is similar). Then the part of the sequence between



the two occurrences of n is of the form b,, , ...babiay,, ...as. Since here a; must
appear in the subsequence corresponding to ms_o we must have ms_o > 1, whence
ms—1 > 2 and mg > 2, so the ao and by do actually occur. The lemma is seen to

hold in this case with as = by = n — 2. The lemma is proved. O

Lemma 2.10 Suppose that i1,19,. .. ,i: is a sequence of length at least 2 generated
by the algorithm, and that i1 occurs in the sequence in the first place only. Then,
in the set {i, : 2 < m < t}, there is precisely one iy, such that A;, ;,, = —1,

given by the following table:

TABLE 2
11 ‘ occurrence
1,...,n—3 11 +1
n—2 n
n—1 n—2

Proof: Note that the case i; = n cannot occur since the length of the sequence is
stipulated to be at least 2. We consider the various possibilities in the algorithm.
Suppose first that 1 < 437 < n — 3. The subsequence to the right of the last
occurrence of i (including i) must be (i1)(i1 +1)--- (n —2)(n) and we are done
in this case. Suppose next that iy = n — 2. Then the sequence to the right of iy
must be (n — 2)(n) and the lemma holds in this case. Next suppose i; = n — 1.
The sequence to the right of i; then looks like (n — 1)(am, ) ... (az2)(a1) which is
(n —1)(am,) .. (n — 2)(n) and the lemma is seen to hold in this case. We are
done. O

We can now prove the desired result:

Proposition 2.11 The elements Wy, ms,... m, produced in the above algorithm ex-

actly constitute the elements of W™.

Proof: We know that |[W"| = 2=, We check that the number of sequences the
algorithm generates is also 2"~ 1. We use induction on n to do this. The base case is

when n = 4. It is easy to check that in this case the algorithm produces 8 elements



as required. Now assume the result to be true for n. To show the result for n + 1
we need to count the possible sequences 0 < m; < mg--- < my < n. By the
inductive hypothesis, the number of sequences with mj < n — 1 is equal to 2"~ 1.
If my = n (the only other possibility) then 0 < m; < mg--- < mi_1 <n—1so0, as
there is no restriction on k, there are also 2"~ ! sequences of this type, whence the
total number in case Dy4 is 2" as required. By induction we see that [W"| = 2"
forn=4,5,....

Suppose now that 2, ms,.... m, 1S a sequence generated by the algorithm, and

that Wy, mo,...,m, is the corresponding element of the Weyl group, with expression

k
determined by 2, ms,... m,. Then, by Lemma 2.9, between every two occurrences
of the same fundamental reflection s; in this expression there are exactly two
fundamental reflections which do not commute with s;. It is clear that this will still
be true even after commutations are applied to the expression. We conclude that
no subexpression of the form s,s,s, with A,, = —1 or of the form s,s, can occur,
even after commutations are applied. Therefore the expression for Wy, mo,... my
produced by the algorithm must be reduced. Furthermore, by Lemma 2.10, if
s; occurs in the expression (for some i # n), and no s; occurs further on in the
expression, then s; cannot be commuted to the end of the expression. It follows
that, since commutations are the only defining relations of W that can be applied
to the expression (we use Lemma 2.1), every reduced expression for W, mo.,... my
must end with the fundamental reflection s,, (unless wp,; m,,....m, = 1), whence
Winy ma,...,my € W'™. Thus all the elements generated by the algorithm lie in W™.

Suppose that z,, m,,..,m, and Zm), m),...,m; are two sequences generated by the

k

algorithm, with corresponding elements wi, m,.... m, and w,, m! which are

of the

form a,,, - - - aga; must contain exactly one n. Similarly each subsequence of the

romb,...,
equal. Since a; = n and each m, > 1, each subsequence of lzmi,mz,,,,Mk
form by, - - - baby must contain exactly one n — 1. Therefore the whole sequence
contains precisely k occurrences in total of n — 1 and n, and so in total there
are precisely k occurrences of s,_1 and s, in the corresponding expression for
Wiy ma,... mg- Similarly there are precisely | occurrences in total of s,_1 and s,
in the expression for Wit ... m - Since both reduced expressions are equal in
W and commutations are the only braid relations of W which can be applied to
either expression, we have by Lemma 2.1 that kK = [. Comparing the lengths of

the expressions for Wy, my,,... .m, and w,, m! (they must be the same) we see

! !
1:Mgseeey
that mq +mo + -+ + mp=m) + mh+--- +mj. Since 0 <my < mg < -+ < My,

and 0 < mj < mf < --- < mj we must have m; = mj, mg =mb,... ,my = m}.



Therefore, all of the elements produced by the algorithm are distinct. Since there
are |W"| of them and they all lie in W", we conclude that W™ is precisely the set

of elements produced by the algorithm, and the proposition is proved. O

‘We now have:

Corollary 2.12 Suppose that r € {1,n} and that s;, S, - -+ S, is a reduced expres-
sion for an element w € W, and that s;, = s;, is the second appearance of s;, in
the expression. Then in the set {s;,, : 2 <m <k — 1} there are precisely two
fundamental reflections which do not commute with s;,. Precisely which two occur

is given by the following table:

TABLE 8
i1 occurrences when r = 1 ‘ occurrences when r =mn
1,...,n—3 2 (i1 +1)’s i1—1andi; +1
n—2 one each of n —1 and n | n — 3 and exactly one of n —1 and n
n—1,n — 2(n—2)’s

If r =1, we cannot have iy = n — 1 or n; if r = n, we cannot have i; = 1.

Proof: What happens when r = 1 is easily checked directly, using Lemma 2.8.

The case r = n follows from Proposition 2.11 and Lemma 2.9. O

Corollary 2.13 Suppose that r € {1,n} and that s;, S, - - - S, is a reduced expres-
ston for an element w € W of length at least 2 with s;, occurring in the expression
in the first factor only. Then, in the set {s;,, : 2 < m < t}, there is precisely one
fundamental reflection which does not commute with s;,, given by the following
table:

TABLE }
3 occurrences when r = 1 | occurrences when r = n
1 — 2
2,...,m—3 i1 — 1 11+ 1
n— 2 n—3 n
n—1 n— 2 n—2
n n—2 —




Proof: Again the case r = 1 is easy to check directly using Lemma 2.8. Note that
the case 17 = 1 cannot occur since the length of the word is stipulated to be at

least 2. The case r = n follows from Proposition 2.11 and Lemma 2.10. O

These two results give us the following useful result about B,.:

Lemma 2.14 Suppose that r € {1,n} and that s;,si, - - - si, is a reduced expression
for an element w € W". Let & = ¢.(w), so {xq is the corresponding element of
B,. Then:

Kiy(Fy - Fyyw1) = vFy, - Fy.

Proof: We use 2.12 and 2.13 in the same way as in the proof of Lemma 2.11

in [8]. O

There is, as in type A (see [8, 2.12]), a converse result, for which the proof is

the same as in type A:

Lemma 2.15 Suppose thatr € {1,n} and that s;,si, - - - si, is a reduced expression
for an element w € W". Let & = ¢.(w), so {xq is the corresponding element of
B,.. Suppose also that K;({x1) = vé€xy. Then FiF; Fy, --- F;,x1 # 0. Equivalently,

8i8i,8ip S, €W O

We put these two results together to get:

Proposition 2.16 Suppose r € {1,n}. If F;, F;, -+ F;,x1 # 0 in V., then

K;(F;,F;, - F,x1) =vF, F,, -+ F;,x1 if and only if F;F; Fy, -+ Fy,x1 # 0. O

Corollary 2.17 Suppose that r € {1,n} and s;, s, - S;, is a reduced expression
for an element w € W7. Let £ = ¢p(w) = Fy, Fy, - -+ F;, and suppose F;, cannot be
commuted to the start of the expression. Then F; Fj, --- ﬁl\u B =0 V.

Proof: See the proof of Corollary 2.14 in [8]. O



We are finally nearing our goal. We shall use the Kashiwara operators, E, for
i €I (see [6, 2.2]). Suppose that V(A) is the irreducible finite-dimensional highest
weight module for U with highest weight A. Fix i € I. Any element x € V() can
be written uniquely x = > i,y Fi(l)xu/, where the x;; satisfy E;z;; = 0 and
Kixpp = vl/xlvl/. We then deﬁ;le_ﬁi(m) = o<i<r Fi(lﬂ):cl,l/.

If b € B,, then by the definition of B, (see Proposition 2.6), b satisfies condition
(1) of [8, 2.15] (which is the corrected version of the first part of [7, 19.3.5]). So,
by [8, 2.15], if b € B, and b = Fj, Fj, - - - Fj, 1 for some ji, ja, ... ,jj in I, then in
fact b lies in the canonical basis. The proof of the following is exactly the same as
that for [8, 2.16]:

Theorem 2.18 Forr € {1,n}, the basis B, for V, is the canonical basis of V,.. O

Lemmas 2.14 and 2.15, Proposition 2.16, Corollary 2.17 and Theorem 2.18 can
all easily be seen to hold for » = n — 1 by similar arguments. Note that it is now
easy to see explicitly what the canonical basis is in each case by using Lemmas 2.8

and 2.11, along with Proposition 2.6 and Theorem 2.18.

3 The Canonical Basis of the Miniscule Module in
Type B

Here we use the above results for the quantized spin modules in case D to prove
similar results for the fundamental module V,,_; (the quantized version of the
spin module in the unquantized case) in case By,_; (for n > 4). This is the only
miniscule module in this case. Throughout this section we assume that the Lie
algebra is of type B,—1 and that W is the corresponding Weyl group. We denote by
W' the Weyl group of type D,,. We recall here the Dynkin diagram of type B,,_1:



Let 71 be our fixed highest weight vector in V,,_1. We have |[W"~1| = 2n—1
since [W| = 2" Y(n — 1)!, W,,_1 is a Weyl group of type B, o and |[W| =
[Wy—1|[W"1|. Note that dimg,)(V,-1) is also 27!, We would like to prove a
result similar to Lemma 2.2 but the same proof will not work (because of the struc-
ture of the root system in this case). Instead we find W™~! explicitly. Firstly we
describe an algorithm which generates a subset of W. This subset will eventually be
seen to be W™, For every sequence of integers 0 < m; < mg < --- < mj <n—1

(of arbitrary length k > 0), define 2y, m,, .. m, to be the sequence:
n—mi,n—mi+1,.... n—1, n—mogn—me+1,... , n—1,...

,n—mp,n—mrp+1,...,n—1,

and Wy, mo,... .m, to be the corresponding element of W obtained by replacing each

positive integer d with the corresponding fundamental reflection sg.

Remark 3.1 The sequences produced by this algorithm are precisely those se-
quences obtained by replacing every occurrence of n with n — 1 in the sequences

produced by the algorithm used in type D, described just before Lemma 2.9.

We need the following two lemmas:

Lemma 3.2 Suppose that i1,1s2,... ,1t 1S a sequence generated by the algorithm,
and that i, = 11 s the second appearance of i1 in the sequence. Then the following
table lists exactly those iy, ’s in the set {in, : 2 < m < k—1} satisfying A;, ;,, # 0:

TABLE 5
11 ‘ occurrences
2,....,n—2 |14 —1andip +1
n—1 n—2

The case i1 = 1 cannot occur.

Proof: This follows straight away from Lemma 2.9 and Remark 3.1. O



Lemma 3.3 Suppose that i1,i0,... it is a sequence of length at least 2 generated
by the algorithm, and that i1 occurs in the sequence in the first place only. Then,
in the set {iy, @ 2 < m <t}, there is precisely one i, such that A;, ;  # 0, and

this is i1 + 1. (Note that the case iy = n — 1 cannot occur here.)

Proof: This follows straight away from Lemma 2.10 and Remark 3.1. O

We can now prove the desired result:

Proposition 3.4 The elements Wi, ms,,... m, produced in the above algorithm ex-

actly constitute the elements of W™ 1.

Proof: By Remark 3.1, it is clear that the algorithm generates 2"~ ! elements,
which is the number of elements in W™, Suppose now that Zmi,ma,...,my 1S &
sequence generated by the algorithm, and that wy,, m,, .. .m, is the corresponding
element of the Weyl group, with expression determined by 2, ms,...,m,. Then, if
i #n—1, by Lemma 3.2, between every two occurrences of the same fundamental
reflection s; in this expression there are exactly two fundamental reflections which
do not commute with s;. It is clear that this will still be true even after commuta-
tions are applied to the expression. We conclude that no subexpression of the form
SpSgsp with ApqAg, = 1 or of the form sps, can occur, even after commutations
are applied. Also, by Lemma 3.2, between every two occurrences of s,_o in the
expression there must be an s,_3. Thus there can be no subexpression of the form
S1—281—-151—28n—1 OT Sp—1Sn—928n—1Sn—2. This will be true even after commuta-
tions so we conclude that no subexpression of the form s,s,s,5, with A, A4, = 2
can occur, even after commutations are applied, since in this situation we must
have {p,q} = {n — 2,n — 1}. Therefore the expression for wy,, m,.... m, produced
by the algorithm must be reduced. Furthermore, by Lemma 3.3, if s; occurs in the
expression (for some i # n— 1), and no s; occurs further on in the expression, then
s; cannot be commuted to the end of the expression. It follows from Lemma 2.1,
since commutations are the only defining relations of W that can be applied to the

expression, that every reduced expression for wi,, ms,...,m, must end with the fun-

k
damental reflection s,,—1 (unless Wy, my....m, = 1), whence W, mo.... m, € wn—1,
Thus all the elements generated by the algorithm lie in W"~!. The argument used

in Proposition 2.11 can be used to show that all of the elements generated by the



algorithm are distinct, except that instead of counting occurrences of n — 1 and n

together we just count occurrences of n — 1. The proposition follows. O

Corollary 3.5 Suppose s;, i, - - 8i,Sr 15 a reduced expression for an element w €
W=t of length at least 3. Then, in the list i1, s, ... , i, there is no sequence p, q,p
with ApgAgp = 1, nor any sequence p, q,p,q with ApgAq, = 2. So no braid relation
of the form s,545, = 5¢5psq or of the form sps.spsq = s¢5p545p can be applied

directly to this expression.

Proof: This follows from Proposition 3.4 and its proof. O

Next we have:

Lemma 3.6 Suppose that & = F; F;,---F;, € U™ is such that in the sequence
i1,19,... ,1¢, there is a subsequence of one of the following forms:

(a) a subsequence p,p,

(b) a subsequence p,q,p with ApqAg =1,

(¢) a subsequence p,q,p,q with ApgAgp = 2.

Then £Ex1 =0 in V,_1.

Proof: Let £1,¢e9,... ,6,-1 be the coordinate functions on the Cartan subalgebra
h of the Lie algebra consisting of the diagonal matrices contained in it as in [9,
§2.14]. (Note that here the rank is n — 1). These form a basis for h*. The
following information can be found in [9, §§2.14 & 3.6]. The fundamental weights
are \; =e1+ea+- -+ for 1 <i<n—2and \y_1 = 3(e1+e2+ - +&,_1). The
fundamental roots are given by «; = ¢&; — €41, for i € [1,n — 2], and a1 = €p—1.
The weights of V,,_1 are precisely the elements of the weight lattice of the form
:l:%gl + %52 +...+ %571_1 (see [9, §3.9]). Asin Lemma 2.2 we can assume the given
subsequence is at the start of the sequence. Suppose the subsequence is of length
u. Then, as F;, \ F;, ., - F,x1 #0, F;  Fj -
weight of V,,_1 and thus of the form j:%sl + %52 +...&£ %f;‘n,l. But the weight of
F Fy, - F,

iy

-+ Fj,x1 has a weight which is a

(i.e. the sum oy, + @y, + - - - + ) for each type of subsequence is as

follows:

(a) =2ep +2ep ifp#n—1, —2e, 1 ifp=n—1,



(b) —2ep +epy1 +epr2if q=p+1, —ep_1 —p + 26p41 if ¢ = p — 1, (these are
the only possibilities for (b)),

(¢) —2ep_1, since we must have {p,q} = {n —2,n —1}.

It is clear that in each case, the weight of F; Fj, --- Fj,x1, which is the weight
of F; F;, --- F;, plus the weight of F; F;

whence Fy, F;, - -+ F;,z1 = 0 in V,,_; and we are done. O

-+ Fj,x1, is not a weight of V,_q,

u+1 u+2

From Lemma 3.6 it is clear that any monomial £ = F;, F}, - - - F;, € U™ satisfy-

ing £x1 # 0 in V,,_1 must satisfy the following conditions:

(a) We have F;, = F,. Also, after any commuting of F;’s, the expression for &

must still end in F,.. This is clear from the action of U~ on z;.

(b) There is no way of commuting F;’s to get a subsequence of the form p,p in

the list ’il,ig, N ,it.

(¢) There is no way of commuting F;’s to get a subsequence of the form p,q,p

with ApgAgp = 1 in the list 41,42,... 4.

(d) There is no way of commuting F;’s to get a subsequence of the form p, ¢, p, q

with ApgAgp = 2 in the list 41,142,... ;.

We can now define a map ¢, exactly as in case D (see just before Lemma 2.5)
and the following results all follow (as in case A — see Lemma 2.6, Proposition
2.7 and Theorem 2.8 in [8]).

Lemma 3.7 Suppose that & = F; F;, --- F;, is a monomial in the F;’s in U™,
satisfying Ex1 # 0. Then & € Im(¢y,—1). O

Proposition 3.8 The function ¢,_1 defined above defines a bijection v¥,_1 from
W1 onto a basis By_1 for V,_1, given by the formula:

If w=8;,8i, 5, € W' is a reduced expression, put

Yp_1(w) = pp_1(w)xy = F Fyy -+ Fj,xq. O



Theorem 3.9 The basis B,_1 for V,_1 is in fact, up to sign, the canonical basis

for Vo—1. So, up to sign, the canonical basis for Vi1 is:
{Fi,Fi,---F;,x1 : 84,8iy---5i, is a reduced expression for an element in W'},

where Fy, Fy, - - - Fy, o1 = F; Fj, - - - Fj,xq of and only if 8,84, - 85, = 85,84, -+ 8j,. O

Example

Remark 3.1 implies that W"~! can be obtained from (W’)" by taking each expres-
sion in turn, replacing each s, with s,_1, and interpreting the resulting expression
as an element of W. Similarly, by Proposition 3.8, Proposition 2.6 and Theo-
rem 2.18, B,,—1 (and thus, it will be seen, the canonical basis for V,,_1) can be ob-
tained from the canonical basis for the n-th fundamental module in type D by tak-
ing each expression in turn as a monomial times x1, replacing each F;, with F,,_1,
and interpreting the expression as a monomial times x; in V,_;. Note that there
will be no duplication during this process, since we have |(W')"| = [W"~!| = 2n~1,
Using this, and the second example given after Lemma 2.7, we obtain that, in case

By, By is given by the following elements:
€1,

Fyaq,
Fs3Fyaq,

FyFsFyxy, FyFsFyxy,
FiFyFsFyxy, FyFoFsFyxy,
FyFyFaFsFyxy, F3FyFoFsFyxy,
FsFyFi Py FsFyxy, FyF3FyFyF3Fyxy,
B3Pyl FaFsFyxy, FuFsFyF FaFsFyay,
FabyFsFyFiFy FsFya,
F3FyFoFsFy by FoFsFya,

F4F3F4F2F3F4F1F2F3F4$1.



Lemma 3.10 Suppose that s;, s;,---si, s a reduced expression for an element
w € W™, and that i, = Si; 15 the second appearance of s;; in the expression.
Then the following table gives those s;, s in the set {s;,, : 2<m <k —1} which

do not commute with s;, .

TABLE 6
11 ‘ occurrences
2,....,n—2 |4 —1andip +1
n—1 n—2

The case i1 = 1 cannot occur.

Proof: This follows from Proposition 3.4 and Lemma 3.2. O

Lemma 3.11 Suppose that s;, s;,---si, s a reduced expression for an element
w € W"L of length at least 2, and that s;, occurs in the expression in the first
factor only. Then, in the set {s;,, : 2 <m <t}, there is precisely one fundamental
reflection which does not commute with s;,, which is s;,+1. (Note that the case

i1 =n — 1 cannot occur here.)

Proof: This follows from Proposition 3.4 and Lemma 3.3. O

Lemma 3.12 Suppose that s;, s;,---si, s a reduced expression for an element

we W™ and € = ¢p_1(w), so Exy is the corresponding element of B,_1. Then:

Kil (EQ o Etxl) = /UEQ to Etdfl-

Proof: We use Lemmas 3.10 and 3.11 in the same way as in the proof of Lemma
2.11in [8]. O

Lemma 3.13 Suppose that s;,S;, - - - S, is a reduced expression for an element w €
Wn=t and &€ = ¢,_1(w), so Exy is the corresponding element of B,_1. Suppose
that K;(x1) = v€xy1. Then FiFy, F, --- F;,x1 # 0. Equivalently, s;S;,Si, "+ Si, €
wnrL,



Proof: We use Lemma 3.7 and argue as in Lemma 2.12 in [8]. O

We put these two results together to get:

Proposition 3.14 If F; F;, --- F;,x1 # 0 in V,,_1, then

K;(F;,F;, - F,x1) =vF, F,, -+ F;,x1 if and only if F;F; F, -+ Fy,x1 # 0. O

Corollary 3.15 Suppose that s; s;, - - s;, s a reduced expression for an element
w € WL Let ¢ = ¢ 1(w) = F; F;, -+ F;, and suppose that F;, cannot be
commuted to the start of the expression. Then F; F;, - - - ZE'; By =0 V.

Proof: See the proof of Corollary 2.14 in [8]. O

Using the Kashiwara operators as in the proof of Theorem 2.16 in [8], we finally

obtain:
Theorem 3.16 The basis B,,_1 for V,,_1 is the canonical basis for V,_1. O

Note that it is now easy to see explicitly what the canonical basis for V,,_; is by

using Lemma 3.4, along with Proposition 3.8 and Theorem 3.16.
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