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Magnetorotational Instability 1

Accretion Discs

Accretion of material occurs in
different galactic or extra-galatic
environments like AGNs or YSOs
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Magnetorotational Instability 1

Accretion Discs

Accretion of material occurs in
different galactic or extra-galatic
environments like AGNs or YSOs

Which mechanisms to explain:

• the turbulent transport of angular
momentum

• the existence of the well-collimated
jets

Magnetic field ≡ link between accretion and ejection

• MRI drives turbulence⇒ outward angular momentum transport

• Magneto-centrifugal ejection and Bϕ-collimation

Origin of the large scale magnetic field 〈B〉 ?
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Magnetorotational Instability 2

MRI & Non-Linear Dynamo

Magnetorotational Instability:

• Weakly magnetized (β � 1) and differential rotating flows unstable if
dΩ/dr < 0

• Differential rotation⇒ Free energy & MRI extremely powerful σ ∼ r|dΩ/dr|
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Magnetorotational Instability 2

MRI & Non-Linear Dynamo

Magnetorotational Instability:

• Weakly magnetized (β � 1) and differential rotating flows unstable if
dΩ/dr < 0

• Differential rotation⇒ Free energy & MRI extremely powerful σ ∼ r|dΩ/dr|
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Main studies:

• Local radially (shearing sheet): vorticity
gradient not taken into account

• Global: no accretion of material in the
basic state

• Rely on numerical dissipation

• No strong conclusion about 〈B〉
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Global Study 3

Global Model of Accretion Discs

Accretion disc ≡ non-stratified, incompressible (ρ = 1), weakly
magnetized and keplerian slim cylinder
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Global Study 3

Global Model of Accretion Discs

Accretion disc ≡ non-stratified, incompressible (ρ = 1), weakly
magnetized and keplerian slim cylinder

Resistive and Viscous: Dynamo
requires an accurate control on both,
the B induction and the B and U
dissipation

Viscous dissipation of Uϕ drives an
inflow in the basic state

NL evolution equations:

(∂t + U·∇) U = −∇Φ−∇Π + B·∇B + ν∆U

(∂t + U·∇) B = B·∇U + η∆B

∇ · B = ∇ ·U = 0

Axisymmetric basic state:

Φ = −GM?/r ⇒ Uϕ =
√
GM?/r

Ur = −3ν/2r ⇒ P = C − 9ν/8r
2

Uz = 0

B = Bo ez or B = Bo/r eϕ
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Global Study 4

Numerical Development

Three steps: Linear, Non-Linear bi-dimensional then tri-dimensional
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Global Study 4

Numerical Development

Three steps: Linear, Non-Linear bi-dimensional then tri-dimensional

Linear unstable modes:

Boundary Value problem

Two numerical approaches:

• Eigenvalue search: Inverse Iterative
Method

• Shooting Method

NL regime & turbulence:

• Semi-spectral: Fourier in ϕ & z,
compact finite differencies in r

• Semi-implicit in time

• Physical dissipation dominated

• Flux and stream functions in 2D

• High resolution ⇒ parallel coding

Annual UK MHD Meeting — Warwick 23-24 May 2002



Global Study 5

Boundary Conditions

No assumption about the external plasma or the connection with
the central object
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Boundary Conditions

No assumption about the external plasma or the connection with
the central object

Accretion compatible BCs:
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Global Study 5

Boundary Conditions

No assumption about the external plasma or the connection with
the central object

Accretion compatible BCs:

Radial (r1 & r2) :



Uϕ =
√
GM?/r

∂rUϕ = −Uϕ/2r
∂rUz = 0
∂r(r Bϕ) = 0
∂rBz = 0

Vertical (± H) :



Uz = 0
∂zUϕ = 0
∂zUz = 0
Br = 0 ∂zBr = 0
Bϕ = 0 ∂zBϕ = 0
∂zBz = 0 Bz = 0
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Linear Modes 6

Linear Instabilities

Generalized eigenvalue problem:

• Linearization of the evolution equations

• Guess the normal modes: K(r, t) = κ(r) exp(σt+ im ϕ+ ik z)

10th order linear system: σ I(r) κ(r) = L(r) κ(r)
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Linear Modes 6

Linear Instabilities

Generalized eigenvalue problem:

• Linearization of the evolution equations

• Guess the normal modes: K(r, t) = κ(r) exp(σt+ im ϕ+ ik z)

10th order linear system: σ I(r) κ(r) = L(r) κ(r)

BCs on the perturbations:

Radial (r1 & r2) :



uϕ = 0
∂ruϕ = 0
∂ruz = 0
∂r(r bϕ) = 0
∂rbz = 0

We find two different instabilites:

• Magnetorotational Instability

• Faster growing non-axisymmetric
mode localized next to the
boundaries
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Linear Modes 7

Growth Rates

Parameters : GM? ≡ 1, r1 ≡ 1, r2 = 2, Bzo = 0.1, ν = η = 3× 10−3,m = 1
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MRI mode:

Growth rate limited by the dissipation
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Linear Modes 7

Growth Rates

Parameters : GM? ≡ 1, r1 ≡ 1, r2 = 2, Bzo = 0.1, ν = η = 3× 10−3,m = 1

MRI mode:

Growth rate limited by the dissipation

Fast growing mode:

• One mode on each boundary: the
outer decays as r2 increases but
the inner is not sensitive to r2

• σ significantly increases with Bo

Annual UK MHD Meeting — Warwick 23-24 May 2002



Linear Modes 8

Fast-Growing Modes

Ideal MHD limit, η = ν = 0 : no inflow in the basic state, BCs uϕ|r1,r2 = 0
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Work in progress:
• Understanding of the fast growing modes : traveling and

constructive interferences of waves between the inner boundary
and a singular point ?
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Linear Modes 8

Fast-Growing Modes

Ideal MHD limit, η = ν = 0 : no inflow in the basic state, BCs uϕ|r1,r2 = 0

• More unstable ⇒ Ω(r) cannot feed the mode: important input
of energy through the boundaries

• Spatially exponential & maximum at the inner boundary :
steepest as k increases

Work in progress:
• Understanding of the fast growing modes : traveling and

constructive interferences of waves between the inner boundary
and a singular point ?

• New set of BCs : dissipate the Bz & Bϕ advected through the
radial boundaries

• Development of the nonlinear codes
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