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Introduction

Will look at liftable vector fields for corank 1 stable
map-germs.

Involved in various motivating problems:

Classification of maps under A-equivalence
Generic geometry
µ versus τ results in local complex analytic geometry
(Mond conjecture)

The vector fields are given explicitly for the minimal cross
cap of multiplicity k . The fields can contain lots of
monomials (none worse than a quadratic!) and so we use
computer packages to work with them.
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In the following K can be R or C.
The (Whitney) cross-cap ϕ : (K2,0) → (K3,0) is given by
ϕ(x , y) = (x , y2, xy).

Figure 1: The Whitney Cross-Cap.

Example 2.9 (i). Let f : Rn → R be given by f(x) = ±x2
1 ± x2

2 ± · · · ± x2
n. Then

f is a Morse singularity. It is well-known that Morse proved that a function
with a critical point such that the second differential is non-degenerate (equiv-
alently, the square matrix of second derivatives is non-singular) is equivalent
to such a Morse singularity (up to addition of a constant), see [48]. He also
proved that such singularities are dense and stable – i.e., ‘most’ maps are
Morse and they cannot be removed by perturbation.
This classification has probably the profoundest effect in the theory of topology
of manifolds as it leads to Morse Theory, of which more will be said later.

(ii). Let f : R2 → R3 be given by f(x, y) = (x, xy, y2). This (and its image) is
known as the Whitney cross-cap or Whitney umbrella. See Figure 1. This is
also called the Whitney-Cayley cross-cap since it was known to Cayley. See
[3] p217 for references and a discussion of his work in this area.
The singular set is the origin in R2. The image has singularities – points
where the set is non-manifold – along the Z-axis in R3, and, apart from the
origin, these are transverse crossing of manifolds.

(iii). The image of the Whitney cross cap is of codimension 1 in the codomain. If
we attempt to find a polynomial that defines the image of f as a hypersurface
we can try h : R3 → R given by h(X, Y, Z) = Y 2 −X2Z. However, the image
of f is actually a semi-algebraic set and so the zero-set of this h gives the
image of f with a ‘handle’ that consists of the Z-axis. With this added to the
image in Figure 1 one can see why the map is referred to as an umbrella.
If we work over the complex numbers rather than the reals, then the image
and the zero-set descriptions coincide.

The last example shows the wide variety of behaviour that can occur for the image
of a fairly simple algebraic map. One gets even stranger examples of if one considers
images of smooth maps. For example, we can show that the corner of a cube can
be produced from the image of an infinitely differentiable map.

Example 2.10 Let φ : R2 → R+ be the smooth map given by

φ(x, y) =
{

e−1/x2
forx > 0

0 forx ≤ 0.

Let rj be the map that rotates the plane about the origin through πj/3 radians. Let
ψ1 = φ ◦ r0 + φ ◦ r1, ψ2 = φ ◦ r2 + φ ◦ r3 and ψ3 = φ ◦ r4 + φ ◦ r5.

Then each ψi is a smooth function on the plane that is zero in a region bounded
by two rays from the origin that are 2π/3 radians apart. The interiors of these three
regions do not overlap; the overlaps of the closures correspond to edge points of the
corner of the cube.

The image of the map h = (ψ1, ψ2, ψ3) gives the corner of a cube.

5

corank 1, i.e., the rank of the Jacobian drops by at most
1 at the singular point,
stable, i.e., small perturbations give (up to
diffeomorphism) the same map.
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To classify functions on the cross-cap we need to make
diffeomorphisms of the ambient space such that the
cross-cap is preserved.

To generate these diffeomorphisms we can use the vector
fields tangent to the image.

In the complex case these are equivalent to the liftable
vector fields.
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Liftable Vector Fields for Cross Caps

Definition

Let f be a smooth mapping f : (Kn,0) → (Kp,0). A vector
field ξ on (Kp,0) is liftable over f if there is a vector field η
on (Kn,0) such that df ◦ η = ξ ◦ f . That is, the following
diagram commutes

T (Kn,0)
df−−−−→ T (Kp,0)

η

x xξ
(Kn,0)

f−−−−→ (Kp,0).

In these circumstances η is called lowerable.
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Example

For the cross-cap ϕ(v1, y) = (v1, y2, v1y) = (V1,W1,W2) the
following are liftable vector fields: W2

0
V1W1

 ,

 −V1
2W1

0

 ,

 0
2W2
V 2

1

 and

 V1
2W1
2W2

 .

The corresponding lowerable vector fields are (respectively)(
v1y
0

)
,

(
−v1

y

)
,

(
0
v1

)
and

(
v1
y

)
.

These vector fields generate the module of liftable vector
fields.
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Example

Taking the second vector field in the list we have

dϕ ◦
(
−v1

y

)
=

 1 0
0 2y
y v1

( −v1
y

)

=

 −v1
2y2

0

 =

 −V1
2W1

0

 ◦ ϕ.



Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

Minimal cross-cap

Definition

For k ≥ 2 the minimal cross-cap mapping of multiplicity
k is the map ϕk : (K2k−2,0) → (K2k−1,0) given by

ϕk (u1, . . . ,uk−2, v1, . . . , vk−1, y)

=

(
u1, . . . ,uk−2, v1, . . . , vk−1, yk +

k−2∑
i=1

uiy i ,
k−1∑
i=1

viy i

)

We shall label the coordinates of the target
U1, . . . ,Uk−2,V1, . . . ,Vk−1,W1 and W2, respectively.

Example

The Whitney cross-cap is ϕ2(v1, y) = (v1, y2, v1y).
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Stable

Corank 1
Any stable corank 1 mono-germ from n-space to
(n + 1)-space is A-equivalent to a trivial unfolding of
such a map.



Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

Stable
Corank 1

Any stable corank 1 mono-germ from n-space to
(n + 1)-space is A-equivalent to a trivial unfolding of
such a map.



Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

Stable
Corank 1
Any stable corank 1 mono-germ from n-space to
(n + 1)-space is A-equivalent to a trivial unfolding of
such a map.



Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

Definition

Two smooth multi-germs f : (Kn,S) → (Kp,0) and
f̃ : (Kn, S̃) → (Kp,0) are A-equivalent if there exist
diffeomorphisms ϕ and ψ for which the following diagram
commutes.

(Kn,S)
f−−−−→ (Kp,0)

ϕ

y yψ
(Kn, S̃)

ef−−−−→ (Kp,0).

This is also known as Right-Left-equivalence.
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Daniel Littlestone MPhil: Found liftables for ϕk .

Holland and Mond 1999: For K = C the module of
liftable vector fields is generated by 3k − 2 liftables.
Thus image of ϕk is not a free divisor. Has k − 1 ‘extra’
generators. Compare with n ≥ p case.
Used Singular for small k . Guessed form of
lowerables. Then generalized form for liftables and
lowerables. Used dϕk ◦ η = ξ ◦ ϕk .
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Euler vector field

One vector field is easy. The Euler vector field:

ξe =



(k − 1)U1
(k − 2)U2

...
2Uk−2

(k − 1)V1
(k − 2)V2

...
Vk−1
kW1
kW2


The other 3k − 3 vector fields come in three families. We
need some way of describing these liftables in a compact
form.
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ξf
j =



Af
1,j
...

Af
k−2,j
Bf

1,j
...

Bf
k−1,j
Cf

1,j
Cf

2,j



U1
...

Uk−2
V1
...

Vk−1
W1
W2

f = 1,2,3 denotes the family.
j = 1,2,3, . . . , k − 1 denotes which member of the family it
is.
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First Family

Theorem (Littlestone)

For 1 ≤ j ≤ k − 1 the vector field given by the following components is liftable over
ϕk :

A1
i,j = (k − i)(k − j)Ui Uj , 1 ≤ i ≤ k − 2,

B1
i,j = k

i−1X
r=1

Ui+j−r Vr − k
iX

r=1

Ur Vi+j−r − (i − 1)(k − j)Uj Vi

+ kVi+j W1 − kUi+j W2, 1 ≤ i ≤ k − 1,

C1
1,j = k(k − j)Uj W1,

C1
2,j = −kVj W1 + (k − j)Uj W2.

We set Uk−1 = Vk = 0, Uk = 1 and Ui = Vi = 0 for i < 0 and i > k .
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Second family

Theorem (Littlestone)

For 1 ≤ j ≤ k − 1 the vector field given by the following components is liftable over
ϕk :

A2
i,j = −k(k + i − j + 1)Uk+i−j+1W1 + k

iX
r=1

(k + i − j − 2r + 1)Ur Uk+i−j−r+1

−j(i + 1)Ui+1Uk−j , 1 ≤ i ≤ k − 2,

B2
i,j = −k(k + i − j + 1)Vk+i−j+1W1 + k

iX
r=1

(k + i − j − r + 1)Ur Vk+i−j−r+1

−k
iX

r=1

rUk+i−j−r+1Vr − j(i + 1)Uk−j Vi+1, 1 ≤ i ≤ k − 1,

C2
1,j = k(k − j + 1)Uk−j+1W1 + jU1Uk−j ,

C2
2,j = k(k − j + 1)Vk−j+1W1 + jV1Uk−j .
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Third family

Theorem (Littlestone)

For 1 ≤ j ≤ k − 1 the vector field given by the following components is liftable over
ϕk :

A3
i,j = −k(k + i − j + 1)Uk+i−j+1W2 + k

iX
r=1

(k + i − j − r + 1)Uk+i−j−r+1Vr

−k
iX

r=1

rUr Vk+i−j−r+1 − k(i + 1)Ui+1Vk−j , 1 ≤ i ≤ k − 2,

B3
i,j = −k(k + i − j + 1)Vk+i−j+1W2 + k

iX
r=1

(k + i − j − 2r + 1)Vr Vk+i−j−r+1

−k(i + 1)Vi+1Vk−j , 1 ≤ i ≤ k − 1,

C3
1,j = k(k − j + 1)Uk−j+1W2 + kU1Vk−j

C3
2,j = k(k − j + 1)Vk−j+1W2 + kV1Vk−j .
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The proofs are just long calculations involving writing down
a lowerable and liftable and showing that dϕk ◦ η = ξ ◦ ϕk .
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An example

ϕ3 : (K4,0) → (K5,0): (Variables: U1,V1,V2,W1,W2)

ξ1
1 =


4U2

1
−3U1V1 + 3V2W1 − 3U2W2

3U2V1 − 3(U1V2 + U2V1)− 2U1V2 + 3V3W1 − 3U3W2
6U1W1

−3V1W1 + 2U1W2

 .

However, recall U2 = V3 = 0 and U3 = 1.

ξ1
1 =


4U2

1
−3U1V1 + 3V2W1
−5U1V2 − 3W2

6U1W1
−3V1W1 + 2U1W2


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3U2V1 − 3(U1V2 + U2V1)− 2U1V2 + 3V3W1 − 3U3W2
6U1W1

−3V1W1 + 2U1W2

 .

However, recall U2 = V3 = 0 and U3 = 1.

ξ1
1 =


4U2

1
−3U1V1 + 3V2W1
−5U1V2 − 3W2

6U1W1
−3V1W1 + 2U1W2





Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

An example

ϕ3 : (K4,0) → (K5,0): (Variables: U1,V1,V2,W1,W2)

ξ1
1 =


4U2

1
−3U1V1 + 3V2W1 − 3U2W2

3U2V1 − 3(U1V2 + U2V1)− 2U1V2 + 3V3W1 − 3U3W2
6U1W1

−3V1W1 + 2U1W2

 .

However, recall U2 = V3 = 0 and U3 = 1.

ξ1
1 =


4U2

1
−3U1V1 + 3V2W1
−5U1V2 − 3W2

6U1W1
−3V1W1 + 2U1W2





Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

An example

ϕ3 : (K4,0) → (K5,0): (Variables: U1,V1,V2,W1,W2)

ξ1
1 =


4U2

1
−3U1V1 + 3V2W1 − 3U2W2

3U2V1 − 3(U1V2 + U2V1)− 2U1V2 + 3V3W1 − 3U3W2
6U1W1

−3V1W1 + 2U1W2

 .

However, recall U2 = V3 = 0 and U3 = 1.

ξ1
1 =


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Liftable vector fields for k = 3

ξ1
1 =

0BBBB@
4U2

1
−3U1V1 + 3V2W1
−5U1V2 − 3W2

6U1W1
−3V1W1 + 2U1W2

1CCCCA ξ1
2 =

0BBB@
0

−3U1V2 − 3W2
3V1

0
−3V2W1

1CCCA

ξ2
1 =

0BBB@
6U1
−3V1
−6V2
9W1

0

1CCCA ξ2
2 =

0BBBB@
−9W1
2U1V2
−3V1
2U2

1
6V2W1 + 2U1V1

1CCCCA

ξ3
1 =

0BBBB@
9V1
−6V 2

2
0

9W2 + 3U1V2
3V1V2

1CCCCA ξ3
2 =

0BBBB@
−9W2 − 3U1V2

−3V1V2
0

3U1V1
6V2W2 + 3V 2

1

1CCCCA

ξe =

0BBB@
2U1
2V1
V2

3W1
3W2

1CCCA .
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They generate Derlog(V )

Theorem (H—)

The module of vector fields liftable over
ϕk : (C2k−2,0) → (C2k−1,0) is generated by

ξe, ξ
1
j , ξ

2
j , ξ

3
j , 1 ≤ j ≤ k − 1.

The module of liftable vector fields is also known as
Derlog(V ) where V is the image (discriminant) of the map.
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They generate Derlog(V )

Theorem (H—)

The module of vector fields liftable over
ϕk : (C2k−2,0) → (C2k−1,0) is generated by

ξe, ξ
1
j , ξ

2
j , ξ

3
j , 1 ≤ j ≤ k − 1.

The module of liftable vector fields is also known as
Derlog(V ) where V is the image (discriminant) of the map.
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They generate Der(-logV )

Theorem (H—)

The module of vector fields liftable over
ϕk : (C2k−2,0) → (C2k−1,0) is generated by

ξe, ξ
1
j , ξ

2
j , ξ

3
j , 1 ≤ j ≤ k − 1.

The module of liftable vector fields is also known as
Der(-logV ) where V is the image (discriminant) of the map.
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Sketch of Proof

Sketch of proof:
The proof uses a monomial ordering and a division
algorithm for modules.

Take monomial order so that W1 and W2 are ‘leading’.
E.g. Reverse lexicographic order.
Order module of vector fields with ‘Term over position’.
For any liftable vector field ξ divide by our vector fields
so that have remainder r . This is liftable.
Division algorithm says that remainder has no W1s and
W2s in most positions.
Show no lowerable exists for the remainder unless the
remainder was 0.
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For the sceptics

The proof of liftability is not complicated just long and so a
sceptic may say that there is room for mistakes to occur.

Over C the module of tangent vector fields and module of
liftable vector fields coincide and so we could in theory
apply the vector fields to the defining equation of the image.
This should give 0 or a constant times the defining equation.

However, calculating the equation is quite computationally
hard. The number of monomials is explosively large.

To answer the sceptics I programmed the liftables and
lowerables into Maple. We can check quite quickly for large
values of k .
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This should give 0 or a constant times the defining equation.

However, calculating the equation is quite computationally
hard. The number of monomials is explosively large.

To answer the sceptics I programmed the liftables and
lowerables into Maple. We can check quite quickly for large
values of k .



Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

Application: VK-equivalence

Suppose that V is a subgerm of (Kp,0). We can classify
map-germs from (Kp,0) to (Kq,0) up to different
equivalences, e.g.,

A-equivalence,
R-equivalences that preserve V ,
K-equivalences that preserve V .

We shall investigate the latter.
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Application: VK-equivalence

Suppose that V is a subgerm of (Kp,0). We can classify
map-germs from (Kp,0) to (Kq,0) up to different
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Recall the following:

Definition

Let h, h̃ : (Kp,0) → (Kq,0) be two smooth map-germs. We
say that h and h̃ are K-equivalent if there exists a
diffeomorphism Ψ : (Kp ×Kq,0× 0) → (Kp ×Kq,0× 0)
such that

1 Ψ(Kp × {0},0× 0) = (Kp × {0},0× 0),

2 Ψ(graph(h)) = graph(h̃).

The map Ψ determines a diffeomorphism
ψ : (Kp,0) → (Kp,0).



Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

Recall the following:

Definition

Let h, h̃ : (Kp,0) → (Kq,0) be two smooth map-germs. We
say that h and h̃ are K-equivalent if there exists a
diffeomorphism Ψ : (Kp ×Kq,0× 0) → (Kp ×Kq,0× 0)
such that

1 Ψ(Kp × {0},0× 0) = (Kp × {0},0× 0),

2 Ψ(graph(h)) = graph(h̃).

The map Ψ determines a diffeomorphism
ψ : (Kp,0) → (Kp,0).



Computing
with Liftables

Kevin Houston

Introduction

Liftable Vector
Fields for
Cross Caps

Application:
VK-
equivalence

A- versus
VK-
equivalence

Shameless
Plug

Advantage: Calculable.

Disadvantage: Too weak compared to A-equivalence.
Stable maps: Suppose h and h̃ stable (K = C or R)

h ∼K h̃ =⇒ h ∼A h̃

Ae-codimension 1 maps.
Same for K = C.
Depends on index of a quadratic for K = R.

Example

(x , y) 7→ (x , y2, y3 ± x2y).
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We now use a definition of Damon:

Definition

Let (V ,0) be subset of (Kp,0) (we do not assume that it is
analytic). Let h : (Kp,0) → (Kq,0) and h̃ : (Kp,0) → (Kq,0)

be smooth maps. We say that h and h̃ are VK-equivalent if
1 h and h̃ are K-equivalent, and
2 ψ(V ) = V for the diffeomorphism ψ determined by the
K-equivalence.

The action of K is often described as the semi-direct
product of R and C. If we let VR denote the
diffeomorphisms that preserve V , then the action of VK is
given by the semi-direct product of VR and C.
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This equivalence is intimately connected to A-equivalence.
Thus we can perform A-classifications using a K-type
equivalence.

In an A-equivalence classification the problem is that the
‘algebra’ does not work well. However the algebra works
well for K-equivalence and similarly for VK-equivalence.

Problem: We need to know the diffeomorphisms that
preserve V . If we have vector fields tangent to V , then we
can integrate them to get diffeomorphisms preserving V .

And we have these for stable corank 1 maps from (Kn,0) to
(Kn+1,0)!
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First, let us look at the algebra. (Assume V is analytic.)

Definition

The Jacobian of h with respect to V , denoted JV (h) is the
module

JV (h) = {ξ(h) | ξ ∈ Der(-log V )}.

The extended VK-tangent space of h with respect to V is

TVKe(h) = JV (h) + h∗(mq)Eq
p .

(Er is module of germs of smooth functions on (Kr ,0) and
mr is its maximal ideal.)

The VKe-codimension of h with respect to V is

VKe − cod(h) = dimK
Eq

p

TVK(h)
.
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Example

Let F : (C3,0) → (C4,0) be the trivial extension of the
Whitney umbrella given by F (x , v1, y) = (x , v1, y2, v1y). Use
coordinates (X ,V1,W1,W2).

Der(-logV ) is generated by the
vector fields of the cross-cap and the trivial vector field
∂/∂X .
Let h(X ,V1,W1,W2) = V1−p(X ,W1) for a function p. Then,

TVKe(h) = 〈W2,−V1 + 2W1
∂p
∂W1

,−2W2
∂p
∂W2

,

V1 + 2W1
∂p
∂W1

,
∂p
∂X

〉+ 〈V1 − p〉

= 〈W2,V1,W1
∂p
∂W1

,
∂p
∂X

,p〉.
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Thus we have

VKe − cod(h) = dimC
Eq

p

TVK(h)

= dimC
E4

〈W2,V1,W1
∂p
∂W1

, ∂p
∂X ,p〉

= dimC
E2

〈W1
∂p
∂W1

, ∂p
∂X ,p〉
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A complete transversal theorem

Theorem (Complete transversal theorem for
VK-equivalence)

Suppose that h : (Kp,0) → (Kq,0) is a smooth map and V
is an analytic subgerm of (Kp,0).

If g1, . . . ,gs are homogeneous polynomial maps of degree
k + 1 such that

mk+1
p Eq

p ⊆ mp{ξ(h) | ξ ∈ Der(-log V ) ∩mpEq
p }

+mph∗(mq)Eq
p + span{g1, . . . ,gs}+ mk+2

p Eq
p ,

then every g with jk (h) = jk (g) is VK-equivalent to some f
where jk+1(f ) is of the form jk (h) +

∑s
i=1 αigi , αi ∈ K.

Follows from Bruce, du Plessis and Kirk, Nonlinearity, 1997.
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Application to A-equivalence classifications

Let’s study the following:

(Kn,S)
F→ (Kp,0)

h→ (Kq,0)

where

F is A-stable with discriminant V , (so not necessarily
analytic)
h is a submersion.

We study h under VK-equivalence.
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Definition

Suppose that F : (Kn,S) → (Kp,0) is stable map and that
h : (Kp,0) → (Kq,0) is a smooth map. We define h#(F ) to
be the multi-germ given by
F |
(
(h ◦ F )−1(0),S

)
→ (h−1(0),0).

What’s a good name for this?

Composed restriction?
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Suppose now that h is a submersion such that h−1(0) is
transverse to a stable F .

Then there exists an immersion g : (Kp−q,0) → (Kp,0)
such that Image(g) = h−1(0).
We have the following commutative diagram:

(Kn,S)
F−−−−→ (Kp,0)

h−−−−→ (Kq,0)

i

x xg

(Kn−q,S′)
f−−−−→ (Kp−q,0).

where f is the pullback of F by g.

Theorem

We have f ∼A h#(F ).
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Example

Consider the earlier example where F : (K3,0) → (K4,0) is
the trivial extension of the Whitney umbrella given by
F (x , v1, y) = (x , v1, y2, v1y) and
h(X ,V1,W1,W2) = V1 − p(X ,W1) for a function p.

Let g : (K3,0) → (K4,0) be given by

g(X ,W1,W2) = (X ,p(X ,W1),W1,W2).

Then the image of g is equal to h−1(0) and g is transverse
to F .

The pull-back of F by g is a map of the form

f (x , y) = (x , y2, yp(x , y2)).
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h(X ,V1,W1,W2) = V1 − p(X ,W1) for a function p.

Let g : (K3,0) → (K4,0) be given by

g(X ,W1,W2) = (X ,p(X ,W1),W1,W2).

Then the image of g is equal to h−1(0) and g is transverse
to F .

The pull-back of F by g is a map of the form

f (x , y) = (x , y2, yp(x , y2)).
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A versus VK

We now connect A-equivalence and VK-equivalence.

Theorem

Let F : (Kn,S) → (Kp,0), n < p, be a stable map with
discriminant V .
Suppose that h : (Kp,0) → (Kq,0) and h̃ : (Kp,0) → (Kq,0)

are submersions with F transverse to h−1(0) and h̃−1(0).
Then

h#(F ) ∼A h̃#(F ) ⇐⇒ h ∼VK h̃.

Can generalize to h̃ on codomain of F̃ where F ∼A F̃ .
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Proof

[=⇒] To lighten notation denote h#(F ) and h̃#(F ) by f and f̃
respectively.

Since h−1(0) and h̃−1(0) are transverse to F
we can view F as an unfolding of the two maps, that is,
there exist commutative diagrams

(Kn,S)
F−−−−→ (Kp,0)

i

x xj

(Kn′ ,S)
f−−−−→ (Kp′ ,0)

and

(Kn, S̃)
F−−−−→ (Kp,0)

eix xej
(Kn′ , S̃)

ef−−−−→ (Kp′ ,0)

where n′ = n−q, p′ = p−q, the map j parametrizes h−1(0),
f is the pull-back of F by j , i is the natural map arising from
that pull-back, and there are similar definitions for f̃ .
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Proof

As f and f̃ are A-equivalent there exist diffeomorphism
germs ρ : (Kn′ ,S) → (Kn′ , S̃) and λ : (Kp′ ,0) → (Kp′ ,0) so
that the following commutes

(Kn′ , S̃)
ef−−−−→ (Kp′ ,0)

ρ

x xλ
(Kn′ ,S)

f−−−−→ (Kp′ ,0).
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Proof

As both (F , i , j) and (F , ĩ ◦ ρ, j̃ ◦ λ) unfold f (and F is stable),
they are isomorphic as unfoldings.

So there exist
diffeomorphism germs ϕ : (Kn,0) → (Kn,0) and
ψ : (Kp,0) → (Kp,0) such that the following diagram
commutes

(Kn,S)
F−→ (Kp,0)

↖ i j ↗
ϕ ↓ (Kn′ ,S)

f−→ (Kp′ ,0) ↓ ψ
↙ ĩ ◦ ρ j̃ ◦ λ↘

(Kn,S)
F−→ (Kp,0)
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Proof

As j(Kp′) = h−1(0) and j̃ ◦ ψ(Kp′) = h̃−1(0) we have that h
and h̃ are K-equivalent. Furthermore as the diagram above
commutes ψ has the property that it preserves the
discriminant of F . That is, h and h̃ are VK-equivalent as
required.
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Proof

[⇐=] First note that h ∼VK h̃ implies that h and h̃ are
K-equivalent and the induced diffeomorphism of (Kp,0),
denoted ψ, preserves the discriminant of F , i.e., ψ(V ) = V .

This K-equivalence implies that h−1(0) and (h̃ ◦ ψ)−1(0) are
diffeomorphic, so h−1(0) and h̃−1(0) are diffeomorphic by ψ.

As ψ preserves the discriminant of F we have that f and f̃
have diffeomorphic discriminants. As n < p we see that the
domains of these maps are normalizations of the
discriminants. This implies that f and f̃ are A-equivalent.

2
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Main point

The main point is the following:

The
h#(F ) ∼A h̃#(F ) ⇐⇒ h ∼VK h̃.

result allows us to classify maps under A-equivalence using
VK-equivalence. The latter behaves a bit like
K-equivalence, e.g., has a good ‘tangent space’.
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Coda

We can use the Singular commands to

Classify corank 1 maps from (Kn,0) to (Kn+1,0) under
A-equivalence.

(C3,0) to (C4,0).
Ae-codimension ≤ 4.

Classify functions on cross caps, like in Bruce and
West, 1998.
Calculate the number of vanishing cycles in the
disentanglement of a finitely A-determined corank 1
map from (Cn,0) to (Cn+1,0).
A proof of the Mond conjecture for corank 1 maps?

f finitely A-determined, Ae-codim(f ) ≤ µI =number of
vanishing cycles
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Shameless advert for book

My book for undergraduates ‘How to Think Like a
Mathematician’ is now available:

Videos available on my YouTube channel
http://www.youtube.com/user/DrKevinHouston

http://www.youtube.com/user/DrKevinHouston
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