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5.1 Definitions and Properties

Unlike elliptic equations, which describes a steady state, parabolic (and hyperbolic) evolution
equations describe processes that are evolving in time. For such an equation the initial state
of the system is part of the auxiliary data for a well-posed problem.

The archetypal parabolic evolution equation is the “heat conduction” or “diffusion” equation:

N 2,
8—? = % (1-dimensional),
or more generally, for k > 0,
% =V (kVu)
=k V2 (k constant),
0%u
=fos (1-D).

Problems which are well-posed for the heat equation will be well-posed for more general
parabolic equation.

5.1.1 Well-Posed Cauchy Problem (Initial Value Problem)

Consider k > 0,

0,
8—;‘ =xV2 mR", t>0,
with w=f(x) imnR"att=0,
and |ul <oo iInR", t>0.

69

Note that we require the solution u(x,¢) bounded in R™ for all ¢. In particular we assume
that the boundedness of the smooth function u at infinity gives Vu|s = 0. We also impose
conditions on f,

/ |f(x)|?dx < 0o = f(x) — 0 as x| — co.
R~

Sometimes f(x) has compact support, i.e. f(x) = 0 outside some finite region.(E.g., in 1-D,
see graph hereafter.)

u

5.1.2 Well-Posed Initial-Boundary Value Problem

Consider an open bounded region € of R™ and x > 0;

%:nvzu inQ, t>0,
ot
with w=f(x) att=0inQ,

ou
o
Then, 8 = 0 gives the Dirichlet problem, a = 0 gives the Neumann problem (du/dn = 0
on the boundary is the zero-flux condition) and «a # 0, 8 # 0 gives the Robin or radiation
problem. (The problem can also have mixed boundary conditions.)

If Q is not bounded (e.g. half-plane), then additional behavior-at-infinity condition may be
needed.

and au(x,t)+ x,t) = g(x,t) on the boundary 9.

5.1.3 Time Irreversibility of the Heat Equation

If the initial conditions in a well-posed initial value or initial-boundary value problem for an
evolution equation are replaced by conditions on the solution at other than initial time, the
resulting problem may not be well-posed (even when the total number of auxiliary conditions
is unchanged). E.g. the backward heat equation in 1-D is ill-posed; this problem,
du 0%u
— =K+ m0<z<],0<t<T
ot 0z ’
with uw=f(x) att=T, z€(0,1),
and u(0,t) =wu(l,t) =0 forte (0,T),

which is to find previous states u(x,t), (¢ < T') which will have evolved into the state f(z),
has no solution for arbitrary f(z). Even when a the solution exists, it does not depend
continuously on the data.

The heat equation is irreversible in the mathematical sense that forward time is distinguish-
able from backward time (i.e. it models physical processes irreversible in the sense of the
Second Law of Thermodynamics).
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5.1.4 Uniqueness of Solution for Cauchy Problem:

The 1-D initial value problem

ou 0%
Tk zeR, >0,
o0
with u = f(z)at ¢t =0 (z € R), such that / |f(2))? dz < oo.
—00

has a unique solution.

Proof:

We can prove the uniqueness of the solution of Cauchy problem using the energy method.
Suppose that u; and ug are two bounded solutions. Consider w = u; — ug; then w satisfies

ow 9w
WZW (*OO<I<OO,t>O),
. ow
with w=0 att=0 (—oco<z<o0) and =0, Vt.
0z |

Consider the function of time

I(t) = 1 / w?(z,t)dz, such that I(0)=0 and I(t)>0Vt (asw?>0),

—00

which represents the energy of the function w. Then,

daIr 1 [ ouw? e O 92
— = / 9y = / w dz = / wiY dr (from the heat equation),

dt 2 J_ Ot oo O Ox?
ow]™ </ gw\? . .
= [w %] N — /_OO <8_.L> dz  (integration by parts),

0o 2
7/ (6_10) dz <0 since B—W‘ =0
oo \ Oz oz | o

0<I(t) <I(0)=0, V>0,
since dI/dt < 0. So, I(t) =0 and w = 0 i.e. uy = ug, Vt > 0.

Then,

5.1.5 Uniqueness of Solution for Initial-Boundary Value Problem:

Similarly we can make use of the energy method to prove the uniqueness of the solution of
the 1-D Dirichlet or Neumann problem

ou  O%*u .
%9 in0<ax<l, t>0,
with w= f(z) att=0, z € (0,1),

u(0,t) = go(t) and wu(l,t) =g/(t), V¢t >0 (Dirichlet),

ou ou
or 8—9:(07 t) =go(t) and 0—I(l,t) =gi(t), Vt >0 (Neumann).
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Suppose that u; and us are two solutions and consider w = u; — ug; then w satisfies

ow 9w
o o 0<z<l, t>0),
with w=0 att=0 (0<uz<l),
and w(0,t) =w(l,t) =0, V¢t >0 (Dirichlet),
ow _Ow

or %(OJ) = E(Lt) =0, Vt>0 (Neumann).

Consider the function of time
1/
1(t) = 3 / w?(z,t)dz, such that I(0)=0 and I(t) >0Vt (asw?>0),
0

which represents the energy of the function w. Then,

dat 2 J, ot = 022’

owl! L ow\? L ow\?
=|lw—| - — =— — <o.
vl [ (5) = [ (5r) a0

0<I(t) <I(0) =0, ¥t >0,

dr 1 lawzdui/lwazw
0

Then,
since df/dt < 0. So I(t) =0Vt > and w =0 and uy = us.

5.2 Fundamental Solution of the Heat Equation
Consider the 1-D Cauchy problem,

ou _ du
ot~ 0Ox?
with w=f(z) att=0 (—oc0 <a < 0),

such that / |f ()2 dz < oo.
J =00

on —oo <z <oo,t>0,

Example: To illustrate the typical behaviour of the solution of this Cauchy problem, con-
sider the specific case where u(z,0) = f(x) = exp(—x?); the solution is

2

( f)— 1 T
D=0z P T1ira

> (exercise: check this).

Starting with u(z,0) = exp(—a?) at t = 0, the solution becomes u(x,t) ~ 1/2v/t exp(—z?/4t),
for t large, i.e. the amplitude of the solution scales as 1/+/% and its width scales as /7.
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74 5.2 Fundamental Solution of the Heat Equation

Spreading of the Solution: The solution of the Cauchy problem for the heat equation
spreads such that its integral remains constant:

o0
Q) = / udz = constant.

—o0

Proof: Consider
aQ _ [ ou

dz = /00 @ dz (from equation)
a ) a T o d ’

= {%] =0 (from conditions on u).

—o0

So, @ = constant.

5.2.1 Integral Form of the General Solution

To find the general solution of the Cauchy problem we define the Fourier transform of u(z,t)
and its inverse by

Ul t) = —— [ (@ e d
(»)f\/ﬂi u(z,t)e z,
_ 1 +o0 ik
u(z,t) = oz U(k,t)e"™ dk.

So, the heat equation gives,

1 [*[oUkE) .
\/ﬂ/ﬂ,o { ot +kU(’“-¢)]e k=0 vz,

which implies that the Fourier transform U (k,t) satisfies the equation

U (k, 1)
ot

The solution of this linear equation is

+ K2U(k,t) = 0.

U(k,t) = F(k)e ¥,

where F'(k) is the Fourier transform of the initial data, u(z,t = 0)

+o0
F(k) = #/7 fz)e = dz.

(This requires [*°°|f(x)|?dz < c0.) Then, we back substitute U(k, ) in the integral form
of u(z,t) to find,

wwt) = [T Ew et ar = 1 [ fe)e e ag) e e ar
T Vor ) Tom o oo ’

1 +o0 +o0 0,
£(9) / e H R0 qg de.
—00

21 ) oo
Now consider

+00 ) +o0 _ Y 2
H(z,t,€) =/ ekt k(=0 dk=/ exp {—t (k—im2t§> N 4t5) } dk,

—o0

since the exponent satisfies

K2t 4 ik(z — &) = —t (k2 —zk%’é> — [(k—ﬁ§>2+ (xé)z} 7
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and set k — i(z — £)/2t = 5/+/t, with dk = ds, such that

oo x—&)?2] ds T _(p_g)?
H(z,t,f):/ e exp {—( 4t§) ] w:\/;e (@=€)*/at

~+00
since / e ds = /7 (see appendix A).

So, o
B 1 +o0 (l _ 6)2 _ +00 )

Where the function

1 x2
K(z,t) = \/ﬁ exp | =7y

is called the fundamental solution — or source function, Green’s function, propagator, diffu-
sion kernel — of the heat equation.
5.2.2 Properties of the Fundamental Solution

The function K (z,t) is solution (positive) of the heat equation for ¢ > 0 (check this) and has
a singularity only at x =0, t = 0:

1. K(z,t) — 0 as t — 07 with 2 # 0 (K ~ O(1/Vt exp[—1/1])),
2. K(x,t) — +oo as t — 0% with 2 = 0 (K ~ O(1/v1)),
- K(

3. K(z,t) » 0 as t — +oo (K ~ O(1/V%)),

00

Kz —&t)de =1

=~
—

—00
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At any time ¢ > 0 (no matter how small), the solution to the initial value problem for the heat
equation at an arbitrary point x depends on all of the initial data, i.e. the data propagate
with an infinite speed. (As a consequence, the problem is well posed only if behaviour-at-
infinity conditions are imposed.) However, the influence of the initial state dies out very
rapidly with the distance (as exp(—72)).

5.2.3 Behaviour at large t

Suppose that the initial data have a compact support — or decays to zero sufficiently quickly
as |z| — oo and that we look at the solution of the heat equation on spatial scales, z, large
compared to the spatial scale of the data ¢ and at ¢ large. Thus, we assume the ordering
22/t ~ O(1) and €2/t ~ O(e) where ¢ < 1 (so that, 2£/t ~ O(c'/2)). Then, the solution

6712/4t +oo

Vart Jow
e—zg/4t r+00

- JFO (2
= [ o= 0 p( 4t),

where F'(0) is the Fourier transform of f at k=0, i.e.

ule,t) = _\rlm /_ " e o0 g = F(§) e/ Mtemmt/2 dg,

F(k) = \/% /joo f(x) e hT 4p = /jw fx)dz = \/%F(O)‘

So, at large t, on large spatial scales = the solution evolves as u ~ ug/v/t exp(—n?) where ug
is a constant and 1 = x/v/2¢ is the diffusion variable. This solution spreads and decreases as
t increases.

5.3 Similarity Solution

For some equations, like the heat equation, the solution depends on a certain grouping of the
independent variables rather than depending on each of the independent variables indepen-
dently. Consider the heat equation in 1-D
ou 0?
u_potu_
ot Ox?
and introduce the dilatation transformation
E=c"z, T7=¢" and w(&, 1) = Cu(e%,e7b7), e € R.

This change of variables gives

ou _. Ow Ot be OW  Ou _c Ow 0§ e ow

o orot - o0 ox - 0 0w 9
62”7 afcy_w%iezzfc 62w

92 =% B¢ ar ez

So, the heat equation transforms into

ow 0%w Jw 8%w
b—c 2a—c _ : b— 2a—b
€ ”—OTfs‘l‘D _85270 ie. ¢ C(—ansa D—(,_)52>707

and
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and is invariant under the dilatation transformation (i.e. Ve) if b = 2a. Thus, if u solves the
equation at x, t then w = e °u solve the equation at © = e~ *¢, t =~ b7,
Note also that we can build some groupings of independent variables which are invariant

under this transformation, such as
§ etz w
ra/b - (€b t)a/b - ta/b
which defines the dimensionless similarity variable n(x,t) = 2/v2Dt, since b = 2a. (n — oo
ifx —oc0ort—0and n=0if z=0.) Also,

w  fuu
Te/b (gbf)c/b - W 71}(?7)

suggests that we look for a solution of the heat equation of the form u = t%/2* y(n). Indeed,
since the heat equation is invariant under the dilatation transformation, then we also expect
the solution to be invariant under that transformation. Hence, the partial derivatives become,

O ey 4 720l ) T L (S el ()
since On/dt = —x/(2tv/2Dt) = —n/2t, and
D) 9= ), D= ),
Then, the heat equation reduces to an ODE
2 (0" () + 09’ (m) =y 0(n) = 0. (5.1)

with v = ¢/a, such that u = t7/2y and n = x/vV2Dt. So, we may be able to solve the heat
equation through (5.1) if we can write the auxiliary conditions on u, z and ¢ as conditions
on v and 7. Note that, in general, the integral transform method is able to deal with more
general boundary conditions; on the other hand, looking for similarity solution permits to
solve other types of problems (e.g. weak solutions).

5.3.1 Infinite Region
Consider the problem

du 0%u
2%~ Pz on —oo <z <oo,t>0,
with u=wuy att=0,z€R’, u=0 att=0,zecR],

and u —wupaszr — —oo, u— 0asx — oo, Vt> 0.
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We look for a solution of the form u = ¢7/2v(n), where n(z,t) = z/v/2Dt, such that v(n) is
solution of equation (5.1). Moreover, since u = t7/?v(n) — ug as n — —oo, where uy does
not depend on ¢, v must be zero. Hence, v is solution of the linear second order ODE

v"(n) +nv'(n) =0 with v —wupasn— —co and v — 0asn— +oo.

Making use of the integrating factor method,

2+ e () o) = 2 (&2 ) =0 2 Vo) = o
g U o Ve
V' (n) = Xoe " /2 = v(n) = /\0/ e " 2An+ M\ = /\2/ e ¥ ds+ \.
—oo —oo

Now, apply the initial conditions to determine the constants A2 and A\;. As n — —o0, we
have v = A\; =y and as 1 — 00, v = Ao/ + 4y = 0, s0 Ay = —ug//7. Hence, the solution
to this Cauchy problem in the infinite region is

n/V2 R 22 /v/ADt 5
v(n) =up (1 7/ e ds ie. w(z,t)=wup |1 7/ e ds ).
—00 —o0

5.3.2 Semi-Infinite Region

Consider the problem

ou %u
EZDW onl<z<oo,t>0,
with «=0 att=0,zeR],
7]
and a—uzfq atx=0,t>0, u—0asx— o0, Vt>0.
x
Again, we look for a solution of the form u = t7/2v(n), where n(z,t) = x/v/2Dt, such that
v(n) is solution of equation (5.1). However, the boundary conditions are now different

ou on  tO=D/2 on =172
9 /2 4 () 20 J) = 21— J(0) = —q,
8./17 v (f}) 81’ \/@ v (f]) = 8-/17 20 \/ﬁ v ( ) q/

since ¢ does not depend on ¢, v — 1 must be zero. Hence from equation (5.1), the function v,
such that u = vv/¢, is solution of the linear second order ODE

v"(n) +nv'(n) —v(n) =0 with +'(0) = —¢vV2D and v — 0asn — +oo.

Since the function v* = An is solution of the above ODE, we seek for solutions of the form
v(n) = nA(n) such that

vV =X+nXN and o' =2\ +n)"
Then, back-substitute in the ODE

N 2 4 72 2
DN 2N PN £ IA A= 0 G = - 2,
" "
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After integration (integrating factor method or another), we get

, 772 1 2 , e~ /2 N o—s%/2
ln|/\|:—21n77—7+k ln7—3+k:>)\*ﬁo o) :>)\:ng/ ) ds + k1.

An integration by part gives

—s2/2" 7 —n?/2 n o,
A(n) = Ko <|:—e . ] —/ e'92/2d5> + K1. = kg (e p +/0 esz/2ds> + K3.

Hence, the solution becomes,

. )
v(n) = ke (e"’z/2 +77/ e /2 ds) + K3n,
0

where the constants of integration ko and k3 are determined by the initial conditions:

U U
v = ko <777e_"2/2 + / e 2 ds + ne_"’2/2> + K3 = KQ/ 2 ds + ks,
0 0

so that v/(0) = k3 = —qv/2D. Also

{e o)
: 2
asn — 400, v~ 1N <ng/ 0752/2d5+53> :Oéﬂzzfﬁg\/j,
o b
oo oo /2
since / e ds = \/5/ e P dh =Y = \/E
0 0 2 2

The solution of the equation becomes

2 n/V2 2
o) =Ky |72 + 7/\/5/ e ™ dh | + kan,
0
E +oo .
= Ko M2 77\/5 e " dn | + n (ngﬁ + fig) ,
JIn/V2 2
4D +o00
=q\/— e /2 7]\/5 e dh s
& n/v?2
4Dt +00
u(z,y) = q/ — emet/apt _ L / e M dn).
m VDU Je/ViDt

5.4 Maximum Principles and Comparison Theorems

Like the elliptic PDEs, the heat equation or parabolic equations of most general form satisfy
a maximum-minimum principle.
Consider the Cauchy problem,
ou 0%u
ot~ Oa?
and define the two sets V and Vi as

V= {(Tt) € (—OO, +OO) X (0, T)}
and Vp = {(z,t) € (—o0,400) x (0,77}

in —oco<ax<oo, 0<tST.
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Lemma: Suppose

o d%*u . )
E—w<0 inV and wu(z,0) <M,

then u(z,t) < M in Vp.

Proof: Suppose u(x,t) achieves a maximum in V, at the point (z¢,ty). Then, at this point,

ou ou 0%u
— =0, —=0 and —— <
ot~ ox e a2 =
But, 9%u/02® < 0 is contradictory with the hypothesis 9%u/0z% > Ou/0t = 0 at (g, tg).
Moreover, if we now suppose that the maximum occurs in ¢ = T then, at this point

0.

ou ou 0%u
= > g o<
a5 = 0, g 0 and 92 = 0,

which again leads to a contradiction.

5.4.1 First Maximum Principle

Suppose

ou 0%u
— < mV T, < N
TR TR 0 in and u(z,0) < M,

then u(z,t) < M in V7.

Proof: Suppose there is some point (zo,tp) in V7 (0 < t < T) at which u(zo, to) = My > M.
Put w(z,t) = u(x,t) — (t — to) e where e = (M — M)/to < 0. Then,

5_7“”_52_10_%_@— ¢ <0 (in form of lemma)
ot 02 Ot 012 ~~ '

>0
<0

and by lemma,

w(z,t) < max{w(z,0)} inVp,
< M +¢tp,
My — M
—
0

<M+ 05

= w(z,t) < M; inVp.

But, w(zo,to) = u(zo,to) — (to — to)e = wu(xo,to) = My; since (zg,tp) € Vp we have a
contradiction.
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5.4 Maximum Principles and Comparison Theorems




Appendix A

Integral of e*" in R

Consider the integrals
R 5 +00 5
I(R) = / e ds and I= / e % ds
Jo Jo

such that I(R) — I as R — +occ. Then,

R R R R
I*(R) = / e da / e Vdy = / / e @) da dy = / e~ @) dz dy.
0 0 0Jo Qr

Since its integrand is positive, I?(R) is bounded by the following integrals

/ e’<$2+yz>dzdy</ e @) dxdy</ e’<$2+y2)dzdy,
Qr Q4

where Q_ : {z € R*, y € R*|2? + 2 = R?} and Q4 : {x € RT, y € RT|2? + y? = 2R?}.

Y
RV2
R\/i/
R
Qp
R
QO Q4
R RJ2Z

Hence, after polar coordinates transformation, (z = pcos@, y = psinf), with dedy = pdpdf
and 22 + y? = p?, this relation becomes

7/2 rR 5 /2 rRV2 5
/ / pe P dpdf < I*(R) < / / pe P dpdb.
0 0 J0 0

Put, s = p? so that ds = 2pdp, to get

R? 2R?
m —5 qe 2 m —S5de i T _ R 2 T (1 _ ~—2R?
4./0 e ds<I(R)<4/O eds ie. 4(1 e )<I(R)<4(1 e )
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Take the limit R — +o0 to state that

T e T 9 VT
Tt = _vT
4_[ <7 le 1 and [ 2 (I >0)
So,
400 5 T —+00
/ c’sda*7:>/ e % ds = /1
0 —0o0

since exp(—x?) is even on R.



