Wavelets in Applied and Pure Mathematics

Vladimir V. Kisil


http://maths.leeds.ac.uk/~kisilv/

ABSTRACT. The course gives an overview of wavelets (or coherent states) construc-
tion and its realisations in applied and pure mathematics. After a short introduc-
tion to wavelets based on the representation theory of groups we will consider:
e Spaces of analytic functions with reproducing kernels: the Hardy and the
Bergman spaces, etc.;
o The Fock-Segal-Bargmann space and Berezin-Toeplitz quantisation;
e Functional calculus of self-adjoint operators;
o Elements of signal processing.
The variety of applications is essentially grouped just around three groups:
the Heisenberg group, SL,(R), and ax + b group.
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Preface

The purpose of this course is to sketch in ten lectures a huge area related to
wavelets. There are no precise boundaries of this area: it overlaps with many other
subjects in pure mathematics and many applications in physics and engendering.
Moreover there are many different approaches to wavelets based on rather differ-
ent techniques. However this course is not intended to be complete and encyclo-
pedic. Our main goal is to generate an interest in wavelets and to show that much
of the theory and applications are related to groups and symmetries.

The word “wavelets” came to fashion about 15 years ago and is very popular
now. On the other hand the notion of wavelets resemble coherent states used in
quantum mechanics for 75 years already. Future analysis shows that many classic
objects (e.g. from complex analysis) known at least from XIX century are essen-
tially wavelets-coherent states too. This indicates that a significance of wavelets is
above just a current fashion.

We apply the name “wavelets” to the whole range of related objects to stress
their common origin and nature. Meanwhile the common usage of this term is
much narrower. Objects called “wavelets” by us usually appear as coherent states
(CS) in the literature. While commonly “wavelets” are coherent states related to
ax + b group.






LECTURE 1

What Are Wavelets and What Are They Good for?

In this introductory lecture one would only sketch an answer to the above
question: even the whole course could not be enough for that. Now we just list
several instances of wavelets appeared in different areas. All mentioned topics will
be considered in greater details in following lectures.

Most of the listed facts should be well known to reader, we are just presenting
them in a way highlighting the common structure. Similarities and differences of
these instances of wavelets will be discussed in the final section 6.

1. Fourier Transform and Bases in Hilbert Spaces

We start from two basic examples which were at the beginning of harmonic
and functional analysis.

1.1. Fourier Series and Basis in Hilbert Space. Consider the space L,[—m, 7]
of square integrable functions on [—7, 7] with the Lebesgue measure. It is a Hilbert
space with a scalar product

(1.1) (F1,£5) = % J £ (0B (x) dx.

Let us introduce the set of functions

1
(1.2) eo(x) = 2’ eon(x) = cosnx, esn_1; =sinnx, where mn € N.
It is a straightforward calculation that
(13) <€i, e,-> = 51757

where 8;_; is the Kronecker delta. Moreover the set (1.2) is a maximal family of
functions in L,[—7, 7] with the above property. In fact (1.3) could be taken as a
definition of orthonormal base in a Hilbert space H.

It worths to state main properties of the family (1.2) in the generality of an
arbitrary orthonormal base. For such a base e; the following is true [32, § IIL5.1]:

o A base e; define a linear continuous mapping W : H — £,(Z) of a vector
f € H to a sequence of coefficients in {,(Z) by the formula:

(1.4) fn = <fa en> :
e The above mapping is an isometry of the Hilbert spaces (the Parseval(-
Pythagoras) identity):
(15) (=Y fif.

j=—c0



10 1. WHAT ARE WAVELETS?

e The mapping W could be inverted by an operator M : {,(Z) — H,
namely we could reconstruct a vector f from its sequence of coefficients
as a linear combination of e;:

(16) f= i f]'ej.

j=—00
e From the above we could define a reproducing operator P = MW on H,
symbolically written by the Dirac bra and ket notations:

P= ) le) (el

j=—o00
1.2. Fourier Transform. It is useful to compare the above properties of the

Fourier series with the Fourier integral transform. The later is defined in L,(R)
with the scalar product

17) (F1.82) = o= | il ot
by means of functions:
(1.8) eq(t) = e'at acR.
A replacement of the orthonormal property (1.3) is the following identity (cf. (1.10)):
(19) (€a,ep) =8(a—b),

where 5(a — b) is the Dirac delta function and the identity is true in the sense of
distributions [32, § I11.4.4].
The following is true [32, § IV.2.3]:

e Functions e, define a linear continuous mapping W : Ly(Z) — Ly(Z) by
the formula:

fla) = (f,eq) = f(t)e et dt.

1
V21 J R
e The above mapping is an isometry of the Hilbert spaces (the Plancherel

identity):

() = (1,7).
e The mapping W could be inverted by an operator M : L,(Z) — L,(Z),

i.e. we could reconstruct a function f from its Fourier transform as a

continuous linear combination of e, (t):

1 o
f=——| fla)e'** da.
V2T JR (@)

e The composition of the above two operators P = MW gives an integral
resolution (in the distributional sense) of the Dirac delta function d(u—t):

(1.10) f(u) = JR f(t) LR etltta qq dt.

2. Complex Analysis and Reproducing Kernels

We move to the classic Hilbert spaces in complex analysis which are exam-
ples of wavelets in pure mathematics. Particularly the first example named after
G.H. Hardy, probably the purest mathematician of all times and nations.
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2.1. The Hardy Space. Let H,(T) be the Hardy space of L, functions on the unit
circle T with an analytic continuation inside the unit disk . The scalar product is
defined as follows:

no_ ij 7
(2.1) (f, f") = o7 ) f(t)f'(t) dt.
We could consider a set of functions in H,(T) parametrised by a point a of D:
1

Then we could find similarly to cases of the Fourier series and integral that:

e Functions e, (t) define a linear continuous mapping W : Hy(T) — Hy(D)
of a function on T to an analytic function in ID:

fla) =[Wfl(a) = (f eq)

1 1
= = LT fi(t) (deit — 1) dt

1 ‘
= J. f(t) ie't dt
T

2mi Jp a — elt
1 f(t)
2.3 = — d
23) 2mi Lr a—z %

This is the Cauchy integral formula, of course.
e The above mapping is an isometry of the Hilbert spaces H,(T) and H, (D),
where the scalar product on H, (D) defined as usual:

(2.4) (f,f') = lim S J f(re't)f’(relt) dt.
2m
e The mapping W could be inverted by an operator M : Hy(ID) — H,(T),
with a very simple definition:

(2.5) f(t) = lim f(re't).

e From the above we could define a reproducing operator P = MW on
H,(T), which is essentially the Szego singular integral operator. Consid-
ered on L,(T) the operator P is an orthogonal projection on its closed
subspace H,(T).

2.2. The Bergman Space. We consider the Bergman space in a way very similar
to the Hardy space above. Let L,(ID) be the space of square integrable function
on D. There is a closed linear subspace—the Bergman space B,(ID)—of analytic
functions in L, (D). We define a family of functions

1
ea(Z) = (C_llfli)Q s aeD.
e Functions e, (z) define a linear continuous mapping W : Ly (D) — B4(D) of
a square integrable function on D to an analytic function in ID:

fla) =[Wfl(a) = (f,eq)

f(t)
=0 - Lmwe

e The above mapping is an isometry of the Hilbert spaces if restricted to
B, (D) C L,(D), in fact it is the identity operator on B, (D).
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e Consequently W could be trivially “inverted” by the identity operator
M :By(D) — By(D).

e It is follows from the above that the operator P = MW = M = W is
reproducing on B, (D) and is orthogonal projection L,(ID) onto B4(D).
This is the Bergman projection.

REMARK 2.1. In both cases of the Hardy and the Bergman spaces we meet
orthogonal projection P from the spaces of square integrable functions onto their
subspace of analytic functions. Let My, be a (bounded) operator on L, of multi-
plication by a bounded function b. It is easy to see that for any such b the Toplitz
operator Ty, = PMy, is a bounded operator on the subspace of analytical functions.
We will link later such operators with the wavelet theory.

3. Qantum Mechanics and Quantisation

Now we turn to the object which combines the beauty of the mentioned above
classic spaces of complex analysis and importance in applied area of quantum
mechanics. As in case of the Fourier integral we start from L,(R) with the scalar
product (1.7). Let us consider the family of functions:

e (t) = e (F2Ht7)/2HV2zt teR, zeC.

Note that eo(t) = e~ t°/2 is the celebrated Gaussian shown on Figure 1. All other

FIGURE 1. The Gaussian function e *"/2.

functions obtained from it by horizontal shifts and multiplication by a function
e'Pt which takes value on the unit circle in C. In quantum mechanical language
the function e, (t) with z = q+1ip describes a state of a particle with an expectation
of its coordinate equal to g, an expectation of its momentum—p, and the minimal
value of product of coordinate and momentum dispersions [25, § 1.3]. We will
discuss a physical meaning in details letter on.

We again find a similar structure:

e Functions e, (t) define a linear continuous mapping W : Ly(R) — SB4(C)
of square integrable function f(t) on R to an analytic function in C:

fz) = WA(z) = (fe)
(31) — \/%J f(t)e—(zz+t2)/2+\/§zt dt.
TTJIR

Such analytic functions are square integrable on C with respect to the
Gaussian measure dB(z) = e~ 2" dz and form Segal-Bargmann space SB,(C).
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e The above mapping is an isometry of the Hilbert spaces L, (R ) and SB,(C),
where the scalar product on SB,(C) defined as follows:

(32) (.6) = | 272 ap2).
C
e The mapping W could be inverted by an operator M : SB,(C) — L,(R)
such that the original functions is a linear combination of e, (t):

(33) f(t) = JC f(z)e” (/2022 g (),

e From the above we could define a reproducing operator P = MW on
L,(R) and P = WM on SB,(C). The former gives yet another integral
resolution of the delta function, cf. the Fourier integral case. The later is
Segal-Bargmann projection. Considered on L, (C, d3(z)) the operator P’ is
an orthogonal projection on its closed subspace SB,(C). We again could
consider Tplitz operator of the form T, = P’M}, for a bounded function
b, cf. Remark 2.1.

4. Signal Prosessing

The Fourier series and integral appeared as a tool for decomposition of an ar-
bitrary oscillation (or signals) into a superposition of harmonic oscillations with
a fixed frequencies. This technique is quite successful in the cases then spectrum
of frequencies is independent from time or changes very slowly. But in many
common situation like music, speech, etc. this is not true and the Fourier transfor-
mation is out of help.

To improve performance it is useful to introduce Windowed Fourier Transform
(WFT ). It analyses the spectrum of frequence of not entire signal but only a part
“seen” through a small windows. The position and size of the windows are among
parameters of WFT. An example of such a transformation is shown on Figure 2
which is taken from the book [41], it is also instructional to view other pictures
from this book on-line.

The word “wavelets” is commonly attributed to the area of signal processing.
Decompositions of that type are of huge importance in signal processing and are
under active investigation. We will discuss this topic in details due to course.

5. Functional Calculus

In the above consideration we oftenly meet a decomposition of an arbitrary
function in to linear superposition of elementary ones, cf. (1.6), (2.6), (3.3). Because
functions are used as models for operators such formulas could be employed for
constructions of functional calculi. Particularly the Cauchy integral formula (2.2)
inspires the Riesz-Dunford functional calculus defined by the integral formula:

(.1) f(A) = - J ) 4,
T

T omip A—z
for an operator A.
6. Discussion

The above consideration could rise many questions. We list now our answers
to some of them:


http://www.cs.nyu.edu/cs/faculty/mallat/book.html
http://www.cs.nyu.edu/cs/faculty/mallat/book.html
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A Wavelet Tour of Sipgnal Processing
Sidphana Mallat, Academic Press 1999 (2nd adition)

—_

=

=
T

Figura 420 Choi-William distribulion %, £} of Lhe Lwo Gabor Aloms
ghown Al Lhe Lop. Tha inlarfaranes Larm Lhal appears in Lhe Wipmear-Yilla
disLribulion of Figuea 4.18 haa naarly disappaaced .

FIGURE 2. An example of Windowed Fourier Transform

o Why is there a common pattern in the above different examples?
Opinions vary. Our feeling that the common structure related to the
symmetries. In each of the above case there is a group (or even several
groups) which is represented by transformations in the function spaces.

The groups are:
the Fourier series
the Fourier integral
the Hardy space
the Bergman space
the Segal-Bargmann space
the signal processing

the group of integers Z;
the group of reals R;

the SL,(R) group;

the SL,(R) group;

the Heisenberg group H';
the ax + b group.
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For example all functions a,, which are essentially wavelets or coherent
states, could be obtained from the function e (mother wavelet or vacuum
vector) by means of the corresponding group.

o Why are there significant differences? (e.g. in the Hardy space the inverse

operator M (2.5) is not defined as an integral)
The above group are different with different properties, therefore pic-
tures generated by them even within a common scheme could signifi-
cant differences. Even the same group could have representations with
very different properties. For example we will see later that the same
group SL,(R) group could generate analytic function theories of “ellip-
tic” and “hyperbolic” types. By the way the mentioned operator M (2.5)
could be expressed as integral similar to the scalar product (2.4).

o Do groups provide the ultimate explanations in the above examples?

Probably not. One could expect the “ultimate explanation” only in a
very simple situation and we hope that the above examples are more
complicated and consequently interesting. But group do explain many
fundamental properties of the mentioned objects and allow to put many
different cases within a common framework (cf. with the Erlangen pro-
gram of F. Klein ;-).

o In section 2 we meet the Cauchy integral formula. Are wavelets related to other
objects of complex analysis (Cauchy-Riemann equation, Laplacian, Taylor and
Lorant expansion, etc.)?

Yes. We will see it later. For the moment we will mention that the Taylor
expansion is a close relative of the Fourier series from the range of our
examples.

o Are groups useful in classification of known types of wavelets or they could help
to discover new one?

We already mentioned above few new objects derived from the group
approach: hyperbolic complex analysis and new types of functional cal-
culi of operators.

The following lecture should give answer to more questions. But before we
could proceed we will need a short overview of the representation theory.






LECTURE 2

Groups and Homogeneous Spaces

The group theory and the representation theory are two enormous and inter-
esting subjects themselves. However they are auxiliary in our consideration and
we are forced to restrict ourselves only to brief and very dry overview.

Besides introduction to that areas presented in [42, 56] we recommend ad-
ditionally the books [31, 55]. The representation theory intensively uses tools of
functional analysis and on the other hand inspires its future development. We use
the book [32] for references on functional analysis here and recommend it as a nice
reading too.

1. Basics of Group Theory

We start from the definition of central object which formalizes the universal
notion of symmetries.

DEFINITION 1.1. A transformation group G is a nonvoid set of mappings of a
certain set X into itself with the following properties:
(i) if g1 € G and g2 € G then g1g> € G;
(ii) if g € G then g~ ! exists and belongs to G.

EXERCISE 1.2. List all transformation groups on a set of three elements.

EXERCISE 1.3. Verify that the following are groups in fact:

(i) Group of permutations of n elements;
(ii) Group of n x n matrixes with non zero determinant over a field F under
matrix multiplications;
(iii) Group of rotations of the unit circle T;
(iv) Groups of shifts of the real line R and plane R?;
(v) Group of linear fractional transformations of the extended complex plane.

DEFINITION 1.4. An abstract group (or simply group) is a nonvoid set G on
which there is a law of group multiplication (i.e. mapping G x G — G) with the
properties

(i) associativity: g1(9293) = (9192)9s;
(ii) the existence of identity: e € G such thateg =ge =gforallg € G;
(iii) the existence of inverse: for every g € G there exists g~! € G such that
99 =g lg=e
EXERCISE 1.5. Check that any transformation group is an abstract group.

EXERCISE 1.6. Check that the following transformation groups (cf. Exam-
ple 1.3) have the same law of multiplication, i.e. are equivalent as abstract groups:
(i) The group of isometric mapping of an equilateral triangle onto itself;
(ii) The group of all permutations of a set of free elements;
(iii) The group of invertible matrix of order 2 with coefficients in the field of
integers modulo 2;
(iv) The group of linear fractional transformations of the extended complex
plane generated by the mappingsz — z 'andz — 1 —z.

17
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EXERCISE* 1.7. Expand the list in the above exercise.
It is simpler to study groups with the following additional property.

DEFINITION 1.8. A group G is commutative if for all g1, g2 € G, wehave gi1g2 =
9201-
However, most of interesting and important groups are noncommautative.

EXERCISE 1.9. (i) Which groups among found in Exercise 1.2 are com-
mutative?
(ii) Which groups among listed in Exercise 1.3 are noncommutative?

Groups could have some additional analytical structures, e.g. they could be a
topological sets with a corresponding notion of limit. We always assume that our
groups are locally compact [31, § 2.4].

DEFINITION 1.10. If for a group G the group multiplication and the taking of
inverse are continuous mappings then G is continuous group.

Even a better structure could be found among Lie groups [31, § 6], e.g. groups
with a differentiable law of multiplication. Investigating such groups we could
employ the whole arsenal of analytical tools, thereafter most of groups studied in
this notes will be Lie groups.

EXERCISE 1.11. Check that the following are noncommutative Lie (and thus
continuous) groups:
(i) [55, Chap.7] The ax+b group: set of elements (a,b), a € R, b € R with
the group law:
(a,b) *(a’,b’) = (aa’,ab’ +b).
The identity is (1,0), and (a,b)"* = (a™*,—b/a).
(ii) The Heisenberg group [26], [55, Chap. 1]: a set of triples of real numbers
(s,x,y) with the group multiplication:
A1) (50w (80" = (548 + 50y —xy') e+ xy ')
The identity is (0,0,0), and (s, x,y) ! = (—s, —x, —y).

(iii) The SL,(R) group [28, 39]: a set of 2 x 2 matrixes ( 2 Z ) with real

entries a, b, ¢, d € R, the determinant det = ad — bc equal to 1 and the
group law coinciding with matrix multiplication:

a b a’ b\ [ aa’+bc’" ab’+bd
c d ¢/ d ) \ca'+dc’ cb'+dd ]

The identity is the unit matrix and

(c0) -(4 )

The above three groups are behind many important results of real and com-
plex analysis [26, 28, 39] and we meet them many times in these notes.

2. Homogeneous Spaces and Invariant Measures

While abstract group are a suitable language for investigation of their general
properties we meet groups in applications as transformation groups acting on a
set X.

Let X be a set and let be defined an operation G : X — X of G on X. There is an
equivalence relation on X, say, x; ~ x2 < 3g € G : gx; = X3, with respect to which
Xis a disjoint union of distinct orbits [38, § 1.5].
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EXERCISE 2.1. Let action of SL,(R) group on C by means of linear-fractional
transformations:
a b az+b
1z .
c d cz+d

Show that there three orbits: the real axis R, upper (lower) half plane R :

T ={xxiy | x,y €eR, y >0}

Thus from now on, without lost of a generality, we assume that the operation
of G on X is transitive, i. e. for every x € X we have

Gx := U g(x) =X.

geG
In this case X is G-homogeneous space.

EXERCISE 2.2. Show that for any group G we could define its actionon X = G
as follows:
(i) The conjugation g : x — gxg~ ! (which is even a group homomorphism,
but is trivial for all commutative groups).
(ii) The left shift A(g) : x — gx and the right shift p(g) : x — xg L.

If we fix a point x € X then the set of elements Gx = {g € G | g(x) = x}
obviously forms the isotropy (sub)group of x in G [38, § 1.5]. The set X is in the
bijection with the factor set G/Gy for any x € X.

EXERCISE 2.3. Find a subgroup which correspond to the given action of G on
X:
(i) Action of ax + b group on R by the formula: (a,b) : x — ax +b.
(ii) Action of SL,(IR) group on one of three orbit from Exercise 2.1.

To do some analysis on groups we need suitably defined basic operation: dif-
ferentiation and integration. The first operation is naturally defined for Lie group.
If G is a Lie group then the homogeneous space G/Gy is a smooth manifold (and
a loop as an algebraic object) for every x € X. Therefore the one-to-one mapping
G/Gx — X : g — g¢(x) induces a structure of C*®-manifold on S. Thus the class
C3 (X) of smooth functions with compact supports on x has the evident definition.

In order to perform an integration we need a suitable measure. A smooth mea-
sure du on X is called (left) invariant measure with respect to an operation of G on
Xif
(2.1) J f(x) dp(x) :J f(g(x)) du(x), forallge G, f(x) € C5°(X).

X X

EXERCISE 2.4. Show that measure y~2dy dx on the upper half plane R? is

invariant under action from Exercise 2.1.

Left invariant measures on X = G is called the Haar measure. It always exists
and is uniquely defined up to a scalar multiplier [55, § 0.2]. An equivalent formu-
lation of (2.1) is: G operates on L,(X, du) by unitary operators. We will transfer the
Haar measure du from G to g via the exponential map exp : g — G and will call it
as the invariant measure on a Lie algebra g.

EXERCISE 2.5. Check that the following are Haar measures for corresponding
groups:
(i) The Lebesgue measure dx on the real line R.
(ii) The Lebesgue measure d¢ on the unit circle T.
(iii) dx/x is a Haar measure on the multiplicative group R_;
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(iv) dxdy/(x* + y?) is a Haar measure on the multiplicative group C \ {0},
with coordinates z = x + iy.
(v) a=?dadband a~! da db are the left and right invariant measure on ax+
b group.
(vi) The Lebesgue measure ds dx dy of R? for the Heisenberg group H'.
In this notes we assume all integrations on groups performed over the Haar mea-
sures.

EXERCISE 2.6. Show that invariant measure on a compact group G is finite
and thus may be normalized to total measure 1.

The above simple result has surprisingly important consequences for repre-
sentation theory of compact groups, which we state here without a proof.

THEOREM 2.7. [31, §9.2]
(i) Every topologically irreducible representation of a compact group G is finite-
dimensional and unitarizable.
(i) If Ty and Ty are two inequivalent irreducible representations, then every matrix
element of Ty is orthogonal in L,(G) to every matrix element of Ts.
(iii) For a compact group G its dual space G is discrete.

DEFINITION 2.8. The left convolution f, * f5 of two functions f;(g) and f>(g)
defined on a group G is

1 % fa(g) = JG f1(h) fa(h~"g) dh

EXERCISE 2.9. Let k(g) € L,(G, dp) and operator K on L,(G, du) is the left
convolution operator with k, .i.e. K: f — k * f. Show that K commutes with all right
shifts on G.

The following Lemma characterizes linear subspaces of L, (G, di) invariant un-
der shifts in the term of ideals of convolution algebra L,(G, dp) and is of the separate
interest.

LEMMA 2.10. A closed linear subspace H of L, (G, du) is invariant under left (right)
shifts if and only if H is a left (right) ideal of the right group convolution algebra L, (G, dp).

A closed linear subspace H of L, (G, dy) is invariant under left (right) shifts if and
only if H is a right (left) ideal of the left group convolution algebra L,(G, dp).

PROOF. Of course we consider only the “right-invariance and right-convolution”
case. Then the other three cases are analogous. Let H be a closed linear subspace
of L,(G, dp) invariant under right shifts and k(g) € H. We will show the inclusion

(2.2) [f 5Kl () = JGf(g)k(hg) du(g) € H,

for any f € L,(G, du). Indeed, we can treat integral (2.2) as a limit of sums
N

2.3) > flgj)k(hg;)A;.
j=1

But the last sum is simply a linear combination of vectors k(hg;) € H (by the
invariance of H) with coefficients f(g;). Therefore sum (2.3) belongs to H and this
is true for integral (2.2) by the closeness of H.

Otherwise, let H be a right ideal in the group convolution algebra L, (G, du)
and let ¢;(g) € Ly(G, du) be an approximate unit of the algebra [21, § 13.2], i. e.
for any f € L,(G, du) we have

(s o+ f1, () = L ;(9)f(hg) du(g) — f(h), whenj — oo.
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Then for k(g) € H and for any h' € G the right convolution

(b # ], (hh') = L &;(g)k(hig) du(g) = L & (h""Lg"k(hg’) du(g’), ¢’ = h'g,

from the first expression is tensing to k(hh’) and from the second one belongs to
H (as a right ideal). Again the closeness of H implies k(hh’) € H that proves the
assertion. O






LECTURE 3

Elements of the Representation Theory

1. Representations of Groups

Objects unveil their nature in actions. Groups act on other sets by means of
representations. A representation of a group G is a group homomorphism of G in
a transformation group of a set. It is a fundamental observation that linear objects
are easer to study. Therefore we begin from linear representations of groups.

DEFINITION 1.1. A linear continuous representation of a group G is a continuous
function T(g) on G with values in the group of non-degenerate linear continuous
transformation in a linear space H (either finite or infinite dimensional) such that
T(g) satisfies to the functional identity:

(1.1) T(g192) = T(g1) T(g2).

REMARK 1.2. If we have a representation of a group G by its action on a set X
we can use the following linearization procedure. Let us consider a linear space L(X)
of functions X — C which may be restricted by some additional requirements (e.g.
integrability, boundedness, continuity, etc.). There is a natural representation of G
on L(X) which produced by its action on X:

(1.2) g:f(x) — pgf(x) =1(g-x), where g € G, x € X.
Clearly this representation is already linear. However in many practical cases the

formula for linearization (1.2) has some additional terms which are required to
make it, for example, unitary.

EXERCISE 1.3. Show that T(g~!) = T-!(g) and T(e) = I, where L is the identity
operator on B.

EXERCISE 1.4. Show that these are linear continuous representations of corre-
sponding groups:
(i) Operators T(x) such that [T(x) f](t) = f(t+x) form a representation of R

in L,(R).
(ii) Operators T(n) such that T(n)ayx = ax4rn form a representation of Z in
0.
(iii) Operators T(a,b) defined by
(1.3) [T(a,b) fl(x) = Vaf(ax + b), aeR,,beR

form a representation of ax + b group in L,(R).
(iv) Operators T(s,x,y) defined by
(1.4) [T(s,x,y) fl(t) = e'(Z5—V2txu)f(¢ _ \/2x)

form Schriadinger representation of the Heisenberg group H' in L,(R).
(v) Operators T(g) defined by

1 b
(15) (T(g)fl(t) = ard (zl:_l—i:d> » Whereg = ( cc1 Z) ’

form a representation of SL,(R) in L,(R).
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In the sequel a representation always means linear continuous representation.
T(g) is an exact representation (or faithful representation if T(g) = I only for g = e.
The opposite case when T(g) = I for all g € G is a trivial representation. The
space H is representation space and in most cases will be a Hilber space [32, § IIL5].
If dimensionality of H is finite then T is a finite dimensional representation, in the
opposite case it is infinite dimensional representation.

We denote the scalar product on H by (-,-). Let {e;} be an (finite or infinite)
orthonormal basis in H, i.e.

(ej, €5) = djx,
where 8;y is the Kroneker delta, and linear span of {e;} is dense in H.

DEFINITION 1.5. The matrix elements tji(g) of a representation T of a group G
(with respect to a basis {e;} in H) are complex valued functions on G defined by

(1.6) tix(g) = (T(g)ej, ex) .
EXERCISE 1.6. Show that [56, § 1.1.3]
(i) T(g)ex =2 ;tjx(g)e;.
(i) tjk(g192) =D, tin(g1) tax(g2).

It is typical mathematical questions to determine identical objects which may
have a different appearance. For representations it is solved in the following defi-
nition.

DEFINITION 1.7. Two representations T; and T, of the same group G in spaces
H; and Hy correspondingly are equivalent representations if there exist a linear op-
erator A : H; — Hj with the continuous inverse operator A~! such that:

To(g) =ATi(g) A, Vg € G.

EXERCISE 1.8. Show that representation T(a, b) of ax + b group in L, (R) from
Exercise 1.4iii is equivalent to the representation

ete _/x
(17) e, b) i) = 2 £ ().

HINT. Use the Fourier transform. O

The relation of equivalence is reflexive, symmetric, and transitive. Thus it splits
the set of all representations of a group G into classes of equivalent representations.
In the sequel we study group representations up to their equivalence classes only.

EXERCISE 1.9. Show that equivalent representations have the same matrix el-
ements in appropriate basis.

DEFINITION 1.10. Let T be a representation of a group G in H The adjoint rep-
resentation T'(g) of G in H is defined by

T'(g) = (T(g™")",
where * denotes the adjoint operator in H.

EXERCISE 1.11. Show that
(i) T’isindeed a representation.

(i) t{(g9) = tij(g™").
Recall [32, § II1.5.2] that a bijection U : H — H is a unitary operator if
(Ux, Uy) = (x,y), Vx,y € H.
EXERCISE 1.12. Show that UU* = L.
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DEFINITION 1.13. T is a unitary representation of a group G in a space H if T(g)
is a unitary operator for all g € G. Ty and T, are unitary equivalent representations if
T = UT,U ! for a unitary operator U.

EXERCISE 1.14. (i) Show that all representations from Exercises 1.4 are
unitary.
(ii) Show that representations from Exercises 1.4iii and 1.8 are unitary equiv-
alent.

HINT. Take that the Fourier transform is unitary for granted. O

EXERCISE 1.15. Show that if a Lie group G is represented by unitary operators
in H then its Lie algebra g is represented by self-adjoint (possibly unbounded)
operators in H.

The following definition have a sense for finite dimensional representations.

DEFINITION 1.16. A character of representation T is equal x(g) = tr (T(g)), where
tr is the trace [32, § II1.5.2 (Probl.)] of operator.

EXERCISE 1.17. Show that

(i) Characters of a representation T are constant on the adjoint elements
g 'hg, forall g € G.

(ii) Character is an algebra homomorphism from an algebra of represen-
tations with Kronecker’s (tensor) multiplication [56, § 1.9] to complex
numbers.

HINT. Use that tr (AB) = tr (BA), tr (A +B) = trA +trB, and tr (A ® B) =
tr A tr B. O

For infinite dimensional representation characters could be defined either as
distributions [31, § 11.2] or in infinitesimal terms of Lie algebras [31, § 11.3].

The characters of a representation should not be confused with the following
notion.

DEFINITION 1.18. A character of a group G is a one-dimensional representation
of G.

EXERCISE 1.19. (i) Letx be a character of a group G. Show that a char-
acter of representation x coincides with it and thus is a character of G.
(ii) A matrix element of a group character x coincides with x.
(iif) Let x; and x; be characters of a group G. Show that x; ® X2 = X1x2 and
x'(g) = x1(g™!) are again characters of G. In other words characters of a
group form a group themselves.

2. Decomposition of Representations

The important part of any mathematical theory is classification theorems on
structural properties of objects. Very well known examples are:
(i) The main theorem of arithmetics on unique representation an integer as
a product of powers of prime numbers.
(ii) Jordan’s normal form of a matrix.
The similar structural results in the representation theory are very difficult. The

easiest (but still rather difficult) questions are on classification of unitary represen-
tations up to unitary equivalence.

DEFINITION 2.1. Let T be a representation of G in H. A linear subspace L C H
is invariant subspace for T if for any x € L and any g € G the vector T(g)x again
belong to L.
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There are always two trivial invariant subspaces: the null space and entire H.
All other are nontrivial invariant subspaces.

DEFINITION 2.2. If there are only two trivial invariant subspaces then T is
irreducible representation. Otherwise we have reducible representation.

For any nontrivial invariant subspace we could define the restriction of repre-
sentation of T on it. In this way we obtain a subrepresentation of T.

EXAMPLE 2.3. Let T(a), a € R, be defined as follows: [T(a)lf(x) = f(ax).
Then spaces of even and odd functions are invariant.

DEFINITION 2.4. If the closure of liner span of all vectors T(g)v is dense in H
then v is called cyclic vector for T.

EXERCISE 2.5. Show that for an irreducible representation any non zero vector
is cyclic.

The important property of unitary representation is complete reducibility.

EXERCISE 2.6. Let a unitary representation T has an invariant subspace L C H,
then its orthogonal completion L+ is also invariant.

THEOREM 2.7. [31, § 8.4] Any unitary representation T of a locally compact group
G could be decomposed in a (continuous) direct sum irreducible representations: T =

Jx T dplx).
The necessity of continuous sums appeared in very simple examples:

EXERCISE 2.8. Let T be a representation of R in L,(R) as follows: [T(a)f](x) =
el%*f(x). Show that

(i) Any measurable set E C R define an invariant subspace of functions
vanishing outside E.
(ii) T does not have invariant irreducible subrepresentations.

DEFINITION 2.9. The set of equivalence classes of unitary irreducible repre-

sentations of a group G is denoted by G and called dual object (or dual space) of the
group G.

DEFINITION 2.10. A left regular representation /A(g) of a group G is the repre-
sentation by left shifts in the space L,(G) of square-integrable function on G with
the left Haar measure

2.1) Ag: f(h) — f(g th).

The main problem of representation theory is to decompose a left regular representa-
tion A(g) into irreducible components.

3. Invariant Operators and Schur’s Lemma

It is a pleasant feature of an abstract theory that we obtain important general
statements from simple observations. Finiteness of invariant measure on a com-
pact group is one such example. Another example is Schur’s Lemma presented
here.

To find different classes of representations we need to compare them each
other. This is done by intertwining operators.

DEFINITION 3.1. Let T; and T, are representations of a group G in a spaces
H; and H; correspondingly. An operator A : H; — Hj is called an intertwining
operator if
ATi(g) =Ta(g) A, Vg € G.

If T, =Ty, =T then A is interntwinig operator or commuting operator for T.
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EXERCISE 3.2. Let G, H, T(g), and A be as above. Show the following: [56,
§1.3.1]
(i) Letx € H be an eigenvector for A with eigenvalue A. Then T(g)x for all
g € G are eigenvectors of A with the same eigenvalue A.
(ii) All eigenvectors of A with a fixed eigenvalue A for a linear subspace
invariant under all T(g), g € G.
(iii) If an operator A is commuting with irreducible representation T then
A =AL

HINT. Use the spectral decomposition of selfadjoint operators [32,§ V.2.2]. O
The next result have very important applications.

LEMMA 3.3 (Schur). [31, § 8.2] If two representations Ty and T of a group G are
irreducible, then every intertwining operator between them is either zero or invertible.

HINT. Consider subspaces ker A C H; and im A C Has. O

EXERCISE 3.4. Show that

(i) Two irreducible representations are either equivalent or disjunctive.

(ii) All operators commuting with an irreducible representation form a field.
(iii) Irreducible representation of commutative group are one-dimensional.
(iv) If T is unitary irreducible representation in H and B(-,-) is a bounded

semi linear form in H invariant under T: B(T(g)x, T(g)y) = B(x,y) then
B(-, ) =A(,").
HINT. Use that B(-,-) = (A, ) for some A [32, § IIL.5.1]. O






LECTURE 4

Wavelets on Groups and Square Integrable
Representations

A matured mathematical theory looks like a tree. There is a solid trunk which
supports all branches and leaves but could not be alive without them. In the case
of group approach to wavelets the trunk of the theory is a construction of wavelets
from a square integrable representation [11], [2, Chap. 8]. We begin from this trunk
which is a model for many different generalisations and will continue with some
smaller “generalising” branches later.

1. Wavelet Transform on Groups

Let G be a group with a left Haar measure du and let p be a unitary irreducible
representation of a group G by operators pg, g € G in a Hilbert space H.

DEFINITION 1.1. Let us fix a vector wg € H. We call wg € B a vacuum vector
or a mother wavelet (other less-used names are ground state, fiducial vector, etc.). We
will say that set of vectors wg = p(g)wo, g € G form a family of coherent states
(wavelets).

EXERCISE 1.2. If p is irreducible then wy, g € G is a fotal set in H, i.e. the linear
span of these vectors is dense in H.

The wavelet transform could be defined as a mapping from H to a space of
functions over G via its representational coefficients

(1.1) W:vi—9(g) = (p(g~)v,wo) = (v, p(g)wo) = (v, wg) .

EXERCISE 1.3. Show that the wavelet transform W is a continuous linear map-
ping and the image of a vector is a bounded continuous function on G. The liner
space of all such images is denoted by W(G).

EXERCISE 1.4. Let a Hilbert space H has a basis ej, j € Z and a unitary rep-
resentation p of G = Z defined by p(k)e; = ej;k. Write a formula for wavelet
transform with wg = ey and characterise W (Z).

ANSWER. v(n) = (v, eq). O
EXERCISE 1.5. Let G be ax + b group and p is given by (cf. (1.3)):
1 x—Db

in L,(R). Show that
(i) The representation is reducible and describe its irreducible components.
(ii) for wo(x) = m coherent states are v(q p)(x) = W%
(iii) Wavelet transform is given by
va v(x)
JR X =

Tl A e

T om ’

which resembles the Cauchy integral formula.

29
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(iv) Give a characteristic of W(G).

PROPOSITION 1.6. The wavelet transform W intertwines p and the left reqular rep-
resentation A\ (2.1) of G:

PROOF. We have:
W(p(g)w)l(h) =

O

COROLLARY 1.7. The function space W (G) is invariant under the representation A
of G.

Wavelet transform maps vectors of H to functions on G. We can consider a
map in the opposite direction sends a function on G to a vector in H.

DEFINITION 1.8. The inverse wavelet transform M associated with a vector w €
Hmaps L, (G) to H and is given by the formula:

M:L(G) — H:V(g) —» MP(g)] = JG\A)(Q)ngu(g)

(1.9 — | staloto)duta)wi,
G
where in the last formula the integral express an operator acting on vector wy).
EXERCISE 1.9. Write inverse wavelet transforms for Exercises 1.4 and 1.5.

ANSWER. (i) For Exercises 1.4:v =3 _v(n)en.
(ii) For Exercises 1.5:

v(x)

1 J v(a,b) dadb
R

~omi 2 x—(b—1ia) @3
O

LEMMA 1.10. If the wavelet transform W and inverse wavelet transform M are de-
fined by the same vector wy then they are adjoint operators: W* = M.

PROOF. We have:

OV, wg) = <ng')wg/du(g'),wg>
- ng')<wg/,wg> du(g’)

- L@(g’xwg,wg»du(g')

= <\A}7 WW9> )
where the scalar product in the first line is on H and in the last line is on L,(G).
Now the result follows from the totality of coherent states wg in H. O

PROPOSITION 1.11. The inverse wavelet transform M intertwines the representation
A (2.1) on Ly(G) and p on H:
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PROOF. We have:
MIA(g)v(h)]

Mg~ )]

= JG \A)(g*lh)wg dp(h)

= | stwg dum)
G

= olg) L S(h)wi,, du(h’)

= p(gIMB()],
where h’' = g~ 'h. O

COROLLARY 1.12. The image M(L,(G)) C H of subspace under the inverse wavelet
transform M is invariant under the representation p.

The following proposition explain the usage of the name “inverse” (not “ad-
joint” as it could be expected from Lemma 1.10) for M.

THEOREM 1.13. The operator
(1.4) P=MW:H—-H

maps H into its linear subspace for which w{ is cyclic. Particularly if p is an irreducible
representation then P is cl for some constant ¢ depending from wo and wy.

PROOF. It follows from Propositions 1.6 and 1.11 that operator MW : H — H
intertwines p with itself. Then Corollaries 1.7 and 1.12 imply that the image MW
is a p-invariant subspace of H containing wy. From irreducibility of p by Schur’s
Lemma [31, § 8.2] one concludes that MW = cI on C for a constant ¢ € C. O

REMARK 1.14. From Exercises 1.4 and 1.9 it follows that irreducibility of p is
not necessary for MW = cl, it is sufficient that wy and w), are cyclic only.

We have similarly

THEOREM 1.15. Operator WM is up to a complex multiplier a projection of L, (G)
to W(G).

2. Square Integrable Representations

So far our consideration of wavelets was mainly algebraic. Usually in analy-
sis we wish that the wavelet transform could preserve an analytic structure, e.g.
values of scalar product in Hilbert spaces. This accomplished if a representation p
possesses the following property.

DEFINITION 2.1. [31, § 9.3] Let a group G with a left Haar measure dy have a
unitary representation p : G — L(H). A vector v € H is called admissible vector if
the function v(g) = (p(g)w, w) is non void and square integrable on G with respect
to dp:

@.1) 0<c?= L (0(g)w, ) (w, p(g}w) du(g) < co.

If an admissible vector exists then p is a square integrable representation.

Square integrable representations of groups have many interesting properties
(see [22, § 14] for unimodular groups and [23], [2, Chap. 8] for not unimodular
generalisation) which are crucial in the construction of wavelets. For example,
for a square integrable representation all functions (p(g)v1,v2) with an admissible
vector v; and any v, € H are square integrable on G; such representation belong
to dicrete series; etc.
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EXERCISE 2.2. Show that

(i) Admissible vectors form a linear space.
(ii) For anirreducible p the set of admissible vectors is dense in H or empty.

HINT. The set of all admissible vectors is an p-invariant subspace of H. O

EXERCISE 2.3. (i) Find a condition for a vector to be admissible for the
representation (1.2) (and therefore the representation is square integrable).

(ii) Show that wy(x) = m is not admissible.

— lwll

For an admissible vector w we take its normalisation wy = -~ w to obtain:

2) | Kotarwa.wa)l* cuig) = fwal.
Such a wy as a vacuum state produces many useful properties.

PROPOSITION 2.4. If both wavelet transform W and inverse wavelet transform M
for an irreducible square integrable representation p are defined by the same admissible
vector wy then the following three statements are equivalent:

(i) wo satisfy (2.2);
(i) MW =1,
(iii) for any vectors vy, vy € H:
3 iva) = | _oi(0)5a(a anto)

PROOF. We already knew that MW = cI for a constant ¢ € C. Then (2.2)
exactly says that ¢ = 1. Because W and M are adjoint operators it follows from
MW =TI on H that:

<V17V2> = <MWV17V2> = <WV]_,M*V2> = <WV1,W\)2>7

which is exactly the isometry of W (2.3). Finally condition (2.2) is a partticular case
of general isometry of W for vector wy. O

EXERCISE 2.5. Write the isometry conditions (2.3) for wavelet transforms for
Z and ax + b groups (Exercises 1.4 and 1.5.

Wavelets from square integrable representation closely related to the follow-
ing notion:

DEFINITION 2.6. A reproducing kernel on a set X with a measure is a function
K(x,y) such that:

(2.4) K(x,x) > 0, WxeX,
(2.5) Ky = Ko,
2.6) Kx,z) = LK(w)K(y,z)dy.

PROPOSITION 2.7. The image W (G) of the wavelet transform 'W has a reproducing
kernel K(g, g’) = (Wg,Wq). The reproducing formula is in fact a convolution:

e = JGK(gcg)O(g)du(g)

2.7) - JG Wolg~"9")9(g) du(g)

with a wavelet transform of the vacuum vector wo(g) = (wy, p(g)wo).
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PROOF. Again we have a simple application of the previous formulas:
V(g = (plg v, wo)

2.8) = | 4ot 1p(o" v, wo) T, el ()
_ "G (ol(g"h) v, wo) (p(R)wo, wo) du(h)

= Gf)(g’h) Wo(h™!) du(h)

= | V(g)Wolg'g’) dulg),

JG

where transformation (2.8) is due to (2.3). O

EXERCISE 2.8. Write reproducing kernels for wavelet transforms for Z and
ax + b groups (Exercises 1.4 and 1.5.

EXERCISE* 2.9. Operator (2.7) of convolution with Wy is an orthogonal projec-
tion of L,(G) onto W(G).

HINT. Use that an left invariant subspace of L,(G) is in fact an right ideal in
convolution algebra, see Lemma 2.10. O

REMARK 2.10. To possess a reproducing kernel—is a well-known property of
spaces of analytic functions. The space W(G) shares also another important prop-
erty of analytic functions: it belongs to a kernel of a certain first order differential
operator with Clifford coefficients (the Dirac operator) and a second order oper-
ator with scalar coefficients (the Laplace operator) [5, 35, 34, 36], which we will
consider that later too.

We consider only fundamentals of the wavelet construction here. There are
much results which could be stated in an abstract level. To avoid repetition we
will formulate it later on together with an interesting examples of applications.

The construction of wavelets from square integrable representations is general
and straightforward. However we could not use it everywhere we may wish:

(i) Some important representations are not square integrable.
(ii) Some groups, e.g. H", do not have square representations at all.
(iii) Even if representation is square integrable, some important vacuum vec-
tors are not admissible, e.g. wo(x) = m in 2.3ii.
(iv) Sometimes we are interested in Banach spaces, while unitary square in-
tegrable representations are acting only on Hilbert spaces.
To be vivid the trunk of the wavelets theory should split into several branches
adopted to particular cases and we describe some of them in the next lectures.






LECTURE 5

Wavelets on Homogeneous Spaces: the
Segal-Bargmann Space

We investigate a situation when a representation p of G is not square integrable
in the sense of the previous Lecture but is square integrable modulo subgroup. An
example which we use for illustration is the classic construction from quantum
mechanics and is origin of coherent states.

1. Quantum Mechanical Setting

We begin from a statement of quantum problem [46, 6] which could be natu-
rally solved in the terms of wavelet transform. Mathematical formulation of quan-
tum mechanics could be founded for example in [40], [32, § V.3].

The states of a quantum mechanical system of n degrees of freedom (e.g. par-
ticle) are usually described by a function from the space H = L,(R™). Depending
on a physical interpretation it could be considered either as configuration space with
real variables (q1, g2, ..., dn) describing coordinates of the particle or momentum
space with real variables (pi, p2, ..., Ppn) describing its momenta. One could move
from one description to another by the Fourier transform. Elements of H are also
called wave functions.

The observables of the system are self-adjoint (possibly unbounded) operators
on H. The result of measurement of an observable A on a state (wave function) ¢
with ||| = 1 is a random distribution with an expectation (A)4:

(Ao = (Ad, D)

EXERCISE 1.1. Let we could find all expectations (A)y, for a fixed ¢ and any
self-adjoint A. Show that we may calculate the random distributions of measure-
ment.

HINT. Use expectation <X[a,b] (A)d, d)>, where X4 b](A) is a spectral projec-
tion of A on the interval [a, b] [32, § V.1.3] to find a probability that the result of
measurement of A on ¢ will be within interval [a, b]. O

Among observables there is a special set of 2n primary ones: these are n ob-
servables of coordinates q1, ..., qn and n observables of momentum py, ..., Pn.
All other observables usually could be expressed by means of primary ones: either
as functions [40] or as wavelets [35]. The relation between primary observables are
given by the Heisenberg commutation relations, i.e. the only non-trivial commutators
among them are:

(1.1) [qj, pi] = ihd;k L.

EXERCISE 1.2. Check that the Heisenberg commutation relations (1.1) define
a representation of the Lie Algebra of the Heisenberg group H™.

Therefore a realisation of primary observables as self-adjoint operators H is
connected with a unitary representation of the Heisenberg group in L,(R™). We

35
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already met it: this is the Schrodinger representation (1.4):
(12) [pn(s.x,y) fl(q) = llheVERKaEUIf(q —V/oRy).

(the representation (1.4) correspond to the case h = 1).
The important result is the following theorem which asserts that we know all
possible realisation of the Heisenberg commutation relations (1.1).

THEOREM 1.3 (Stone-von Neumann). [31, § 18.4], [55, § 1.2] All unitary irre-
ducible representations of the Heisenberg group H™ up to unitary equivalence are as fol-
lows

(i) For any 1 € (0, 00) the Schrodinger irreducible noncommutative unitary rep-
resentations in Ly(R™)

(1.3) pin(s,x,y) = ei(:ts-hl:l:x~h1/2M+y-h1/2D)’
where xM and yD are such unbounded self-adjoint operators on L,(R™):
(14) (c-n2Mula) = RY2 Y xaulq),
(1.5) (y-h'’D)u(q) = hli/Q Yj a;((]?) :
(ii) For (q,p) € R®™ commutative one-dimensional representations on C:
(1.6) p(qm)(s,x?y)u:ei(q"ﬂ’y]u, uecC.

Therefore there is essentially unique model for a quantum mechanical parti-
cle. Nevertheless it is worthwhile to look for some models which can act as al-
ternatives for the Schrodinger representation. In particular, the Segal-Bargmann
representation [6, 46] serves to

e give a realisation of states by “true” functions, not an equivalent classes
from L, (R™.

e give a geometric representation of the dynamics of the harmonic oscilla-
tors;

e present a nice model for the creation and annihilation operator:

1 . 1 .
(17) a?zﬁ(qﬂrwﬂ, a; :ﬁ(qa—wﬂ,

which are important for quantum field theory;
e allow applying tools of analytic function theory.
The huge abilities of the Segal-Bargmann (or Fock [24]) model are not yet com-
pletely employed, see for example new ideas in a recent paper [43].
Since the Segal-Bargmann model should give a representation H™ which is
unitary equivalent to the Schrodinger one then it is naturally to construct an inter-
twining operator between them as a wavelet transform.

2. Fundamentals of Wavelets on Homogeneous Spaces

Let G be a group and Gy be its closed normal subgroup. Let X = G/Gg be
the corresponding homogeneous space with a left invariant measure du. Let s :
X — G be a Borel section in the principal bundle G — G/go. Let p be a continuous
representation of a group G by invertible unitary operators p(g), g € G in a Hilbert
space H.

For any g € G there is a unique decomposition of the form g = s(x)h, h € Gy,
x € X. We will definer : G — Gp : r(g) = h = (s !(g))!g from the previous
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equality and write a formal notation x = s~!(g). Then there is a geometric action
of G on X — X defined as follows

1

g:x—g t-x=s"1(g ts(x)).

EXAMPLE 2.1. As a subgroup G we select now the center of H" consisting of
elements (t,0). Of course X = G/Gy isomorphic to C™ and mapping s : C™ — G
simply is defined as s(z) = (0,z). The Haar measure on H" coincides with the
standard Lebesgue measure on R?™""! [55, § 1.1] thus the invariant measure on X
also coincides with the Lebesgue measure on C™. Note also that composition law
s !(g-s(z)) reduces to Euclidean shifts on C™. We also find s~ ((s(z;)) ! -s(z3)) =

Zo — 27 and T((S(Zl))il . S(ZQ)) = 132122.

2

DEFINITION 2.2. Let G, Gy, X = G/Gg, s : X — G, p: G — L(H) be as above.
We say that wy € H is a vacuum vector if it satisfies to the following two conditions:

(2.1) p(h)wg = x(h)wy, x(h) € C, forallh € Gg;
22) [ 1o, plstxiwo)? ax = fwol.
X
We will say that set of vectors wy, = p(x)wyg, x € X form a family of coherent states.

Note that mapping h — x(h) from (2.1) defines a character of the subgroup
Go. The condition (2.2) could be easily achieved by a renormalisation wy as soon
as we sure that the integral in the left hand side is finite.

CONVENTION 2.3. In that follow we will usually write x € X and x ! € X
instead of s(x) € G and s(x)~! € G correspondingly. The right meaning of “x”
could be easily found from the context (whether an element of X or G is expected
there).

EXAMPLE 2.4. As a “vacuum vector” we will select the original vacuum vector
of quantum mechanics—the Gauss function wy(q) = e 9%/2 (see Figure 1), which
belongs to all L,(R™). Its transformations are defined as follow:

Wola) = [p(soywol(q) = ellZs—VExarxu) o=(a=vaw)’/2

— e2is—(x*+u?)/2,((x+iy)?—q?)/2—V2i(x+iy)q
e2isfz2/2e(z27q2)/2fﬁizq'

Particularly [p¢0)wol(q) = e 2'wy(q), ie., it really is a vacuum vector in the

sense of our definition with respect to Gg.

EXERCISE 2.5. Check the square integrability condition (2.2) for wy(q) = e~ 9°/2.

The wavelet transform (similarly to the group case) could be defined as a map-
ping from Gy to a space of bounded continuous functions over G via representa-
tional coefficients

v 9(g) = (plg™" v, wo) = (v, p(g) Wo).
Due to (2.1) such functions have simple transformation properties along orbits
gGo, i.e. ¥(gh) = x(h)V(g), g € G, h € Gy. Thus they are completely defined by
their values indexed by points of X = G/Go. Therefore we prefer to consider so
called reduced wavelet transform.

DEFINITION 2.6. The reduced wavelet transform ‘W from a Hilbert space Gy to a
space of function W(X) on a homogeneous space X = G/G defined by a repre-
sentation p of G on Gy, a vacuum vector wy is given by the formula

(23)  W:H—=W(X):vie9(x) = Wl(x) = (p(x )v,wq) = (v, p* (x)wo).
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EXAMPLE 2.7. The transformation (2.3) with the kernel [p o .)Wol(q) is an em-
bedding L,(R™) — L,(C™) and is given by the formula

f(Z) = <f7 ps(z]f0>
_ 7'[7n/4J f((]) 6722/2 ef(zz+q2)/2+\/§zq dq

(2.4) = e_22/2n_“/4j f(q) e (ZHa®)/2+v2za g4,

Then f(g) belongs to L,(C™, dg) or its preferably to say that function f (z) = e#%/%{(ty, 2)
belongs to space L, (C™, eIz dg) because f(z) is analytic in z. Such functions form

the Segal-Bargmann space F,(C™, e_‘z‘zdg) of functions [6, 46], which are analytic

by z and square-integrable with respect to the Gaussian measure e 1" dz. We use
notation W for the mapping v — v(z) = e**/?Wv. Analyticity of f(z) is equiva-
lent to the condition (a%i + %Zj D)f(z) = 0. The integral in (2.4) is the well-known
Segal-Bargmann transform [6, 46].

EXERCISE 2.8. Check that wq(z) = 1 for the vacuum vector wy(q) = e a%/2,

There is a natural representation of G in W(X). It could be obtained if we first
lift functions from X to G, apply the left regular representation A and then pul
them back to X. The result defines a representation A(g) : W(X) — W(X) as follow

(2.5) A (@)fl(x) =x(r(g~" - x))f(g~" - x).
We recall that x (h) is a character of Gy defined in (2.1) by the vacuum vector wy. Of

course, for the case of trivial Gy = {e} (2.5) becomes the left regular representation
A(g) of G.

PROPOSITION 2.9. The reduced wavelet transform W intertwines p and the repre-
sentation A (2.5) on W (X):
Wo(g) = Alg)W.

PROOF. We have with obvious adjustments in comparison with Proposition 1.6:
Wip(g)i(x) = (p(x")p(g)v,wo)

= {p((g7"s(x)) v, wo)

= (p(rlg™"-x) Hp(s(g™" - x)"")v,wp)
= (p(slg™" - x)"" v, p*(r(g™" - x)"wo)
= x(r(g7"-x)"HWvl(g 'x)

= Ag)Wv](x).

O

COROLLARY 2.10. The function space W (X) is invariant under the representation
Aof G.

EXAMPLE 2.11. Integral transformation (2.4) intertwines the Schrodinger rep-
resentation (1.2) with the following realization of representation (2.5):

As,2)f(u) = folz ' wx(s+r(z t-u)
(26) — fO(u _ Z)eierij(iu)
EXERCISE 2.12. (i) Using relation W = e 12°/2W derive from above

that W intertwines the Schrédinger representation with the following:

7\(5, Z)F(U) = FO(LL — Z)ems*f’zu*\z\z/?.
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(ii) Show that infinitesimal generators of representation A are:
OA(s,0,0) =1il, AA(0,x,0) = —0y —ul, A(0,0,y) = i(—0, + zI)
We again introduce a transform adjoint to 'W.

DEFINITION 2.13. The inverse wavelet transform M from W (X) to H is given by
the formula:

M:W(X)— H:v(x) —»MpP(x)] = JXO(X)WX dp(x)

2.7) - Jxomp(x) dp(x)wo.

PROPOSITION 2.14. The inverse wavelet transform M intertwines the representation
Aon W(X) and p on H:

PROOF. We have:

MAGW(X)] = Mix(r(g™" - x)o(g~" )]
- Lx(r(g L))ol - x)wy dulx)
— (g™ x))J B(x g du(x’)
X
_ pgjxo(x’)wx/du(x’)
— o MBI,
wherex’ =g~ ! -x. O

COROLLARY 2.15. The image M(W (X)) C H of subspace W (X) under the inverse
wavelet transform M is invariant under the representation p.

EXAMPLE 2.16. Inverse transformation to (2.4) is given by a realization of (2.7):

fla) = | i@

(2.8)

J ]E(ny)eiy(x—\/ﬁy) e_(q—\/iy)z/Q dx dy
= J f“(z)ef(i2+q2)/2+\/§iq e 12 4z,

The transformation (2.8) intertwines the representations (2.6) and the Schrédinger
representation (1.2) of the Heisenberg group.

The following proposition explain the usage of the name for M.

THEOREM 2.17. The operator
(2.9) P=MW:H—-H

is a projection of H to its linear subspace for which wq is cyclic. Particularly if p is an
irreducible representation then the inverse wavelet transform M is a left inverse operator
on H for the wavelet transform 'W:

MW =1

PROOF. It follows from Propositions 2.9 and 2.14 that operator MW : H — H
intertwines p with itself. Then Corollaries 2.10 and 2.15 imply that the image MW
is a p-invariant subspace of H containing wy. Because of MWw, = w( we conclude
that MW is a projection.



40 5. WAVELETS ON HOMOGENEOUS SPACES

From irreducibility of p by Schur’s Lemma [31, § 8.2] one concludes that MW =
cl on H for a constant ¢ € C. Particularly

MWw, = Jx {p(x " Hwo, wo) p(x)wp dp(x) = cwy.

From the condition (2.2) it follows that (cwg, wo) = (MWwg, wo) = (wg, wg) and
therefore ¢ = 1. O

We have similar
THEOREM 2.18. Operator WM is a projection of L, (X) to W(X).

COROLLARY 2.19. In the space W(X) the strong convergence implies point-wise
convergence.

PROOF. From the definition of the wavelet transform:
[£60)] = I¢£. pbx)wo)! < [£] ol .

Since the wavelet transform is an isometry we conclude that ’12 (x)‘ < c||f|| for
¢ = ||[wyl|, which implies the assertion about two types of convergence.

EXAMPLE 2.20. The corresponding operator for the Segal-Bargmann space
P (2.9) is an identity operator L,(R™) — L,(R™) and (2.9) gives an integral pre-
sentation of the Dirac delta.

While the orthoprojection L,(C™, e 7 dg) — F,(C™, e ¥ dg) is of a separate
interest and is a principal ingredient in Berezin quantization [9, 16]. We could easy
find its kernel from (2.12). Indeed, fo(z) = e_‘z‘2, then the kernel is

71'

Kizow) = folzh-wx(r(z" - w))

= fo(w—2z)e?(®W)

1
= exp (2( w—z* + wz — zv‘v))

1 _
= exp (2(—|z2 —wl?) +wz) )

To receive the reproducing kernel for functions f(z) = e/="f(z) in the Segal-Bargmann
space we should multiply K(z,w) by e(~12*+I")/2 which gives the standard re-
producing kernel = exp(— > +wz) [6, (1.10)].

We denote by W* : W*(X) — Hand M* : H — W*(X) the adjoint (in the
standard sense) operators to W and M respectively.

COROLLARY 2.21. We have the following identity:

(2.10) Wy, M Dy x) = (v D Yv,l1 € H,
or equivalently
1) || ot 1w 0) (oo, Y dute) = ..

PROOF. We show the equality in the first form (2.11) (but we will apply it often
in the second one):

(Wv, J\/[*1>W[X) = (MWv, 1), = (v, 1), .
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COROLLARY 2.22. The space W (X) has the reproducing formula

(2.12) By = L 9(x) Bol(x " - y) du(x),

where by (y) = [Wwo)(y) is the wavelet transform of the vacuum vector wy.
PROOF. Again we have a simple application of the previous formulas:
(ply™ v, wo)

(2.13) = (p(x Mply™ v, wo) (p(x)wo, wo) du(x)

V(y)

=, (p(s(y - %) v,wo) (p(x)wo, wo) dp(x)

= Xf)(y -x) bo(x 1) dp(x)

= X\A)(X) Bo(x_ly) du(X),

where transformation (2.13) is due to (2.11). d

3. Advanced Properties

We make the following simple but nice observation about the integral kernel
of wavelet transform:

PROPOSITION 3.1. Let e;, j € N be an orthonormal basis in H, &; be their images
under a wavelet transform W then the kernel (-, p(x)wq) of the wavelet transform W :
v — (x, p(x)wyq) has the following decomposition in the Dirac bra-ket notations:

(ox)wo) =D 1&5) (el = D (-, ¢) &;.
j=1 j=1
Particularly if e; are orthogonal polynomials and &;(x) are just powers of x then the
kernel of the wavelet transform W is a generating function for e;.

EXERCISE 3.2. Give a proof.

EXERCISE 3.3. (i) Let Hy(q) be the Hermite polynomials, show that
functions H,, ( q)e*qQ/ 2 form an orthonormal basis in L, (R™).

(ii) Show that functions z"/v/n! are images under the Segal-Bargmann trans-
form W of functions Hn(q)e~9°/2. (Hint use that the Hermite polyno-
mial obtained from the Gaussian by derivatives which are infinitesimals
of the Schodinger representation of the Heisenberg group).

(iii) Show that the Segal-Bargmann kernel is the generating function of Her-
mite polynomials.

Another example of this type is given by Bargmann in [6, § 2g]. It links rep-
resentations of SL,(R) in the Berman space and Laguerre polynomials, we will
consider it later.

PROPOSITION 3.4. Let A be an operator H — H. Then the wavelet transform W
intertwines A with an operator A on W (X) given by the integral kernel a(g, g’):
(3.1) Av(x) = J a(x,x")o(x’)dx’,  where a(x,x") = (Awyx/, Wy).
X

EXAMPLE 3.5. [25, (1.81)] For the Segal-Bargmann space: if an operator A on
L,(R™) is given as an integral operator with a kernel a(q, q’) then a(z,z’) is its
double Segal-Bargmann transform.
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EXAMPLE 3.6 (Harmonic Oscillator). Let
1 n n
HeLY pi+ai-1-) afap.
k=1 k=1

be the Hamiltonian of a harmonic oscillator—the simplest non-trivial system in
classic and quantum mechanics (creation a* and annihilation a™ operators were
defined in (1.7)). The dynamics of quantum oscillator is governed by the Schrodinger
equation:

Lot = Hp(b),

and its solution ¢(t) = e'"'t*$p(0) is given by means of the evolution operator etHt.
It is easier to construct the exponent (as any other function) of H if we could
diagonalise H and that is done in the Segal-Bargmann representation. Indeed,
H=.,z %—the Euler operator. Its eigenvectors are z™ with eigenvalues
|m|. Consequently the evolution of the harmonic oscillator is given by

ettf(z) = f(e''z),
which is in a nice resemblance with geometrical dynamic of classic harmonic os-
cillator. In the contrast, the picture in L,(R™) is not as simple. The eigenvectors of

H are constructed from the Hermite polynomials (see Exercise 3.3) and dynamic is
given by the complicated Mehler’s formula [55, Chap. 1, (7.15)] .



LECTURE 6

Wavelets in Banach Spaces and Functional Calculus

1. Coherent States for Banach Spaces

1.1. Abstract Nonsence. Let G be a group and G be its closed normal sub-
group. Let X = G/Gg be the corresponding homogeneous space with an invariant
measure dp and s : X — G be a Borel section in the principal bundle G — G/Gy.
Let 7 be a continuous representation of a group G by invertible isometry operators
Pg, g € G in a (complex) Banach space B.

The following definition simulates ones from the Hilbert space case [1, § 3.1].

DEFINITION 1.1. Let G, Gg, X = G/Gg,s: X — G, m: G — L(B) be as above.
We say that by € B is a vacuum vector if for all h € Gy
(1.1) p(h)bo = x(h)by, x(h) € C.

We will say that set of vectors by = p(x)bo, x € X form a family of coherent states if
there exists a continuous non-zero linear functional 1 € B* such that
(i) [Iooll =1, [[loll = 1, {bo, o) #0;
(i) p(h)*ly = x(h)ly, where p(h)* is the adjoint operator to p(h);
(iii) The following equality holds

(1.2) JX (p(xbo, Lo) (p(x)bo, Lo} dr(x) = (bo, o) -

The functional 1 is called the test functional. According to the strong tradition we
call the set (G, Gg, 7, B, by, lg) admissible if it satisfies to the above conditions.

We note that mapping h — x(h) from (1.1) defines a character of the subgroup
Go. The following Lemma demonstrates that condition (1.2) could be relaxed.

LEMMA 1.2. For the existence of a vacuum vector by and a test functional 1 it is
sufficient that there exists a vector by and continuous linear functional 1 satisfying to
(1.1) and 1.1ii correspondingly such that the constant

(13 ¢ = | (o0 1105,14) (o(x1b5,14) dul
is non-zero and finite.

PROOF. There exist a xg € X such that (p(x; )b, 1)) # 0, otherwise one has
c =0. Let bg = p(x1)b} Hp(x’l)b{)Hfl and 1y = 1, |[1]~". For such by and 1,
we have 1.1i already fulfilled. To obtain (1.2) we change the measure dp(x). Let
co = (bo, lo) # 0 then dp’ = ||p(x )b || [|14]| coc~ dp is the desired measure. [

REMARK 1.3. Conditions (1.2) and (1.3) are known for unitary representations
in Hilbert spaces as square integrability (with respect to a subgroup Gp). Thus
our definition describes an analog of square integrable representations for Banach
spaces. Note that in Hilbert space case b, and 1, are often the same function, thus
condition 1.1ii is exactly (1.1). In the particular but still important case of trivial
Go = {e} (and thus X = G) all our results take simpler forms.

43
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CONVENTION 1.4. In that follow we will usually write x € X and x ' instead
of s(x) € G and s(x) ! correspondingly. The right meaning of “x” could be easily
found from the context (whether an element of X or G is expected there).

The wavelet transform (similarly to the Hilbert space case) could be defined
as a mapping from B to a space of bounded continuous functions over G via rep-
resentational coefficients

v 9(g) = (p(g™ v, lo) = (v, 7(g) o) -
Due to 1.1ii such functions have simple transformation properties along orbits
gGo, i.e. V(gh) = x(h)v(g), g € G, h € Gy. Thus they are completely defined
by their values indexed by points of X = G/Gg. Therefore we prefer to consider
so-called reduced wavelet transform.

DEFINITION 1.5. The reduced wavelet transform 'W from a Banach space B to a
space of function F(X) on a homogeneous space X = G/G, defined by a repre-
sentation 7 of G on B, a vacuum vector by and a test functional 1, is given by the
formula

(1.4) W:B = F(X):v—9(x) = [W(x) = (p(x v, o) = (v, p*(x)1o) -

There is a natural representation of G in F(X). For any g € G there is a unique
decomposition of the form g = s(x)h, h € Gg, x € X. We will definer: G — Go :
T(g) = h = (s7'(g)) 'g from the previous equality and write a formal notation
x = s !(g). Then there is a geometric action of G on X — X defined as follows

1

g:x—g t-x=s"1(g ts(x)).

We define a representation A(g) : F(X) — F(X) as follow
(1.5) A)fl(x) = x(r(g™" - x))f(g™" - x).
We recall that x(h) is a character of Gy defined in (1.1) by the vacuum vector by.

For the case of trivial Gy = {e} (1.5) becomes the left regular representation p(g)
of G.

PROPOSITION 1.6. The reduced wavelet transform 'W intertwines m and the repre-
sentation A (1.5) on F(X):

PROOF. We have:

W(p(g)l(x) = (p(x""pl(g)v,lo)
= {(p(lg7"s(x)) v, lo)
= {(p(rlg™"-x) Hplslg™" - x) v, )
(p(slg™" - x) v, p*(r(g™" %) o)
= x(r(g7"-x) " Wvli(g~'x)
Alg)[Wvl(x)

O

COROLLARY 1.7. The function space F(X) is invariant under the representation A of
G.

We will see that F(X) possesses many properties of the Hardy space. The duality
between 1y and b, generates a transform dual to 'W.
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DEFINITION 1.8. The inverse wavelet transform M from F(X) to B is given by the
formula:

M:F(X) = B:V(x) — MP(x)] = J V(x)by du(x)
X

(1.6) - JX 3(x)p(x) du(x)bo.

PROPOSITION 1.9. The inverse wavelet transform M intertwines the representation
Aon F(X) and mton B:

PROOF. We have:
MRA(gIV(x)] = Mx(r(g~"-x))w(g™"-x)]

where x’ =g~ ! - x. O

COROLLARY 1.10. The image M(F(X)) C B of subspace F(X) under the inverse
wavelet transform M is invariant under the representation .

The following proposition explain the usage of the name for M.

THEOREM 1.11. The operator
(1.7) P=MW:B—B

is a projection of B to its linear subspace for which bq is cyclic. Particularly if v is an
irreducible representation then the inverse wavelet transform M is a left inverse operator
on B for the wavelet transform 'W:

MW =1

PROOF. It follows from Propositions 1.6 and 1.9 that operator MW : B — B
intertwines 7t with itself. Then Corollaries 1.7 and 1.10 imply that the image MW
is a m-invariant subspace of B containing by. Because MWby = by we conclude
that MW is a projection.

From irreducibility of tby Schur’s Lemma [31, § 8.2] one concludes that MW =
cl on B for a constant ¢ € C. Particularly

Mo = | (ol )bos L) plx)bo dix) = cb.

From the condition (1.2) it follows that (cbg, lo) = (MWbq, lp) = (bg, ly) and there-
forec = 1. O

We have similar
THEOREM 1.12. Operator WM is a projection of L, (X) to F(X).

We denote by W* : F*(X) — B* and M* : B* — F*(X) the adjoint (in the
standard sense) operators to W and M respectively.



46 6. WAVELETS AND FUNCTIONAL CALCULUS

COROLLARY 1.13. We have the following identity:

(1.8) Wy, M*Dg () = (v, D, YveB, leB*
or equivalently
19) [, 4o v.t0) (o100, Y aut) = (..

PROOF. We show the equality in the first form (1.9) (but will apply it often in
the second one):
(Wv, M V) () = MWV, L) = (v, D) .

O
COROLLARY 1.14. The space F(X) has the reproducing formula
(110) Sy = || D) Bl -y due),
X
where Eo(y) = [Wbyl(y) is the wavelet transform of the vacuum vector by.
PROOF. Again we have a simple application of the previous formulas:
vy = (ply v b)
(1.11) = | (p(x Hply " v,lo) (p(x)bo, lo) du(x)
Jx
=, (p(s(y - %), lo) (p(x)bo, Lo) dp(x)
= | Sy x)bolx ) du(x)
Jx
= | V) bolx"y) dulx),
X
where transformation (1.11) is due to (1.9). O

REMARK 1.15. To possess a reproducing kernel—is a well-known property of
spaces of analytic functions. The space F(X) shares also another important prop-
erty of analytic functions: it belongs to a kernel of a certain first order differential
operator with Clifford coefficients (the Dirac operator) and a second order opera-
tor with scalar coefficients (the Laplace operator) [5, 35, 34, 36].

Let us now assume that there are two representations 7’ and 7"’ of the same
group G in two different spaces B’ and B” such that two admissible sets (G, Go, 7", B/, by, 1))
and (G, Go, ", B”,b{/, 1) could be constructed for the same normal subgroup
Go C G.

PROPOSITION 1.16. In the above situation if F'(X) C F"(X) then the composition
T = M"W' of the wavelet transform W’ for " and the inverse wavelet transform M" for
nt"" is an intertwining operator between m’ and '’

T’ =n""7.
T is defined as follows
(1.12) T:bw— J (' (x" )b, 10) 7 (x)b{ du(x).
X

This transformation defines a B”-valued linear functional (a distribution for function
spaces) on B'.
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The Proposition has an obvious proof. This simple result is a base for an al-
ternative approach to functional calculus of operators [33, 35] and will be used in
Subsection 2.2. Note also that formulas (1.4) and (1.6) are particular cases of (1.12)
because W and M intertwine 7t and A.

1.2. Wavelets and a Positive Cone. The above results are true for wavelets
in general. In applications a Banach space B is usually equipped with additional
structures and wavelets are interplay with them. We consider an example of such
interaction.

We recall [37], [30, Chap. X] the notion of positivity in Banach spaces. Let
C C B be a sharp cone, i.e. x € C implies that Ax € C and —Ax ¢ C for A > 0. We
call such elements x € C positive vectors. We say also that x > y iff x —y is positive.
There is the dual cone C* C B* defined by the condition

C*={f | feB*, (b,f) >0 Vx e C}L
An operator A : B — B is called positive if Ab > 0 for all b > 0. If A is positive with
respect to C then A* is positive with respect to C*.

DEFINITION 1.17. We call a representation p(g) positive if there exists a vector
bo € C such that p(x)bg € C for all x € X. A linear functional f € B* is positive
(f > 0) with respect to a vacuum vector by if (p(x)bg, f) > 0 for all x € X and
(p(x)by, f) is not identically equal to 0.

LEMMA 1.18. For any positive representation p(g) and vacuum vector by there exists
a positive test functional.

PROOF. Obvious. U
We consider an estimation of positive linear functionals.

PROPOSITION 1.19. Let b € B be a vector such that b = fx B(x)bX du(x). Let
(i) D(b) ={{p(x1)b,lo) | x € X} be the set of value of reduced wavelets trans-
form;
(i1) D(b) be a convex shell of the values ofg(x);
(iti) D(b) = {(b,f) | f € C*,[[f|| =1,f > 0}.
Then
D(b) c D(b) c D(b).

PROOF. The first inclusion is obvious. The second could be easily checked:

(b, f) = <JX b(x)by du(x), f> = L b(x) (by, ) du(x).
O

1.3. Singular Vacuum Vectors. In many important cases the above general
scheme could not be carried out because the representation 7t of G is not square-
integrable or even not square-integrable modulo a subgroup Gg. Thereafter the
vacuum vector by could not be selected within the original space B which the rep-
resentation 7 acts on. The simplest mathematical example is the Fourier transform
(see Example 3.1). In physics this is the well-known problem of absence of vacuum
state in the constructive algebraic quantum field theory [47, 48, 49]. The absence
of the vacuum within the linear space of system’s states is another illustration to
the old thesis Natura abhorret vacuum' or even more specifically Natura abhorret
vectorem vacui’.

INature is horrified by (any) vacuum (Lat.).
Nature is horrified by a carrier of nothingness (Lat.). This illustrates how far a humane beings
deviated from Nature.
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We will present a modification of our construction which works in such a sit-
uation. For a singular vacuum vector the algebraic structure of group represen-
tations could not describe the situation alone and requires an essential assistance
from analytical structures.

DEFINITION 1.20. Let G, Gg, X = G/Gg, s : X — G, 1: G — L(B) be as in
Definition 1.1. We assume that there exist a topological linear space B O B such
that

(i) Bisdensein B (in topology of B) and representation 7t could be uniquely
extended to the continuous representation 7t on B.
(i) There exists by € B be such that for all h € G,
(1.13) 7t(h)by = x(h)bo, x(h) € C.
(iii) There exists a continuous non-zero linear functional 1y € B* such that
p(h)*lp = X(h)ly, where p(h)* is the adjoint operator to p(h);
(iv) The composition MW : B — B of the wavelet transform (1.4) and the

inverse wavelet transform (1.6) maps B to B.
(v) For a vector py € B the following equality holds

(1.14) <L (p(x~1)pos o) plx)bo dH(X)Jo> — (poslo)

where the integral converges in the weak topology of B.
As before we call the set of vectors by, = p(x)bg, x € X by coherent states; the vector
bo—a vacuum vector; the functional 1y is called the test functional and finally po is
the probe vector.

This Definition is more complicated than Definition 1.1. The equation (1.14) is
a substitution for (1.2) if the linear functional 1y is not continuous in the topology
of B. Example 3.1 shows that the Definition does not describe an empty set. The
function theory in R"! constructed in [34] provides a more exotic example of a
singular vacuum vector.

We shall show that 1.20v could be satisfied by an adjustment of other compo-
nents.

LEMMA 1.21. For the existence of a vacuum vector by, a test functional 1y, and a
probe vector py it is sufficient that there exists a vector b, and continuous linear functional
1y satisfying to 1.20i-1.20iv and a vector p(, € B such that the constant

c= <J (p(x M)po, lo) p(x)bo du(x),10>
X
is non-zero and finite.

The proof follows the path for Lemma 1.2. The following Proposition summa-
rizes results which could be obtained in this case.

PROPOSITION 1.22. Let the wavelet transform ‘W (1.4), its inverse M (1.6), the
representation A(g) (1.5), and functional space F(X) be adjusted accordingly to Defini-
tion 1.20. Then

(i) Wintertwines p(g) and A(g) and the image of F(X) = W(B) is invariant under
Alg).

(i) M intertwines N(g) and 7t(g) and the image of M(F(B)) = MW(B) C B is
invariant under p(g).
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(iii) If M(F(X)) = B (particularly if p(g) is irreducible) then MW = 1 otherwise
MW is a projection B — M(F(X)). In both cases MW is an operator defined

by integral
(1.15) b | (pbx1)b. L) plx)bo dutx),
(iv) Space F(X) has a reproducing formula
(1.16) ny)—-<inﬁx)p(x_1y)bodxwlo>

which could be rewritten as a singular convolution
Sly) = | 96050 y) ax
with a distribution b(y) = (p(y )b, lo) defined by (1.16).

The proof is algebraic and completely similar to Subsection 1.1.

2. Wavelets in Operator Algebras

We are going to apply the above abstract scheme to special spaces, which our
main targets—wavelets on operator algebras. This gives a possibility to study
operators by means of functions—symbols of operators.

2.1. Co- and Contravariant Symbols of Operators. We construct a realiza-
tion of the wavelet transform as co- and contravariant symbols (also known as
Wick and anti-Wick symbols) of operators. These symbols and their connections
with wavelets in Hilbert spaces are known for a while [7, 8, 10, 9]. However their
realization (described bellow) as wavelets in Banach algebras seems to be new.

Let p(g) be a representation of a group G in a Banach space B by isometry
operators. Then we could define two new representations for groups G and G x G
correspondingly in the space £(B) of bounded linear operators B — B:

(2.1) T i G— L(L(B)): A p(g) 'Ap(g),
(2.2) T GxG—L(L(B)): A p(g1) 'Ap(ga),
where A € L(B). Note that 7t(g) are algebra automorphisms of £(B) for all g.

Representation 7(g1, g2) is an algebra homomorphism from L(B) to the algebra
L (4,4, (B) of linear operators on B equipped with a composition

A1oAs=A1p(g1) 'plg2) Az

with the usual multiplication of operators in the right-hand side. The role of
such algebra homomorphisms in a symbolical calculus of operators was explained
in [27]. It is also obvious that 7t(g) is the restriction of 7t(g1, g2) to the diagonal of
G x G.

Let there are selected a vacuum vector by € B and a test functional 1 € B*
for 7. Then there are the canonically associated vacuum vector Py € L(B) and test
functional fy € L*(B) defined as follows:

(2.3) Po : B—B:b— Pyb=(b,1) by:
(24) fo . L(B) —-C:Am <Ab0,10> .

They define the following coherent states and transformations of the test func-
tional

Py = 7(g)Po = (-, 1g) by, Pig1,92) = T(91,92)P0 = (-, 1g,) by,,
1:9 = ﬁ*(g)fO:<'bgalg>v f(gl,gg =7"(g1,92)fo :< glalgg>
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where as usually we denote by = p(g)bg, lg = p*(g)lo. All these formulas take
simpler forms for Hilbert spaces if 1o = by.

DEFINITION 2.1. The covariant (pre-)symbol A(x) (A(x1,x2)) of an operator A
acting on a Banach space B defined by by € B and 1y € B* is its wavelet transform
with respect to representation 7t(g) (2.1) (7t(g1, g2) (2.2)) and the functional f, (2.4),
i.e. they are defined by the formulas
25 A (7(x)A, fo) = (p(x) " Ap(x)bo, lo) = (Aby, Ly,

(2.6)A(x1,%2) = (7(x1,x2)A,fo) = (p(x1) " Ap(x2)bo, o) = (Abx,, Le,) -

The contravariant (pre-)symbol of an operator A is a function A(x) (a function A(x1,x2)
correspondingly) such that A is the inverse wavelet transform of A(x) (of A(xl ,X2)
correspondingly) with respect to 7(g) (7t(g1, g2)), i.e.

2.7) A= | AP dut) = JX/\(x)PX du(x),
A = J A(x1,%2)T0(x1, X2)Po dpa(x1) dp(xz)
2.8) - J A, x2)P ey o) di(x) dit(xs),
JXJIX

where the integral is defined in the weak sense.

Obviously the covariant symbol A(x) is the restriction of the covariant pre-
symbol A (x;, xz) to the diagonal of G x G.

PROPOSITION 2.2. A mapping o : A — oa(x1,x2) of operators to their covariant
symbols is the algebra homomorphism from algebra of operators on B to algebra of integral
operators on F(G), i.e.

29) OA; A, (X1, X3) :J OA, (x1,%2)0n, (X2, X3) dp(x2).
X
PROOF. One could easily see that:

J, oG xadan, vaxa) ani)
= Jx {p(x1)A1p(x3")bo, lo) {p(x2)Azp(x5 " )bo, o) dp(x2)

= Jx {p(x3")bo, ATp*(x1)l0) {p(x2)Asp(x3")bo,lo) dp(x2)

(2.10) = (A2p(x3")bo, ATp*(x1)lo)
= (p(x1)A1Azp(x3")bo, o)
= OA,A,(X1,%3),

where transformation (2.10) is due to (1.9). (]
The following proposition is obvious.

PROPOSITION 2.3. An operator A could be reconstructed from its covariant presym-
bol A(g1,92) by the formula

Av:J J Alg1, 92)9(92) dunlga)bg, dnlgy).
GJG

We have a particular interest in operators closely connected with the represen-
tation pg.
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PROPOSITION 2.4. Let an operator A on B is defined by the formula

Av = L a(g) pgvdu(g)

for a function a(g) on G. Then A'W = WA where A’ is a two-sided convolution on G
defined by the formula

AS](h) = j J a(91)B0(g2)9(97 'has) dis(gr) dulgs).

e

For operator algebras there are the standard notions of positivity: any operator
of the form A*A is positive; if algebra is realized as operators on a Hilbert space
H then b € H defines a positive functional fy(A) = (Ab,b). Thus the following
proposition is a direct consequence of the Proposition 1.19.

PROPOSITION 2.5. [7, Thm. 1] Let A be an operator, let D(A) be the set of values
of the covariant symbol A(x), let D(A) be a convex shell of the values of contravariant
symbol A(x). Let D(A) be the set of values of the quadratic form (Ab,b) for all vectors
|[bl| = 1. Then

D(b) c D(b) C D(b).

EXAMPLE 2.6. There are at least two very important realizations of symbolical
calculus of operators. The theory of pseudodifferential operators (PDO) [18, 50, 54]
is based on the Schrodinger representation of the Heisenberg group H™ (see Sub-
section 3.1) on the spaces of functions L,,(R™) [27]. The Wick and anti-Wick sym-
bolical calculi [7, 9] arise from the Segal-Bargmann representation [46, 6] (see Sub-
section 2.1) of the same group H™. Connections (intertwining operators) between
these two representations were exploited in [27] to obtain fundamentals of the the-
ory of PDO.

2.2. Functional Calculus and Group Representations. This Subsection illus-
trates a new approach to functional calculus of operators outlined in [33, 35]. The
approach uses the intertwining property for two representations instead of an al-
gebraic homomorphism.

Let B be a Banach algebra and T C ‘B be its subset of elements. Let G be a
group, Gy be its normal subgroup and X = G/Gy—the corresponding homoge-
neous space. We assume that there is a representation T depending from T C B
defined on measurable functions from L (X, B) by the formula

(2.11) T(g)f(x) = t(g,x)f(g7" -x),  f(x) € L(X,B),

where t(g,x) : B — B depends from x € X and g € G. It is convenient to use a
linear functional 1 € B’ to make the situation more tractable by reducing it to the
scalar case. Using 1 we could define a representation T (x) on F(X) by the following
formula

(2.12) T(x) : fuly) = (fly), 1) = M) (y) = (t(x)f(y), 1) ,

where f(y) € L(X,B), 1 € B’. We will understand convergence of all integrals
involving T in a weak sense, i.e. as convergence of all corresponding integrals
with 1, 1 € B’. We also say that 7 is irreducible if all T, are irreducible.

REMARK 2.7. If B is realized as an algebra of operators on a Banach space B
then 1 € B’ could be realized as an element of B®B’. In this case the formula (2.12)
looks like (2.5). The important difference is the following. In (2.5) the representa-
tion in the operator algebra B arises from a representation in Banach space B and
is the same for all elements of 8. Representation T in (2.12) is defined via the
representation T which depends in its turn from a set T C 9. Such representa-
tions are usually connected with some (non-linear) geometric actions of a group
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directly on operator algebra. Examples of these geometric actions are the repre-
sentation of the Heisenberg group (3.10) leading to the Weyl functional calculus,
fractional-linear transformations of operators leading [35] to Dunford-Riesz func-
tional calculus and monogenic functional calculus [33]. Thus such representations
contain important information on T.

We also assume that there is a representation 7t of G in F(X) with a vacuum
vector by, a test functional 1y and the system of wavelets (coherent states) by, x €
X, which were main actors in the previous Section. Let p*(g) = p(g~!)* be the
adjoint representation of p(g) in F/(X).

We need a preselected element Ty (x) € L(X,B) which plays a role of a vacum
vector for the representation T, it is defined by the condition:

(2.13) J bo(x) T(x)To(x) dx” = To(x),

X
where go(x) = <p(x_1 )by, lo> is the wavelet transform of the vacuum vector by €
F(X) for 7.

LEMMA 2.8. A vacuum vector for T always exists and is given by the formula
(2.14) To(x) = J bo(x') T(x')T(x) dx’,
X

where T(x) € L(X,B) is an arbitrary element which the integral (2.14) converges for. If
T is irreducible (i.e. all T\ (2.12) are irreducible) in the linear span of T(x')T(x), x" € X
then To(x) does not depend from a particular chose of T(x).

PROOF. First we could easily verify condition (2.13) for the Ty defined by (2.14):
|| ot camotxr ax = |
X

EO(X) (%) J Eo(x') T(x")T(x1) dx’ dx
X

X

- J bo(x) bo(x') T(x)t(x')T(x1) dx’ dx
JX JIX
(2.15) = <J Bo(x)ﬁo(xlx”)dx) T(x")T(x1) dx”
JX X
(2.16) = | bo(x")t(x")T(x1) dx”
JX
= To(x1).

Here we use the change of variables x” = x - x’ in (2.15) and reproducing prop-
erty (1.10) of by(x) in (2.16).

To prove that for any admissible T(x) we will receive the same Ty(x) is enough
to pass from the representation T to representations Ty (2.12) defined by 1 € B’.
Then we deal with scalar valued (not operator valued) functions and knew that
one could use any admissible vector T;(x) = (T(x),1) as a vacuum vector in the
reconstruction formula (1.6). O

Now we could specify the Definition 1.1 from [33] as follows.

DEFINITION 2.9. Let G, Gg, X = G/Gg, B, T, T, 7, F, by, Ty be as described
above. One says that a continuous linear 8-valued functional @ (-, x) : F(X) — B,
parametrized by a point x € X and depending from T C B:

O, x) : fly) = [Orfl(x) = L f(y)Drly, x) dy

is a functional calculus if
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(i) O@r is an intertwining operator between p(g) and t(g), namely

(2.17) [@rp(g)f(yl(x) = T(g)[@rf(y)l(x),

forall g € G and f(y) € F(X)
(ii) @1 maps the vacuum vector by(y) for the representation 7 to the vac-
uum vector Ty(x) for the representation T:

(2.18) [@1bo(y)l(x) = To(x).

B-valued distribution @ (y,xg), s(xg) = e € G associated with 9B-valued linear
functional on F(X) is called a spectral decomposition of operators T.

Representation T in (2.17) is defined by (2.11):

T(9)[@rf(y)l(x) = t(g, x)[@xf(y)l(g~" - x).
We could state (2.17) equivalently as

[y ® Tx(9)1®(y,x) = [0} (97") @ LI®(y,x).

REMARK 2.10. The functional calculus @r(y, x) as defined here has the explicit
covariant property with respect to variable x. Thus it could be restored by the
representation T from a single value, e.g. ®1(y,s !(e)), where e is the identity of
G. We particularly will calculate only [@1f](s~!(e)) in Subsection 3.3 as the value
of a functional calculus. This value is usually denoted by f(T) and is exactly the
functional calculus of operators in the traditional meaning.

In particular cases different characteristics of the spectral decomposition could
give relevant information on the set of operators T, e.g. the support suppy @1 (y, xo)
of Op (y ) XO)

fly) =0Vy € suppy @r(y,x0) = [DPrfl(xp) =0

is called (joint) spectrum of set T C ‘B. This definition of the spectrum is connected
with the Arveson-Connes spectral theory [4,17, 52] while there are several important
differences mentioned in [33, Rem. 4.4].

In the paper [33] the approach was illustrated by a newly developed functional
calculus for several non-commuting operators based on Mébius transformations
of the unit ball in R™. It was shown in [35, § 7] that the classic Dunford-Riesz func-
tional calculus is generated by a representation of SL(2, R) within this procedure.
However an abstract scheme of the approach was not presented yet. We give some
its elements here.

From Proposition 1.16 we know a general form of an intertwining operator of
two related representations of a group, which could be employed here. Let 1y(y)
be the distribution corresponding to a test functional 1, for the representation 7t on
F(X) such that we could write

(). Lo ) = L f(y)loly) dv.

We denote also by p*(x)lo(y), x € X, y € X distributions corresponding to linear
functionals p*(x)lyp, where p*(x) is the adjoint representation to 7t on the space
F(X).

PROPOSITION 2.11 (Spectral syntesis). Under assumption of Proposition 1.16 the
functional calculus exists and is unique. The spectral decomposition @1 (y,x) as a distri-
bution on X is given by the formula

(2.19) Dr(y,x) = L P () lo(y) T(x)To(x) dx.
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The functional calculus ®(-,x) as a mapping F(X) — B is given correspondingly

220) Ox(eox) : F(y) = 1000 = [ | (.o (¢ oly) Tl 1To(x) dy .
X Jx

PROOF. Obviously (2.19) and (2.20) are equivalent. Thus we will prove (2.20)
only. For an arbitrary f(y) € F(X) we could write

(221) Drf(y)lx) = [%Lﬂx')p(x/)bo(y)dx’ x)
222) = | Fx@sotx botull(x) ax

(223) = | TN @roly i) ax’

(2.24) = Lf“(x')fc(x’)To(x) dx’

(2.25) = | )07 te) X Tl @'

We use in (2.21) that functions in F(X) are superpositions of coherent states, trans-
formation (2.22) is made by linearity and continuity of @, step (2.23) is due to
condition (2.17) and we finally apply (2.18) to receive (2.24). Thus it is proven that
the functional calculus which is continuous, linear, and satisfies to (2.17) and (2.18)
(if exists) is unique and given by (2.25). Now we should check that (2.25) really
gives the right answer.

We will check first that (2.25) satisfies to (2.17):

(g)D(yx) = 7(x1) JXp*(X/)lo(y)T(X/)TO(X)dX/
_ L 0" (Vo (y) (g - ) To ) dx’
(2.26) - Lp*(g’l-X”)lo(y)T(X”)To(XJdX”

— (g L 0" ("o (y) T(x")To(x) dx”

p* (g7 1)@ (y,x),
where we made substitution x”” = g - x’ in (2.26). Finally (2.18) directly follows
from the condition (2.13). O

Let there exists Lo(x) € L’(X, B)—a test functional for a vacuum vector Ty(x)
and representation T, i.e.

(To, Lo)y (x.m) = JX <T(x_1T0),L0>L(X,§B) (T()To, Lo)  (x.) 94X,
where
(To,Lo) ) = |, (Tolx): Lo(x)) i
and (To(x), Lo(x))y is the pairing between B and B’.

PROPOSITION 2.12 (Spectral analysis). If a B-valued function F(x) from L(X, B)
belongs to the closer of the linear span of T(x')To(x), x" € X then

F(x) = [@1f(y)](x),
where

(227) ) = | (30 F) o)y ) PURIDO() d
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PROOF. The formula (2.27) is just another realization of intertwining opera-
tor (1.12) from Proposition 1.16. (|

Let K : F(X;) — F(X2) be an intertwining mapping between two representa-
tions p; and py of groups G; and G; in spaces F(X;) and F(X;) respectively. Let
K(z,y), z € X1,y € X5 be the Schwartz kernel of K.

THEOREM 2.13 (Mapping of spectral decompositions). Let

fi(2) = [Kfal(z) = JX fa(y)K(z, ) dy

q)Tl (Z,X) = J K(Zvy)q)Tz(yvx) dyv
X2

where a functional calculus v, is defined by representations py and t. Then O, (z, x) is
a functional calculus for py and T and we have an identity:

(2.28) (@, f1(2)](x) = [Dr, f2(y)](x).

PROOF. The intertwining property for @, (z, x) follows from transitivity. The
identity (2.28) is a simple application of the Fubini theorem:

[@sg()](x) = L o(2)Ds(z,x) dz
- j g(z)J K(z,y)®r(y, x) dy dz
X1 Xo

— J J 9(z)K(z,y) dz Dy (y,x) dy
X2 IX,

O

This Theorem could be turned in the spectral mapping theorem under suitable
conditions [33, Thm. 3.19].

3. Examples

We are going to demonstrate that the above construction is not only alge-
braically attractive but also belongs to the heart of analysis. More examples could
be found in [15, 35, 34] and will be given elsewhere.

3.1. The Heisenberg Group and Schrodinger Representation. We will con-
sider a realization of the previous results in a particular cases of the Fourier trans-
form and Segal-Bargmann [6, 46] type spaces F,,(C™). They arise from representa-
tions of the Heisenberg group H™ [25, 26, 55] on L, (R™).

The Lie algebra h,, of H" spanned by {T, P;, Q;}, n =1,...,nis defined by the
commutation relations:

(3.1) [Pi, Q;] = Tdyj.

They are known from quantum mechanics as the canonical commutation relations
of coordinates and momentum operators. An element g € H™ could be repre-
sented as g = (t,z) witht € R, z = (z4,...,2zn) € C™ and the group law is given
by

1 n
(3.2) 9x9 = (t2)x (t'2) = (t+t'+ 3 > 3(zz),2+72),
=1
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where Jz denotes the imaginary part of a complex number z. The Heisenberg
group is (non-commutative) nilpotent step 2 Lie group.

We take a representation of H™ in L, (R™), 1 < p < co by operators of shift and
multiplication [55, § 1.1]:

(33) g=(t,2): f(y) — lo(o)fl(y) = VPV ou) z=u+iv,

i.e., this is the Schrodinger type representation with parameter h = 1. These op-
erators are isometries in L, (R™) and the adjoint representation Pliz) = P(—t,—z) iN
L,(R"),p~' +q ! = 1is given by a formula similar to (3.3).

3.2. Wavelet Transforms for the Heisenberg Group in Function Spaces.

EXAMPLE 3.1. We start from the subgroup Go = R™™! = {(t,z) | J(z) = 0}
Then X = G/Gy = R™ and an invariant measure coincides with the Lebesgue
measure. Mappings s : R™ — H™ and r : H™ — H are defined by the identities
s(x) = (0,ix), s71(t,z) = Jz, 7(t,u+ iv) = (t,u). The composition law s~*((t, z) -
s(x)) = x+ureduces to Euclidean shifts on R™. We also find s~ ((s(x;)) "' s(x2)) =
xg —x1 and 1((s(x1)) " - s(x2)) = 0.

We consider the representation o(g) of H™ in the space of smooth rapidly
decreasing functions B = §(R™). As a character of G = R"™"! we take the
x(t,u) = e?'t, The corresponding test functional 1y satisfying to 1.20iii is the inte-
gration lo(f) = (27) /2 Jgn T(y) dy. Thus the wavelet transform is as follows

G4 o= | olsix) ) dy = 2m) V[ ey ay
and is nothing else but the Fourier transform®.
Now we arrive to the absence of a vacuum vector in B, indeed there is no a
f(x) € 8(R™) such that
[o(t, Wfl(y) =x(t, u)f(y) < e?'fly—v2u) = e?'f(y).
There is a way out accordingly to Subsection 1.3. We take B’ = L(R™) D B
and the vacuum vector by(y) = (271) ™2 € B’. Then coherent states are b, (y) =

(2m)—/2 e~ V2%V and the inverse wavelet transform is defined by the inverse Fourier
transform

n

) = | fluloat) axc=2m 2| Fiyle 2 ax

The condition 1.20iv MW : B — B follows from the composition of two facts
W : B — B and almost identical to it M : B — B, which are proved in standard
analysis textbooks (see for example [32, § IV.2.3]). To check scaling (1.14) according
to the tradition in analysis [26] we take a probe vector py = e Y"/2 € B. Due to

+oo

well known formula [ eY*/2dy = (271)'/? of real analysis we have

<J (Po(x), Lo) by dx, 10> = (2m)™™ J”. elV2xue—y?/2 dye*.“/§XW dx dw
X

= (27r)“/2J e V' 2qy

n

= (po,lo) -

3The inverse Fourier transform in fact. In our case the signs selection is opposite to the standard
one, but we will neglect this difference.
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Thus our scaling is correct. W and M intertwine the left regular representation —
multiplication by eV2VV with operators

Agfl(x) = x(r(g™"-x))flg™"-x)
eV20f(x —/2u) = f(x —/2u),

i.e. with Euclidean shifts. From the identity (Wv, M*1)¢ ), = (v, 1) (1.8) follows
the Plancherel’s identity:

| swiway = | voouxax

These are basic and important properties of the Fourier transform.

The Schrédinger representation is irreducible on §(R™) thus M = W1, There-
after integral formulas (1.15) and (1.16) representing operators MW = WM = 1
correspondingly give an integral resolution for a convolution with the Dirac delta
5(x). We have integral resolution for the Dirac delta

d(x—y) = (27{)_“/ZJ ettty qg
All described results on the Fourier transform are a part of any graduate cur-
riculum. What is a reason for a reinvention of a bicycle here? First, the same path
works with minor modifications for a function theory in R'! described in [34].
Second we will use this interpretation of the Fourier transform in Example 3.5
for a demonstration how the Weyl functional calculus fits in the scheme outlined
in [33, 35] and Subsection 2.2.

REMARK 3.2. Of course, the Heisenberg group is not the only possible source
for the Fourier transform. We could consider the “ax + b” group [55, Chap. 7] of
the affine transformations of Euclidean space R™. The normal subgroup Gy = R
of dilations generates the homogeneous space X = R™ on which shifts act simply
transitively. The Fourier transform deduced from this setting will naturally ex-
hibit scaling properties. We could alternatively consider a group M™ of Mdbius
transformation [13, Chap. 2] in R™*! which map upper half plane to itself. Then
there is an induced action of M™ on R™—the boundary of upper half plane. M™
generated by composition of the affine transformations and the Kelvin inverse [13,
Chap. 2]. If we take the normal subgroup G, generated by dilations and the Kelvin
inverse then the quotient space X will again coincide with R™ and we immediately
arrive to the above case. On the other hand the Fourier transform derived in such a
way could be easily connected with the plane wave decomposition [51] in Clifford
analysis [12, 20].

EXAMPLE 3.3. As a subgroup G, we select now the center of H" consisting of
elements (t,0). Of course X = G/Gy isomorphic to C"* and mapping s : C™ — G
simply is defined as s(z) = (0,z). The Haar measure on H" coincides with the
standard Lebesgue measure on R?>™ ! [55, § 1.1] thus the invariant measure on X
also coincides with the Lebesgue measure on C™. Note also that composition law
s~ 1(g-s(z)) reduces to Euclidean shifts on C™. We also find s~ ((s(z1)) ! -s(z2)) =
zo —zyand v((s(z1)) 7' - s(z2)) = 372120

As a “vacuum vector” we will select the original vacuum vector of quantum
mechanics—the Gauss function fo(x) = e**/2 which belongs to all L, (R™). Its
transformations are defined as follow:

. 2
fo(x) = [prfol(x) = ellZmVAvchm e—(xvau'/2

_ e2itf(u2+v2)/2ef( (u—iv)24+x2)/24v/2(u—iv)x

_ e2itfzi/267(i2+x2)/2+ﬂix
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Particularly [p(¢,0)fol(x) = e 2fy(x), i.e., it really is a vacuum vector in the sense
of our definition with respect to Go. For the same reasons we could take 1o(x) =
e /2 ¢ L,(R™),p~' + q~' =1 as the test functional.

It could be shown that [p(g ;)fol(x) belongs to L, (R™) @ L,(C") forall p > 1
and q > 1,p~ !+ q ! = 1. Thus transformation (1.4) with the kernel [p g ,)fo](x) is
an embedding L,,(R™) — L,(C") and is given by the formula

~

f(Z) = <f7 ps(z)f0>
_ ﬂfn/4J' f(X) efzi/2 ef(z2+x2)/2+\/§zx dx

n

(3.5) _ e2E/2m/4 J flx) e (2 Hx2)/24VEex gy

Then f| (g) belongsto L, (C™, dg) or its preferably to say that function f(z) = =%/ 24 (to, 2)
belongs to space L, (C™, e lz” dg) because f(z) is analytic in z. Such functions for
p = 2 form the Segal-Bargmann space F,(C™, e~'#" dg) of functions [6, 46], which are
analytic by z and square-integrable with respect the Gaussian measure e 17" dz.
For this reason we call the image of the transformation (3.5) by Segal-Bargmann
type space F,(C™, e—|2|2dg). Analyticity of f(z) is equivalent to condition (a%,- +
1z Df(z) = 0.

The integral in (3.5) is the well-known Segal-Bargmann transform [6, 46]. In-
verse to it is given by a realization of (1.6):

r

o) = | fl2)fs(z)(x) dz
(3.6) = [ Fuv)ervevax) o vaw 2 gy gy,
JCm
— F(Z)e*(i2+x2)/2+\/§2x oz dz.
JCn

The corresponding operator P (1.7) is an identity operator L,(R") — L,(R")
and (1.7) gives an integral presentation of the Dirac delta.

Integral transformations (3.5) and (3.6) intertwines the Schrodinger represen-
tation (3.3) with the following realization of representation (1.5):

(37) Mt 2)fw) = folz™ - wixlt+r(z " w)
(38) _ %\O(W o Z)eitJrij(iw)

Meanwhile the orthoprojection L,(C", e #"dg) — F,(C™ e 1@ dg) is of a
separate interest and is a principal ingredient in Berezin quantization [9, 16]. We
could easy find its kernel from (1.10). Indeed, fo(z) = e*|7'|2, then the kernel is

Kiz,w) = folz b wix(r(z - w))
_ %(W_Z)eij(iw)
= exp (;(—|W—Z|2+WZ—ZV_V)>
= exp (;(|Z2 —w) +wz) .

To receive the reproducing kernel for functions f(z) = el?*f(z) in the Segal-Bargmann
space we should multiply K(z,w) by e~z +w*)/2 which gives the standard re-
producing kernel = exp(— 12> + wz) [6, (1.10)].
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3.3. Operator Valued Representations of the Heisenberg Group. We pro-
ceed now with our main targets: wavelets in operator algebras. We shell show
that well-known and new functional calculi are realizations of the scheme from
Subsection 2.2.

CONVENTION 3.4. [3] Let B be a Banach space. We will say that an operator
A : B — Bis unitary if A is invertible and ||Ab|| = ||b|| for all b € B. An operator
A : B — B is called self-adjoint if the operator exp(iA) is unitary. In the Hilbert
space case this convention coincides with the standard definition.

Let Ty, ..., Ta be an n-tuples of selfadjoint linear operators on a Banach space
B. We put for our convenience Ty = I—the identical operator. It follows from the
Trotter-Daletskii’ formula [45, Thm. VIIL.31] that any linear combination dioaT
is again a selfadjoint operator. We will consider a set of unitary operators

(3.9) T(ag,ai,...,an) =exp (1) T,
j=0

parametrized by vectors (ag, ai, ..., an) € R™1. Particularly T(0,0,...,0) =1 A
family of their transformations w(t,z), t € R, z € C™ is defined by the rule

mn
w(t,z)T(ag, ar,...,an) =T [ @ +t+ ) (wv; — vV2au),
j=1

(3.10) a— V2, ..., an — \/ivn) ,

where z; = u;+iv;. A direct calculation shows that w(t’,z" )w(t”,z") = w(t'+t"+
13(z'z"),2’ +z")—this is a non-linear geometric representation of the Heisenberg
group H™. We could observe that

T(a()a az, ..., aTL) = CU((IO, a)T(Oa 07 DR O) = (’U(G'Ov a)TO = w((107 a)Iv
where a = (iay,...,1a,). Obviously all transformations w(t, z) are isometries if
the norm of elements T(ag, ai, ..., an) is defined as their operator norm.

The representation w (3.10) is not linear and we would like to use the pro-
cedure outlined in Remark 1.2. We construct the linear space of operator valued
functions L(R™, B) for a H"-homogeneous space X as follows

(3.11) [Tf](t) = J f(x) w(s(x)) dxT(t), t e R™, s(x) € H".
e

We also extend the representation w to L(X, B) as follows:

(3.12) w : [Tfl(t) — w(g)[TfI(t) = JX fg-x) w(s(x)) dxT(t),

where [Tf](t) € L, (H"), g € H".

We will go on with coherent states defined by such a representation. In the
notations of Subsection 2.2 operators Ty, ..., T,, form a set T defining the represen-
tation T = w in (3.10) with Ty (x) = I being a vacuum vector.

EXAMPLE 3.5. We are ready to demonstrate that the Weyl functional calculus
is an application of Definition 2.9 and Example 3.1 as was announced in [33, Re-
mark 4.3]. Consider again the subgroup Gy = R™*! = {(t,z) | J(z) = 0} and a
realization of scheme from Subsection 1.3 for this subgroup. Then the first para-
graph of Example 3.1 is applicable here.

“The formula is usually attributed to Trotter alone. It is widely unknown that the result appeared
in [19] also.
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We could easily see that w(t,us,...,uy)l = e*+1Z7 W1 and we select the
identity operator I times ( 271)~™/2 as the vacuum vector Ty(x) of the representa-
tion w. Thereafter the transformation 7 : S(R™) — L(R™,B) (3.11) is exactly the
inverse wavelet transform for the representation w. This transformation is defined
at least for all f € S(R™). The space S(R™) is the image of the wavelet (Fourier)
transform (3.4). Thus as outlined in Proposition 2.11 we could construct an inter-
twining operator J between o (3.3) and w (3.10) from the formula (2.20) as follow
(see Remark 2.10):

[@1f](0) = Mwwcf:(Qn)*“/ZJ (%) w(0,%1, ..., xn) Idx

n

(3.13) = (2m)/2 J flx)etZr 5T gx.
This formula is exactly the integral formula for the Weyl functional calculus [3, 44,
]. As an example one could define a function

(3.14) e TITH2— (2m) /2 | e EIN/ZARINT gx
As we have seen (2.19) one could formally write the integral kernel from (3.13) as
convolution of the integral kernels for W, and M,:

(3.15) ®(y,0) :J e TET Ui elIi 6T gy,

This expression looks very formal, but it is possible to give it a precise mathemat-
ical meaning as an operator valued distribution. Such an approach was explored
by ANDERSON in [3]. The support of this distribution was defined as the Wey! joint
spectrum for n-tuple of non-commuting operators Ty, ..., T,, and studied in [3].

REMARK 3.6. As was mentioned in Remark 3.2 one could construct the Fourier
transform from representations of ax + b group or the group M™ of Mobius trans-
formations of the upper half plane. Analogously one could deduce the Weyl func-
tional calculus as an intertwining operator between two representation of this
group. The Cauchy kernel G(x) [12, § 9] in Clifford analysis is the kernel of the
Cauchy integral transform

fw)zLXGﬂﬂﬂﬂﬂﬂddﬂ, yex,

where 7i(x) is the outer unit vector orthogonal to 9X and do(x) is the surface el-
ement at a point x. The Cauchy integral formula (as any wavelet transform) in-
tertwines two representations acting on X and 90X of M™ similarly to the case of
complex analysis [35, § 6]. Thus we could apply here Theorem 2.13 on a mapping
of spectral distributions. The formula (2.28) take the form

®Wf=LX®Wmnmeﬂwddm,

where @y stands for the Weyl functional calculus. This gives another interpreta-
tion for the main result of the paper [29, Thm. 5.4].

There is no a reason to restrict ourselves only to the case of subgroup Gy =
R ={(t,z) | J(z) = 0}. Thus we proceed with the next example.

EXAMPLE 3.7. In an analogy with Example 3.3 let us consider now the wavelet
theory associated to the subgroup Gy = R! ={(t, 0)} and the representation w. The
first paragraph of Example 3.3 depends only on G = H™ and Gy = R! and thus is
applicable in our case.
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Itis easy to see from formula (3.10) that any operator valued function [Tf](x) (3.11)
is an eigen vector for w(h), h € Gy. To be concise with function models we select
as a vacuum vector the operator exp(— ) | sz) (3.14). Then the condition (2.13)
immediately follows from (3.14). Thus we could define a functional calculus O :
F,(C") — L(C™, B) by the formula (see Remark 2.10):

Oal0) = | felwz)ew(- Y T2 a
" 1

= J f(z)w(O,z)(27r)7%J e Z1X/21 50 5T dx dz

n

(27T)7%J' f(Z)J e 21 5/245(0,2)etZ1 9T dx dz
Cn n

9 =[x
(271)*5JR3" epo (—2) +i(v; —vV2x)u +ilx —\/iv]-)Tj)
j=1

(3.16) xf(z) dx du dv.

The last formula could be rewritten for mutually commuting operators T; as fol-
lows:

N2
@rfl(0) = (2m) % JR% Jw exp Y (’;J i (T, \/iuj)> dx
j=1

X exp Z i(vju; —v2v;T;) f(z) dudv

j=1

o - —/2u;)2
2 | ew Y (i —van) - B2 )
j=1

where the exponent of operator is defined in the standard sense, e.g. via the Weyl
functional calculus (3.13) or the Taylor expansion. The last formula is similar
to (3.6). This is very natural for commuting operators as well as that for non-
commuting operators fromula (3.16) is more complicated.

The spectral distribution

n =[x
Dr(z,0) = (271)’7J epo (—2] +i(v; —V2x uy + i(x; _\/§V]‘)Tj> dx
R™ P

derived from (3.16) contains at least as much information on operators Ty, ..., T,
as the Weyl distribution (3.15) and deserves a careful separate investigation. We
will just mention in conclusion that the Segal-Bargmann space is an example of
the Fock space—space of second quantization for bosonic fields. Thus the func-
tional calculus based on the Segal-Bargmann model sketched here seems to be an
appropriate model for quantized bosonic fields.
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Lebesgue measure, 15
left shift, 15
lemma
Schur’s, 23
Lie groups, 14

linear-fractional transformations, 15

linearization procedure, 19
locally compact, 14

loop, 15

lower (upper) half plane, 15

main problem of representation theory, 22

matrix elements, 20
measure, 15

Haar, 15

Lebesgue, 15

left invariant, 15
measurement, 31
momentum space, 31
mother wavelet, 11, 25

noncommutative, 14
nontrivial invariant subspaces, 22

observables, 31

operator
annihilation, 32, 38
commuting, 22
convolution, 16
creation, 32, 38
intertwining, 22
Toplitz, 8
unitary, 20

orbits, 14

orthogonal polynomials, 37

orthonormal base, 5

orthonormal basis, 20

Parseval(-Pythagoras) identity, 5
Plancherel identity, 6
projection

Bergman, 8

Segal-Bargmann, 9

reducible representation, 22
regular representation, 22
relation of equivalence, 20
relations

commutation, 31
representaion

linearization, 19
representation, 19

adjoint, 20

continuous, 19

exact, 20

faithful, 20

finite dimensional, 20

infinite dimensional, 20

irreducible, 22

linear, 19

reducible, 22

regular, 22
Schrodinger, 19
series
discrete, 27
square integrable, 25, 27
modulo subgroup, 31
trivial, 20
unitary, 21
representation of a group, 19
representation space, 20
representations, 19
equivalent, 20
unitary, 21
reproducing kernel, 6, 28
restriction of representation, 22
Riesz-Dunford functional calculus, 9
right shift, 15

scalar product, 20
Schrodinger equation, 38
Schrodinger representation, 19, 32
Schur’s lemma, 23
Segal-Bargmann projection, 9
Segal-Bargmann space, 8
set

total, 25
shift

left, 15

right, 15
signal processing, 9
singular integral operator, 7
singular integral operator

Szego, 7
space

Bergman, 7

Hardy, 7

Hilbert, 5

Segal-Bargmann, 8
square integrable modulo subgroup, 31
square integrable representation, 25, 27
state

ground, 25
states, 31
Stone-von Neumann theorem, 32
subrepresentation, 22
subspace

invariant, 21
Szeg6 singular integral operator, 7

Toplitz operator, 8, 9
theorem
Stone-von Neumann, 32
total set, 25
trace, 21
transform
wavelet, 25
transformation
linear-fractional, 15
transformation group, 13
transitive, 15
trivial representation, 20

unit circle, 7
unit disk, 7
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unitary equivalent representations, 21
unitary operator, 20

unitary representation, 21

upper (lower) half plane, 15

vacuum vector, 11, 25
vacuum vector of quantum mechanics, 33
vector

admissible, 27

cyclic, 22

fiducial, 25

vacuum, 11, 25

wave functions, 31
wavelet
mother, 11, 25
wavelet transform, 25
inverse, 26
wavelets, 3,5, 11, 25
WEFT, see also Windowed Fourier Transform
Windowed Fourier Transform, 9
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