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MINORS II
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ABSTRACT. Let U™ be the plus part of the quantized enveloping algebra of a
simple Lie algebra of type A, and let B* be the dual canonical basis of Ut.
Let b, b/ be in B* and suppose that one of the two elements is a g-commuting
product of quantum flag minors. We show that b and b’ are multiplicative if

and only if they g-commute.
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Let B* denote the dual of the canonical basis [8], [14, §14.4.6] of a quantized

enveloping algebra of a simple Lie algebra g. Two elements of B* are said to be

multiplicative if their product also lies in B* up to a power of q. They are said

to g-commute if they commute up to a power of q. The Berenstein-Zelevinsky
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conjecture states that two elements of B* are multiplicative if and only if they g-
commute. While Reineke [17, 4.5] has shown that if two elements are multiplicative
then they g-commute, the conjecture is now known to be false: a counter-example
was provided by Leclerc [10], who showed that for all but finitely many types of
simple Lie algebras, there exist elements b € B* whose square does not lie in B*
even up to a power of ¢ (such elements obviously g-commute with themselves).
Such elements are called imaginary; elements of B* whose square does lie in B* up

to a power of ¢ are known as real. We consider the following question:

Question 1.1. Let b, ' be in B* and suppose that b is real. Is it the case that b

and b’ are multiplicative if and only if they q-commute?

Leclerc has made a conjecture [10, Conjecture 1] concerning the expansion of the
product of two dual canonical basis elements, and has remarked that if true, it would
imply that the answer to this question is yes in general. In this paper, we prove
that the answer to this question is yes if one of the two elements involved is a g¢-
commuting product of quantum flag minors (in type A). We note that such products
are known to be real [11]. A key part of our proof involves results concerning
the piecewise-linear reparametrization function Ré, associated by Lusztig to a pair
i, i’ of reduced decompositions of the longest word wg in the Weyl group of g.
Lusztig has defined the canonical basis via the bases of Poincaré-Birkhoff-Witt type
associated to such reduced decompositions, and such reparametrization functions
arise from taking two of the Lusztig parametrizations of the canonical basis. We
show that these functions share some of the properties known to be possessed by the
reparametrization functions arising from string parametrizations for the canonical
basis [1]. In particular we show that if two dual canonical basis elements g-commute,
then their PBW parametrizations (with respect to a fixed reduced decomposition
i) lie in a single PBW i-linearity domain; in other words, if their parameters are
m and m’, then R’ (m + m’) = R (m) + RI'(m’) for all reduced decompositions
i’ of wy. The corresponding result for string parametrizations is already known [1,

2.9]. Such behaviour hints at an explanation for the compatibility of examples in



A MULTIPLICATIVE PROPERTY OF QUANTUM FLAG MINORS II 3

which the canonical basis has been computed explicitly [6], [15], [22] with respect
to linearity domains. As a consequence, we obtain that the set of PBW i-linearity
domains forms a fan in RN, where N is the length of wyg.

This enables us to prove that the answer to Question 1.1 is yes in type A, when
b is a g-commuting product of quantum flag minors. This generalizes a theorem
of [5].

In the paper, the Lie algebra g is supposed to be of type A,,. Note that results
in Sections 1-4 can be easily generalized to all simply-laced types. Note also that

Lemma 5.3 is only true in type A,. Hence, Theorem 5.5 needs this assumption.

2. BACKGROUND AND NOTATION

We use the set-up of [4]. Let g = sl,,+1(C) denote the simple Lie algebra of type
A,. Let b be a Cartan subalgebra and let g = n~ ® h ® n™ be a compatible tri-
angular decomposition. Let aq, s, ..., a, be the corresponding simple roots, and
AT the corresponding set of positive roots. Let W be the Weyl group associated
to the root system, with Coxeter generators si,S2,...,S,. Let P be the weight
lattice generated by the fundamental weights w;, 1 < i < n, and let (, ) be the
W-invariant form on P. Let U = Uy(g) be the simply connected Drinfel’d-Jimbo
quantized enveloping algebra over Q(q) associated to g as defined in [7]. Let U™,
U° and U* be the subalgebras associated to the sub-Lie algebras n=, h and n*
respectively; we have the triangular decomposition U =2 U~ @ U° @ U*. The subal-
gebra U™t is generated over Q(g) by canonical generators F1, Fa, ... E,, subject to
the quantized Serre relations; the subalgebra U™ is isomorphic to U™, with corres-
ponding generators Fy, Fy, ... F,, and the subalgebra U is isomorphic to Q(q)[P],
the element corresponding to A € P being denoted by K. Let b™ = h ® n* and
b~ =h@n~ and we define U(b") = UU* and U(b~) = U~ U". The algebra U is

a Hopf algebra with comultiplication A, antipode S and augmentation € given by:
A(E) =E;®1+ Ko, ®E;, A(Fi)=F0K_o, +1®F;, A(K))=K\®K),

S(E;) = —K_24,E;, S(F;)=—-F;Ka,, S(Kx) =K_j,
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e(B;) =e(F;) =0, ¢(Ky)=1.

The root lattice @ is defined to be Q = Y. Zo;, with Q* = >, Z>oa;. Recall
that if « = Y, m;a; € QT then an element in the subspace of U generated by
{EER - ERF 2 npoy, +noay, +- - +ngay, = a} (respectively, {F]1 Fj22 - F['*
Ny, +neay, + - - +nga;, = a}), is said to have weight « (respectively, —«). For
all € QF, let UF (respectively, U—,) denote the subspace of U (respectively,
U~) consisting of elements of weight « (respectively, —a). We write the weight of
an element X as wt(X) (if it exists), and tr(X) (or tr(wt(X))) for the sum ), m;
if wt(X) = >, mya;. For u € U, set A(u) = u@) @ up) € U® U. There exists a
unique bilinear form (, ) [18], [21] on U(bT) x U(b™) satisfying

(Ei, Fy) = 6;5(1 — ¢*) 71,

(ut uyuy) = (A@wh),uy ®uy), uwt e U(bT), uy,uy €UbT),
(uiug,u”) = (uf @uf,Au")), uw” € U(b7),uf,uf €U(bY),
(Kx, K,) =q MW, (Ky F) =0, (B, Ky) =0, A\ € P.

The form (, ) is nondegenerate on U} ® U_,, for all « € QT. Since UT and U~
are isomorphic algebras (with isomorphism preserving their weight spaces), we can
naturally identify U~ with U}, so we can regard the form as a nondegenerate form
on Uf @ UF. For any basis B of U, we denote the basis dual to B via this form
by B*. For b € B we denote the corresponding element of B* by b*. Let wy be the
longest element of WW; denote by R(wq) the set of all reduced decompositions of wy.
Fix a reduced decomposition i = (i1,142,...,ix) of wy (so that wg = s;, 84, - - - Siy 1S
reduced), and for 1 <t < N, let By = i, 84, - - 84, (@i, ); we get an ordering 31 <
Ba < --- < By of AT. For 1 < i < n, let T; denote the Lusztig braid automorphism
of U™ [14, 37.1.3], [19] associated to i. For 1 <t < N let Eg, = T;,T;, - -- T3, ,(E;,).
The Poincaré-Birkhoff-Witt basis of U is the basis

Bi={E(m) : m€ ZJZVO},

where
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with the product taken in the ordering given above. Here [m]! = [m][m — 1] ---[1],
where [m] = q";__qulm. By [12] we have that

N
B(m)* =[] vom, () E(m).

where ¢y, (2) = [[j—, (1 — 2*). Let £ be the sub-Z[q]-lattice of U generated by Bj,
and let £* be the sub-Z[g]-lattice of UT generated by B = {Ei(m)* : m € ZY}.
Lusztig has shown that both £ and £* are independent of the choice of reduced
decomposition i. Let 1 be the Q-algebra automorphism of U fixing the generators

E; and F;, with n(K,) = K_» and n(q) = ¢~ . Lusztig [13] also shows:

Theorem 2.1. (Lusztig) Fiz a reduced decomposition i of wg. Then, for each m €
Zgo, there is a unique element B(m) = Bj(m) € U™ such that n(B(m)) = B(m)
and B(m) € E(m) + gL. The set B={B(m) : m € Zx>o} is a basis (called the

canonical basis) of UT which does not depend on i.

We'll call the parametrization Zgo — B, m — B;j(m), Lusztig’s parametrization
of B (arising from i). If b € B, we denote by L;(b) its Lusztig parameter (so L;
is the inverse of B;). For any i,i’ € R(wy), we also have Lusztig’s piecewise-linear
reparametrization function Rg, =Ly L ! (which can be regarded as a function from
RY — RY via the same formula in terms of coordinates). Let B* = {b* : b € B}
denote the dual canonical basis of UT. For b € B we define L;(b*) to be L;i(b). Let
o be the antihomomorphism of U (as Q(g¢)-algebra) taking E; to E;, F; to F; and

K to K_x. Asin [11, Proposition 16] we have:

Proposition 2.2. Fiz a reduced decomposition i of wg. Then, for each m € Z]ZVO,
the element B(m)* is the unique element X of Ut with weight Y, m;a; such that
(2.1) N(X) = (~1)rg w0 2e L lo(X), X € E(m)* + qL",

where gx = [[, ¢, wt(X) = >, mia.

Fix a reduced decomposition i in R(wg). Let eg, 1 < k < N, be the canonical

generators of Zgo. We can define an ordering on the semigroup Zgo associated to i
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in the following way. The ordering <; is generated by m < e + ey, 1 <k <k’ <
N & Ej(m) is a term of the PBW decomposition of Eg, Eg,, — ¢+ P Eg , Eg, .

It will be denoted by < if no confusion occurs.

Proposition 2.3. Fiz i in R(wg). Then, for all m, n in Zgo.'

(i) if m <; n then m is lower than n for the lexicographical ordering,
(i1) Bi(m) = Ey(m) + Yy din Ei(n), d2 € gZg),

(iii) Bi(m)* = By(m)" + ¢ 5o B (0)", B € Z].

Proof: See [5, 2.1]. O

Let ¢“B* denote the set {¢"b* : b € B,n € Z}. We therefore have:

Corollary 2.4. Let a € QF, and suppose u € U} . Fiz i € R(wy). Then u € ¢*B*
if and only if

(i) There is f € Z[q,q 1] such that on(u) = fu, and

(it) u = ¢*(E(m)* + ¢ >, 2 Ei(n)*), where k € Z, ¢ € Zlq] and < denotes

the lexicographic ordering.

Proof: It is immediate from Proposition 2.2 that if u € ¢ZB* then it satisfies (i)
and (ii). If k¥ = 0 in part (ii), this ensures that, in the expansion of u in terms
of the dual canonical basis, B;(m)* occurs with coefficient 1 (see Proposition 2.3).
It follows that the eigenvalue f in part (i) must be the same as that appearing
in (2.1), and it follows from Proposition 2.2 that uw € B*. The result for arbitrary

k follows. O

Remark 2.5. We note that, from the proof, we can see that u € B* if and only if

u satisfies (i) and (ii) with & = 0.

Two elements of the dual canonical basis B* are said to be multiplicative if their
product also lies in the dual canonical basis up to a power of q. They are said
to g-commute if they commute up to a power of q. The following Corollary of

Proposition 2.2 is due to Reineke [17, 4.5].
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Corollary 2.6. If two elements of the dual canonical basis are multiplicative then

they q-commute.

Definition 2.7. There is a natural action of Ut on itself [1], in which each gener-
ator E; of UT acts on UT as a g-differential operator §;. This is the unique action
of U on itself satisfying the following properties:

(a) (Homogeneity) If E € UF

« ’

z € U, then E(z) e UT,.

(b) (Leibnitz formula)
8i(ay) = 8;(x)y + ¢~ Dadi(y), forz € US, yeUT.

(¢) (Normalization) 6;(E;) = (1 —¢*)~18;; fori,j =1,2,...,n.

We remark that formula (b) implies that for all ¢ and for r € Z>(, we have
5i(Ei(T)) =q (1 - qz)_lEi(T*l), which is easily checked by induction on (Ei(o)
is interpreted as 1 and Ei(fl) as zero). For u € U™, set p;(u) = max{r,d} (u) #
0}, and for r € Zsg, let 6" denote the divided power % Define 6" (u) :=
5§‘pi(b*))(u). It is known that for b € B, 5§maw)(b*) € B* (see [1, §1]). If i € R(wyp),
set a; = ¢y, (b*), ag = SDiZ((Sg;ll)(b*)),...,aN = goiN(dz(Zle’l)---5§f1)(b*)); then
(a1,az,...,ay) is known as the string of b (or b*) in direction i [1]; this coincides

with the string of b arising from Kashiwara’s approach to B (see [9] and the end of

Section 2 in [16]).

3. PBW-STRINGS

In this section we will show how the Lusztig parametrization of a dual canonical
basis element can also be regarded as a string (in a similar sense to the above).
We define new operators A;, i = 1,2,...,n, depending on a choice of a reduced
decomposition of wg, which play the role of the operators 6§mam) for the PBW

parametrization. We first of all note that is a well-defined operator on all of

Ut.
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Definition 3.1. Let w = s;,;, - - si, be a reduced decomposition of w € W. Let

Ay = 87 Ny = Ty 8T L Vo, T, ),

1729 11 )

Ay = (Ty, T,

it—1

operators on U™ (with codomain U ).

We will use the following:
Lemma 3.2. (Saito) Leti € {1,2,...,n}. Then T,(UT)NUT = ker ;.
Proof: See [19]. O

Lemma 3.3. Letie€ R(wyp), and m = (my,ma,...,my) € ZJZVO, Then

S (By(m)*) = Ei(0,ma,ma, ..., my)".

Proof: Let ym = [[oy ¢m,(¢2), so that Ei(m)* = ymEi(m). Then E® =
Ez(lml)Tl (y)a where Yy = Ez(ng)Ez(Ez(:%))n2E3 EN—l(El(:\an)) € Ut. Us

) =g -

1

ing Lemma 3.2, the formula for vy, and the fact that 4, (El(
q2)_1Ei(1m71) the result follows. O
We can now prove a Lemma giving basic properties of the Lusztig parametriza-

tion with respect to the operators A;.

Lemma 3.4. Let b € B, and suppose i € R(wp) and A1, As,...,An are as above.
Let Li(b) = (m1,ma,...,mn) € ZJZVO. Then, for k=1,2,...,N, we have:

(i) ApAg_q1--- Ay (") € B,

(ii) @i, (Tiy -+ Tip )™ Apmr - Ar (0%)) = e,

(iii) Li(ApQAg—1---A1(b%)) = (0,0,...,0,mk41, Mpt2,...,MN).

Proof: Since 5;"“”) preserves B*, we see that A;(b*) lies in B*, so (i) holds for
k = 1, but we need more precise information. Since b* € B*, we know by [5] (see
also Proposition 2.3) that

b* = Eij(m)" + go,
where o is a Z[g]-linear combination of dual PBW-basis elements Fj(n)* with

n < m (and in particular, satisfying nq, < m,). Here < denotes the lexicographic
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ordering. By Lemma 3.3, we see that

57(1maw)(b*) = Ei(O, mo,ms, ... ,mN)* +qry,

*

where x; is a Z[g]-linear combination of elements of the form FEj(n)* with n =
(0,n9,n3,...,ny) < m for all n occurring in the sum. By Corollary 2.4, we have
that Li(A1(b*)) = (0,ma,ms,...,my), so (ii) holds for k = 1. It is also clear that
i, (b*) = myq, so (iii) holds for k = 1. We thus see that (i), (ii) and (iii) all hold for
k=1

From the above form for A;(b*), we have that
ﬂ:l(AI(b*)) = Ei’ (m27m3a s, My, 0)* + qy1,

where i’ = s, 5, - - - 8iy 8%, 17 is the index of the simple root —wg(c;, ) (the Cheval-
ley automorphism applied to 41), and y; is a Z[g]-linear combination of dual PBW-
basis elements Ey(n)* with n = (n2,ns,...,ny,0) < (ma,ms,...,my,0) and
therefore satisfies Corollary 2.4(ii) (with k = 0). Since for all 4, T, *on and onT; !
differ on weight spaces by plus or minus a power of ¢, it follows that Tgl(Al(b*))
satisfies Corollary 2.4(i), and therefore (see the remark after Corollary 2.4(i)) lies in
B*. Since 51(27"‘”) preserves 3*, we thus obtain that 6f2mam)Ti:1A1 (b*) € B*. Arguing

as above, with is playing the role of i1, we obtain that

51(:1am)Tl:1A1(b*) = Ei' (0, ms3, My, ..., MN, 0)* + qy2,
where yo is a Z[g]-linear combination of dual PBW-basis elements of the form

Ey(n)* with n = (0,n3,n4,...,nn5,0) < (0,m3, my,...,my,0). We also obtain

that o, (TglAl(b*)) = mg (part (ii) for k = 2). Applying T;, we obtain that

AgAl(b*) = Tll(S(QmaT)TglAl(b*) = Ei(O, 0,m3,my, ... ,mN)* + qxo,

where x5 is a Z[g]-linear combination of dual PBW-basis elements of the form
E;(n)* with n = (0,0,n3,n4,...,n5) < (0,0,m3,mM4,...,my). Arguing as above
for Tgl and applying Corollary 2.4, we obtain that AsA;(b*) € B* and that
Li(AxA1(b%)) = (0,0,m3,m4,...,my). We thus see that (i) and (iii) hold for
k = 2. It is now clear that an inductive argument gives (i),(ii) and (iii) for

k=1,2,...,N.O
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Given a reduced decomposition w = s;, s;, - - - 5;, of an element w € W, we define
the PBW-string L (b*) of a dual canonical basis element b* in direction w as follows.
Let i = 84,54, -+ 8;,8i,,, - - Siy e any completion of w to a reduced decomposition
of wy. Then let Lgz(b*) = (m1,ma,...,m;) where L;i(b*) = (m1,ma,...,my). It is
clear from Lemma 3.4 that this is well-defined.

We make definitions for PBW-strings in the same way as Berenstein and Zelevin-

sky [1] for usual strings.

Definition 3.5. Let i € R(wy). A PBW i-wall is defined to be a hyperplane in RN
given by the equation ap = ag42 for some index k such that iy, = igye2 = i1 £ 1.
Let m € RY). We say that m is PBW i-regular if for every i’ € R(wy) the point
R;l (m) does not lie on any PBW -wall. We define the PBW i-linearity domains
to be the closures of the connected components of the set of PBW i-regular points

(using the usual Hausdorff topology on RN ).

As in the string case [1, 2.8], we have the following justification for the ter-
minology; the proof is basically the same, as R%I is very similar to the string

reparametrization function.

Proposition 3.6. Every PBW i-linearity domain is a polyhedral convexr cone in
Rgo, Two points m, m’ in Rgo lie in a single PBW i-linearity domain if and only
if

R (m+m') = R} (m) + R (m')

for every i’ € R(wy).
We can now prove the analogue of [1, 2.9]:

Theorem 3.7. Let b*, "™ be elements of the dual canonical basis that q-commute.
Then, for every i € R(wy), the PBW strings m = L;(b*) and m’ = L;(b™*) belong

to a single i-linearity domain.

Proof: We follow the proof of Berenstein and Zelevinsky [1]; however there will

be some differences, so we include the details. We know by Proposition 3.6 that
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it is enough to show that, for every i’ € R(w), R (m + m’) = RY (m) + Ri'(m’).
Thus, it is enough to show that m and m’ are not separated by any PBW i-wall.

Suppose that a i-wall corresponds to the move

. ./
1=S8; - Sitsisjsisit+4 e Siy P Siy SitSjSiSjSit+4 e Siy = 1.

By [1, 3.6] and the fact that the T; are algebra automorphisms, the elements

(TikTi -Ti1)71 AtAt,1 e Al(b*) and (TikTi 'Til)il AtAt,1 .. Al(b/*)

k—1 "

“T3)t AdAy1 - Ar(b*) and

o1

g-commute. Replacing b* and b* by (T}, 7T;

k—1

(T3, Ty, - Ti) 7Y AyAp_q -+ Aq(b'*), we can assume that ¢ = 0 (using Lemma

3.4). Let Liji = Ly;s;s,(b*) = (m1,ma,m3) and L};; = Lg,s;5,(b™) = (m), ms, m3)
be the PBW-strings of b* and b’* in direction sis;55;. It is sufficient to show that the
integers my — mgs and mj —mj are of the same sign. Now let Ay, Ay, Az be the o-
perators on U associated to the reduced decomposition s;s;s; as in Definition 3.1.
Let b§ = AgAaA1(b*), and let by = AzAzA1(b'*). Suppose that b'*b* = ¢"b*b’™

and biby = ¢™biby for integers n,ng. Then we have

Az Ay (b°0%) = T T 6T M ()
= qT1A3A2A1(b*)A3A2A1(b/*)

T 1k L%
- q lbobo 5
where
/ ’ /
T = (I)iﬁ(mlv ml) =+ (I)jvsi('}’*mlai)(mQ’ m2) + (bi,SjSi('Y*mla'i)*m2aj (m37 mS)a

and v is the degree of b*. Here ®y ,(n,m) = nm — (u,may) = m(n — (1, ag))
is defined as in [1, Proposition 3.1] and we are using [1, (3.6)]. We also use the

fact that for all « € QT, T*HUF)NUT c UF

si(a)

. Expanding and simplifying, we

obtain

/ i li li li /
T = mimi + mamy + m3mg + mimy + MaMmg — M1Mg —

m/l(’y’ ai) - m/Z(’yv o + aj) - m3(’7’ aj)'
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Similarly, we obtain that AzAsA; (b*0™*) = ¢"2A3A A1 (b*) A3 A Aq(b*), where
ro = mimi+ myms + myms + mims + mhms — mims —
m1(y', 0) —ma(y', o + ;) —ms(v, o),
and ~' is the weight of b'*. We thus have:
(3.1) ng—mn=ry —To.
Let Ljij = Lgs;s;(b*) = (n1,m2,n3) and L, = L5, (0) = (n},ny,n3) be the
PBW-strings of b* and b'* in direction s;s;s;. Then we know that R(mi, me, m3) =
(n1,n2,n3) and that R(mf}, mh,mb) = (n},nh,nf), where R = R251%2 is Lusztig’s

§182S81

piecewise reparametrization function associated to the canonical basis in type As
(see [13]). Let A}, A}, A} be the operators on U™ associated to the reduced de-
composition s;s;s; as in Definition 3.1. It follows from Lemma 3.4 that b =
ALALAL(D*), and that by = AJALAL (V). Hence, a similar argument to that
given above shows that

(3.2) ng—mn=r] — 1),

where
i = mini 4 nanb + ngnh + ninh + nonfh — nynb —

(v, o) — (v, 0 + o) — ms(v, o)
and
ry = nini+nhng +ning + ning + ning —ning —

(v, i) —na (v, @i + ) —ns(v', a).
Suppose now that my > mg and m{ < m4. Then (ny,nq,n3) = R(my, ma, ms) =
(ma, mgz, m1+mae—mg) and (n],nh, ns) = R(mf, mb, ms) = (mh+ms—mi, mi, m}).
Equating 3.1 and 3.2 we obtain: (mj; —ms)(mj —m/) = 0, which is a contradiction,
as each of m; — ms and m% — m) has been assumed to be positive. A similar

argument shows that we cannot have my < mg and mj > mj. It follows that m

and m’ cannot be separated by a PBW i-wall, and the Theorem is proved. O
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Example 3.8. Suppose that g = sl4(C) (type As). Then i = (3,2,1,3,2,3) is
a reduced decomposition of wg. Let Li, La,...,Li4 be the 14 subsets of Z¢ =

{(a,b,c,d,e, f) : a,b,c,d, e, f € Z} defined by the inequalities given below.

Ly: e>2bd>f, a+tb>d+e b>0,c>0, f>0,
Ly: b>e f>a,d>f, a>0,¢>0,e>0,
Ls: e>b, f>a,d>f, a>0,b>0, ¢c>0,
Lg: b+d>e+f,a>d, f>d, c>0,d>0, e>0,
Lz: e+ f>b+d, b>e, a>d, ¢c>0,d>0, e>0,
Ls: a+b>d+e e>b, f>d, b>0,¢c>0, d>0,
Ly: a>d, d+e>a+b, f>d, b>0,c>0,d>0,
Lig: b+d>e+f,d>a, f>d, a>0,c>0,e>0,
Li1: d>a, e+ f>b+d, b>e, a>0,¢c>0,e>0,
Lis: d>a, f>d, e>b, a>0,0>0, c>0,
Lis: e>b,a>f, d>a, b>0,c>0, f>0,

L14: aZd,dzf;d+62a+b;b2070207f20

It is easy to show that all of these regions are in fact subsets of N6. It is also
easy, but tedious, to check that the PBW i-linearity domains are the regions
Lq,...,Lg, Ls, ..., L4, together with L7 U Lg.

Let v; = (1,0,0,0,1,0) and let v = (0,1,0,0,0,1). Then v; and vy both lie
in the i-linearity domain L7 U Lg, while the corresponding dual canonical basis

elements do not g-commute. So the converse of Theorem 3.7 does not hold.
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Finally, we remark that the regions Li, Lo,...L14 correspond to the regions
C1,C4,...,C14 in [1, §9] respectively, in the following way. For 1 < i < 14, re-
gion L; is the set of PBW-strings in direction (3,2,1,3,2,3) of the dual canoni-
cal basis elements whose string (in the Berenstein-Zelevinsky sense) in direction
(1,2,1,3,2,1) lies in C;. It is interesting to note that the PBW i-linearity re-
gions are Ly, Lo, ..., Lg, L7 U Lg, Ly, ..., L13, L14, while the Berenstein-Zelevinsky
(1,2,1,3,2,1)-linearity regions are Cq,Co, ..., Cya, C13 U C14. There appears to be
a lot of similarity in the behaviour of the reparametrization functions arising from

PBW and string parametrizations.

4. PROPERTIES OF PBW i-LINEARITY DOMAINS

In this section we show that the set of i-linearity domains forms a fan. We
start with a key proposition (which we shall also need in section 5 when we discuss
g-commuting properties of the dual canonical basis). We call the connected compo-
nents of the set of PBW i-regular points PBW i-chambers, so that PBW i-linearity

domains are the closures of PBW i-chambers (see [1, §8]).

Lemma 4.1. Let m,m’ € R]ZVO, Then m and m' lie in a single PBW i-linearity

domain if and only if for all V' € R(wy), RV

Y(m) and R (m’) are weakly on the

same side of all PBW i’-walls.

Proof: By definition, m and m’ lie in a single PBW i-chamber if and only if for all
i’ € R(wo), R (m) and RY (m’) are strictly on the same side of all PBW i’-walls.
Since PBW i-linearity domains are the closures of PBW i-chambers, it follows from
the continuity of the functions R;l that if m and m’ lie in a single PBW i-linearity
domain, then for all i’ € R(wy), RY (m) and RI' (m’) are weakly on the same side of
all PBW i-walls. Conversely, if for all i’ € R(wp), R} (m) and Ri' (m’) are weakly

on the same side of all PBW i’-walls, then for all i’ € R(wy),

R (m+m') = R} (m) + R} (m).
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This can be proved by induction on the number of braid relations needed to take i
to i’ (see the proof of [1, 8.1]). By Proposition 3.6, this implies that m and m’ lie

in a single PBW i-linearity domain. O

Proposition 4.2. Leti € R(wp). Suppose that m;, 1 < i < k and Zle m; all
lie in a single PBW i-linearity domain X. Suppose also that Zle m; and q both
lie in a single PBW i-linearity domain (not necessarily the same as X ). Then m;,

i=1,2,...,k, Zle m; and q all lie in a single PBW i-linearity domain.

Proof: We use Lemma 4.1 throughout. By the assumptions in the Proposition,
we have:

(i) RV (m;), 1 <i <k and R%I(Zle m;) are weakly on the same side of all PBW
i’-walls, and:

(i) RY (q) and R%I(Zle m;) are weakly on the same side of all PBW i’-walls. Let
H be a PBW i’-wall. Firstly, let i’ € R(wp) be such that R;l(Zle m;) does not
lie on H. Then Ri'(m;), i = 1,2,...,k, R;l(Zle m;) and R!'(q) are all weakly
on the same side of H. Next, suppose that i’ € R(wp) is such that R;l(Zle m;)
does lie on H. By (i) and Proposition 3.6, Ri'(m;) lies on H for 1 <i < k. Hence
RY(m;), 1 <i<k, RV (Zle m;) and R (q) are all weakly on the same side of H.
It follows (using Lemma 4.1 again) that the m;, i = 1,2,... k, Zle m; and q all

lie in a single PBW i-linearity domain. O

Remark 4.3. If, in the assumptions and conclusion of the proposition, the property
”lie in a single PBW i-linearity domain” is replaced by the property ”g-commute”

(and the tuples involved are assumed to lie in Zgo), the result is not clear.

Recall that a strongly convex polyhedral cone is a convex polyhedral cone C for
which v € C implies —v € C. A set of strongly convex polyhedral cones is said to
form a fan if the face of every cone in the set lies in the set and if the intersection

of any two cones in the set lies again in the set.

Corollary 4.4. Leti€ R(wp). Then the set of PBW i-linearity domains (together

with all their faces) forms a fan in RY.
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Proof: We first of all note that each PBW i-linearity domain is a convex polyhedral
cone (by Proposition 3.6) and thus is in fact a strongly convex polyhedral cone as
it contains no point with negative coordinates. The same is therefore true for all
of its faces. We now show that if C and C’ are distinct PBW i-linearity domains,
then C N C’ is a face of C' and of C’. Suppose that C N C’ is not a face of C.
Then C NC’ C F, where F' is a face of C (since C' and C’ are convex polyhedral
cones). Let (C")° denote the interior of C’; we will use similar notation for the
interiors of other cones. Fix p € F'\ C. Then, we can choose m € C'NC’ such that
m+p € CNC’, since CNC’ and F are convex polyhedral cones. Now, let q be in
(C")°. We have that q and m + p lie in a single PBW i-linearity domain, and m, p
and m + p lie in a single PBW i-linearity domain. So by Proposition 4.2, q and
p both lie in a single PBW i-linearity domain. But, as q € (C")°, C” is the only
PBW i-linearity domain containing q. Since p € C’, we have a contradiction, and
we see that C N C” is a face of C' (and similarly, we can see that it is a face of C").

We next consider the case where C,C’ are faces of distinct PBW-linearity do-
mains, P and P’. We show that C N C’ is a face of C and of C’. Suppose that
C N is not a face of C. Then, as above, C N C" C F, where F is a face of C.
As above, we can then choose q € (P')°, p € F\ C’ and m € C' N’ such that
m+pe CNC, since CNC' and F are convex polyhedral cones. Note that the
first two properties imply that p ¢ P’. This is because p lies in the linear span
of C'" N C, so p lies in the linear span of C’. Since P’ is convex, if p was in P’
and in the linear span of its face C’, it would have to lie in C’, a contradiction to
the assumption that p € F'\ C'. So q and m + p lie in a single PBW i-linearity
domain P’, while m,p and m + p all lie in a single PBW i-linearity domain P.
Proposition 4.2 asserts that q and p both lie in a single PBW i-linearity domain,
but as q € (P’')°, P’ is the only PBW i-linearity domain containing g, while p & P’,
so we have a contradiction. Hence, C N C’ is a face of C, and similarly, we can see
that it is a face of C’. Finally, suppose that C, C’ are distinct faces of a single PBW

i-linearity domain P. Then CNC" is a face of C, and of C”, since P is a polyhedral



A MULTIPLICATIVE PROPERTY OF QUANTUM FLAG MINORS II 17

cone. We have therefore shown that the set of PBW i-linearity domains, together

with all their faces, forms a fan in RY as required. O

5. ¢-COMMUTING PRODUCTS OF QUANTUM FLAG MINORS

For any reduced decomposition w = s;, ...s;, of an element w in W, we define

as in [5], see also [2], the quantum flag minors A%. Roughly speaking, A¥% is the
element of the dual canonical basis corresponding to the extremal vector of weight

ww;, in the Weyl module with highest weight w;, . By [4], we have:

Proposition 5.1. Fiz a reduced decomposition i = (i1,12,...,in) in R(wg). Set
Ay = Ay, , where Wy = si, ...84, 1 < k < N. Then, the algebra A; generated

by the A} is a q-polynomial algebra, spanned (as a space) by a part of the dual

canonical basis.

Let d; be the form on Z~ defined by
di(m,n) = Z(ﬁi, Bj)min; + mei,
§<i i
where the (i’s are the roots associated to i. We denote it by d if no confusion
occurs. The form d; encodes the g-commutations in the graded algebra Gr;(U™)
(see [4]) associated to i. To be more precise, set

ng = E €.

t,t<k,iy=i

Then:

Proposition 5.2. Fiz i in R(wy). For k, 1 < k < N, we have A} = Bj(ng)*.
Moreover, for all m, n in ZJZVO :

(i) g B(m)* B(n)* € B(m + 1) + ¥y n Zla, a1 1BO)*

(ii) ¢? ™™ AX E(m)* € E(ny, + m)* + ¢L*.

Proof: The first assertion is [4, 2.1]. Part (i) is a straightforward consequence

of [5, Corollary 2.1 (iii) and Theorem 1.2]. Part (ii) is given by [5, Theorem 3.2]. O
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As in [13], we associate a reduced decomposition i(Q) (up to commutation) of
wp to each quiver ) whose underlying graph is A,,. Let R(Q) C R(wo) be the set

of all reduced decompositions associated to Q.

Lemma 5.3. All quantum flag minors can be realized in the form Bj(ng)*, with

i€ R(Q), for some quiver Q of type A,,.

Proof: See [5,4.3]. O
Remark that if i is associated to a quiver orientation, then <; is the so-called
degeneration ordering, [3], and d; is Reineke’s homological form, see [17]. As a

consequence, we have:

Proposition 5.4. Let Q be a quiver of type A,,. Fix a reduced decomposition i in
R(Q). Then, for allk,1 <k <N,
(i) di(ng,?) is increasing for <i, i.e. m <; n — d;j(ng, m) < d;(ng,n),

(ii) g™ B(ng)*B(m)* € B(ng +m)* + ¢35, 1 Zld] BO)*.

Proof: (i) is [5, Proposition 4.2]. (ii) follows from (i) together with Proposition 5.2
and Proposition 2.3 (iii). O

We can now prove our main theorem.

Theorem 5.5. Let u be a g-commuting product of quantum flag minors and let b*
be an element of B* which q-commutes with u. Then, ub* is an element of B* up

to a power of q.

Proof: In the sequel, the equalities are given "up to a power of ¢”. Set u =

* *

b1+ b7, where the b}, 1 < k < m, are g-commuting quantum flag minors.

Using an induction on m, we know that, up to a power of ¢, u = ¢*, where ¢ € B.

Now, by Lemma 5.3, for each k we can fix a reduced decomposition iy in R(Q)
(for some quiver @ of type A,) associated to the quantum flag minor b;. Let pg,
resp. p, be such that by, = B;, (p), resp. b = B, (p). We have ¢* € ¢“B;, (3, pr)*

Hence, by Theorem 3.7, p and ), pi are in a single i;-linearity domain, since b*
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and c* g-commute. Moreover, this theorem implies also that p,, 1 < r < m, and
> r_1 Pk, 1 < s < marein a single i;-linearity domain. By Proposition 4.2, p, p,

> r_1 Pk, 1 <7,5 <m, are in a single i;-linearity domain. Hence :
(*)  RE(Pr+...+p1+D)=R:(pr)+...+RE(p1) + RE(p), 1<k,s<m.
By Proposition 5.4 (ii),

Bil (pl)*Bil (p)* € Bil (pl +p)* +4q Z Z[Q]Bil (11)*

i<y, p1tp

Suppose by induction on k that

be...bib € By, (R¥(Pr+...+pP1+P) +4q > Zlq)Bs, ()"
1k‘<ikR:’f (Pr+---+P1+P)

Then,
i1 Db € By, (RY (Pre1))" (Bs (R (P + ... p1+ D))"
+q . > Zlq)Bs, (Le)™)
i<, R;’f (Pr+---+P1+P)
= Bip, (R (Pr41))" (Biyy (REY (Pr + -1+ D))
+q 3 Zlg)Bi,.., (B (1))

Lo <y, R:’f (Px+---+P1+P)

In the previous sum, we have, by Proposition 5.2 (i) and (*):

R (L) =iy, RiS(pr) + .. R (p1) + RN (D) = Ry Dk + ... p1 + D).

i i
Now, by Proposition 5.4, and the linearity property (*), we obtain the induction.

We can now show that ¢*b* satisfies the properties (i) and (ii) of Corollary 2.4.
Taking k = m, and using Proposition 2.3 and the transitivity of <;,, the previous
results imply that, up to a power of g, ¢*b* = E; (R;;" (Pm +--+pP1+DP)" +qz,
where x is a Z[qg]-linear combination of dual PBW-basis elements E; _(n)* with
n< R;;" (Pm + -+ P1+P), and therefore ¢*b* satisfies property Corollary 2.4(ii).
Now, Part (i) of Corollary 2.4 is clear because ¢* and b* are g-commuting elements
of the dual canonical basis. O

This implies that the answer to Question 1.1 is yes when the real element is in

the adapted algebra associated to any reduced decomposition.
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We see that quantum flag minors have nice multiplicative properties. This comes

from their interpretation in terms of modules over the path algebra of a Dynkin

quiver; see [5]. From the interpretation of quantum minors as modules over the

preprojective algebra [20], we can hope for a generalisation of Theorem 5.5 replacing

”quantum flag minors” with ”quantum minors”.

Corollary 5.6. Let i in R(wo) and suppose that b* in B* and ¢* in B* N A; q-

commute. Then, b* and c* are multiplicative.
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