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Abstract

In the study of equisingularity of families of mappings Gaffney introduced
the crucial notion of excellent unfoldings. This definition essentially says that
the family can be stratified so that there are no strata of dimension 1 other
than the parameter axis for the family. Consider a family of corank 1 multi-
germs with source dimension less than target. In this paper it is shown how
image Milnor numbers can ensure some of the conditions involved in being
excellent. The methods used can also be successfully applied to cases where
the double point set is a curve. In order to prove the results the rational
cohomology description of the disentanglement of a corank 1 multi-germ is
given for the first time. Then, using a simple generalization of the Marar-
Mond Theorem on the multiple point space of such maps, this description is
applied to give conditions which imply the upper semi-continuity of the image
Milnor number. From this the main results follow.

AMS Mathematics Subject Classification 2000 : 32515, 32530, 32S60.

1 Introduction

An important notion, introduced by Gaffney in [7], for studying equisingularity of
a family of complex analytic mappings, is that of excellent unfolding, (see Defini-
tion 5.5). Essentially, one is ensuring that there are no one-dimensional strata —
except for the parameter axis of the family — in a stratification of the target of an
unfolding of a complex analytic map with isolated instability.

The aim of this paper is show how constancy of the image Milnor number in an
unfolding of a corank 1 finitely A-determined multi-germ f : (C", z) — (CP,0), with
n < p, implies some of the conditions in the definition of excellent unfolding. The
image Milnor number for a complex analytic map is analogous to the Milnor number
of a hypersurface and is defined to be the number of spheres in a disentanglement
of the map, that is, the image of a local stabilisation.

To prove these results we study the topology of multiple point spaces of maps
and their stabilisations. In Section 2, we generalise the theorem of Marar and Mond
in [20] that describes the multiple point spaces of a finitely .A-determined corank
1 mono-germ, with n < p, to the case of multi-germs. The proof given here in
the mono-germ case is particularly simple and some simplifications are made in the
multi-germ case also.

For mono-germs the disentanglement of a map is homotopically equivalent to
a wedge of spheres (of possibly varying dimension), see [4, 10, 22]. In this paper
we show that for corank 1 multi-germs with n < p the rational cohomology of the



disentanglement is the same as the cohomology of a wedge of spheres (again of
possibly varying dimensions). This is done in Section 3. We also give a formula
that generalises to multi-germs (and corrects) a formula in [9] for calculating the
rank of the alternating cohomology of the Milnor fibres of the multiple point spaces
of the map. This allows us to calculate the image Milnor number in practice since
it is just the sum of these ranks.

These descriptions are then applied in Section 4 where some simple conditions
to ensure upper semi-continuity of the image Milnor number for corank 1 maps are
described.

Thus the image Milnor number behaves like the Milnor number of an isolated
complete intersection singularity.

Then in Section 5 we show that if the image Milnor number is constant in an
unfolding and is upper semi-continuous, then various conditions used in the defini-
tion of excellent unfolding hold. For example, Theorem 5.7 gives conditions under
which the constancy of p; in a family of finitely .A-determined map germs will give
constancy of the 0-dimensional stable singularities in the family (called O-stables).
Theorem 5.10 is less general and gives conditions under which the constancy of
in the family gives that the instability locus of the unfolding is the parameter axis.

We also observe some cases where the corank is greater than 1 and for which
similar statements about excellence hold.

The constancy of u; is important in equisingularity and so the results of Sec-
tion 5 can be applied there. A significant novelty of the results is that, except for
say [13], multi-germs have not been studied much in the equisingularity context.
Furthermore, the results of the paper can be used in the case of mono-germs since
multi-germs occur naturally in unfoldings of mono-germs.

We conclude with some remarks and ideas for future work.

The paper was begun while the author was a visitor at Northeastern University.
He thanks Terry Gaffney and David Massey for their hospitality and discussions on
this material. The author was supported by an EPSRC grant (Reference number
EP/D040582/1).

2 Multiple point spaces

The standard definition of the multiple point spaces of a map is the following.

Definition 2.1 Suppose that f : X — Y is a continuous map of topological spaces.
Then the kth multiple point space of f, denoted D*(f), is the set

DE(f) = closure{(z1,...,xx) € X*|f(x1) = -+ = f(xg), such that x; # x;,i # j}.

The group of permutations on k objects, denoted Sy, acts on D¥(f) in the obvious
way: permutation of copies of X in X*.

This definition does not behave well under deformations. Consider f(x) =
(x2,2%). We have D?(f) = 0 but for a perturbation f,(x) = (22,2% + tz) with
t # 0 there will be a non-empty double point set. By restricting our class of maps
we can give a definition of multiple point spaces that does behave well under defor-
mations.

Definition 2.2 A map f: (C*,0) — (CP,0), n < p, is called corank 1 if the rank
of the differential of f at 0 is at least n — 1, i.e., rank df (0) > n — 1. Note that this
means that potentially f could be an immersion.

We say that a multi-germ f : (C™,z) — (CP,0), n < p, is corank 1 if each
branch is corank 1, i.e., f: (C", z;) — (CP,0) is corank 1 for all z; € z.



For corank 1 mono-germs there is a good way to define a type of multiple point
space by Sg-invariant functions described by Mond in [21] and we recall this now.

If G : C" ! x C — C is a function in the variables z1,...,2,_1,y, then define
VE(G) : C*Hr=1 — C to be

Loy oyt Gla,y) yitt oL yf_l / 1y ... yf_l
1 oy ... y,i_l G(z,yr) y,’jl e y,]:_l 1y ... yllz_l
for i =1,...,k — 1. This function is Sg-invariant and, if G is holomorphic, then so

is V*(@G). Following Marar and Mond in [20] we can make the following definition.

Definition 2.3 If f(xla s 7xn717y) = (xla <oy Tp—1, fl(‘i? y)a SRR fp7n+1(x7y))7
then the kth (unfolding) multiple point space, denoted DF(f), is generated in
Ch=1 by VF(f) =0, wherer =1,...,k—1,ands=1,...,p—n+ 1.

We shall drop the reference to unfolding in the definition. Note that D*(f) C D¥(f)
and that the relation can be strict, for example let f(z) = (22,2%). The point here
is that 152( f) will detect that the cusp point has multiplicity 2 and so will produce
a double point when deformed. _

For a multi-germ we define D*(f) inductively. Let f : (C",z) — (CP,0) be a
corank 1 multi-germ where z = {z1,...,25}. For the bi-germ {f;, f;} we define

({fivfj})7 fOl"’L'#j
(fi)7 fOI‘ZZJ

Then D2(f) is the union of D2({f;, f;}) for all i and j. We can (and do) identify
this space with a subset of (C™,z) x (C™,z) as in [9].

Define D¥(f) = D2(eb~1+2) where e¥~15~2 is the map e¥~1+=2: DF=1(f) —
DF=2(f) given by e* VF"2(zy . xp_9,25_1) = (T1,...,%p_2). We can identify
the resulting space with a subset of (C", ).

In [20] the authors show (roughly speaking) that a mono-germ is finitely .A-
determined if and only if the multiple point spaces are isolated complete intersection
singularities. They also show that the map is stable if and only if the spaces are
non-singular. We now show that the same is true for multi-germs. It is possible to
synthesise a proof of this from [20] (because it is practically proved there but not
stated). Instead we opt to give an alternative method that is simpler in a number
of respects.

_ 2
(i ={ B

Theorem 2.4 (Cf. [20]) Suppose that F : (C",z) — (CP,0), n < p, is a finite
multi-germ of corank 1. Then, F is stable if and only if, for all k, D*(F) is either
non-singular of dimension nk —p(k — 1) or empty.

Before giving the proof we will state some important corollaries.

It is possible to show that for stable maps that D*(f) = D¥(f). This allows us
to describe the (unfolding) multiple point spaces for finitely .A-determined maps in
a manner used for mono-germs by Gaffney in [6].

Proposition 2.5 Suppose that f : (C",z) — (CP,0) is a finitely A-determined
multi-germ with versal unfolding F : (C™ x C%,z x {0}) — (C? x C%,0 x 0) given
by F(z,\) = (fa(x),\), then the kth multiple point space is defined to be D¥(f) :=
D¥(F)N{\ == X\ =0}, where \;, i = 1,...,k, are the unfolding coordinates
in (C™*4,z x {0})*.



In fact we could have taken this as a definition of multiple point space for a finitely
A-determined map-germ (mono or multi). Such a definition is independent of the
unfolding used in the sense that different unfoldings produce multiple point spaces
homeomorphic by Si-equivariant maps.

Corollary 2.6 (Cf. [20]) Suppose that F : (C", z) — (CP,0), n < p, is a finite
multi-germ of corank 1. Then, F is finitely A-determined at 0 € (CP,0) if and
only if for each k with nk — p(k — 1) > 0, ﬁk(F) is either an isolated complete
intersection singularity of dimension nk — p(k — 1) or empty, and if furthermore,
for those k such that nk — p(k — 1) < 0, DF (F) consists of at most points given by
a k-tuple of elements from z.

Proof. For this we use Gaffney’s Geometric Criteria for finite determinacy, see [26]:
The map F is finitely determined if and only if it has an isolated instability at the
point 0 € (CP,0).

From Theorem 2.4 we know that, except for k-tuples from z, the multiple point
spaces are non-singular of dimension nk — p(k — 1) if and only if the map is stable.
Thus, if F' is finitely determined, the multiple point spaces have isolated singular
points. It is elementary to calculate that the multiple point spaces are the right di-
mensions to be complete intersections. Conversely, if the multiple point spaces have
isolated singular points and are complete intersections, then, again by Theorem 2.4,
F must be stable outside the origin. Hence, F' is finitely determined. O

Note that the standard definition of isolated complete intersection singularity in-
cludes the case where the singularity is in fact non-singular.

Recall the following from [9] Section 3. Let P = (ky,..., k1, ko, ..., kay oo kpy .oy ky)
be a partition of k with 1 < k; < ky < -+ < k, and k; appearing «; times (so
> aik; = k). For every o € Sy, there is a partition P,, that is, in its cycle decom-
position there are «; cycles of length k;. For any partition we can associate any one
of a number of elements of Sy.

Definition 2.7 ([20]) For a map f we define D*(f,P,) to be the restriction of
ﬁk(f) to the fized point set of o. This is well-defined for a partition, i.e., if P, =
Py, then ﬁk(f, P,) is equivalent as an Sk-invariant isolated complete intersection
singularity to D*(f, P,).

Corollary 2.8 (Cf. [20]) Let F : (C",z) — (C?,0), n < p, be a corank 1 finite
complex analytic multi-germ and P be a partition of k.

(i). If F is stable, then D*(F,P) is non-singular of dimension nk — p(k — 1) +
Zi a; — k.

(ii). If F is finitely A-determined, then two cases occur.
(a) If nk —p(k—1)4+>",a; —k >0, then D¥(F,P) is an isolated complete
intersection singularity of dimension nk —p(k —1) + 3. o; — k.
(b) If nk —p(k —1)+ >, 0; — k <0, then DE(F,P) is at most an isolated

point consisting of a k-tuple of the elements of z.

Proof. Part (i) follows from Theorem 2.4 and the fact that D*(F,P) is defined in
D¥(F) by the right number of linear equations. Part (ii) is a corollary of (i) using
the same ideas as in the proof of Corollary 2.6. |



Proof (of Theorem 2.4). Consider first the case of mono-germs. The normal
form for a stable corank 1 map was given by Morin, see [23]. The result is that if
F is stable, then F' is A-equivalent to a germ given by

-2 -1 -1
) . ) .
(U, w,y + E uiyla E wliyla cee E wriyz)7
i=1 =1 i=1

where r = p—n, u = (u1,...,u—2) and w = (wo,0,...,Wr1—1,W1,...wq). (The
(w1, ...w,) arise from trivially unfolding.) Conversely, any map-germ which has
l-jet equal to the above is stable.

If we assume that F' is stable, then it is elementary to show, using the normal
form above and the Vandermonde description of the defining equations that the
multiple point spaces are non-singular. _

Now, for the converse, suppose that F is such that D¥(F) is non-singular of
dimension nk — p(k — 1) or empty for all k. Then we show that F' is A-equivalent
to a germ which has [l-jet equal to that given above.

Assume that F' has multiplicity [. We can make standard left and right changes
of coordinates and a Tschirnhaus transformation to show that F' is A-equivalent to
a multi-germ with [-jet equal to

-2

-1 -1
(’LL, w, yl + Z fl(u7 w)yl7 Z hLi(U, w)yl7 veey Z hr,i(uu w)yz)7
i=1 i=1 i=1

for some functions f; and h; ;, with zero constant term.

_ In effect we will use induction to show F' has the required form. Consider first
D?(F). The defining equations for D?(F) have linear terms arising from the linear
terms in f; and h;; for j = 1,...,r. To ensure the non-singularity of ﬁz(F) the
p —n + 1 defining equations should have a non-zero linear term. There exists a
change of coordinates involving only u and w so that (without loss of generality)
filu,w) = wy and h;; = w;q for ¢ = 1,...,7. Then through a left change of
coordinates we can restore the components of F to (u,w,...).

When we look at D3(F) we get p —n + 1 equations with non-zero linear terms
arising from the linear terms in fi and h; 1, (i.e., the uq, w; 1 we found above). The
other p — n + 1 defining equations have linear terms arising from the linear terms
of f, and h; 2 and to ensure non-singularity of the multiple point space we have,
after a change of coordinates, fo(u,w) = ug and h; o(u,w) =w; o fori=1,...,7.

Thus, by proceeding in this way for all k£ < [ we get a map

-2 -2
(u, w, yl + Z iy, ha,-1(u, w)yl*1 + Z wlyiyi, S
i=1 i=1

Now, l~)l(F) is also non-singular and so noting that Vll_l(yl) is linear in y; we
can deduce that the coefficient of the 4'~! term in each of the last 7 — 1 components
is linear (in w). Thus, we have produced a map of the statement of the lemma.

We now tackle the multi-germ case. First suppose that F' is stable. If the
branches of F' have multiplicity (ki, ks, ..., ks), then a multi-germ A-equivalent to
a trivial unfolding of F appears in the stable mono-germ of multiplicity greater than
or equal to Zle k;. The multiple point spaces of this mono-germ are non-singular
by the above working and at the multi-germ in question, a local multiple point
spaces is just the trivial unfolding of the multiple point spaces for F' we deduce that
the multiple point spaces for F' are non-singular.

Conversely, let us suppose that the multiple point spaces of F' are non-singular.
This implies that the multiple point spaces of the branches are non-singular and



since these are mono-germs, the branches must be stable. We can now work in the
same way as in the proof of Proposition 2.13 of [20], i.e., we show that FFx - x F —
(CP)s is transverse to the big diagonal in (CP)?, since Mather’s Criterion for stable
multi-germs will show that F' is stable. (|

3 Disentanglements

The disentanglement of a complex analytic map f is the discriminant of a local
stabilisation of f and is an important analytic invariant of f analogous to the Milnor
fibre of a hypersurface singularity. In the case of mono-germs where n > p — 1 this
topological space is homotopically equivalent to a wedge of spheres all of the same
dimension, see [4] and [22]. In the case n < p — 1, the spheres may be of different
dimensions, see [10].

For multi-germs it is not too difficult to generalise the proofs in [4] and [22]
to show that, for n > p — 1, the disentanglement is again homotopically a wedge
of spheres, see [3]. In the n < p — 1 multi-germ case the problem is still open.
However, when the multiple point spaces have a simple structure, for example, they
are isolated complete intersection singularities, we are able to show in the next
theorem that the rational cohomology of the disentanglement is the same as the
cohomology of a wedge of spheres (of possibly varying dimension).

Suppose that f: (C",z) — (CP,0), n < p, is a finitely .A-determined map-germ
with F' : (C" x C",z x 0) — (C? x C",0) a versal unfolding, so that F' has the
form F(z,t) = (fi(z),t). Let ¥ be the bifurcation space in the unfolding parameter
space C", i.e., points such that the map f; : C* — CP is unstable. For corank 1
maps and maps in the nice dimensions the set X is a proper subvariety of C", see
[18], and so C"\X is connected.

Given a Whitney stratification of the image of f in CP there exists ¢y > 0 such
that for all 0 < € < ¢, the real (2p — 1)-sphere centred at 0 of radius € is transverse
to the strata of the image of f.

Consider the map f;|f, *(B.) where B, is the closed ball of radius e centred at
0 with € < g and ¢t € C"\X. This stable map is called the disentanglement map of
f and its image is the disentanglement of f, denoted Dis(f). This is independent of
sufficiently small € and ¢. To ease notation we will write f rather than fi|f;" ' (B.).

As f71(0) is a finite set we can assume that f has the form f : H‘fz‘l U, — Cr

where ﬁj is a contractible open set.

We can now generalise Theorem 2.6 of [9] which only considered mono-germs.
Let d(f) = sup{k| D*(f) # 0} and let s(f) be the number of branches of f through
the origin 0 in (CP,0), i.e., the cardinality of z.

Theorem 3.1 Suppose that f : (C",z) — (CP,0), n < p, is a corank 1 finitely A-
determined multi-germ. Then, ﬁ*(Dis(f);Q) has non-trivial groups possible only
in dimensions p— (p—n—1)k—1 for all 2 < k < d(f) and if s(f) > d(f), then in
H=1(Dis(f); Q).

A simple corollary of this for the case p = n + 1 is that the only non-trivial groups
occur in dimension p — 1. As stated earlier this is known for mono-germs since the
disentanglement is homotopically equivalent to a wedge of spheres, see [22].

To calculate the rational cohomology of the disentanglement we shall use the
multi-germ version of Marar and Mond’s description of multiple point spaces (Theo-
rem 2.6) and the Image Computing Spectral Sequence, see [9, 14], a relative version
of which we now describe.

We will calculate cohomology groups over the rational numbers Q and the group
Sy, will act on H*(D*(f); Q) in the natural way — i.e., arising from the action on



l~)k( f). We can state and prove the results in this section for integer homology by

using the more complicated techniques developed in [8, 10, 14], but it is enough for

the purposes of excellent unfoldings to use the simpler case of rational cohomology.
Define the idempotent operator Alty by

1 .
Alty, = o Z sign(o)o.
€Sk

When we apply this operator to Hi(ﬁk(f); Q) we produce what is called the al-
ternating cohomology of D*(f). The cohomology of the image of a map may be
calculated from the alternating cohomology of its multiple point spaces:

Theorem 3.2 (Cf. Proposition 2.3 of [9]) Let f : X — Y be a finite and proper
subanalytic map and let Z be a (possibly empty) subanalytic subset of X such that
f1Z is also proper. Then, there exists a spectral sequence

B = Al HUD™ (), D™ (f12):Q) = H*(f(X). f(2): Q),

where the differential is induced from the natural map €11, : D™TY(f) — D"(f)
given by €41 (21,2, ..., Tr, Tpg1) = (21,22, ..., Ty).

A proof is found in [14] and can also be generalized from the one in [9]. The precise
details of the differential will not be required as our spectral sequences will be sparse.
Alternatively the differential can be calculated from the terms of the sequence. A
spectral sequence for a single map rather than a pair also exists if we take Z = ().

The disentanglement is the image of a finite and proper map and hence we can
use the Image Computing Spectral Sequence to calculate the cohomology of the
disentanglement. In [9] it is proved that the sequence for the disentanglement map
of a corank 1 finitely A-determined mono-germ collapses at E;. Using the proof
there and techniques from [10] it is possible to show that the sequence collapses at
E5 for the disentanglement map of a multi-germ. However, we simplify matters by
considering the spectral sequence for a pair of maps: the versal unfolding and the
disentanglement map — the latter is a restriction of the former. As we shall see, the
spectral sequence collapses at Fs for this pair also. _

Let F': U — W be the versal unfolding of f such that f is a restriction of F’
that gives the disentanglement.

Lemma 3.3 The E; terms of the spectral sequence of F' are

()
EM(F) = @(TH), forq=0and 1 <r+1<s(f),
0, otherwise.

The sequence collapses at Fs and

T, ~ ,q ~ Q fOT (T7 Q) = (070)7
R SR T i
Proof. Since F is a complex analytic map the maps ¢, : D¥(F) — W given by
ex(z1,...,x2) = f(x1) are also complex analytic. As these maps are proper and
finite, their images are complex analytic subsets of W. Hence, we can Whitney
stratify the image of F so that for all k the image of D*(F) under ¢, is a union of
strata.

Now, by definition of the disentanglement, the image of F' is contractible to
the space {0}. This comes from the conic structure theorem for Whitney strat-
ified spaces. The retraction resulting from the conic structure theorem can be
achieved via a stratified vector field on W. This can be lifted to D*(F) via ¢
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Figure 1: E; page for the map F

and hence D*(F) retracts onto D¥(F) N (F~(0))*. Any point in this latter set
is a k-tuple chosen from z = (z1,29,...,2s). The kth multiple point space for
the map F' : {z1,22,...,25} — {0} given by restriction of F will be a subset of
D¥(F)n (F~1(0))*. We show that they have the same alternating cohomology.

First note that if a k-tuple from z has any repetitions, then the alternating
cohomology of the orbit of this point under the Sk-action is trivial (as at least one
simple permutation fixes it).

Hence if £ < s and the k-tuple has no repetitions, then the k-tuple gives a
point in D¥(F) N (F~(0))* and the alternating cohomology of its orbit is Q. If
k > s, then the k-tuple has repetitions and so its orbit does not have any alternating
cohomology.

Therefore, the alternating cohomology of D¥(F)N(F~1(0))* and D*(F’) are the
same, see Theorem 2.3 and Example 2.5 of [10]. Hence, the E; page of the spectral
sequence has the form stated. This page is depicted in Figure 1.

Given the form of E{"" the sequence must collapse at the Es page as all the
differentials are trivial from this page onwards.

Since ELY(F) converges to H*(F(U); Q) = H°({0};Q) = Q then Ey? has the
form stated. ]

Suppose that f : (C", z) — (CP,0), n < p, is a finitely A-determined multi-germ
with versal unfolding F' and disentanglement map ]7 Since_the disentanglement
map of a finitely .A-determined map-germ is stable, dim D*(f) = nk — p(k — 1) by
Theorem 2.4. Hence, if k > -, then dim D¥(f) = 0.

We now describe the E page of the spectral sequence for finitely A-determined
multi-germs. Note how sparse it is.

Lemma 3.4 Suppose that f : (C",z) — (CP,0), n < p, is a corank 1 finitely A-

determined multi-germ, with_versal unfolding F' and disentanglement map f. As

before let d(f) = sup{k | D*(f) # 0} and s(f) be the number of branches of f.
Then,

Alt,q HUm D™ D+ (Dr+1(F), D™+Y(F):Q), for ¢ = dim D™ (f) +1>0
g andr+1<d(f),
E" = ()
Q\r+1), g=0andr+1>d(f),
0, otherwise.

Here we define dim () = —1.

Remark 3.5 A schematic version of the Fq page is given in Figure 2 for n = 10
and p =13. We let s = s(f) be the number of branches of f.

Proof. When l~)k(f) # () we have that D¥(F) is non-singular (Theorem 2.4) and
forms a disjoint union of Milnor balls for the isolated complete intersection singu-
larities defined by D*(f), (Corollary 2.6). Since f is stable the components of D¥(f)
will be the Milnor fibres for these singularities. This implies that H*(D¥(F), D*(f); Q)
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Figure 2: F; page for the pair (F, f)

is non-trivial only in dimension dim D*(f) + 1 = nk — p(k — 1) + 1. Obviously the
same is true when we apply the Alt; functor.

Hence, for k with D¥(f) # 0, the Ef“’q terms of the spectral sequence have
the desired form. o

When DF(f) = 0 we have Alt, H*(D*(F), D*(f):Q) = Alt, H*(D*(F); Q).
These latter groups are described in Lemma 3.3.

Hence, the F; terms of the spectral sequence are as described in the statement
of the lemma. ]

Proof (of Theorem 3.1). The spectral sequence in the previous lemma collapses
at Fy: The only non-trivial differentials at E; are those on the bottom row and
as EI’O comes from the exact sequence in Lemma 3.3 for r + 1 > d(f). Hence, if
s(f) > d(f), then E"° is non-zero for 4+ 1 > d(f).

The sequence will now collapse at Es since the differentials are all equal to the
zero map. Thus we read off the cohomology of the pair (F(U), f(U)) along the
diagonals in the usual way. The only non-trivial groups H'(F(U), f(U); Q) are
when

i = r+dimD(f)+1
= r+n(r+1)—pr+1-1)+1
= p—(-n-1+1)
for2<r+1<d(f).
Thus, H'(F(U), f(U);Q) # 0 only for it = p— (p —n — 1)(r + 1) where 2 <
r+1<d(f).
The only other possible non-trivial entry is Eg (D10 and this accounts for all

E™4 for v+ 1 > d(f).
We know that the image of F' is contractible, thus

HY(F(U), f(U);Q) = H™(f(U);Q) = H~'(Dis(f); Q).
From this the theorem follows. O

Remark 3.6 The theorem holds in greater generality since essentially we have only
used the idea that the multiple point spaces of f have smoothings for which we can
calculate the cohomology. Further exploration of this is made in Theorem 5.12.

Example 3.7 Suppose that f : (C?,{x1,x9,73,24}) — (C3,0) defines an ordinary
quadruple point, i.e., the transverse meeting, except at 0, of four 2-planes. Then,



f is finitely A-determined and a disentanglement can be given by just moving one
of the planes slightly. That is, the quadruple point is ‘split’ into four triple points.
Here we have s(f) = 4 but D*(f)) =0 so s(f) > d(f).

Remark 3.8 For the ordinary quadruple point in Example 3.7 the non-trivial al-
ternating cohomology group arises from the alternating cohomology of the versal
unfolding as the 4th multiple point space of the disentanglement is empty.

Each column of the E; page of the spectral sequence has only one non-trivial
term and we will give this a special name.

Definition 3.9 The kth alternating Milnor number of f aty € CP, denoted pi'*(f,y),
is defined by

AltkH*(D’“( ), D(f):Q), if k< d(f),
ui(foy) = Zl o (DT if k=d(f)+1 and s(f) > d(f),

0, otherwise.

Remark 3.10 Note that if s(f) < d(f), then ,ugé’})ﬂ(f) = 0. Note also that
Example 3.7 shows that ugl(?)+1(f) may be non-zero.

We can now add the p¢!* together to get an analytic invariant for the germ of f
at y.

Definition 3.11 The image Milnor number of f at y, denoted pr(f,y), is the sum
of the ranks of the non-zero homology groups of the disentanglement. That is,

Z Iualt

If y = 0, then we will use the notation pr(f).

Remarks 3.12 (i). The image Milnor number was first defined by Mond in [22]
for mono-germs with p = n + 1 by counting the number of spheres in the
bouquet of spheres for the disentanglement. The definition here uses rational
cohomology for multi-germs with n < p and hence coincides with Mond’s
number in his case.

(ii). For p # n+ 1, Theorem 3.1 gives that the kth alternating Milnor number,
pdt(f,y), is just the dimension of the group Hr=(P=n=Dk=1(Djis(f); Q) for
k < d(f) and equal to the dimension of H¥H+1(Dis(f); Q) for k =d(f) +1

We are now in a position to find the alternating Milnor number and to this
end will generalise Marar’s formula in [19]. Generalised formulae were also given in
[20] but, due to a couple of minor errors, these are incorrect as one can see for the
calculation of triple points of a corank 1 map from (C2,0) to (C3,0). The correct
formula is given in Example 3.15. Other generalisations can be found in [12].

First we need to investigate the alternating cohomology of an Sy-invariant iso-
lated complete intersection singularity. We use this to find a formula in the mono-
germ case which is then applied in the multi-germ case.

Let Sj act on C™ x C* by permutation of the last k coordinates. Let h :
C™ x C* — C" define an Sj-invariant isolated complete intersection at 0 given by
Sk-invariant defining equations.

For an Sj-invariant set Z C C™ x CF we denote by Z7 the fixed point set of Z
with respect to o € Sj.
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Suppose that for all o € Sj, that h|(C™ x C¥)? defines an isolated complete
intersection singularity. Let X be a Milnor ball (open or closed — it doesn’t matter
which in these calculations as the resulting spaces are homotopically equivalent) for
h and denote by MF the (open or closed) Milnor fibre of h. Note that MF? is the
Milnor fibre of h|X°.

Proposition 3.13 The group Sy acts on the cohomology of the pair (X, MF) and
we have

. 1 .
dim Alt, H4™MF+1(X MF; Q) = o > u(h]X) 4 (~)BMEEL N sign(o)
" \o s.t. MFo=0) o s.t. MF7#0)

This equality also holds in the case that MF = () and if we define dim ) = —1.

Proof. The proof is similar to those in [9, 16, 25]. Here we give a relative version.

Let [M] denote an element of the ring of all Q-linear representations of Sy. For
a pair (A, B) of Si-invariant complex analytic spaces one has an equivariant Euler
characteristic g, (A, B) given by

Xs.(4,B) =Y (~1)7[HI(X, 4;Q)].

(The following holds in more generality than for complex analytic spaces — the main
property we are using is that complex analytic spaces can be triangulated, see [25].)

For all o € Sk, xs, (A, B)(0) is equal to the usual topological Euler characteristic
of the fixed point pair (A7, B?), see [25]. By the general theory of representations
we can show that

X (A, B) =% Z sign(o)x (A%, B?).
€Sk

We can now apply this theory to the pair (A, B) = (X, MF).

Since MF is the Milnor fibre of an isolated complete intersection singularity and
hence is homotopy equivalent to a wedge of spheres of real dimension dim¢ MF and
X is contractible, we have

X5, (X, MF) = Y (=1)?[HY(X,MF; Q)]
q
— (_l)dimMF+1[HdimMF+1(X7 MF,Q)]
We have
X5, (X, MF)(0) = x(X7,MF?)
and so
_ {ydim MF 417 7dim MF +1 . ~f (—1)dimMETHL (p X)) for MF? # (),
(1) S (M Qo) = { for ME 7
The latter relative Euler characteristic is 1 since X7 is contractible to a point. Thus,

dim MF 41 ) B (_1>dimMF—dimMF°u(h|Xa), for MF? 7& (Z)
[H (X7 MF?Q)](U) - { (_1)dimMF+1’ for MF? = (Z)

Now note that
dim Alt;, 4 MF 1 x MF; Q)
1 . im
= o > sign(o)[HI™MEFH(X, MF; Q)](0)

" oESy
1

= 5 Z sign(o)(—1)dmMF —dimMF? ) o) 4 Z sign(o)(—1)dim MF +1
" \os.t. MFo#£p o s.t. MF7#£(
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Now,

dimMF = n+ k — codim(MF, C""*)
and dimMF? = dim(C""*)? — codim(MF7, (C"*")7).

It is straightforward to show that the above codimensions are the same (they are
defined by the same number of equations) and to show that dim(C"**)7 = n+>" ;.
Hence, dimMF —dimMF? = k + > «a;. We can also calculate that sign(c) =
(—1)’“‘2‘“. Thus, sign(a)(—l)dimMF_dimMFa =1. O

We now generalise Marar’s formula from [19].

Theorem 3.14 Suppose that f : (C" z) — (CP,0), n < p, is a corank 1 finitely
A-determined multi-germ and that f denotes its disentanglement map.

Let x € D¥(f) be a singular point and let H, be the isotropy group of x under
Sk; this is isomorphic to S; for some j < k (and actually equal to Sy if f is a
mono-germ,).

Then, for k < d(f), we define

it ()] - ! > W(DF(f,Py), ) + (—1)dm DE P+ > sign(o)

- |H.| — L
o s.t. DF(f,Po)#£0 o s.t. DF(f,Ps)=0

Here, u(X, x) denotes the Milnor number at the point x and s.t. denotes ‘such that’.
Then, we have,

i (£,0) = > pi (f)[w],

weOrbit(zx) s.t. e (x)=0

where Orbit(x) is the orbit of x considered as a set with no repetitions and recalling
that ey, : DE(f) — CP is given by e(x1,...,x1) = f(z1).

Proof. That u{*(f)[z] calculates the alternating cohomology with respect to the
isotropy group of x follows from the proposition above. o

To calculate the Si-alternating cohomology for the whole of D¥(f) we note that
if Z C X* is Sy-invariant, then Z = [1; Orbit(Z;) for some connected components
Z;, and we have

Alty, HY(Z; Q) = @, Alty H*(Orbit(Z;); Q).

If H is a subgroup of Sy, such that o(Z;) = Z; for all 0 € H, then it is easy to show
that
Alty, H'(Orbit(Z;); Q) = Alty H'(Z;; Q)

where Alty means that the alternation is taken over the elements of H rather than
Sk.

For our situation where Z; is a connected component of D*(MF) we can see
that we can calculate Alty H'(Z;; Q) using Proposition 3.13.

This completes the argument. O

Let us see how the following well-known results can be deduced from the above.
See [12] for more general versions.

Example 3.15 Suppose that f : (C2,0) — (C3,0) is a corank 1 finitely A-determined
map-germ. Then,

(i). us"(f) =1 (,u(f)Q(f)) +u(l~)2(f)|H)), where H is the fized point set of the

action of Sy on C? x CZ;
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(i1). (Cf. [21] Prop. 3.7.) Suppose that 133(f) # 0. Then pus(f) = (u(53(f)) + 1).

Proof. (i) Here, since k = 2, we have only two elements in Sy = {id, o}, and hence
only two partitions P = (1,1) and P = (2). For D2(f,(1,1)) = D2(f) we have a
curve and D2(f,(2)) = u(D2(f)|H)) is an isolated point. In both cases we have
D%(f,P) # 0 and so p4(f) has the form stated.

(i) Here we have that P is (1,1,1), (1,2), or (3). The set D3(f,(1,1,1)) is a
finite set of points, each S3-orbit corresponds to a triple point in the image. The
sets D*(f,P) for P # (1,1,1) are all empty. (If they were not, then f would not
be a stable map.) Hence,

im D3 > a; _
()P (c R = ()N (-3 42) = L.
D (f,P)#0

Therefore, 13! (f) has the described form. O

Example 3.16 (Example 2.11 of [16]) Suppose that f : (C3,0) — (C*, 0) is a
corank 1 finitely A-determined map-germ and that D3(f) # 0. In this case D3(f)
is a curve, (i.e., for the partition associated to the identity in Ss), the restriction to
the simple transpositions D3 (f)|H, where H is the fixed point set of a simple trans-
position, is finite set of points. The set 53(]?, P,) is empty for the two remaining
elements of Ss.

Therefore, we have

p(F) = 5 (1DP(F) + 3 D)) +2).

Remark 3.17 Similar formulas are used in Section 2 of [13].

4 Upper semi-continuity of the image Milnor num-
ber for corank 1

Let f: (C™ z) — (CP,0) be a finitely A-determined corank 1 multi-germ, n < p,
and let F': (C" x C,z x 0) — (CP x C,0 x 0), be a one-parameter unfolding of the
form where for a representative of F, (also denoted by F'), F(z,t) = (fi(z),t) with
fo=fand fi(z) =0 for all x € z. Such an unfolding is called origin-preserving.

In the following sections we will be concerned with the maps f; such that ¢ lies
in a contractible open neighbourhood of 0 in {0} x C C C? x C. We denote this
neighbourhood by T'.

It should be noted in the following that d( ft) need not be constant for ¢ € T.
(Recall that d(f) is the largest k such that Dk( ) # ().) For example, even for
mono-germs, we can have a change. Let f; : (C,0) — (C2,0) be given by f;(x) =
(22,2 + tx). Then fo is a cusp and hence D?(fy) # 0, but f, is an immersion at
the origin in C for 0 # ¢ € T', and hence ﬁz(ﬁ) = (.

Similarly, if we define (as usual) s(f;) to be the number of branches of fi, i.e.,
the cardinality of f;(0), then s(f;) may not be constant in the family. In other
words, there may be a branch of f; that fuses with another in fy as ¢t tends to zero.
(One can use the cusp example given in preceding paragraph with diffeomorphisms
applied to source and target so that for ¢t # 0 the double point in the image remains
at the origin and one of its preimages is the origin in the source.)

It is well known that the Milnor number of an isolated complete intersection
is upper semi-continuous; that is, in a family of such singularities, denoted h;, we

13



have p(he) < pu(hg) for all ¢ in some neighbourhood of 0 (see, for example, page 126
of [17]). We now show that, under very general conditions, the alternating Milnor
numbers have the same property.

Lemma 4.1 Suppose that ﬁk(ﬁ) # 0 for allt € T. Then pdt is upper semi-
continuous. That is, p&'t(fy) < pudt(fo) for all t in some neighbourhood of 0.

Proof. By assumption D¥(fy) and D*(f,) (for t # 0) are both non-empty. Then,
simply by considerations of dimension arising from the fact that disentanglement
maps are stable, (see Theorem 2.4), we have D¥( fo, P) # 0 if and only if D*(f,, P) #
() (where P is any partition). Thus, the second summation in Theorem 3.14 is
constant in the family. The Milnor number terms in Theorem 3.14 are upper
semi-continuous and so the first summation in Theorem 3.14 is also upper semi-
continuous.

Therefore, ;ﬂ” is upper semi-continuous as it is the sum of upper semi-continuous
invariants and a constant. ]

Remark 4.2 There is an obstruction to uy being upper semi-continuous because
currently it is not known whether the summand u;l&) 41 s upper semi-continuous

or not. Hence, it would be interesting to clarify the behaviour of “gétff)—&-l in general.

Fortunately, for a map f with s(f) < d(f) we have ugétf)_i_l =0 (see Remark 3.10).
This allows us to prove the following theorem.

Theorem 4.3 Suppose that s(f:) < d(f;) for allt € T. Then, the Image Milnor
number py is upper semi-continuous.

Proof. As already remarked s(f;) < d(f;) for all t € T implies that ,ugftft)ﬂ (f)=0
for all t € T. Therefore, by definition, the invariant u;(f;) is a sum of numbers
determined solely from the multiple point spaces of the disentanglement map.

If D*(f;) is non-empty for t # 0, then D*(fy) is non-empty. To see this, first
let H be a versal unfolding of fy. Then F', and hence each f;, can be induced
from H X id¢ where idc is the identity map on C. Furthermore, Dk (H xidc) is a
manifold by Theorem 2.4 and each D*(f;) is induced from D*(H x idc) by taking
a non-singular slice. Now 5’“(};) = () for t # 0 implies that 5’“(]%) # () too. By the
Marar-Mond description of multiple point spaces in Corollary 2.6 this means that
D¥(f;) is a complete intersection (possibly zero-dimensional).

By taking the closure in D¥(H xidc) of l~)k(ft) for all t # 0 we see that D*(f) #
(. Purely by analysis of dimension and the Marar-Mond description we can see that
this implies that D*(fy) is a complete intersection. This implies that D*(fy) # 0.
(Note that this uses the complete intersection property. Being non-empty is not
enough since for nk — p(k — 1) < 0 the multiple point space Dk(fo) could be non-
empty but D*(fy) could be empty.)

Therefore, if Dk( ft) for all t # 0 is non-empty, then, by Lemma 4.1, ,u“” is upper
semi-continuous.

Next, suppose that Dk(fo) is non-empty and Dk(ft) is empty. Then, u¢! is
trivially upper semi-continuous.

Hence, the invariant p; is a sum of upper semi-continuous invariants and so is
upper semi-continuous. O

An obvious corollary, but one which is worth stating, is the following.

Corollary 4.4 Suppose that f is a mono-germ and s(f;) is constant. Then ur is
upper semi-continuous.
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Proof. We have s(f;) =1 for all ¢t € T. Hence, the corollary follows from the fact
that d(f;) > 1 for allt € T. O

As mentioned earlier, for a map f, pr(f) contains the summand ugl('}) 41 Which
we do not know whether or not is upper semi-continuous. The previous propositions
circumvented this problem by forcing this number to be 0. We now go in a different
direction and force it to be a (non-zero) constant.

Theorem 4.5 Suppose that s(f;) and d(f;) are constant for allt € T. Then,
(i). ug't is upper semi-continuous for all k,
(ii). wr is upper semi-continuous.

Proof. Part (ii) obviously follows from part (i). For part (i) we know from the
proof of Theorem 4.3 that if 5’“(]70) and l~)k(ﬁ) are both non-empty, then @t
is upper semi-continuous. Hence we know that pu¢!* is upper semi-continuous for
k < d(f:). But then, as s(f;) and d(f;) is constant in the unfolding, by definition

ugl&t)ﬂ(ft) is constant too, and hence /”Lgéj‘t)ﬂ is upper semi-continuous. O

Consider now what happens when p; is constant in a family.

Theorem 4.6 Suppose that f : (C", z) — (CP,0), n < p, is a finitely A-determined
multi-germ and F' is an origin-preserving unfolding with s(fi) < d(f:) for allt € T
or both s(fi) and d(t;) are constant for allt € T. Then,

wr(f:,0) is constant for allt € T,
=  u{(f,0) is constant for allt € T, and all k,
=  u(D*(fy,P,),w) is constant for all t € T, all k and Py, and w € e, 1 (0).

Proof. Here we use the idea that if a (positive) sum of upper semi-continuous
invariants is constant in a family, then each summand is constant in the family.

If ps(ft) is constant along T', then by Theorem 4.3 or Theorem 4.5 as the case
may be, we have MZ“( f+) constant along T for all k. The converse follows from the
definition. B

If pu¢'t(f;) is constant along T, then by Theorem 3.14 the u(D*(f;),P,) are
constant too as these latter invariants are upper semi-continuous. The converse

statement also follows obviously from Theorem 3.14. |

Corollary 4.7 Suppose that f : (C",0) — (CP,0), n < p, is a finitely A-determined
mono-germ and F is an origin-preserving unfolding with s(ft) constant for allt € T.
Then,

wr(ft,0) is constant for allt € T,
—  p(f,0) is constant for allt € T, and all k,

—  u(D*(fy, Py),w) is constant for all t € T, all k and Py, and w € e, 1(0).

Proof. As f is a mono-germ s(f;) = 1 < d(f;) for all ¢. O

5 pr-constant and excellent unfoldings

We now discuss excellent unfoldings and indicate their significance — that is, make
precise what the definition is intended to achieve. For an unfolding of a mapping
we would like members of the family to be equivalent in some sense. This is the
study of equisingularity. One example is Whitney equisingularity. Here we Whitney

15



stratify the map so that we can apply Thom’s Isotopy Lemma and hence deduce
that the members of the family are topologically equivalent. This application can
only be achieved if the parameter axes (in source and target) of the unfolding are
the only one-dimensional strata. The conditions for an unfolding to be excellent
imply that the parameter axes are the only one-dimensional stratum.

Let us consider stratifications of unfoldings of finitely .A-determined map-germs.
In order to do this we first define stratification by stable type. A good reference for
this is Section 2.5 of [5].

Let G : (C™, z) — (C?,0) be a stable map with n < p. There exist open sets
U C C"and W C CP such that G=}(W) = U and G : U — W is a representative of
G. We can partition G(U) by stable type. That is, y; and y in CP have the same
stable type if G : (C", Gy ' (y1)) — (CP,51) and Gz : (C", G5 ' (y2)) — (CP,y2) are
A-equivalent. These sets are complex analytic manifolds. We can take strata in
U C C" by taking the partition G~1(S) where S is a stratum in the image.

It is possible to show ([7] Lemma 7.2 and [5] Section 2.5) that if G is in the nice
dimensions or a corank 1 map-germ, then this stratification of source and target by
stable type is Whitney regular and any Whitney stratification of G is a refinement
of this, i.e., this stratification is canonical.

Now, for the stratification of the unfolding of a finitely .A-determined multi-germ
we can stratify the stable parts by stable type. Since the original map was finitely
A-determined this means that in a neighbourhood of the origin of C? x C only a
collection of curves remains to be stratified after stratification by stable type. For
an excellent unfolding (defined later) we would like the parameter axes in C" x C
and C? x C to be the only one-dimensional strata.

Ignoring the parameter axes we can get one-dimensional strata occurring in the
stratification in the following ways, see [7].

(i). The set f,*({0}) contains more than z. That is, there exists an extra branch
or branches in f; passing through 0 € CP which ‘fuse’ with other branches at
t=0.

(ii). There is a curve of unstable points in C? x C, other than {0} x C, which passes
through 0.

(iii). There exists a curve of points arising from f; having a stable type with a
zero-dimensional stratum.

Obviously, we can control (i) by requiring that s(f;) is constant. To investigate (ii)
we make the following definition.

Definition 5.1 The instability locus of a map g is the germ of the set of points
y € CP such that g : (C", g~ (y)) — (CP,y) is not stable.

For (iii) we make the following definition.

Definition 5.2 (See [7].) A stable type is called O-stable if the stratification by
stable type has a 0-dimensional stratum.

Examples 5.3 The Whitney cross-cap (v,y) — (x,y%, xy) is 0-stable. The multi-
germ from (C2,{x1,xa,23}) to (C3,0) giving an ordinary triple point is 0-stable.

By counting the 0-stable singularities that appear in a stable perturbation of a map
from C? to C? with an isolated instability Mond was able, in [21], to produce useful
invariants.

Our interest here is that it is easy to see for corank 1 multi-germs that a 0-stable
type corresponds to D¥(f, P) for some k and P, where D¥( f, P) is zero-dimensional.
Conversely, if f is stable and lN)k( f,P) is zero-dimensional, then this corresponds
to a 0-stable singularity in the target.

16



Definition 5.4 In an unfolding, if there is a sequence of 0-stables converging to
the origin in CP x C, then there is a curve of 0-stables in the image of F. If no
such curve exists, then we say the 0-stables are constant in the family.

We now come to a crucial definition of this paper — excellent unfolding — in-
troduced by Gaffney in the study of equisingularity of mappings in [7]. Here we
restrict to the case of corank 1 maps with n < p which simplifies the definition and
we make the simple generalisation to multi-germs.

Definition 5.5 Suppose that f: (C", z) — (CP,0), n < p, is a corank 1 finitely A-
determined multi-germ and that F' is an origin-preserving one-parameter unfolding
such that FIU — W is proper and finite-to-one.

We call F' a good unfolding if there exists a contractible neighbourhood T of
{0} x C C C? x C, such that all the following hold.

(i). F~Y(W)=1U.
(). F(U\(z x C)) =WN\T, i.e., s(ft) is constant.
(iii). The locus of instability is contained in T'.
We call F' an excellent unfolding if in addition we have the following.

(iv). The 0-stables are constant along T.

Remark 5.6 The first condition is easiest to achieve as we can just restrict our
domain to the preimage of W. It is really the last three conditions that need to be
checked. Algebraic conditions for an unfolding to be good are given, using work of
Damon, in Proposition 2.3 of [7].

Constancy of the image Milnor number in a family is sufficient to imply that the
0-stables are constant.

Theorem 5.7 Suppose that f : (C",z) — (CP,0), n < p, is a corank 1 finitely A-
determined multi-germ and that F' is an origin-preserving one-parameter unfolding
such that FIU — W is proper and finite-to-one. Suppose further that s(f;) < d(f:)
for allt € T or both s(fy) and d(f;) are constant for allt € T.

Then, pr(f:) is constant for all t € T implies that the 0-stables are constant.

Proof. Consider the multiple point spaces for F' and in particular the points
(z1,...,2,) where x; = (2;,t) with z; € z and t € C. We will get a family of
singularities along these parameter axes in DF(f), which we will denote by T}.
Note that for multi-germs these manifolds may have many connected components.
We will consider the constancy of Milnor numbers along these axes.

A 0-stable corresponds to a O-dimensional D¥(f,P) for some k and P. If there
is a curve of O-stables that does not lie in 7', then this means that the number of
points, i.e., the Milnor number plus one, must jump at t = 0. This is not possible as
wr(ft) is constant along T'. This is because if ur(f,t) is constant along T, then the
corresponding Milnor numbers of D¥ (ft, P») will be constant along T}, by Theorem
4.6. In particular the Milnor numbers of all the O-dimensional singularities will be
constant. (|

Corollary 5.8 Suppose that f : (C™,0) — (CP,0), n < p, is a corank 1 finitely A-
determined multi-germ and that F' is an origin-preserving one-parameter unfolding
such that FIU — W is proper and finite-to-one and s(f;) is constant.

Then, pr(f:) constant for all t € T implies that the 0-stables are constant.

Proof. Again, s(f;) =1 < d(f:) and so the corollary follows from the theorem. O
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The next corollary also follows simply from the theorem but is worth remarking.

Corollary 5.9 For F as in the theorem, if F is good and ur(f;) is constant, then
F is excellent.

The invariant gy is important in the study of equisingularity of mappings. For
example, see [13] and [15]. The above corollaries are of great interest because they
allow us to relate the excellence of an unfolding to p; as well, thus advancing the
conjecture that, in equisingularity theory, this invariant and (others like it) provide
sufficient conditions for equisingularity.

Theorem 5.10 Let f : (C",z) — (CP,0), n < p, be a corank 1 finitely A-
determined multi-germ and F be an origin-preserving one-parameter unfolding such
that F|U — W is proper and finite-to-one.

Suppose that f has a one-parameter stable unfolding and that s(f) < d(t;) for
all t or both s(fi) and d(f:) are constant for all t.

Then g constant implies that the instability locus of F is T'.

Proof. Since f has a one-parameter stable unfolding, say G, we can assume this
holds for all nearby ¢. Therefore D*(f) is a hypersurface in D*(G) with a similar
result for all £. We can therefore assume that D¥ (ft) is a family of hypersurfaces.

Now suppose that the instability locus was not T and there existed another
curve of unstable points passing through origin. Then, by Theorem 2.6 there exists
a curve of points in some multiple point space that are singular points not equal to
a k-tuple from z.

In this case, since the Milnor number for hypersurface singularities is additive,
the Milnor numbers in this family will jump at ¢ = 0. But as pj is constant we can
see from Theorem 4.6 that this is not possible. (I

Corollary 5.11 Let f : (C*z) — (CP,0), n < p, be a corank 1 finitely A-
determined multi-germ and F be an origin-preserving one-parameter unfolding such
that FIU — W is proper and finite-to-one.

Suppose that f has a one-parameter stable unfolding and that both s(f:) and
d(f:) are constant for all t.

Then py constant implies that F is excellent.

Proof. Obviously we can choose U so that condition (i) of an excellent unfolding
holds. As s(f:) is constant we have condition (ii). As both s(f:) and d(f:) are
constant then by Theorem 5.7 the O-stables are constant, i.e., condition (iii) holds.
Similarly Theorem 5.10 gives condition (iv). O

From the preceding results we can see that we can control two conditions from
the definition of excellent unfolding by using p;. The main element at the heart of
the proofs is that we know the cohomology description of the multiple point spaces
(Theorem 3.1 and Lemma 3.4) and that the invariants are upper semi-continuous
(from Section 4). Hence, if we have non-corank 1 situations where these hold for the
multiple point spaces, then we can make statements similar to that of Theorem 5.7
and, when we have additivity of Milnor number, Theorem 5.10.

For example, Buchweitz and Greuel, in [1], show that one can define an additive
upper semi-continuous Milnor number for certain families of curves. This means
that if our multiple point spaces are curves, we can state the following theorem.

Theorem 5.12 Let f : (C",z) — (CP,0), n < p, be a finitely A-determined map-
germ such that one of the following holds:

(i). (n,p) = (n,2n — 1), for n > 2, so in particular this includes (n,p) = (2, 3).
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(ii). (n,p) = (n,2n), n > 1.

Suppose further that F is an origin-preserving one-parameter unfolding of f with
s(ft) < d(fy) for allt € T or both s(f) and d(fi) are constant.

Then, pur(ft) constant for all t implies that the instability locus of F is T and
the 0-stables are constant for allt € T.

Proof. (i) In this case D2(f) is a curve and the stable singularities will be corank
1. Thus, EQ(f) will be a smoothing of this curve. Furthermore, as in the case
of mono-germs shown in [2], it will lie in flat family as required by [1] for upper
semi-continuity to hold.

The restriction of D?(f) is a zero dimensional Cohen-Macaulay space and in a
smoothing the number of pairs of points in 132(]7) will be the number of Whitney
umbrellas in the image of the stabilisation. These can be counted as the number of
points can be calculated from the degree of D?(f). Thus, u$'* behaves in the same
way as for a corank 1 map.

If n > 2, then D3(f) is empty. If n = 2, then it is zero-dimensional and pg"
behaves in the same way as the corank 1 case.

(i) Only D?(f) is non-empty and it is zero-dimensional. In a stabilisation, the
only singularities are ordinary intersection of two sheets and 3" (f) merely counts
these. |

A similar result has been found in [24]. The authors there consider the case
of finitely A-determined mono-germs f : (C*,0) — (C?"*~1,0) for n > 3, (any
corank). They consider the double point set in the target, denote this by D(f), and
they show that if D(f;) is constant in an unfolding, then the unfolding is excellent.
Using techniques similar to those in [13] it is possible to show that D(f;) constant
is equivalent to pr(f:) constant, and hence we recover their result. Precise details
and generalisations of these assertions will be given in a forthcoming paper.

6 Concluding remarks

Remark 6.1 This paper has shown that py can be used in certain situations to
control conditions (ii) and (i) for an unfolding to be excellent. In some examples it
can be seen that it also controls the second condition (i.e., F(U\(z x C)) = W\T).
For example, in [7] Theorem 8.7 the condition is controlled by 0-stables and the
singularity structure of the multiple point spaces. Both these can be controlled by
wr.  Therefore, it would be interesting to have a general result of the form ‘ur
constant implies condition (i) of excellent unfolding.’

In fact, from this and using a number of theorems from the previous section
as evidence, it seems that py should completely control excellence of unfoldings. It
seems natural to conjecture the following:

Conjecture 6.2 Suppose that f : (C™,z) — (CP,0), n < p, is a corank 1 complex
analytic multi-germ with an origin-preserving one-parameter unfolding. Then uj
constant implies that the unfolding is excellent.

Remark 6.3 Proving the above conjecture will probably involve clarifying how ,ugl(tf)_H
behaves under deformation so that we have very general results on the upper sems-
continuity of py. A second reason is that ,ugl(?)ﬂ is connected with condition (ii) of
excellent unfolding. To see this suppose that d(f:) is constant in the family. Then,
wr(fi) constant implies that ugl(t]ct)+1(ft) is constant. Because of the definition, for
s(ft) > d(f:), it is natural to conjecture that this gives s(f;) is constant. This latter
implies that condition (ii) of excellent holds.

19



Remark 6.4 Outside the area of equisingularity, as the structure of uy for multi-
germs is detailed in terms of ,u%” it may be possible to use the structure to compare
wuy and the Ag-codimension of map-germs. Consider the following.

For an isolated complete intersection singularity h we have p(h) = 0 if and only
if h is non-singular (i.e., K.-codimension(h) = 0), and u(h) = 1 if and only if
Ke-codimension(h) = 1. It seems reasonable to prove that pur(f) = 0 if and only if
f is stable (i.e., Aq-codimension(f) = 0) and pr(f) = 1 if and only if f has Ae-
codimension 1. This latter may be related to having one multiple point space being
a disjoint union of quadratic hypersurface singularities and those below it are non-
singular, whilst the remaining are just the origin. These results could be useful in
showing that puy constant in a family implies that the instability locus of the family
s T.

Remark 6.5 Moving beyond low Ae-codimension, for an isolated complete inter-
section singularity of dimension greater than zero it is well-known that K. -codimension(h) <
w(h) with equality if h is quasi-homogeneous. It is conjectured by Mond [22] that
forp=n+1, we have ur(f) < Ae-codimension(f) with equality if f is quasihomo-
geneous. Now, ur(f) is just a sum of pt(f) and pdt(f) is (for almost all k) the
alternating part of the homology of ﬁk(f) It is possible to show that, in analogy
with p(h) < Ke-codimension(h), that pd't(f) is less than or equal to the dimension
of the symmetric part of the K.-normal space of ﬁk(f) Hence, if one could show
that the sum of the symmetric parts gave Ae-codimension(f) — which it does in many
examples (see also [11]) - then it would be possible to prove a general py(f) < Ae-
codimension( f) result. Admittedly, this would require no zero-dimensional multiple
point spaces (since K.-codimension < p does not hold in this case) but this still
includes a large class of maps.
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